
Thermal stresses and shakedown in wheel/rail contact
M. Ertz, K. Knothe

Summary Sliding friction between railway wheels and rails results in considerable contact
temperatures and gives rise to severe thermal stresses at the surfaces of the wheels and rails. An
approximate analytical solution is presented for a line contact model. The increased bulk
temperature of the wheel after a long period of constant operating conditions is also taken into
account. The thermal stresses have to be superimposed on the mechanical contact stresses.
They reduce the elastic limit of the wheel and rail, and yielding begins at lower mechanical
loads. When residual stresses build up during the initial cycles of plastic deformation, the
structure can carry higher loads with a purely elastic response in subsequent load cycles. This
phenomenon is referred to as shakedown. Due to the distribution of temperature, the rail
surface is generally subjected to higher stresses than the wheel surface. This can cause struc-
tural changes in the rail material and hence rail damage.
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1
Introduction
The contact area between a train wheel and a rail has barely the size of a thumbnail. Stresses in
this area are amongst the highest known in engineering, even if only the mechanical load due to
the axle static load and tractive forces is considered. The classical approach to the calculation of
mechanical contact stresses is based on the theory of Hertz [1]. The problem of the rolling
contact was investigated in detail by Johnson. For his first studies, he used the two-dimensional
model of a line contact of an infinite cylinder subjected to normal and tangential loads, [2]. In
the case of full sliding, the stress field depends here only on the maximum Hertz pressure p0

and on the coefficient of friction l. The critical value of p0 at the onset of yielding is called in
this context the elastic limit and it can be calculated as a function of l. For purely normal load
ðl ¼ 0Þ, the state of stress at the surface is nearly hydrostatic and first yielding occurs at a point
beneath the surface. Due to the tangential traction, the surface stresses increase, and for l > 0:3
the first yielding occurs at the surface, [3].

During the initial cycles of plastic deformation, residual stresses build up. This increases the
elastic limit, i.e. the structure can carry higher loads, while remaining within the purely elastic
behaviour in subsequent load cycles due to the superimposed residual stresses. The maximum
value of p0 at the onset of yield in the presence of residual stresses is called the shakedown
limit.

Although shakedown is a process including plastic deformation, no elastic–plastic analysis is
required to obtain the shakedown limit. Following the approach of Melan, [4], one has to find a
system of residual stresses that keeps the resulting stresses within the yield limit. This requires
only a number of purely elastic calculations with a variation of residual stresses. If the
shakedown limit is exceeded, repeated plastic deformation will take place within every load
cycle, [5]. This will cause eventually crack initiation and an early failure, [6]. Elastic limit and
shakedown limit can easily be plotted in shakedown maps, Fig. 1, which have been introduced
in [3]. The case of partial slip and the contact of spherical bodies with an elliptical area of
contact was also studied in [3]. Johnson’s approach is still widely used in today’s railway
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engineering, [6]. His results were compared with a full elastic–plastic analysis of a plane strain
model, [7, 8]. The finite element calculations validated the basic assumptions made in [5].
Although the investigation revealed significant differences in the amount and distribution of
residual stress and strain components, shakedown was observed at similar loads.

Thermal stresses can also contribute to plastic flow and failure in rolling and sliding contact.
Although sliding is always connected with increased temperatures and thermal stresses, these
have not been included in Johnson’s investigations. Their order of magnitude depends addi-
tionally on the physical parameters, like: the size of the contact patch, the sliding velocity vs and
vehicle speed v0, the thermal expansion coefficient a and the elastic properties, as well as the
heat conduction properties.

It has been shown in a number of investigations that thermal stresses in railway wheels
and rails can be of the same order of magnitude as the stresses due to mechanical loading.
Severe stresses in wheels are caused by the nonuniform heating, which results from tread
braking, [9–11]. The heating due to the sliding in a wheel/rail contact and the associated
thermal stresses were calculated in [12]. The problem was simplified by assuming full axial
symmetry of the wheel. Thus, the stress field in the cross section of the wheel due to the
increasing bulk temperature could be investigated quite efficiently, but the high temperature
changes due to the periodic contact of the wheel tread with the brake shoe or the rail
were neglected. Investigations of thermal contact stresses have been carried out also in
[13–15].

