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Abstract The bending problem of a transverse load acting on an isotropic inhomogeneous rectangular plate
using both two-dimensional (2-D) trigonometric and three-dimensional (3-D) elasticity solutions is consid-
ered. In the present 2-D solution, trigonometric terms are used for the displacements in addition to the initial
terms of a power series through the thickness. The effects due to transverse shear and normal deformations
are both included. The form of the assumed 2-D displacements is simplified by enforcing traction-free bound-
ary conditions at the faces of the plate. No transverse shear correction factors are needed because a correct
representation of the transverse shearing strain is given. The plate material is exponentially graded, meaning
that Lamé’s coefficients vary exponentially in a given fixed direction (the thickness direction). A wide vari-
ety of results for the displacements and stresses of an exponentially graded rectangular plate are presented.
The validity of the present 2-D trigonometric solution is demonstrated by comparison with the 3-D elasticity
solution. The influence of aspect ratio, side-to-thickness ratio and the exponentially graded parameter on the
bending response are investigated.

Keywords Trigonometric shear deformation theory - 3-D elasticity solution - Exponentially grading -
Thick plate

1 Introduction

In recent years, functionally graded materials (FGMs) have received considerable attention in many engineer-
ing applications. FGMs are an alternative to homogeneous, microscopically inhomogeneous, in which the
mechanical properties vary smoothly and continuously from one surface to the other. Several studies have
been performed to analyse the behaviour of FGM plates and shells [1-10]. Analytical three-dimensional (3-D)
solutions for FGM plates are useful since they provide benchmark results to assess the accuracy of various
2-D plate theories and finite-element formulations (see, e.g., [8—10]).

Based on the two-dimensional (2-D) plate theory, many investigations concerning problems of inhomoge-
neous plates have been published in (see, e.g., [11-18]). For thin plates, almost all of the analyses were based
on classical assumptions, such as the Love—Kirchhoff hypothesis that ignored transverse shear deformations
and thickness changes. The classical theory predicts the response of thin plates with reasonable accuracy,
yet it usually fails to yield similar accuracy for thick plates or composite plates of a similar configuration; it
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underestimates deflection and overestimates natural frequencies and buckling loads. In addition, it is plagued
with inconsistency between the order of the governing equation and the number of boundary conditions.

Many plate theories that account for transverse shear deformations exist. In Reissner—Mindlin-based theo-
ries, the displacement field accounts for linear or higher-order variations of mid-plane displacements through
the thickness [19-26]. In higher-order theories, an additional dependent unknown is introduced into the theory
with each additional power of the thickness coordinate. In addition, these shear deformation theories do not
satisfy the conditions of zero transverse shear stresses on the top and bottom surfaces of the plate, and require
a shear correction to the transverse shear stiffnesses. The first-order shear deformation plate theory (FPT)
assumes that the in-plane displacement field is linear and the transverse deflection is constant through the
thickness. FPT results in a fairly accurate global response for isotropic materials when used with an appropri-
ate shear correction factor, even though a parabolic transverse shear-strain distribution through the thickness is
not described. Many theories have been developed to overcome this deficiency of FPT. Some of these theories
account not only for transverse shear strains, but also for a parabolic variation of the transverse shear stresses
through the thickness, and consequently there is no need to use shear correction coefficients in computing the
shear stresses (see, e.g., [3-6,16-18,20-30]).

Rather than looking for general techniques, we concentrate here on a specific inhomogeneous material,
one that has found application in functionally graded materials. Thus, we assume that the material properties
vary in a simple, explicit manner. Here, we consider exponential variations, and suppose that the plate is iso-
tropic with variable Lamé’s coefficients. The trigonometric shear deformation plate theory (TPT) presented by
Zenkour [25-30] is modified for the bending response of an exponentially graded material plate. This theory
is simplified by enforcing traction-free boundary conditions at the faces of the plate. The effects of shear and
normal deformation are both included. To assure the accuracy of the present theory, the convergence of the
displacements and stresses are compared with those obtained using the 3-D elasticity solution. The trigono-
metric and 3-D elasticity solutions are important because they can be used to study the behaviour of EGM
thick rectangular plates, in addition to serving as references for future approximate solutions by numerical
methods and other 2-D plate theories.

