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Abstract The rheological behav-
iour of a polyethylene, two poly-
amides and a silicone oil filled with
different fibre contents are studied
in capillary rheometry. The viscosity
increase induced by the fibres is im-
portant for the silicone oil, and neg-
ligible for the polyethylene. The
polyamide is intermediate. The same
classification stands for the pressure
loss in the convergent channel up-
stream from the capillary. A con-

stitutive equation based on a cell
model which takes into account the
shear-thinning behaviour of the ma-
trix is built. The predictions of the
model are in correct agreement with
the measurements.

Key words Reinforced
thermoplastics – viscosity –
convergent channel – shear-thinning
– fibre suspension

Introduction

Short fibre reinforced thermoplastics present improved
mechanical properties, and they can be processed with
the same equipment as neat materials. Nevertheless,
flow induced fibre orientation leads to anisotropic me-
chanical properties, so that the moulded component
quality is not as high as expected. The effect of the fi-
bres on the flow velocity and stress fields is also impor-
tant. Therefore, the anisotropic rheological properties
must be accurately described, both experimentally, and
by means of constitutive equations taking into account
the microstructure.

Numerous studies with various materials have shown
that the shear viscosity is increased by the addition of
fibres. The effect is more pronounced at low shear rate
(Kitano and Kataoka, 1980; Crowson et al., 1980; Crow-
son and Folkes, 1980; Becraft and Metzner, 1992; Kamal
and Mutel, 1985). The Newtonian plateau tends to disap-
pear when the fibre content increases (Crowson et al.,
1980; Czarnecki and White, 1980), especially with large
aspect ratio fibres or at high concentration. The relative
viscosity, ratio of the viscosity of the suspension to the
viscosity of the matrix, usually decreases with the shear

rate, and can reach the value 1 (Kitano and Kataoka,
1980; Crowson et al., 1980). The relative viscosity is
an increasing function of the fibre aspect ratio (Kitano
and Kataoka, 1980; Kitano et al., 1981, 1984; Laun,
1984). The studies on the behaviour in elongational situ-
ations are of course less numerous, but it is admitted that
the increase of the elongational viscosity is much more
important than the shear viscosity (Laun, 1984; Mewis
and Metzner, 1974; Kamal et al., 1984).

All these observations can be explained by the fibre
structure. In shear flows, fibres are mainly oriented in
the flow direction and their contribution to the stress is
small. The degree of orientation depends on the flow ge-
ometry (fibre-wall interactions), fibre concentration (fi-
bre-fibre interactions) and aspect ratio, and on the rheo-
logical properties of the matrix (viscosity, elasticity). In
elongational flows, fibres get oriented in a stable position
in the direction of extension, so that they have a large in-
fluence on the elongational viscosity.

Behaviour laws consist of two equations. The first
one concerns fibre orientation. The equations describing
the motion of a single particle in a Newtonian fluid
were introduced by Jeffery (1922). This work has been
extended to account for fibre interactions using an
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analogy with rotary Brownian diffusion (Folgar and
Tucker, 1984; Ranganathan and Advanti, 1991; Kamal
and Mutel, 1989). The second one is the expression of
the stress. In most works, the fluid is Newtonian. Follow-
ing the work of Hand (1962) on the general form of the
extra stress tensor, and using Jeffery’s solution (1922)
for the stress field around a single particle, Lispcomb et
al. (1988) obtained a continuum theory for dilute suspen-
sions of large aspect ratio particles. Phan-Thien and Gra-
ham (1991) modified the general form of the stress tensor
to extend the theory to the semi-dilute regime. Dinh and
Armstrong (1984) developed an equation for semi-con-
centrated fibre suspensions, using a cell model approach
(Batchelor, 1970) which has a similar general form. The
theoretical predictions agree reasonably well with rheo-
logical experiments (Bibbo et al., 1985; Ganani and Po-
wel, 1986; Ausias et al., 1992). Extensions to an Ellis be-
haviour law have been proposed by Wang and Cheau
(1991). Shaqfeh and Fredrickson (1990) used slender
body theory and a multiple scattering expansion to repre-
sent the hydrodynamic interactions between the fibres.
Ranganathan and Advani (1991) extended the previous
work to account for finite length fibres. Becraft and Metz-
ner (1992) started from a different background. They used
the molecular theory of Doi (1981) for concentrated sus-
pensions of rodlike molecules, modified by Doraiswamy
and Metzner (1986). Aı¨t-Kadi and Grmela (1994) built a
rheological model for fibre suspensions in viscoelastic
media.