Some recent results of the shakedown analysis including thermal stresses have been given in
[16, 17]. The yield conditions used were more general than those in Johnson’s works, but
problems of rolling or sliding contact were not investigated. Since the focus of the present
paper is not on the shakedown theory or material behaviour, but rather on the principal effects
of thermal stresses in the wheel/rail contact, we will use the most simple model of elastic-ideal
plastic material that has also been assumed in the first works of Johnson.

2
Mechanical contact
When a wheel and rail are brought into contact under the action of the static wheel load, the
area of contact and the pressure distribution are usually calculated by the Hertz theory. In this
case, the area of contact is elliptical and the normal pressure distribution is, [1, 18],

pzðx; yÞ ¼ p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2

a2
� y2

b2

r

; ð1Þ

with the maximum pressure given by

p0 ¼
3N

2pab
; ð2Þ

Fig. 1. Shakedown map – the effect of
tangential traction on the elastic limit
and on the shakedown limit, accord-
ing to the yield criterion of von Mises,
[3]. (p�0 : maximum Hertz pressure,
K�: yielding shear stress)
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where the normal load is N and the semi-axes of the contact ellipse are a (in the rolling
direction) and b. If one is only interested in the maximum stresses and contact temperatures
that occur at y ¼ 0, the two-dimensional model of an infinite cylinder subjected to normal and
tangential loading (called line contact) is often used for a simplified analysis, Fig. 2. Here we
have a state of plane strain with sxy ¼ syz ¼ 0, Fig. 3. The values of a and p0 have to be taken
from the three-dimensional problem. If the contact occurs at the rail tread, the lateral width 2b
of the ellipse is usually larger than the length 2a, and the contact pressure near the centre of the
ellipse changes only slightly with y. In this case, the two-dimensional model provides a good
approximation, but it should not be used in flange contact with a � b.

In the case of full sliding, the ratio of the tangential force T and the normal load N is equal to
the coefficient of friction l, which is assumed to be constant within the area of contact. With
the non-dimensional coordinate n ¼ x=a, the stresses at the contact surface due to both the
pressure and the tangential traction can be written as, [18],

rx ¼ �p0

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� n2
q

� 2ln

� �

; ð3Þ

rz ¼ �p0

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� n2
q

; ð4Þ

sxz ¼ �lp0

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� n2
q

: ð5Þ

Outside the area of contact ðjnj > 1Þ, rz and sxz are zero and the normal stress in longitudinal
direction is

rx ¼ � 2lp0 n� sgnðnÞ:
ffiffiffiffiffiffiffiffiffiffiffiffiffi

n2 � 1

q

� �

: ð6Þ

For the state of plane strain, the normal stress in lateral direction is always

ry ¼ m rx þ rzð Þ ; ð7Þ

with Poisson’s ratio m. The sign of the tangential stress sxz in Eq. (5) and of the part of rx due to
tangential loading in Eqs. (3) and (6) is different for driving and braking. The upper sign refers
to the wheel in the case of braking and to the rail in the case of driving, whereas the lower sign
refers to the wheel in the case of driving and to the rail in the case of braking, Fig. 3.

Fig. 2. Normal pressure distribution
in a three- and a two-dimensional
contact

Fig. 3. Coordinate systems for the
calculation of temperatures and
stresses in the wheel/rail contact
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3
Contact temperature

3.1
Frictional heating
The power dissipation due to tangential stress and sliding velocity between wheel and rail
results in contact temperatures that can exceed 200 �C under normal operating conditions.
They are confined to a very thin surface layer. The thermal penetration depth

d ¼ a
ffiffiffi

L
p ; ð8Þ

depends on the non-dimensional Péclet number

L ¼ av

2j
; ð9Þ

with the semi-axis length a, the speed v of the moving heat source and the thermal diffusivity

j ¼ k
.c

; ð10Þ

that combines the material properties k (thermal conductivity), . (density) and c (specific heat
capacity), [18, 19]. If L > 10, heat conduction occurs only perpendicular to the contact plane,
i.e. in the z-direction, [19]. With the typical values for the wheel/rail contact, a � 5 mm,
j ¼ 14:2� 10�6 m2/s, [12], and v0 ¼ 30 m/s, one gets L � 5000. Thus the longitudinal and
lateral heat conduction (in the x- and y-directions) can be neglected and the thermal pene-
tration depth is only d � 0:015a for these parameters.

