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Buckling of an elastically restrained multi-step
non-uniform beam with multiple cracks
Q.S. Li

Summary A model of a massless rotational spring is adopted to describe the local flexibility
induced by cracks in a beam. The governing differential equation for buckling of a multi-step
non-uniform beam with spring supports, each step of which has an arbitrary number of cracks,
is expressed in the terms of the bending moment. Linearly independent solutions of the gov-
erning equation are derived for five different types of non-uniform beams. The main advantage
of the proposed method is that the eigenvalue equation of a multi-step non-uniform beam with
any kind of two-end supports, any finite number of cracks and spring supports at intermediate
points can be conveniently determined from a second-order determinant based on the fun-
damental solutions developed in this paper. The decrease in the determinant’s order, as
compared with previously developed procedures, leads to significant savings in the computa-
tional effort. Two numerical examples are given to illustrate the application of the proposed
method and to study the effect of cracks on the critical buckling force. The accuracy of the
proposed method is verified through numerical examples.
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1

Introduction

Lightweight structures have been extensively used in civil, mechanical, aerospace engineering
etc., and stability problems of such structures have become of increasing importance. Most
structural parts are operated under fatigue loading conditions causing cracks in the over-
stressed zones. Cracks that are found to exist in structural members lower the structural
integrity and should be considered in the buckling analysis of structures.

The stability of columns with a single crack subjected to follower and vertical loads was
studied in [1]. Paper [2] investigated the vibration and stability of cracked rotating blades. An
analytical approach for vibration analysis of a cracked beam was developed in [3]. This ap-
proach leads to a system of (4n + 4) equations for establishing the eigenvalue equation in the
case of n cracks within the beam. An improved analytical method for calculating natural
frequencies of a beam with an arbitrary number of cracks was proposed in [4]. This procedure
leads to a system of (n + 2) linear equations for determining the eigenvalue equation for a
beam with n cracks. All studies mentioned above have been confined to uniform structural
members with cracks.

However, non-uniform beams are widely used to achieve a better distribution of the strength
and weight of structural members or machine parts and sometime to satisfy architectural and
functional requirements. The vibration and stability of a non-uniform Timoshenko beam has
been studied in [5], but only one crack in the beam was considered. There is still need to
further the research on buckling of non-uniform beams with multiple cracks.

Received 21 September 2001; accepted for publication 27 June 2002

Q. S. Li

Department of Building and Construction,

City University of Hong Kong Tat Chee Avenue,
Kowloon, Hong Kong

e-mail: begsli@cityu.edu.hk

The author is thankful to the reviewers of the AAM for their
useful comments and suggestions. This work was fully supported by
a grant from City University of Hong Kong [Project No. 7001279].



In this paper, a new exact approach to the buckling analysis of multi-step non-uniform
beams with an arbitrary number of cracks and elastic supports is proposed based on novel
fundamental solutions. The main advantage of the proposed method is that the eigenvalue
equation of such a beam can be conveniently determined from a system of two linear equations,
i.e. by solving a second-order determinant. The decrease in the determinant’s order, as com-
pared with previous procedures (e.g., [3], [4]), leads to significant savings in the computational
effort and costs associated with buckling analysis of cracked beams. Moreover, the procedure
presented in [4] is confined to analysis of a clamped-free uniform beam with cracks, while the
present method can be used to analyze a non-uniform beam with any kind of two-end support,
any finite number of cracks and springs at intermediate points. The numerical examples show
that the effects of cracks on the critical buckling force depend on the number, depth and
location of the cracks, and prove that the proposed procedure is exact and efficient.

The finite element method (FEM) can be also used for buckling analysis of a structure with
an arbitrary number of cracks. However, the FEM analysis will lead to determinants of high
order. The availability of exact solutions should help in examining the accuracy of the ap-
proximated or numerical solutions. It should be also mentioned that the present analytical
method and solutions can be easily implemented and could provide an insight into the physics
of the problem.

2

Theory

A multi-step non-uniform beam with rotational and translational spring supports subjected to
concentrated axial forces, as shown in Fig. 1, is considered in this paper for buckling analysis.
The axial force N; acting on the i-th step of the beam is given by

i—1
Ni=> aP (1)
k=0

where a;P is an axial external load directly acting on the (k + 1)-th step of the beam.