2 Bending analysis according to a trigonometric shear deformation theory
2.1 Formulation of the problem

Consider an undeformed rectangular (a x b) plate of uniform thickness # made of an isotropic material. We
use a rectangular Cartesian coordinate system {x;} (i = 1,2, 3), with the plane x3 = 0 coincident with the
mid-surface of the plate. A normal traction 033 = g(x1, x2) is applied on the upper surface, while the lower
surface is traction free (Fig. 1). Here, the material is inhomogeneous and functionally graded; specifically,
the plate is exponentially graded (EG). We assume that the composition varies from the bottom to the top
surfaces according to a simple exponential law. In such a way, the effective material properties P, like Lamé’s
coefficients, can be expressed as

P =Pof(x3), flx3)=e/MH1/D 0, (2.1)

where P, = Py and P, = PyeF denote the properties of the bottom and top surfaces of the plate, respectively,
and Py is the material properties of the homogeneous plate. Note that k is a parameter that dictates the material
variation profile through the plate thickness and takes values greater than zero. In the case k = 0, the plate is
fully homogeneous.

The trigonometric plate theory (TPT) presented here is appropriate to the following displacement forms:

Vo (Xi) = g — X3U3,4 + Vg,
' 2.2

v3(xi) = u3 + W;3¢3, 2.2)
where u; and ¢; depend upon the in-plane coordinates x, and

h
W) = ~sin (%) (2.3)

Note that a comma followed by index j, for example, denotes partial differentiation with respect to the position
x;j of a material particle, with Latin indices ranging from 1 to 3 and Greek indices from 1 to 2. Hereafter, a
repeated index implies summation over the range of the index.
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Fig. 1 The EGM plate geometry and coordinate system

The present theory is simplified by enforcing traction-free boundary conditions at the top and bottom
surfaces of the plate. The effects of shear and normal deformation are both included. This theory contains
only one of the additional dependent unknowns of first- and third-order shear deformation theories, but takes
accounts of the transverse shear strains through the thickness of the plate using a cosine-law distribution. No
transverse shear correction factors are needed for the TPT because a correct representation of the transverse
shearing strain is given.

For the displacement field in Eq. (2.2), the linear strains e;; = %(vi, j T vji) are:

eup = Eqp + X3Kap + Wnag,
eq3 = WV 3843, (2.4)
e33 = W 33e33.

Here the non-vanishing strain measures ¢;; = e;;(x,) are expressed in terms of the displacement quantities
as:

Eap = %(ua,ﬂ + u,B,a)7
Nap = 3 (Pap + 9p.a),

Kap = —U3 .08, 2.5)
Eq3 = %(QDQ + (p3,0¢),
£33 = ¢3.

The stress—strain relations for a linear isotropic elastic plate are given by
oij = M08 +2ue;j, (2.6)

where A and p are the Lamé’s coefficients, & = e + e2 + e33, and §;; is the Kronecker’s delta. Here we
assume that the material properties A and p vary according to Eq. (2.1),

A=2Xxof(x3), m=pof(x3), 2.7
in which
vEy Ey

S Urwa-2m M 2y @9

Ao
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where E( and v are the Young’s modulus and Poisson’s ratio, respectively, and f (x3) represents the exponential
variations of Lamé’s coefficients in the thickness direction. So, we say that the plate is exponentially graded
in terms of the parameter k. Evidently Poisson’s ratio is constant for such a plate.

We introduce the following definitions of the stress resultants:

h/2

(Nog, Mog, Pop) = / (1, x3, ¥)ogpdxs, (2.9a)
—h/2
h/2

Qu3 = / W 3043dx3, (2.9b)
—h)2
h/2

N33 = / W 33033dx3, (2.9¢)
~h/2
where Nyg and Mg are the basic components of the stress resultants and stress couples; P,p are additional

stress couples associated with the transverse shear effects, and Q43 and N33 are transverse and normal shear
stress resultants.

2.2 Governing equations

The governing equations of the equilibrium associated with the displacement field in Eq. (2.2) are:

Nap.p =0,
Maﬂ af = 0,
’ 2.10
Paﬁ,ﬁ_Qa3+q=0a ( )
Qu3a — N33 =0.
Using Eq. (2.6) in Eq. (2.9), the stress resultants can be related to the total strains by
Nap Eap e11 + &2
Mug ¢ =1[A]4 kap ¢ + | [Bly 11 + K22 ¢ +[Clesz | 8ap, (2.11a)
Pup Nap N+ 022
&1 T €22
Naz = ces3 +[C1T kit + k22§, Qaz = 2c*eq3, (2.11b)
N1+ n2
where
h/2 h/2
[A]l = / 2ulFldxs, [B]l= / ALF]dxs3,
—h/2 —h/2
h/2 1 h/2 h/2
(€] = / W] xs |dvs, e = / Q0+ )W 33) s, ¢ = / W)y, (2.12)
—h/2 v —h/2 —hJ/2
in which
1 x3 ¥
[Fl=|x3x] x3V |. (2.13)

U oW w2
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Substitution from Eq. (2.11) into Eq. (2.10) results in the following field equations in terms of the six displace-
ment functions u; and ¢;:

(A" + By uy g1+ 24wy 0 + (3AM + B up 1p — (A" + B'?) V2us3
+ (AR + BB g1+ 340100 + (34 + BY) o 12

+CMp31 =0 (1< 2), (2.142)
+V2025) + C12V203 4+ ¢ =0, (2.14b)

(A13 + BB) up11 + %A13M1,22 + (%A13 + BB) uz 12 — (A23 + 323) Vs,
+ (1‘\33 + 333) @111 + %A33¢1,22 + (%A33 + 333) @212 — c* 1

+(CP =) g31=0 (12, (2.14¢)
c't (w11 +uz2) — ch (w311 +uz2) + (C13 — ") (o1,1 + ¢22) + o3
—c* (@3.11 + ¢3.22) =0, (2.14d)

where A"/ and B/ are the elements of the symmetric matrices [A] and [B], respectively. Also, the sign
(1 < 2) indicates that other equations may be obtained from Egs. (2.14a) and (2.14c) by changing the sub-
index from 1 to 2 and vice versa. V2() = ( ).11 + ()22 is the two-dimensional Laplace operator. Note
that A2, A3, B2, B13 and C!! vanish for a plate that is materially and geometrically symmetric about its
mid-surface.

2.3 Two-dimensional solution

Rectangular plates are generally classified according to the type of support used. Here, we are concerned with
the exact solutions of Egs. (2.14) for a simply supported EGM plate. The following boundary conditions are
imposed at the side edges:

Ni=Mn=Su=uy=uzs=¢p=¢3=0 atx; =0,aq,

Ny =My =8y=u=u3=¢; =¢3=0 atx; =0,0b. (2.15)

To solve this problem, Navier presented the external force in the form of a double trigonometric series

q(x1,%2) = D D Gun sin@ux1) sin(Byx2), (2.16)

m=1n=1
where «,, = mm/a, B, = nm/b, and m and n are mode numbers. For the case of a sinusoidally distributed
load, we have

m=n=1 and ¢ = qo, 2.17)

where gg represents the intensity of the load at the plate centre.
Following the Navier solution procedure, we assume the following solution form for u; and ¢; that satisfies
the boundary conditions given in Eq. (2.15),

uj U™ cos(aypx1) sin(B,x2)
us o o Uﬁ"” sin(a,x1) cos(Bpx2)
us | _ U™ sin(eux1) sin(B,x2)
o |~ Z Z O cos(apmxy) sin(Bux2) |- (2.18)
o m=Ln=1 @M sin(ay,x1) cos(Buxa)
3 d>’3"” sin(a,x1) sin(B,x2)

Here U™, Uy, U™, @7, 5" and @5 are arbitrary parameters. Equations (2.14) in conjunction with
Eq. (2.18) can be combined into a system of first-order equations:

(LA} ={f}. (2.19)
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where {A} and { f} denote the columns

(A)7 = (v ugm ug. o og" @)

(1" =10,0. ~gmn. 0,00}, (2.20)
where the superscript T denotes the transpose of the given vector. The elements L;; = L j; of the coefficient

matrix [L] are defined in Appendix A. Thus, one can easily solve the 6 x 6 matrix equation (2.19) for the vector

of amplitudes of the arbitrary parameters U{"", Uy"", U3"", 7", 7" and ®5". From these parameters, the

corresponding displacements u; and ¢; and the stresses o;; can be obtained.

3 Three-dimensional elasticity solution

In this section we present a more general procedure for solving the exact 3-D elasticity equations and generate
extensive numerical results for EGM plates [31]. The exact results will be compared with those obtained by
the trigonometric shear deformation plate theory (TPT). This way, a more accurate assessment can be obtained
concerning the validity of the 2-D plate theory for EGM plates.

We let v; (x1, x2, x3) denote the displacement components of a material point located at (x1, x2, x3) of the
EGM plate in the x1, x3, and x3 directions, respectively. The equations of equilibrium in the absence of body
forces are

0ijj =0 (,j=1,2,3), (3.1)

where o;; are components of the Cauchy stress tensor defined in Eq. (2.6). Substitution of Eq. (2.6) into the
equations of equilibrium leads to

1wV + O+ 1003 + 13 (vis 4 v3) + 13083 =0, (3.2)

where V2() = (.11 + ()22 + (),33.