High contact temperatures occur at high values of the sliding velocity vs. In this case, elastic
deformations of the wheel and rail can be neglected and the distribution of frictional heating
for Hertzian contact is

_qqfriction ¼ ljvsjpzðnÞ ¼ ljvsjp0

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� n2
q

: ð11Þ

It is generally assumed that the dissipated frictional power is completely transformed into heat.
The heat flows into the material of the wheel and rail. With equal thermal properties of the
wheel and rail, the heat partitioning factor depends only slightly on the different velocities of
wheel and rail with respect to the area of contact, Fig. 3. For reasons of simplicity, we will
assume equal partitioning of the heat into the wheel and rail in the following. Compared with
the exact solution, [20], the error is always less than 5% for typical operating conditions in the
wheel/rail contact.

The surface temperature due to the Hertz distribution of frictional heating can be calculated
by means of a polynomial approximation as

HwðnÞ ¼ HCðnÞ ¼ lp0jvsj
ffiffiffiffiffiffiffiffiffiffiffi

a

k.cv0

r

f1ðnÞ ; ð12Þ

with the non-dimensional function

f1ðnÞ ¼
ffiffiffi

p
p

256
�

0 for n < �1,

ffiffiffiffiffiffiffiffiffiffiffi

nþ 1
p

ð71þ 12n� 20n2 þ 8n3 � 16n4Þ for jnj � 1,
ffiffiffiffiffiffiffiffiffiffiffi

nþ 1
p

ð71þ 12n� 20n2 þ 8n3 � 16n4Þ
�

ffiffiffiffiffiffiffiffiffiffiffi

n� 1
p

ð71� 12n� 20n2 � 8n3 � 16n4Þ
for n > 1 ,

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

ð13Þ

given in [20]. The result is shown in Fig. 4. The zero-point of temperature can be conveniently
chosen as the ambient temperature. Thus, in this paper, H always represents the temperature
rise due to the heat supplied within the contact patch.
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The temperature distribution for rolling/sliding contact presented in this section is based on
the exact solution of the heat conduction equation for moving heat sources with one-dimen-
sional heat flow in the z-direction. This assumption is justified for fast moving heat sources
with very high values of the Péclet number L, Eq. (9). The approach can be extended to the
consideration of three-dimensional contact problems (elliptical area of contact) without any
restriction, [20]. It is much more efficient than a finite element solution. Since the surfaces of
the wheel and rail move with respect to the contact patch, the temperature cannot be obtained
from a simple stationary heat conduction calculation. Either a transient calculation with very
small time increments or the concept of ALE (Arbitrary Eulerian–Lagrangian) relative kine-
matics, [21], would be required for the adequate treatment of the problem. Additionally, the
discretisation should be extremely fine in the z-direction due to the very small thermal pen-
etration depth d.

3.2
Initial wheel temperature
The bulk temperature of the wheel increases over time due to the periodical frictional heating at
its surface, [12]. Therefore the temperatures of the wheel and the rail are different when a point
at the surface of the wheel comes into the area of contact again. This can be treated approx-
imately as the contact of two semi-infinite bodies with different initial temperatures, [22]. Upon
coming into contact, a constant surface temperature is reached immediately. With equal
thermal properties of the wheel and the rail, it is the mean value of their initial temperatures.
The contact of two bodies with different initial temperatures gives rise to heat conduction from
the hot wheel into the cold rail through the contact patch. Since the heat loss due to conduction
into the rail is proportional to the difference in surface temperatures, it will be equal to the
frictional heating at a value of the initial wheel temperature that can be calculated as