It is assumed that the number of cracks in the i-th step beam is #n;. A model of a massless
rotational spring, [6], is adopted here to describe the local flexibility induced by cracks in the
beam, as shown in Fig. 2. The n; cracks are located at sections xj;, Xj, . . ., Xin, such that
0 <xip <xip <+ <X, <Lj, where L; is the length of the i-th step of the beam (Fig. 3), and
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Fig. 1. A multi-step non-uniform beam with spring supports

s

Fig. 2. A model of a massless rotational spring to represent local flexibility induced by a crack
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Fig. 3. The i-th beam step with n; cracks
the origin of the coordinates is set at the left end of the i-th beam step (i = 1,2, ..., n). It can be

seen from Fig. 3 that the i-th beam step is divided into (n; + 1) segments by the n; cracks. The
symbols introduced in Fig. 3 are simplified representations for describing the local flexibility
induced by the cracks. The effect of the ij-th crack is that the rotation at the ij-th section

(x = x;;) has a jump. It can be expressed as

Ay = Cyyl (x5) (2)

where Ay;; and y; (x;j) are the jump of the rotation and deflection at the ij-th section, re-
spectively, the prime indicates differentiation with respect to the variable x, C;; is the flexibility
of the ij-th rotational spring representing the effect of the ij-th crack, which is a function of the
crack depth and beam height. For a one-sided opening crack in a structural member with
rectangular section, C; can be expressed as, [1, 6],

Cyj = 5.346h;f (&) (3)
where h;; is the height of the cross-section at x = x;; and ¢j; is the ratio
aij
" 4
=g (4)

Here, aj; is the depth of the ij-th crack. The function f (élj) is called the flexibility function and
can be expressed as, [1, 6],

2 3 4 5 6 7
f(&;) =1.862 & —3.95&; +16.375 & — 37.226 & + 76.81 & — 126 &
+172&) — 143.97 &5 4 66.56 & . (5)

The case for two-sided cracks can be considered similarly, [4]. It was discussed in [, 2, 6] that
Eq. (5) is not only valid for vibration analysis of cracked structures, but also can be applied for
the analysis of cracked beams under compression.

The difference between the buckling shape of a cracked beam and that of the corresponding
uncracked beam is that the slope of the cracked beam at the section where a crack occurs has a
jump. Thus, it is necessary to investigate the buckling of an uncracked beam first, which is the
basis for buckling analysis of the cracked beam.

The differential equation for buckling of the i-th step of the uncracked beam can be written
as, (7],

dzM,-(x) N,'
dx? Ki(x)

Mi(x) =0, x€l0,L], (6)



where M;(x), N; and K;(x) are the bending moment, axial force and flexural stiness of the i-th
beam step at section x, respectively.
The general solution of Eq. (6) can be expressed in the form

M;(x) = Di3Si3(x) + DiuSia(x) , (7)

where S;3 and Sy are the linearly independent special solutions, and D;j3, Djs are integral con-
stants of Eq. (6), respectively. It is obvious that the analytical solutions of Eq. (6) are dependent
on the distribution of the flexural stiffness K;(x). Thus, the analytical solution of Eq. (6) may be
obtained by means of a reasonable selection of the flexural stiffness distribution. As suggested
in [8-10], the functions that can be used to approximate the variation of stiffness are algebraic
polynomials, exponential functions, trigonometric series or their combinations. For the fol-
lowing five cases of K;x), which describe many cases of ordinary structural members, solutions
Si3 and Sjy are found in this paper.

Case 1:

Ki(x) = (ociefﬂ”f‘ - ci)_l . (8)

Substituting Eq. (8) into Eq. (6) and setting

one obtains the set of linearly independent solutions as follows

Bix
Si3 (x) = IVi (aieui) ,

Pix

Iy, (a,-eZ_Li), v; is a non-integer, (9)
Si4(x) = bix

Y, <a,-eii>, v; is an integer |,
where

40,;N;L? 4¢;N;L?
a?: o 21 17 v = Ci 21 i (10)
B; Pi
Here, J,.(-) and Y,,(-) are the first and second kind Bessel functions of the order v; , respectively.
Case 2:
Ki(x) = i1+ Bix)” . (11)
Letting
N.
g = 1+ ﬁi'xa Mi = g%za 1’1? = 12 ) (12)
%ifi;
then Eq. (6) becomes
d’z 1dz > b 1
_+__+ n: 7”——2:0. ].3
dg>  gdg [ S (13)
Setting
ni

n=—g", (14)

qi
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then Eq. (13) becomes a Bessel equation of the v;-th order. For this case, there are two linearly
independent solutions:

&wrm+mmﬁm+mﬂ

(14 Bix ) oy, ["( + fix)¥i }, v; is a non-integer, (15)
Si4(3€) =
(1+ By { H1+ Bix )”i], v; is an integer,
2—b; 1
526 g = b =

If b; = 2, then v; = 0o, and the solutions found above are not valid anymore. For this case,
Eq. (13) becomes an Euler equation, and the solutions are found as

Sis(x) = (1+Bix)z+\/__3i,} for Bizi—l<0 ) (16)
Sia(x) %

a(x) = (14 Bx) 7, T
or
Siz(x) = (1 + ﬁzx)z cos[/B; In(1 + fx)], for B; = L’Z _ l >0 . (17)
Sia(x) = (1+ Bx)? sin[y/B; In(1 + Bix)], w4
Case 3
N; _
Ki(l ) = (aix® + bix + ¢;) 2 (18)
Substituting Eq. (18) into Eq. (6) and letting
% . dx
M(X) (ﬂ ix" 4+ b X+ Cz) (éz) Wlth éi = m s (19)
1 1 1
one obtains
d*n
— +An=0, 20
@ HAn= (20)
where
1
Ai:1—|—a,~c,’—1b? . (21)
The linearly independent solutions are
Si3(x) = (aix* + bix + ci)lE sin /A; x, for A, > 0 (22)
Sia(x) = (aix* + bix + ¢;)* cos /A; x,
or
S(x) = (@ 4 bx ke h e L g (23)
Siu(x) = (a4 bix + ¢;)?e VA%, 7

or

Sia(x) = (aix® +bix + i), } for A; =0 . (24)
s

o=

u(x) = (aix2 + bix + ¢;)?&;,



Case 4:
Ki(x) = (x> +8}), bi>0. (25)

The linearly independent solutions for this case are

Sia(x) = (x*+ b,')% sin &;,

1 (26)
Siu(x) = (x*+bi)*cos &
where
1 527
N: - b:\2
&= < it l) arctani1 : (27)
bi bi
Case 5:
Ki(x) = K; = const (28)
For the case of a uniform beam considered, we have
Si3(x) = sin k;x,
Sia(x) = cos kix, (29)
N.
€=
Using Eq. (7) yields
Qi(x) = Di3Sj5(x) + DiaSjy(x) (30)
yi(x) = Dizgi(x) + Diaqi(x) + Dio(x) + Dir , (31)
0:(x) = Disgi(x) + Duagj(x) + Dpz , (32)

where g(x) and g(x) are obtained by integrating S;3(x) and Sy (x) twice, respectively, while D;;
and Dj, are integration constants.
In order to establish the eigenvalue equation for buckling, it is useful to construct a set of

fundamental solutions, S;(x)(j = 1,2,3,4), which would satisfy the following normalization
condition at the origin of the co-ordinate system:

$1(0) S;(0) S;(0) Si(0) 100 0

SiZ(O) SQZ(O) 52/2(0) S;’Z’(o) _ 0 1 00 (33)
§5(0)  S5(0) S5(0) S;(0) 0010

Si(0) S, (0) S, (0) Si;(0) 0001

The set of fundamental solutions can be determined from

Si(x) 1 0 0 o 17T 1

So(x)| _ | 0 1 0 0 x (34)
Sis(x) 8i(0) g(0) g/'(0) g"(0) gi(x) |

Sia(x) qi(0) ¢;(0) q;(0) ¢/ (0) qi(x)

where

8i(0) = gi(¥) =g,  4i(0) = qi(x)],— - (35)

The deflection of the i-th beam step can be expressed in terms of the fundamental solutions
as
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j—1
}’ij(x):)’il(x)+Zcik)’l{1/c<xik)si2(x_xik)H(x_xik)a (i:172a"-an7 j:1,2,...,1’li+1),

k=1
(36)
where H(-) is the Heaviside function and
1(x) = 7103 () + 0082 () — S (x) — = [Quo — 1:(0)Mio]Sia(x) (37)
}/11 X *)’10 i1(X i0V2(X K,(O) i3 K(O) i0 — i0|Via(X) .