Since the EGM plate is simply supported on the sides x; = 0, a and x> = 0, b, the boundary conditions on
these sides are prescribed by the normal traction and the tangential displacements being equal to zero, so that:
oip=vy=v3=0 atx; =0,a,

oy =v=v3=0 atx; =0,b. (3.3)

These conditions are satisfied by assuming

vl o oo [ V" (x3) cos(ap,x1) sin(B,x2)
vyt = Z Z V3 (x3) sin(enx1) cos(Bpxa) . (3.4)
m=1n=1

U3 V3mn (x3) sin(a,x1) Sin(IBn)Q)

Substitution of Eq. (3.4) into Eq. (3.2) yields a system of second-order ordinary differential equations in the
x3-coordinate. After some elementary manipulations, the obtained set of equations takes the form:

Vity = aVi" + V" + 3 V3" 4 ea V'Y + es V3,

Vo5 = Vi +eeVy" + erViT 4+ ca Vs + s V3T,

Vf3n3 = Cngmn + Cl()Vzm" + (,‘11V3m" + 012V1’f’3n + 613V2'73n + C14V3rfl3n, 3.5

where the functions ¢; (x3) (i = 1, 14) are displayed in Appendix B. For the sake of convenience we introduce
the state variables

S1(x3) = V" (x3),  Sa(x3) = V)" (x3),  S3(x3) = V3" (x3),

Sa(x3) = VI = 81 3, S5(x3) = VI = S1.3, Se(x3) = VI = S35, (3.6)

Eq. (3.5) may be reduced to the matrix form

{S.3} = [DI{S}, (3.7)
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where

S
S

sp=1. 1. (338)
L S6
00 0 1 0 O
00 0 0O 1 O
00 0 0 0 1

(D] = crecy ¢3 ¢4 0 ¢5 | (3.9)
cocg ¢c7 0 ¢4 cg
L €9 C10 C11 C12 C13 C14

Using the definition for Lamé’s coefficients given in Eq. (2.7) one obtains the formal solution to Eq. (3.7) as

eéle% O
ebax3
(S} =I[R] N [RI7(K), (3.10)
0 efoxs
where K1, K», ..., K¢ are arbitrary unknown complex constants connected with the boundary conditions.

Here [R] is the matrix of eigenvector; [R]~! is the inverse of the matrix [R]; and & (= ﬁ) denotes the
eigenvalues associated with the matrix [D]. The elements &; are defined in Appendix C. Equations (3.10) can
alternatively be presented as

6
Si= > sije¥ K, i=1,2,....6. (3.11)
j=1
According to Eq. (3.6), one can easily obtain

6
v = Zvijegjx3Kj7 i=1,2,3, (3.12)
j=1

where the elements v;; and &; are defined in Appendix D. In addition, the stresses can be obtained in terms of
the displacements and their derivatives with respect to x3 as

[c.SlEe o]
on = DTN (o (20 + 200V = RoB V3™ + Mo Vi)

m=1n=1
x sin(ap, x1) sin(B,x2),

00 o
o0y = ek(3/h+1/2) Z Z (—)»()Olm Vlmn — Bnuo + )\Q)Vzmn + )»()Vfgl)

m=1n=1

x sin(a,x1) sin(Byx2),

o0 o0
o33 = eka/ht1/2) z Z (—=hoom V™ = XoBu V3™ + Quo + ro) V3'%) (3.13)

m=1n=1

x sin(ap,x1) sin(Byx2),

oo o0
023 = HIEUD DY TR o (VI + BuV3™) sin(amx) cos(Buxa).,

m=1n=1

oo o0
013 = eF3/h+1/2) z ZMO(V{%” + am V3m”) cos(a,x1) sin(B,x2),

m=1n=1

[o.CNe ¢
o1y = ekW/hF1/2) Z Z/Lo(ﬂn V™ 4+ 0, V3™ ) cos(aumx1) cos(Byx2).

m=1n=1
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Fig. 2 The exponential variation function f(z) along the thickness of an EG rectangular plate

To obtain the displacements and stresses of the EGM plate, we must satisfy the stress boundary conditions at
the top and bottom surfaces of the plate. These conditions are

o13 (x1, x2, F4) = 023 (x1, x2, F4) = 033 (x1. 32, —4) =0,
o33 (x1, %2, +4) = q(x1, x2). (3.14)

Equations (3.11) and (3.13), in conjunction with the above boundary conditions and with the aid of Eq. (2.15),
determine the arbitrary constants Ky, K, ..., K.

4 Numerical results and discussion

Since 3-D elasticity solutions for homogeneous plates are available in the literature, we restrict our attention to
inhomogeneous rectangular plates under sinusoidal loading. Based on the analysis of the foregoing sections,
the stresses and displacements of simply supported EGM plates are obtained by the solution of trigonometric
shear deformation plate theory (TPT) and elasticity theory. The state-space approach used in conjunction with
the 3-D elasticity equations of EGM plates enables one to analyse the behaviour in bending of rectangular
EGM plates. It is a tool of a great computational convenience and a compact vehicle for analytic manipulation.