H1 ¼ lp0jvsj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p3a

32k.cv0

s

; ð14Þ

from a simple energy balance, [20]. Thus all the frictional heating flows into the rail while the
wheel temperature remains constant. This temperature is the upper limit for constant operating
conditions. It is approximately twice the average surface temperature in the case of an initially
cold wheel, Fig. 5. Convection on the circumference of the cylinder can be neglected in the case
of line contact. For real wheels, the steady-state temperature is lower due to convection over the
whole surface of the wheel, [20]. The subscript 1 in Eq. (14) indicates that a steady-state
temperature will only be reached after a very long operating time, e.g. 60–120 min for a real
wheel, considering convection, [23]. Usually, the increased bulk temperature H0 of the wheel
will be between 0 and H1. It is meaningful to introduce the non-dimensional temperature

~HH0 ¼
H0

H1
; ð15Þ

Fig. 4. Surface temperature distribu-
tion of wheel and rail due to frictional
heating; wheel and rail initially at
ambient temperature, normalized with
respect to the steady-state wheel
temperature H1, Eq. (14)
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called the initial relative temperature of the wheel, with 0 � ~HH0 � 1 for constant operating
conditions. Using ~HH0 and the non-dimensional function

f2ðnÞ ¼
ffiffiffiffiffiffiffi

p3

128

r

�
0 for n < �1,
1 for jnj � 1,
2
p arcsin

ffiffiffiffiffiffi

2
nþ1

q

for n > 1 ,

8

>

<

>

:

ð16Þ

the surface temperature due to the initial temperature H0 of the wheel can be written for the
wheel as

HwðnÞ ¼ ~HH0lp0jvsj
ffiffiffiffiffiffiffiffiffiffiffi

a

k.cv0

r

ffiffiffiffiffi

p3

32

r

� f2ðnÞ
" #

; ð17Þ

and

HrðnÞ ¼ ~HH0lp0jvsj
ffiffiffiffiffiffiffiffiffiffiffi

a

k.cv0

r

f2ðnÞ ; ð18Þ

for the rail, [20, 22].

4
Thermal stresses
The contact temperature gives rise to severe thermal stresses at the surfaces of wheel and rail. An
accurate analysis of this problem would only be possible with a finite element model, [14]. But
since the large changes in temperature are confined to a very thin surface layer, we can assume that
the expansion of the surface in the x- and y-directions is zero while the expansion in the z-
direction is possible without restriction. Thus the pure thermal loading results in a state of plane
stress parallel to the surface, with �x ¼ 0, �y ¼ 0 and rz ¼ 0. The thermal stresses are

rx ¼ ry ¼ �
Ea

1� m
DH ; ð19Þ

with the Young’s modulus E, the thermal expansion coefficient a and the Poisson’s ratio m. The
temperature difference DH between the surface and the bulk material is

DHwðnÞ ¼ HwðnÞ �H0 ð20Þ

for the wheel (initial temperature H0) and

DHrðnÞ ¼ HrðnÞ ð21Þ

Fig. 5. Surface temperature distribu-
tion of wheel and rail due to frictional
heating and steady-state initial wheel
temperature H1, normalized with
respect to the steady-state wheel
temperature H1, Eq. (14)
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for the rail (initial temperature 0). If the local surface temperature is higher than the bulk
temperature, one obtains compressive stresses at the surface. This approximation has been
introduced at first by Schouten, [24]. He compared the results of Eq. (19) with the output of
finite element calculations and concluded that the simple approach should be accurate enough
for the calculation of thermal stresses in a sliding contact. This was confirmed in [13] where it
was stated that the approximation yields good results for fast moving heat sources with a very
small thermal penetration depth d.