Here, yi, 010, Mip and Qjo are the deflection, slope, bending moment and shear force of the i-th
beam step at x = 0, respectively, while u;(x) is defined as

K'(x)
(x) = . 38
) = 1) (38)
Using the following relations:
Yio = Yi—tny+1(Lic1),
Oio = Oi—1n, 41(Li-1),
(39)

Mip = Mi_1n, ,+1(Li—1) — Kpili—1.n, ,+1(Li1),
Qio = Qi—1n+1(Li1) + Kygim1)Yi-1m;y41(Lic1) + @iPOi 1 1 (Lica)

at the boundaries of two neighboring beam step results in the following recurrence formula:

Yii(x) = Yicimy41(Liz1)Si (x) + 0im1m,,4+1(Liz1)Sia(x)

Kz 0)[ i— l,n,-,1+1(Li—1) K(plel 1,n;_ 1+1( )]g ( )

(
1
Ki(0)

0 {Qic1m+1(Lic1) + Kugi1)Yiotm+1(Lic1) + @ic1POi—y 41 (Lic1) (40)
1

— 14(0) [Mi—1 11 (Lict) = Kp(imn)Oim1 g 11 (Lic) ] }Sia(x)

j—1
+ Z Ciny i (xik) Sz (x — xi ) H(x — xit)
k=1

where K,,; and K,; are the stiffnesses of the rotational spring and translational spring
supports, respectively. Using y;;(x) and the recurrence formula we can determine
yi(x)(i=1,2,...,n;j=1,2,...,n; 4 1). The eigenvalue equation can be easily determined
using the boundary conditions and the recurrence formula. In the following, there are given
several typical examples.

Example 1
A fixed-free multi-step cracked beam with spring supports at (n — 1) intermediate points
(Figs. 1 and 3).

The boundary conditions for this case are

My =0, Qi = aoPby (41)
Ynn,+1 (Ln) =0, 6n,n,,+1 (Ln) =0 (42)

The deflections of the first segment in the first beam step can be obtained using Eqs. (41)
and (37) as follows:



}’11(x) :)’1o§11(x) + 0o ng(x) - a0P§14(x) . (43)

1
K, (0)

Using y11(x) and Eq. (37) we can determine y,j(x)(j = 1,2,...,n; + 1), then using y; », 11(x)
and Eq. (40) results in y, ,, +1(x). The eigenvalue equation can be obtained by Eq. (42) as

ynfl,nn,ﬁ»l (Lnfl)gnl (Ln) + anl,nn,ﬁrl (Lnfl)gnz (Ln)

Kn(o) [M?l—17n,,,1+1(Ln_1) o K(pn 16" 1ny— 1+1( )]g ( )

1
- W {Q"*Lﬂn,ﬁtl (Lnfl) + Ku(n—1))/n—1,n,,,1+1 (Lnfl) + anflpenfl,nn,ﬁrl (Lnfl)
— Uy (0) [Mnfl,n,,,ﬁrl (Lnfl) - K(p,nflenfl,nn,ﬁrl (Lnfl)] }§n4(Ln)

+ Z Cadpie(Ln)Sma (L — Xu) =0, (44)

Yn—1m,_1+1 (Lnfl)glm (Ln) + On—1, 41 (Lnfl)glnz (L)
1
koM
1
K, (0)

Kn0

n— 17n,,,1+1(Ln—1) - K(p,n—len—l,nn,l—s—l(Ln—l)] §n3(Ln)

{Qn L +1(Ln-1) + Kug-1)Yn—1.m,+1(Ln-1) + @n1POy 1, 41(Ln-1)
—,un(O) [Mn—l,n,,,1+1( n— 1) (pn 10n 1,n,— 1+1<Ln 1 ]}S

+ Z Ci i (Ln)Spia (L — xmk) =0 (45)

It can be seen that Eqs. (44) and (45) contain only two unknown parameters, y;o and 0o,
which are included in y;;(x) due to Eq. (43).