The objectives of this work are first to obtain rheo-
logical data for different reinforced thermoplastics in
capillary rheometry, with a special attention to the con-
vergent channel upstream the capillary where both elon-
gational and shear deformations take place. Second, a
constitutive equation for fibre suspensions is presented.
In order to make it suitable for process modelling, the
shear-thinning behaviour of the matrix is taken into ac-
count. The predictions of the model are compared to
the measurements.

Experiments

Materials and experimental conditions

Three different glass fibre reinforced thermoplastic
polymers have been used (Table 1):

– a high density polyethylene provided by Solvay,
without fibres, and reinforced with 20 wt.% glass fi-
bre. By mixing in a capillary rheometer at 2208C the
reinforced polymer with the matrix, three intermedi-
ate fibre contents were obtained;

– a polyamide 66, provided by BASF, reinforced with
30 wt.% (Ultramid A3G6) and 50 wt.% (Ultramid
A3G10) fibre, as well as the unifilled matrix.

– a polyamide 66 provided by Nyltech, reinforced with
35 wt.% (A216V35) and 50 wt.% (A216V50), as
well as the unfilled matrix.

In addition, a silicone oil filled with 1, 4 and 8 vol.%
polyamide fibres with narrow length distribution has
been tested. Unlike thermoplastic polymers, the silicone
oil is nearly Newtonian: under 100 s–1 its viscosity at
room temperature is constant equal to 9.5 Pa s, and
above it becomes slightly shear-thinning, with a power-
law index of 0.82 at 1000 s–1. Moreover, no elasticity
has been detected with a cone and plate rheogonio-
meter.

Table 1 summarises the characteristics of the materi-
als, and Fig. 1 shows the fibre length distribution, mea-
sured after burning the thermoplastic matrix. The mix-
ing operation of the reinforced and neat polyethylenes
did not affect the fibre length distribution.

The 2 vol.% reinforced polyethylene and the 1 vol.%
silicone oil are in the semiconcentrated regime (U<2R/
L, with U the fibre concentration,R the fibre radius and
L the average length). The other materials are concen-
trated suspensions.

We used a Rheoplast capillary rheometer (Villemaire
and Agassant, 1984) where the material is pre-sheared
in a Couette geometry before capillary measurements.
The capillary diameters are 0.93, 1.39 and 3 mm, and
the length over diameter ratios are 0, 4, 8 and 16. The
pressure loss in the convergent channel upstream from
the capillary is determined by the classical Bagley cor-
rections. This convergent channel has a 908 angle, its
diameter is 16 mm at the entrance.

Experiments were carried out at 2208C for the poly-
ethylenes, at 2908C for the polyamides (after drying in
a vacuum oven for 16 h at 1008C), and at 208C for the
silicone oil.

No inhomogeneity of fibre concentration in the
cross-section of the extrudates at the exit of the capil-
lary has been observed for the thermoplastic polymers.
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Table 1 Description of the ma-
terials (for the polyamides, the
two fibre lengths correspond to
the two fibre contents)

Fibre content Fibre content Fibre diameter Mean fibre Fibre aspect
(weight %) (volume %) (lm) length (lm) ratio

Polyethylene 0–6–11–16–20 0–2–4–6–8 15 500 33
Polyamide BASF 0–30–50 0–16–31 7 163–194 23–28
Polyamide Nyltech 0–35–50 0–20–31 7 141–128 20–18
Silicone oil 0–1–4–8 18 660 37



Viscosity

For all the materials, the Bagley plots are linear. Flow
curves obtained with different capillary diameters are
identical, which is an indication that there is no wall
slippage.

All thermoplastic polymers have a shear-thinning be-
haviour. Figure 2 shows the viscosity curves of the ma-
trix materials, and Table 2 gives the consistency and
average power-law indexes. This index does not change
significantly with the addition of fibres. Figure 3a
shows the relative viscosity (ratio of the viscosity of the
filled and unfilled polymer at the same shear rate) for
the Nyltech polyamides. Viscosity increases with the
fibre content. The relative viscosity is nearly constant
under 2000 s–1, and above it decreases. The BASF
polyamide (not shown) and the filled silicone oil (Fig.
3b) have similar behaviours. On the contrary, the poly-
ethylene viscosity is nearly constant, whatever the fibre
content. Figure 4 summarises the evolution of the re-
duced viscosity (taken at the plateau around 500–1000
s–1, see Fig. 3) with the volume fibre content. The sen-
sitivity to the fibre content depends strongly on the ma-
trix.