Nevertheless, we will try to estimate the error of this approximation in the case of pure
frictional heating, with the wheel initially at ambient temperature, Fig. 4. The equilibrium
condition for the stresses in the x-direction is

orx

ox
þ osxz

oz
¼ 0 : ð22Þ

Since rx is not constant, a shear stress sxz is required for equilibrium. Because the maximum
temperature and thermal stress occur near the trailing edge, we obtain

orx

ox
� rx;max

2a
; ð23Þ

as a rough approximation for the first term in Eq. (22). At the surface, sxz must disappear. We
assume that its maximum occurs beneath the surface within the area of increased temperature
(thermal penetration depth d), and therefore we can approximate the second term as

osxz

oz
� sxz;max

d
: ð24Þ

Combining Eqs. (22)–(24), it follows that

sxz;max

rx;max

�

�

�

�

�

�

�

�

� d
2a
� 1

2
ffiffiffi

L
p ; ð25Þ

which is in the range of 1%, see Eqs. (8) and (9). Thus, the error in the thermal stress field
should be negligible using the approximate solution. Considering an initial wheel temperature,
there is a discontinuity at the leading edge, s. Fig. 5. There, the error has to be expected to be
more significant. Fortunately, this point is mostly of minor importance when finding the
maximum equivalent stress that will initiate first yield, Figs. 6–9.

Combining Eq. (19) with the approximate solution for the surface temperature in the case of
Hertzian contact, s. Sect. 3, the thermal stresses can be written conveniently for the wheel as

rx ¼ ry ¼ �lp0J½ f1ðnÞ � ~HH0f2ðnÞ	 ; ð26Þ

and for the rail as

rx ¼ ry ¼ �lp0J½ f1ðnÞ þ ~HH0f2ðnÞ	 : ð27Þ

We have introduced here a non-dimensional quantity

J ¼ Eajvsj
1� m

ffiffiffiffiffiffiffiffiffiffiffi

a

k.cv0

r

; ð28Þ

which we will call the Johnson number. It combines all influence parameters for the thermal
stresses except for the initial relative temperature ~HH0 of the wheel, Eq. (15), i.e. the ratio of the
initial wheel temperature H0 to the maximum possible temperature H1, Eq. (14). As explained
before, 0 � ~HH0 � 1 for constant operating conditions. Functions f1ðnÞ in Eq. (13) and f2ðnÞ in
Eq. (16) are non-dimensional functions of n that do not depend on physical parameters, [20].

If both the wheel and the rail are initially at the ambient temperature, then their surface
contact temperatures and thermal stresses are equal. But when the wheel is initially at H1, the
situation is completely different. It is obvious from Fig. 5 that the local temperature difference
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between surface and bulk material is 50% of H1 for the wheel and occurs at the leading edge.
This is even lower than for H0 ¼ 0. The maximum surface temperature of the rail is approx.
110% of H1, while the bulk material is still at ambient temperature. Thus the pure thermal

Fig. 6. State of stress at the surface of
the wheel, driving with Johnson
number J ¼ 5; initial relative wheel
temperature ~HH0 ¼ 0:5, coefficient of
friction l ¼ 0:35

Fig. 7. State of stress at the surface of
the rail, driving with Johnson number
J ¼ 5; initial relative wheel tempera-
ture ~HH0 ¼ 0:5, coefficient of friction
l ¼ 0:35

Fig. 8. State of stress at the surface of
the wheel, braking with Johnson
number J ¼ 5; initial relative wheel
temperature ~HH0 ¼ 0:5, coefficient of
friction l ¼ 0:35
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stresses in the rail are more than twice as high as in the wheel if the wheel temperature has
reached the maximum possible value for constant operating conditions.

5
Elastic limit
Yielding begins when the equivalent stress is equal to the yield limit rY. Here, we use the v.
Mises yield criterion

rVM ¼ rY ; ð29Þ

with the equivalent stress

rVM ¼
1
ffiffiffi

2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðrx � ryÞ2 þ ðry � rzÞ2 þ ðrz � rxÞ2 þ 6s2
xz

q

; ð30Þ

for a state of plane strain. In simple shear the yield stress is rY ¼
ffiffiffi

3
p

K. Since all components of
mechanical and thermal stresses are proportional to p0, the yield criterion can be used to
calculate the maximum Hertz pressure p0 called the elastic limit at which yielding begins,
Fig. 10.