Nondimensionalised displacements and stresses given here are presented according to the following defi-
nitions:

10Eoh? h?
[u, v, w] = ———[v1, 12, 13](2), [o1,02] = ——[o11, 022](2),
a*qo a=qo
10h2 h X3

06 = ——012(2), [04,05] = —[023,0131(2), z=—.
a=qo adqo h

Numerical results are presented for various values of the aspect ratios (a/b) and the parameter k. Poisson’s
ratio is chosen as v = 0.3. Plots of the exponential function f(z) along the thickness of an EGM plate are
given in Fig. 2 for different values of the parameter k. The stresses o7 and o7 and transverse deflection w are
computed at coordinates x| = a/2, x; = b/2; the transverse shear stress o5 and the in-plane displacement u
are computed at x; = a/2, xo = 0; the transverse shear stress o4 and the in-plane displacement v are computed
at x; = 0, xo = b/2; and the in-plane transverse stress og is computed at x; = 0, x, = 0.

Tables 1 and 2 contain the maximum deflection w of the mid-plane and the maximum value of the in-
plane normal stress o, for square and rectangular thick EGM plates. Two values of the side-to-thickness ratio,
a/h = 2 and 4, and different values of the parameter k are used. The results of the 3-D elasticity solution
are compared with the values obtained from the TPT. For the sake of completeness and comparison, results
of higher-order shear deformation plate theory (HPT) are also included in these tables. The results for the
deflection w decrease with the increase of both values of the parameter k and the aspect ratio a/b. The in-plane
normal stress o, increases as the parameter k increases, irrespective of the ratios @ /b and a/ h; o5 increases as
the aspect ratio increases, approaching its largest value at a/b = 1/2, and then decreases again for a square
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Table 1 Dimensionless deflection w(0) for an EGM square plate

a/b Theory
0.1 0.3 0.5 0.7 1.0 1.5
a/h=2
% 3-D 1.63774 1.48846 1.35184 1.22688 1.05929 0.82606
TPT 1.62939 1.47309 1.33066 1.20101 1.02823 0.79056
HPT 1.54777 1.39964 1.26493 1.14249 0.97956 0.75560
% 3-D 1.60646 1.46007 1.32607 1.20349 1.03907 0.81024
TPT 1.59825 1.44493 1.30522 1.17804 1.00856 0.77540
HPT 1.51991 1.37444 1.24214 1.12188 0.96184 0.74184
% 3-D 1.55146 1.41013 1.28074 1.16235 1.00352 0.78241
TPT 1.54348 1.39541 1.26048 1.13764 0.97395 0.74874
HPT 1.47089 1.33009 1.20201 1.08559 0.93065 0.71762
% 3-D 1.44295 1.31160 1.19129 1.08117 0.93337 0.72750
TPT 1.43542 1.29771 1.17221 1.05795 0.90567 0.69615
HPT 1.37394 1.24238 1.12269 1.01386 0.86898 0.66977
% 3-D 1.19445 1.08593 0.98640 0.89520 0.77266 0.60174
TPT 1.18798 1.07399 0.97009 0.87548 0.74936 0.57578
HPT 1.15080 1.04052 0.94012 0.84878 0.72712 0.55975
1 3-D 0.57693 0.52473 0.47664 0.43240 0.37269 0.28904
TPT 0.57308 0.51806 0.46788 0.42216 0.36117 0.27712
HPT 0.58586 0.52955 0.47814 0.43127 0.36871 0.28246
a/h=4
% 3-D 1.17140 1.06218 0.96331 0.87378 0.75501 0.59193
TPT 1.16681 1.05509 0.95345 0.86107 0.73821 0.56969
HPT 1.00649 0.91087 0.82448 0.74640 0.64306 0.50178
% 3-D 1.14589 1.03906 0.94236 0.85478 0.73859 0.57904
TPT 1.14140 1.03210 0.93268 0.84231 0.72212 0.55726
HPT 0.98508 0.89150 0.80694 0.73050 0.62935 0.49105
% 3-D 1.10115 0.99852 0.90560 0.82145 0.70979 0.55643
TPT 1.09682 0.99180 0.89625 0.80941 0.69390 0.53546
HPT 0.94753 0.85750 0.77615 0.70262 0.60529 0.47222
% 3-D 1.01338 0.91899 0.83350 0.75606 0.65329 0.51209
TPT 1.00938 0.91272 0.82479 0.74486 0.63854 0.49270
HPT 0.87379 0.79076 0.71571 0.64787 0.55806 0.43525
% 3-D 0.81529 0.73946 0.67075 0.60846 0.52574 0.41200
TPT 0.81202 0.73425 0.66350 0.59917 0.51361 0.39620
HPT 0.70700 0.63979 0.57901 0.52405 0.45126 0.35169
1 3-D 0.34900 0.31677 0.28747 0.26083 0.22534 0.18054
TPT 0.34749 0.31419 0.28388 0.25631 0.21961 0.16922
HPT 0.31111 0.28146 0.25461 0.23027 0.19800 0.15377

plate. In general, it is clear that the present TPT gives more accurate results than HPT when compared to the
3-D elasticity solutions.