Setting equal to zero the determinant of the matrix of the coefficients at y;o and 0 results in
the eigenvalue equation.

Example 2
A hinged-hinged multi-step cracked beam with spring supports at (n — 1) intermediate points
The boundary conditions for this case can be written as

Yio = 07 MIO =0 ) (46)
Yungr1(Ln) =0, My 1(Ly) =0, e, )’;/ql,n,,+1(Ln) =0. (47)

Using Eqgs. (37) and (46), we have

y11(x) = 010S12(x) — QioS1a(x) . (48)

Kl( )

Then, using y;;(x) and Eq. (36), one obtains y,j(x)(j = 2,...,n; + 1). The deflection of the
last beam step, ¥, ,+1(x), can be determined using y; , +1(x) and the recurrence formula,
Eq. (40). Differentiating y, »,1(x) with respect to x twice results in y; ., (x).

Since y;(x) contains only two unknown parameters, 0,y and Qlo, there are the same
two unknown parameters in the expressions of y,,1(x) and y; , . (x) . Letting x = L, and
setting y,.4,11(Lys) and y, ., (x) equal to zero, one obtains two homogeneous algebraic
equations including 0y and Qyo. The eigenvalue equation can be established by setting equal to
zero the determinant of the matrix of the coefficients at 0}y and Qo in the homogeneous
equations.
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Example 3

A fixed-hinged multi-step cracked beam with spring supports at (n — 1) intermediate points
If the left end of the first beam step is hinged, then y;;(x) has the same form as Eq. (48). The

eigenvalue equation can be obtained by use of Eq. (42).

3
Numerical examples

Example 1

In order to illustrate the proposed method, buckling analysis of a uniform hinged-hinged beam
on an elastic foundation shown in Fig. 4 is considered here. This problem is simplified as a
beam with concentrated translational spring supports at five intermediate points shown in
Fig. 5.

The structural parameters are K,; = Lf3/6 and K = EI, with f-the module of the foundation,
L-the length of the beam, E = 2.8 X 101N/m? b =0.45m, k= 1.05m, resulting in
I=0bh/12=43411 x 107 *m*, K =1.2155x 10°N- m?

The procedure for determining the critical buckling force of the beam shown in Fig. 5 is as
follows:

(1) Determination of the fundamental solutions

The special solutions for the bending moment, M(x), can be found from Eq. (29). Integrating
M(x) with respect to x twice yields the general solution for the deflection of the uncracked
beam as

y(x) = Dy X 1+ Dyx + D3 sinkx + Dy coskx , (49)

where 1, x, sin kx and cos kx are a set of four linearly independent solutions for the deflection,
and k is given by

k=2 . (50)

Using the set of four linearly independent solutions and Eq. (34) results in the fundamental
solutions as

Si(x) = 1,8(x) = x,83(x) =k > —k ?coskx,Ss(x) = k*x — k *sinkx . (51)

(2) Determination of the flexibility of the rotational springs representing the effects of cracks
(i=1,2), s. Fig. 5.
The locations of the cracks are given as, comp. Fig. 4,

7L 8 L IOL llL
X = — X = — X. = — X = — B
31 18 ) 32 18 ) 41 18 ) 42 18

The dimensionless depths of the cracks are &3 = &, = &4 = &4, = 0.1.
Using Egs. (3) and (5) yields the flexibility of the rotational springs

C31 = C32 = C41 = C42 = 8.9819 x 1072 .

0
N & r » X
A A A A =
S D,
1 L L L
L 189 18
18 ‘
L
|
yV

Fig. 4. A cracked uniform beam on an elastic foundation
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Fig. 5. A cracked uniform beam with translational spring supports at five intermediate points

(3) Determination of the deflection

5

y(x) = y1(x) — Z %Kukyk(xk)&(x — xp)H(x — xx) + Z Csy3 (x3)) 2 (x — x35) H(x — x37)

k=1 =1
2
+ D G (x4) 82 (x — 2y H (x — xy) (52)
j=1

where yi(x) is the deflection of the k-th segment, x € [x,_1, x]
Since the boundary conditions at the left end are y;(0) = 0, M;(0) = 0, the deflection of the
first beam step can be found from Eq. (37) as