The stresses due to normal loading are equal in the wheel and the rail. For Hertz contact with
full sliding, only the sign of the stresses due to tangential loading depends on the direction of
the tangential force acting on the wheel and rail, see Eqs. (3), (5) and (6). Without thermal

Fig. 9. State of stress at the surface of
the rail, braking with Johnson number
J ¼ 5; initial relative wheel tempera-
ture ~HH0 ¼ 0:5, coefficient of friction
l ¼ 0:35

Fig. 10. Effect of the traction coeffi-
cient on the elastic limit; Johnson
number J ¼ 5, initial relative wheel
temperature ~HH0 ¼ 0:5
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stresses, the distribution of the equivalent stress in the wheel and the rail is equal, but with
reverse orientation. Therefore, it is not necessary to differentiate between the wheel and the rail
or between driving and braking, and the yield criterion is the same in all cases, s. Fig. 1.

If the wheel and the rail are initially at the ambient temperature, the thermal stresses due to
frictional heating are equal in both of them. But the distribution of equivalent stress is no
longer the same in all cases because of the combined mechanical and thermal stresses. On one
hand, the results are equal for the wheel in the case of braking and for the rail in the case of
driving, and, on the other hand, for the wheel in the case of driving and for the rail in the case
of braking. The maximum thermal stresses occur near the trailing edge and are negative
(compressive stresses). In this area, the tangential loading also results in compressive stresses
for the wheel in the case of braking and for the rail in the case of driving. When mechanical and
thermal stresses are superimposed, the resulting equivalent stress is higher than in the other
possible combinations (wheel in the case of driving, rail in the case of braking).

If the wheel is initially above ambient temperature, things are even more complicated. Now,
thermal stresses are no longer equal in the wheel and the rail, but always higher in the rail, s.
Fig. 5. We get these different results for wheel and rail as well as for driving and braking, s.
Figs. 6–9. The worst situation is always for the rail in the case of driving and the lowest stresses
occur for the wheel in the case of driving. Therefore, we will investigate only these two cases in
the following.

6
Residual stresses and the shakedown limit
As already mentioned, if the elastic limit is exceeded during the initial load cycles, plastic
deformations occur: after the removal of the external load, residual stresses remain in the wheel
and rail. Johnson investigated in [2] the influence of residual stresses on subsequent load
cycles, assuming an elastic-ideal plastic material. Based on Melan’s theorem, the structure
shakes down if there exists any time-independent distribution of residual stresses which to-
gether with the elastic stresses due to the external load keeps the stresses within the yield limit.
If no such system of stress can be found, then the structure will not shake down and plastic flow
will continue within every subsequent load cycle, [4]. The shake down limit is the maximum
load (i.e. maximum Hertz pressure p0) that can be carried elastically in repeated contact after
the formation of residual stresses without further plastic flow.

The only possible system of residual stresses for rolling line contact consists of direct
stresses rx;RðzÞ and ry;RðzÞ parallel to the surface, [2, 3]. This follows from the conditions of

– plane state of strain,
– continuous and steady deformation, and
– traction-free surface.

The stresses rx;RðzÞ and ry;RðzÞ have to be varied independently in order to find the minimum
of the equivalent stress.

Johnson’s approach can easily be extended to the consideration of thermal stresses. Since
thermal stresses are restricted to a very thin surface layer, they have only to be considered at
the surface (z ¼ 0), and the results beneath the surface can be taken from [3] without any
modification, s. Fig. 1. For reasons of simplicity, we also assume elastic-ideal plastic behaviour
of the material. The residual stresses rx;R and ry;R at the surface are varied by numerical
optimization. With an increased initial temperature of the wheel, the results are again different
for the wheel and the rail as well as for driving and braking, Fig. 11.