Variations of the displacements and stresses through the thickness of EGM plates are shown graphically
in Figs. 3—16. The results for a/h = 4 are presented here. It is assumed (unless otherwise stated) that k = 0.5
and a/b = 1/3. Figures 3-9 show the plots of displacements u, v and w and of the stresses o1, 0g, 05 and o4
for different values of the aspect ratio a/b. Similar results for different values of the parameter k are given in
Figs. 10-16.

The displacements and stresses do not vary as linear functions of the thickness coordinate z because the
plate is EG and the material properties are functions of z. The displacements u and v and stresses o7 and
o predicted by the TPT are in excellent agreement with the exact 3-D solution (see Figs. 3, 4, 6, 7, 10, 11,
13, and 14). The tensile and compressive values of the longitudinal stress, o7 (cf. Figs. 6 and 13), come to
a maximum at a point on the top and bottom surfaces of the EGM plate, respectively. The maximum tensile
and compressive values increase as the aspect ratio decreases as shown in Fig. 6. While Fig. 13 shows that the
maximum tensile value of o occurs at the top surface for the largest value of the parameter k, the maximum
compressive value occurs at the bottom surface for the smallest value of k.

Figure 5 shows that the TPT underestimates the transverse deflection w at points above the middle plate.
For large values of k the TPT underestimates the transverse deflection at all points within the plate (see Fig. 12).
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Table 2 Dimensionless stress 02 (1/2) for an EGM square plate
a/b Theory
0.1 0.3 0.5 0.7 1.0 1.5
a/h=2
% 3-D 0.29429 0.31008 0.32699 0.34508 0.37456 0.43051
TPT 0.29119 0.31184 0.33385 0.35731 0.39547 0.46786
HPT 0.31192 0.33462 0.35873 0.38433 0.42573 0.50345
% 3-D 0.29674 0.31277 0.32993 0.34829 0.37821 0.43500
TPT 0.29353 0.31439 0.33662 0.36032 0.39884 0.47187
HPT 0.31327 0.33607 0.36030 0.38604 0.42764 0.50573
% 3-D 0.30084 0.31727 0.33486 0.35368 0.38435 0.44257
TPT 0.29743 0.31864 0.34124 0.36533 0.40446 0.47857
HPT 0.31543 0.33842 0.36285 0.38878 0.43072 0.50943
% 3-D 0.30808 0.32525 0.34362 0.36329 0.39534 0.45619
TPT 0.30421 0.32606 0.34933 0.37410 0.41432 0.49035
HPT 0.31890 0.34220 0.36695 0.39323 0.43572 0.51545
% 3-D 0.31998 0.33849 0.35833 0.37956 0.41417 0.47989
TPT 0.31463 0.33758 0.36200 0.38796 0.43003 0.50925
HPT 0.32223 0.34592 0.37109 0.39782 0.44102 0.52203
1 3-D 0.31032 0.32923 0.34953 0.37127 0.40675 0.47405
TPT 0.29554 0.31811 0.34208 0.36750 0.40851 0.48508
HPT 0.28882 0.31072 0.33398 0.35866 0.39852 0.47305
a/h=4
% 3-D 0.21814 0.23211 0.24699 0.26284 0.28857 0.33725
TPT 0.23686 0.25204 0.26830 0.28574 0.31441 0.36990
HPT 0.28170 0.30133 0.32219 0.34435 0.38024 0.44786
% 3-D 0.22060 0.23476 0.24984 0.26591 0.29199 0.34133
TPT 0.23912 0.25450 0.27097 0.28863 0.31764 0.37371
HPT 0.28261 0.30231 0.32323 0.34547 0.38148 0.44934
% 3-D 0.22470 0.23918 0.25460 0.27103 0.29770 0.34816
TPT 0.24286 0.25858 0.27539 0.29342 0.32299 0.38004
HPT 0.28399 0.30379 0.32483 0.34719 0.38338 0.45159
% 3-D 0.23188 0.24692 0.26295 0.28002 0.30775 0.36021
TPT 0.24931 0.26563 0.28307 0.30174 0.33230 0.39106
HPT 0.28588 0.30583 0.32702 0.34954 0.38601 0.45471
% 3-D 0.24314 0.25913 0.27618 0.29434 0.32385 0.37968
TPT 0.25878 0.27609 0.29456 0.31428 0.34644 0.40788
HPT 0.28539 0.30534 0.32655 0.34908 0.38556 0.45428
1 3-D 0.22472 0.23995 0.25621 0.27356 0.30177 0.35885
TPT 0.23457 0.25098 0.26842 0.28698 0.31706 0.37386
HPT 0.24080 0.25783 0.27593 0.29515 0.32627 0.38482