These results can be related to the fibre orientation.
In a Newtonian fluid, a single fibre rotates, but spends
most of the time nearly oriented in the flow direction.
When fibres interact, the rotations are perturbed, but

still exist (Folgar and Tucker, 1984). In a viscoelastic
fluid, the elasticity tends to stabilise the fibres in the
flow direction (de Bonhome et al., 1990). In the highly
elastic polyethylene, fibres may be well oriented, and
their contribution to the pressure is low. On the con-
trary, the silicone oil is almost inelastic, and the degree
of orientation is certainly lower. Polyamides are in the
intermediate range.

Pressure loss in the convergent channel

We assume that the end pressure losses determined
from the Bagley plots are mostly associated to entrance
effects. Figure 5 shows the evolution of the pressure
loss with the flow rate. The pressure loss increases with
the fibre content. This is due to the fact that the rigid
fibres, which are well oriented in the flow direction, re-
sist the elongational deformations (“hardening effect”).

Next results are shown in terms of relative pressure
loss in the convergent channel, defined as the ratio of
the pressure loss for the reinforced material, to the pres-
sure loss for the unreinforced one at the same flow rate.
Figure 6 shows that when the apparent shear rate in the
capillary (4Q/pRc

3, with Q the flow rate andRc the
capillary radius) decreases, the relative pressure loss in-
creases: the contribution of the fibres increases. This
could be the effect of the shear-thinning behaviour of
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Fig. 1 Fibre length distribution
in the granules of polyethylene
(a) and polyamide (BASF, 31
vol.%) (b). Polyamide fibres
used with the silicone oil (c)



the polymer: even in elongational situations, the poly-
mer is submitted to local shear deformations between
the fibres. At high apparent shear rate in the capillary,
the local viscosity in the suspension is lower than the
viscosity of the polymer without fibres in the same situ-
ation. The “hardening” effect of the fibres is partly
counteracted by the shear-thinning behaviour of the ma-
trix. At low apparent shear rate, the polymer is nearly
Newtonian, the local viscosity in the suspension is of
the same order as the viscosity without fibres, and the
“hardening” effect of the fibre is maximum. This expla-
nation is supported by the fact that at high fibre content
the pressure loss vs. flow rate curves (Fig. 5) are well
fitted by a line with a slope equal to the power-law in-
dex of the matrix (in a logarithmic plot).

Figure 7 shows that the relative pressure loss in-
creases with the fibre content. This shows again clearly
the “hardening” effect of the fibres in elongational situ-
ations. The contribution of the fibres to the pressure
loss is small, but not negligible for the polyethylene
(Fig. 7a), high for the silicone oil (Fig. 7c), and inter-
mediate for the polyamide (Fig. 7b). So the classifica-
tion is the same as for the relative viscosity, but the
effect is much more important: the relative viscosity
was always below 2 (Fig. 4), whereas the relative pres-
sure loss exceeds 6 for the silicone oil.

Behaviour law

The objective is to build a stress expression which
takes into account the shear-thinning behaviour of the
matrix, represented by a power-law. We will determine
the contribution of the fibres to the stress field using a
cell model. The development assumes that hydrody-
namic interactions between the fibres are weak, which
is of course an important assumption for the suspen-
sions mentioned before.

The fibre of radiusR is in a cell of radiush (Fig. 8).
Along the boundary of the cell (r =h), the relative velo-
city of the fluid with respect to the fibre,W(s), is sup-
posed to be undisturbed by the particle.s is a coordi-
nate with reference to the centre of the fibre. Assuming
that the velocity gradientHu is constant along a fibre,
W(s) is given by:

W�s� �W�s� p� s�Hu : �pp��p �1�
wherep is a unit vector in direction of the fibre, andpp
is the tensor product (component (pp)ij =pi pj). Assum-
ing a sticking contact at the surface of the fibre, the
fluid velocity in the cell is:

w�r� �W�s� r
�mÿ1�=m ÿ h�mÿ1�=m
h�mÿ1�=m ÿ R�mÿ1�=m �2�

where m is the power-law index of the matrix. The
shear stress at the fibre surfacerrz is therefore:
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Fig. 2 Viscosity of the matrix materials