7
Application to the wheel/rail contact
Shakedown maps have been calculated for some values of the non-dimensional Johnson
number J both for equal and different initial temperatures of the wheel and rail, Figs. 12–17.
Some values of J can be found in Table 1 for usual wheel/rail operating conditions. Typical
values of the steady-state wheel temperature H1 are also given. While the influence of thermal
stresses on the elastic limit and shakedown limit can be reduced to the non-dimensional
parameters J (the Johnson number) and ~HH0 (the initial relative wheel temperature), contact
temperatures depend additionally on the coefficient of friction l and on the maximum Hertz
pressure p0.

The Johnson number J, Eq. (28), can be in the range of 5–10 for usual operating conditions.
Assuming the material parameters to be constant and independent of temperature, J increases
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with large values of the sliding velocity vs and of the length a. It diminishes with large values of
the vehicle speed v0. With J ¼ 5, there is already a significant influence on the elastic limit and
shakedown limit, Figs. 14 and 15. At the same time, the contact temperature is still not high

Fig. 11. Effect of the traction coeffi-
cient on the shakedown limit; Johnson
number J ¼ 5, initial relative wheel
temperature ~HH0 ¼ 0:5

Fig. 12. Shakedown map in the case
of driving; Johnson number J ¼ 2,
initial relative wheel temperature
~HH0 ¼ 0 (faint lines: results without
thermal stresses, see also Fig. 1)

Fig. 13. Shakedown map in the case
of driving; Johnson number J ¼ 2,
initial relative wheel temperature
~HH0 ¼ 1 (faint lines: results without
thermal stresses, see also Fig. 1)
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enough to cause thermally induced phase transformations. Consider as a typical example a
freight train running with the speed v0 ¼ 30 m/s and the sliding velocity vs ¼ 1:3 m/s (approx.
4.3% creepage). The wheel load of the locomotive is N ¼ 100 kN. The semi-axes of the contact

Fig. 14. Shakedown map in the case
of driving; Johnson number J ¼ 5,
initial relative wheel temperature
~HH0 ¼ 0 (faint lines: results without
thermal stresses, see also Fig. 1)

Fig. 15. Shakedown map in the case
of driving; Johnson number J ¼ 5,
initial relative wheel temperature
~HH0 ¼ 1 (faint lines: results without
thermal stresses, see also Fig. 1)

Fig. 16. Shakedown map in the case
of driving; Johnson number J ¼ 10,
initial relative wheel temperature
~HH0 ¼ 0 (faint lines: results without
thermal stresses, see also Fig. 1)
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ellipse a and b are in the range of 6–10 mm, with the maximum Hertz pressure p0 � 800 MPa.
With a ¼ 6 mm, the Johnson number is J � 5, s. Table 1. The coefficient of friction is assumed
to be l ¼ 0:3. If the wheel and rail are initially at ambient temperature, i.e. at the beginning of
these operating conditions (Fig. 14), the shakedown limit of the rail decreases to 68% compared
to the case without consideration of thermal stresses (Fig. 1) and the maximum contact tem-
perature is 207 �C. For continuous operation, the wheel temperature increases and the
shakedown limit of the rail is reduced to 50% only, s. Fig. 15. The steady-state temperature of
the wheel is then 328 �C.

With these operating conditions, the shakedown limit of the wheel is almost uninfluenced by
the thermal stresses. It can even be slightly higher than without thermal stresses since the
resulting stress level at the surface is reduced by the additional thermal stresses. At higher
values of the Johnson number J, the shakedown limit of the wheel becomes also considerably
decreased, Figs. 16 and 17. If the wheel has reached the limit temperature H1 at very high
values of J, the elastic and the shakedown limits of the rail are only half as high as those for the
wheel, Fig. 17. This is due to the pure thermal stresses in the rail which are twice as high as
those in the wheel. The rail in the case of driving therefore suffers most from thermal stresses,
especially at high initial wheel temperatures.