Fig. 3 The variation of u through the thickness of an EG rectangular plate (k = 0.5,a/h = 4)
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As seen from Figs. 8, 9, 15, and 16, the maximum values of the out-of-plane transverse shear stresses
os and o4 do not occur at z = 0. These maximum values occur at points a little above the mid-plane of the
EGM plate. There is an error exhibited by TPT for o5 and o4 through the thickness of the plate. The largest
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Fig. 4 The variation of v through the thickness of an EG rectangular plate (k = 0.5,a/h = 4)
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Fig. 6 The variation of o} through the thickness of an EG rectangular plate (k = 0.5,a/h = 4)

errors occur at points in which the transverse shear stresses reach their maximum values. Errors increase as k
increases (see Figs. 15 and 16) and as a/b decreases for o5 (see Fig. 8) and increases for o4 (see Fig. 9).

Note that the through-the-thickness distributions of stresses and displacements strongly depend on the
aspect ratio of the plate. In addition, results are affected strongly by the exponentially graded parameter k. In

general, the prediction of the displacements and stresses resulting from TPT yields results rather close to those
obtained by the 3-D elasticity solution.
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Fig. 7 The variation of o¢ through the
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Fig. 8 The variation of o5 through the thickness of an EG rectangular plate (k = 0.5,a/h = 4)
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Fig. 9 The variation of o4 through the thickness of an EG rectangular plate (k = 0.5, a/h = 4)

5 Concluding remarks

We have considered the bending analysis of a simply supported exponentially graded rectangular plate sub-
jected to a sinusoidal pressure. The effective material properties at points in the plate are assumed to vary in
the thickness direction only according to a simple exponential law. When we presume trigonometric variations
of the displacements that identically satisfy boundary conditions at the edges, we derive ordinary differential
equations for the through-the-thickness variation of functions and solve them analytically. A more general
procedure for solving the exact 3-D elasticity equations is developed, and extensive numerical results are
generated. The exact 3-D solution of the problem studied here is compared with those obtained by the trigono-
metric and higher-order plate theories. For thick exponentially graded plates, the present trigonometric theory
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Fig. 10 The variation of u through the thickness of an EG rectangular plate (b = 3a,a/h = 4)
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Fig. 11 The variation of v through the thickness of an EG rectangular plate (b = 3a,a/h = 4)
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Fig. 12 The variation of w through the thickness of an EG rectangular plate (b = 3a,a/h = 4)

predicts displacements and stresses more accuracy when compared to the higher-order shear deformation plate
theory. In general, the exact and trigonometric solutions presented here provide benchmark results, which can
be used for the evaluation of different plate theories and also to compare results obtained by other approximate
methods such as the finite-element method.
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Fig. 15 The variation of o5 through the thickness of an EG rectangular plate (b = 3a,a/h = 4)

Appendix A

The elements L;; = L j; of the coefficient matrix [L], which appeared in Eq. (2.19), are given by

Ly = o (A“ I B“) _ %,331411’
Lo = —apmpPn (%All + B“) >

Liy = o (o, 2) (A + 5.
Liy= _ai (A13 + Bl3) _ %ﬁ,%AB,
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Fig. 16 The variation of o4 through the thickness of an EG rectangular plate (b = 3a,a/h = 4)

Appendix B
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Oy

Lis = —awpBy (547 + BY),

Lis =osz11,

Ly = —p2 (A" + B') - La2all,
Loz = B (o, + B7) (A2 + B,
Loy = Ljs,

Los = _133 (A13 + Bl3) _ %arznAB’
Ly = BuC',

Ly = — (a2 + B2)° (A2 + B?),
Lat = e (& £2) (47 + B,
Lss = Bu (ay, + A7) (A¥ + B¥),
Lz = — (o, + B7) C'2,

Lay = —ap, (AP + BY) — L grA% — ¢,

Lys = —ap By (%A% + B33) s
Ly = ayy (C13 — C*) s

Lss = —p; (A% + B¥) — Jag A¥ — ¢,

Lse = B (CV = ¢*),
Leg = — (oe,%z —i—ﬂ,f) c* —c.