Y1(x) = 0108, (x) — %54(96) : (53)

(4) Determination of the eigenvalue equation
The boundary conditions at the right end are

y(L)=0, y'(L)=0. (54)

By substitution of Eq. (52) into Eq. (54), a system of two linear homogeneous algebraic
equations with respect to ;9 and Qo is obtained

ML) = S % Kuag) [k (L — x¢) — k7 sin k(L — x¢)]

— K
2 2
+ > Copll(x3) (L = x35) + Y Capd (4) (L — x45) = 0, (55)
=1 =1
5.1 o
yi(L) — ;EKukyé’(xk)k_ sink(L —xx) =0 . (56)

The eigenvalue equation is determined by setting equal to zero the determinant of the matrix
of the coefficients at 0y and Qo in Egs. (55) and (56).
(5) Determination of the critical buckling force
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Solving the eigenvalue equation results in the critical buckling force as

1) 17.3974K
pll =
cr L2

80K
for ﬂ :F .

The critical buckling force of the corresponding uncracked beam on an elastic foundation is
found as

17.8670K
e =T

If the supports from the elastic foundation are simplified as ten concentrated translational
springs attached to the beam at intermediate points, and the constant of each spring is
K,i = Lf/12, then it is found that

/ 17.8675K
Fo=—p—

Based on Tables 2-5 in Timoshenko and Gere, [11], we obtain

% 17.9746K
P, = —0

The FEM with cubic interpolation functions was also adopted to analyze this problem for
comparison purposes. The beam shown in Fig. 5 was divided into 80 beam elements in the
FEM analysis. The critical buckling force has been determined at

w  17.8667K
cr L2

It can be seen that P,, is very close to P, , P and P, suggesting that a beam on elastic
foundation can be simplified as a beam with translational spring supports at intermediate
points for buckling analysis. The above comparison also demonstrates the present method does
not lead to an unfavorable error transfer when the number of spans considered in the analysis
is increased to eleven. For the considered cracks’ depth it is found that Py is by 2.63% less
than P,,.

If &3, = &3y = &4y = &gy = 0.3, then

o) 16.6843K
Pcr =7 12
12
and PZ is by 6.62% less than P,,.
If &35 = &3 = &4y = &4 = 0.4, then

p3) _ 15.9627K
cr L2
and PE? is by 10.66% less than P,,.
Using FEM one obtains, respectively,

oy 173971K ., 16.6841K  _5  15.9524K
pv === pO T P T
cr L2 ) cr L2 ’ cr L2

It is evident that all the numerical results determined from FEM are in close
agreement with those obtained by the present method, thus illustrating reliability of the
proposed method.

If the four cracks would occur at the first and second beam steps and
x11 = L/18,x12 = 2L/18,xy = 4L/18,x2 = 5L/18,&yy = &pp = &y = &5 = 0.3, then



PY =17.0962K/L* |
ie. Pg‘:) is by 4.31% less than P,,.

Example 2

A cantilever beam with translational spring supports and cracks is shown in Fig. 6. The

structural parameters are as follows:

Li=L,=L;=40m,K, =194 x 10°Nm},K,; = 1.56 x 10°Nm™!,K,, = 1.08 x 10> Nm~},

Ki(x) = we’™, E=278x10"N/m? ,

Eb;h}
o = 12 )

B, =049, f,=028, p;=022,

b, =050m, h; =1.00m, o = 1.1583 x 10°Nm?,
b, =0.55m, h, =110m, o, = 1.6959 x 10° Nm?,
bs; =0.60m, h3;=120m, o3 =2.4019 x 10° Nm?,

x31 =20m, x3 =30m, x33=35m, &3 =& =2E;5=01.

The procedure for determining the critical buckling forces of the beam shown in Fig. 6 is as

follows:

(1) Determination of the fundamental solutions

The special solutions for the bending moment, M;(x), can be found from Eq. (9). Integrating

M;(x) twice with respect to x results in y;(x) as

B 1
yi(x) = Dj X 1+ Dpx + DY, (iie 2L*‘> ~+ Dis]y (Aie ”") )

2 4(P)L2 2 4(2.5P)L2 2 _ 4(4.5P)L2
! 061/3% 7 2 azﬁ% 7 ’ 0‘3/3§

_Bx _Bx
Using the special solutions, 1, x, Y, (iie “i) ,Jo (),,-e “i) and Eq. (34), one obtains the

fundamental solutions as

for L = 40 m.