When a locomotive is pulling a train, the tractive forces are transmitted only by the wheels of
the locomotive. This is the normal state for long periods of operation, e.g. for high speed traffic

Fig. 17. Shakedown map in the case
of driving; Johnson number J ¼ 10,
initial relative wheel temperature
~HH0 ¼ 1 (faint lines: results without
thermal stresses, see also Fig. 1)

Table 1. Johnson number J, Eq. (28), for different values of the vehicle speed v0 and sliding velocity vs

(a ¼ 6 mm, E ¼ 2:1� 105 MPa, a ¼ 1:2� 10�5 K�1, m ¼ 0:3, k ¼ 50 W/K m, . ¼ 7850 kg/m3, c ¼ 450
J/kg K). The steady-state wheel temperature H1, Eq. (14), depends additionally on the coefficient of
friction l and on the maximum Hertz pressure p0; the temperatures in this Table have been calculated for
p0 ¼ 800 MPa and the specified values of l

v0 [m/s] vs [m/s] J H1 [�C]

l ¼ 0:15 l ¼ 0:3

10 0.5 3.32 109 218
10 1.0 6.64 218 435
10 1.5 9.95 327 653
20 0.5 2.35 77 154
20 1.0 4.69 154 308
20 1.5 7.04 231 462
30 0.5 1.92 63 126
30 1.0 3.83 126 251
30 1.3 4.98 163 327
30 1.5 5.75 189 377
50 0.5 1.48 48 97
50 1.0 2.97 97 195
50 1.5 4.45 146 292
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or climbing up hills. In contrast, all wheels of the train participate in braking. Therefore it
seems reasonable that high tractive forces and thermal stresses should be expected mostly in
the driving case. The rail is subjected to much higher stresses in this case. It is even possible
that repeated plastic flow occurs in the rail even though the wheel is still far away from the
onset of yield, Fig. 18. This can cause structural changes in the rail material as well as rail
damage, as described in [6]. The maximum contact temperatures are not much above 300 �C
for typical wheel/rail operating conditions and should not be able to cause thermally induced
phase transformations. Nevertheless, the resulting thermal stresses have a significant influence
on the material of the wheels and rails.

8
Conclusions
Friction between wheel and rail results in considerable contact temperatures and gives rise to
severe thermal stresses at the surfaces of wheels and rails. An approximate analytical solution
has been presented for the line contact. If the wheel and rail are initially at ambient tem-
perature, all influence parameters for the thermal stresses can be combined into a single non-
dimensional parameter, the Johnson number J, Eq. (28). The increased bulk temperature of
the wheel after some long period of constant operation has also been taken into account. The
upper limit of the wheel temperature depends on the heat flow from the hot wheel into the
cold rail through the contact patch. The initial relative temperature ~HH0 of the wheel, Eq. (15),
is the second non-dimensional parameter for the consideration of thermal stresses in rolling
contact.

The results presented in this paper show that there is a significant influence of thermal
stresses on the elastic limit and the shakedown limit in a wheel/rail contact. If the wheel is
initially at ambient temperature, the components of mechanical and thermal stresses are partly
equal in the wheel and the rail, but their reverse direction results in different levels of equiv-
alent stress. With an increased initial temperature of the wheel, the thermal stresses are even
higher in the rail, whereas they get reduced in the wheel. The worst situation for the rail is
always in the case of driving. Its elastic and shakedown limits can be reduced by a factor two as
compared to the wheel.

Although the model of an infinite cylinder subjected to normal and tangential loads is only
a rough approximation of the real wheel/rail contact, the results for three-dimensional
contact problems (elliptical area of contact) should be similar. In the case of rolling contact
with pure mechanical load, i.e. without thermal stresses, this has already been shown in
[3, 18].

The real behaviour of rail steel should be considered with a more realistic model. Lately, a
Chaboche model was used for the numerical investigation of plastic deformations on rail
surfaces subjected to cyclic loading, [25]. The finite element solution presents only results for
special examples. The temperature dependence of material parameters should be taken into
account in a more detailed investigation.

Fig. 18. Shakedown map in the case
of driving; Johnson number J ¼ 5,
initial relative wheel temperature
~HH0 ¼ 0:5. The hatched section: the
shakedown limit of the rail exceeded,
the wheel below the elastic limit
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