The elements c¢; (x3) (i = 1, 14) defined in Eqs. (3.5) are given by

Ccl1 =

c3
(&

c7

c9g =

C11

13

22+ 2) + B2 o =anpu(1+

PITESE Cl4 = — 3

_ _%mpK3 — _Kr3
- w ) C4 I )
A 2 2
_am(l‘i‘ﬁ)y C6=O‘m+ﬂn(2+
_ _ﬂnM,3 _ ( &)
- )LM 3 C8 - 'Bﬂz 1 + m 9
AmA 3 __ PnAJ3
2M+)‘é’ 5 ClO - 2M+)‘"
— M(am+ﬁr1) Clr = o (U+2)
- 2u+x 12= 2u+r
Bnutr) Qutd) 3
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Appendix C

The elements &;, which appeared in Eq. (3.10), are given by

fl =5 -k, &=-3+h),

£ = _ a+kQjo+]) £y = ay—kQjig+1)
T2Qpo+D 2Q2po+1)

£ _ _ e3+kQiig+1) £ _ a3—kQfig+1)
2Qjo+D) SO 2Qfo+D)

where
a? =4 (Ol,zn + ,3,,2) + k2,
a3 = Q2o+ 1) [al2io + 1) — 4ap),
a3 = Qi + 1) [a fio + 1) + 4a] ,
in which
al = —k* Qiio+ 1) (a2, + B2), k=k/h, fio = po/o.
Appendix D

The elements v;;, which appeared in Eq. (3.12), are given by

Vil = V12 = V13 = V14 = V15 = V6 = 1,

a,
V21 = V22 = _/3_:':’ V23 = U24 = V25 = V26 = 5_:1’

5
v =v =0, v3 = %ijlﬁé), Jj=3,4,5,6,
1=0

where
A = 32k, 210 + 1) [D3 20 + D) + ad (el + BD)].
in which
by = k> + a2 + B2,
and the elements f;; are given by

f30 = —4K° + (dag + af) (4% — a3) — 4as (af — a3) K* + ajas,
f31 = =24k 4+ 8 (10a + 3a?) k> — 4ay (743 — 3a3) k? + 8ajar — 4aj (2ap + a?)
fi2 = ~4E° +4 (24an + 11a7) E = 8a (0} — ) I + 25afar — a} (400 + 7).
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f33 = —8k> — 8 (8ag — alz) k& — 80aiaxk® + 38ajar — 2aia3,

f3a = 48k> — 16 (8ag + 3a}) k* — 32atark* + 28afas,

fas = 32k° — 3243k + 8a'tas,

fao = —4k> + 4 (4a0 + a%) K+ 4as (a% — a%) K+ ag (4ao + a%) - a‘l‘az,

fa1 = —24k° + 8 (10ag + 3a}) k> + 4a (Tai — 3a3) k* — 8atas + 4a; (2a0 + ai)
far = —44k° + 4 (24ag + 11ai) k> + 8az (9af — a3) k* — 25atas + a3 (4ag + 5ai) ,
fa3 = —8Kk> — 8 (8ag — a%) K+ 80a%a2122 — 38a?a2 + Za%ag,

faa = 48k> — 16 (8ag + 3ai) k> + 32ajark* — 28afas,

fas = 32k° — 32a%k> — 8afas,

fs0 = —4k> — (4ap — a%) (4123 — a%’) —4as (a% — a%) K+ a‘fa3,

fs1 = —24k> — 8 (10ap — 3a?) k> — 4as (Ta} — 3a3) k? + 8ajas + 4a3 (2ap — af) ,
fso = —44k> — 4 (24ap — 11a}) k> — 8az (9a7 — a3) k* + 25ajas + a3 (4ap — 54) ,
fs3 = —8k> + 8 (8ag + af) k* — 80aiazk® + 38atas — 2aia3,

fsa = 48Kk° + 16 (8ap — 3aj) k* — 32ajazk* + 28aas,

fs5 = 32k> — 32a%k> + 8afas,

feo = —4k> — 4 (4a0 - a%) k> + 4a3 (af — a%) k> — ag’ (4a0 - a%) - 0?613,

for = —24k> — 8 (10ap — 3a?) k> + 4as (7a3 — 3a3) k* — 8ajas — 4a3 (2ap — af)
for = —44k> — 4 (24ag — 11a7) k> + 8a3 (9ai — a3) k* — 25atas — a3 (4ag — Sai),
fo3 = —8k> + 8 (8ao + a%) k> + 80atazk* — 38atas + 2ala3,

fos = 48k> + 16 (8ap — 3af) k* + 32aiazk* — 28atas,

fos = 32k° — 32a}k® — 8ata;.
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