Table 2 Rheological characteristics of the matrices

Material Power-law index Consistency
(Pa sm)

Polyethylene 2208C 0.34 27000
Polyamide BASF 2908C 0.58 900
Polyamide Nyltech 2908C 0.56 1480
Silicone oil 208C 0.82 24

Fig. 3 Relative viscosity vs.
shear rate measured in capillary
rheometry for (a) the polyamide
Nyltech and (b) the silicone oil
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whereK is the matrix consistency. The force exerted by
the fluid on a lengthds of fibre is:

df �s� � 2 pRrrz �4�
The force exerted by the fluid on the fibre betweens
and the tip (s=L/2, whereL is the fibre length) is:

f �s� �
ZL=2
s

df �s� �5�

and the force vector isf (s)= f (s)p. The stress tensor on
the surface of the fibre ats is: f �s�

pR2
pp, and the average

along the fibre length is:

hrfii �
2

LpR2

ZL=2
0

f �s� pi pi ds �6�

where the subscripti has been added to refer to the
number of the considered fibre. In a given volumeV
containing a large numberN of fibres, each one having
a volumeV0, the contribution of the fibres to the stress
tensor is the sum of the contribution of each fibre,
<rfi >:

hrf i �
XN
i�1

V0
V
hrfii �7�

or

hrf i � �
Z
p

W�p; t� hrfiidp �8�

whereU is the fibre concentration, andW the fibre ori-
entation distribution function. Finally, after integration
of Eq. (6), we obtain:
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Fig. 4 Influence of the fibre concentration on the relative viscosity

Fig. 5 Pressure loss in the con-
vergent channel vs. flow rate for
(a) polyethylene (capillary diam-
eter: 1.39 mm), (b) polyamide
BASF (capillary diameter 0.93
mm), (c) silicone oil (capillary
diameter 1.39 mm). Symbols:
measurements. Lines: calculation.
——, ~: unfilled (PE, PA), 1%
(silicone oil). - - - -, *: 4%
(polyethylene, silicone oil) or
16% (polyamide). – – –,&: 8%
(polyethylene, silicone oil), 31%
(polyamide)

(c)
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Fig. 6 Relative pressure loss vs.
apparent shear rate in the capil-
lary. (a) Polyethylene, capillary
diameters 1.39 (open symbols)
and 3 mm (black symbols). (b)
Polyamide (Ultramid), capillary
diameter 0.93 mm. (c) Silicone
oil, capillary diameter 1.39 mm

Fig. 7 Relative pressure loss vs.
volume concentration for: (a) the
polyethylene (capillary
1.39 mm), (b) the polyamide
BASF (capillary 0.93 mm),
(c) the silicone oil (capillary
1.39 mm)

(c)

(c)
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m� 2
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Z
p
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The total stress field <r> is the sum of the contribution
of the fibres, <rf>, and of the matrix (Batchelor, 1970).
The homogenisation of the matrix contribution with a
non-linear power-law is not straightforward, and we
assume the same power-law as for unreinforced poly-
mers:

hri � ÿP0I � 2K �2 I2�
mÿ1
2 _e� hrf i �10�

where I is the identity tensor, andI2 is the second in-
variant of the rate of strain tensor_e, defined as

P
i;j _e2ij.

If m tends to 1, Eq. (10) reduces to the expression
found by Dinh and Armstrong (1984). This result is in
agreement with the work of Goddard (1976), who
found that for aligned fibres in a uniaxial extension of a
power-law fluid, the stress is proportional tobm+1.

An important unknown parameter is the radius of the
cell h. Different choices have been made, the average
interfibre spacing (Batchelor, 1971) or the average clos-
est approach distance between a fibre and its nearest
neighbour (Dinh and Armstrong, 1984). Hydrodynamic
screening lengths have been discussed by Shaqfeh and
Fredrickson (1990) and Mackaplow and Shaqfeh
(1996), for semi-dilute suspensions in Newtonian fluids.
Here, we will test the sensitivity of our results toh.
The minimum value ofh is R, when two fibres are in
contact (the previous analysis is of course no longer
valid). The maximum of the average value ofh, hmax,
is reached when all the fibres are aligned. Supposing
for instance a square arrangement, the number of fibres
n per unit volume is:

n � 1

h2max L
�11�

Introducing the fibre concentrationU=npR2L, hmax be-
comes:

hmax � R
����
p

�

r
�12�

hmax has the same scaling withU than the average
interfibre spacing. For instance, for fibres of length
L=100 lm and diameter 2R=10lm, and a fibre con-
centration of 8%,h is included between 5 and 31lm.