40 m 40 m 40 m

A A YA

Fig. 6. A cracked cantilever beam with translational spring supports at three points
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Sil (X) = 1,

Si(x) = x,

_ /11 YH )vi o b

Siz(x) = Az + Asppx + = ]O( ) Yo (ﬂbz > — L)]0 </Li€ ZL’), (58)
D D

~ . Ai _bix Y, Ai /i

Sia(x) = Ag + Apx — ]05:) )Yo (Zie 2L"> — %]0 <Aie 2L") ;

where

D = Yy (2:)Ty (3i) — Yo (20)q (%),

Ay =5 [¥o Ga)lo(s) T (i)Yo ()|
Ir v "
Az = 3 [ Yo Ua)l () = Ty () Yo()

A =5 130 Yo(2) = Yo (2o()].
o) ¥o(h) = Yo (29)] -

(2) Determination of the flexibility of the rotational springs
The locations of the (3i)-th cracks are described by x3;, and the flexibilities of the (3i)-th
rotational springs are found from Egs. (3) and (5) as

Cs; = 0.1064 (hs; = 1.2444m),
C32 = 0.1084 (h32 = 1.2672 m),
C33 = 0.1095 (h33 = 1.2804 1’1’1) .

(3) Determination of the deflection
The boundary conditions at the left end of the beam are

Mo = 0,Qi0 = Kuoy10 + POy . (59)

Using Egs. (59) and (37) one obtains the deflection of the first beam step as

y1(x) Z)/logm(x) + Hloglzz(x) } (60)

where

_ _ K,
Slll(x) = 311(x) - o 0
1

§14(x) )

g]zz(X) = 512(X) — O%IPSM(X) .

Functions y,(x) and y;(x) can be determined using Eq. (40).

(4) Determination of the eigenvalue equation

Using the boundary conditions at the right end results in the eigenvalue equation.

(5) Determination of the critical buckling force

Solving the eigenvalue equation one obtains the critical buckling force as
P =1.0089 x 105N. The critical buckhng force of the corresponding uncracked beam is
found as P., = 1.0365 x 10° N. Thus, P E,) is by 2.66% less than P... If one chooses
531 = &3, = £33 = 0.3, then PE,) = 0.9743 x 10° N and one obtains that PE,) is by 6% less than

P If &) = &35 = &35 = 0.4, then one gets PE,) = 0.9321 x 10° N, and observes that PEJ is by

10.07% less than P,. If the three cracks occur at the first beam step only at x;; = 20 m,
X12 = 30m, x;3 = 35m, with &;; = &, = &5 = 0.3, then the critical buckling force for this case

is found as P& = 1.0091 x 10° N.



This means that PE‘:) is by 2.64% less than P.,.
It can be seen from the above results that the effect of cracks on the critical buckling force
depends on their number, depth and location.

4

Conclusions

In order to obtain analytical solutions of the governing differential equation for buckling of a
non-uniform beam, the equation is expressed in terms of the bending moment. Linearly in-
dependent solutions are derived for five cases of the distribution of the flexural beam stiffness.
A model of a massless rotational spring is adopted to describe the local flexibility induced by
cracks. The deflections and the eigenvalue equation for buckling of an elastically restrained
multi-step non-uniform beam with an arbitrary number of cracks are obtained based on the
fundamental solutions developed in this paper. The main advantage of the proposed method is
that the eigenvalue equation of a non-uniform beam with any kind of two-end supports, any
number of cracks and spring supports at intermediate points can be conveniently determined
from a second-order determinant. Due to the decrease in the determinant order, as compared
with existing procedures (e.g., [3, 4]), the computational time required by the present method
for solving the stability problem can be reduced significantly. The numerical examples show
that the effect of cracks on the critical buckling force depends on the number, depth and
location of cracks. They show that the proposed procedure is sufficiently exact and efficient.
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