Let us define the coupling coefficientlm appearing
in Eq. (9) as:

lm �
2UKbm�1

m� 2
�

1ÿm
m �1ÿ �R=h��1ÿm�=m�

�m
� 2UKb

m�1

m� 2 f

�
R

h

�
�13�

Figure 9 shows the evolution of the functionf for
m=0.57 andm=0.34, corresponding respectively to the
values of the power-law index of the polyamide and
polyethylene. The curve corresponding tom=1 is the
limit when m tends to 1:

f

�
R

h

�
�
�
ln

�
h

R

��ÿ1
�14�

The dependence oflm to the cell dimension decreases
when the power-law index decreases. This can be ex-
plained by the fact that the velocity gradient is more
and more concentrated near the fibre, so that the vol-
ume of fluid perturbed by the fibre is less important.
Therefore, it is reasonable to takeh � R ���

p
�

p
.

Figure 10a shows that the rate of change of the cou-
pling coefficient with the fibre aspect ratio decreases
with the power-law indexm. This is a favourable result
for actual reinforced thermoplastics with non constant
fibre length (see Fig. 1). Figure 10b shows the same
trend for the volume concentration.
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Fig. 8 Geometry of the cell surrounding a fibre

Fig. 9 Influence of the cell dimensionh on the functionf as defined
in Eq. (13)



Comparison between experiments and computation

We will focus on the pressure losses in the convergent
channel. It should have been possible to study also the
shear viscosity, but this is very sensitive to the fibre ori-
entation description: the viscosity increase is directly re-
lated to the degree of alignment of the fibres in the
flow direction. The comparison should have ended with
a check of the validity of orientation equations.

Figure 11 shows the geometry of the convergent
channel. In spherical coordinates, we assume that the
velocity vector has only one component along the radial
axis u(r,h). Fibres are supposed to be oriented parallel
to the velocity field. This assumption is justified, be-
cause experimental observations have shown that, in a
convergent channel, extensional deformations orient
fibres in the flow direction (Vincent and Agassant,
1991). It has been used by Lipscomb et al. (1988), who
obtained an excellent agreement between experimental
data for a dilute suspension in a Newtonian fluid and
the calculation based on the behaviour law described by
the authors. Moreover, Harlen and Koch (1992) showed
that increasing extensional viscosity of non shear-thin-
ning fluid subjected to purely elongational flow reduces
hydrodynamic dispersion. The fully coupled problem
requires much more complex numerical resolution

(Ranganathan and Advani, 1991; Papanastasiou and
Alexandrou, 1987; Ausias et al., 1994; Tang and Altan,
1995). The largest error is at the entrance of the chan-
nel, where fibres can arrive with completely different
orientations, but this is not very important because the
pressure loss mainly takes place at the end of the geom-
etry. A fully coupled finite element simulation has
shown the validity of this hypothesis (Souloumiac,
1996). The material is assumed to be incompressible.
The equilibrium equation, neglecting gravity and iner-
tia, applied to Eq. (10), leads to a third order differen-
tial equation with the velocity as unknown. After nu-
merical resolution, the pressure loss is determined.

Figure 5 compares the predicted and measured pres-
sure losses for the different materials. For the unfilled
polyamide and polyethylene, the difference between cal-
culation and measurement is quite large. The power-law
is unable to predict the pressure loss in a convergent
channel where viscoelasticity plays an important role.
For all the materials, when the fibre content increases,
the difference decreases, and the agreement becomes
very good at the highest concentrations. This means
that the “hardening” effect of the fibres, and the shear
dominated flow around a test fibre in a situation where
elongation is important overcomes the viscoelastic na-
ture of the polymer. The agreement for the inelastic sili-
cone oil is always correct, except at low flow rate for
the 1% suspension. In this case, the measured pressures
are very low, and the precision of the measurement is
not so good.

Finally, the model permits to find the correct depen-
dence of the pressure loss with the flow rate, that is a
slope close to the power-law index in a logarithmic
plot. The quality of the agreement between experiments
and computations using a behaviour law which neglects
hydrodynamic interactions could seem surprising. This
could be due to the flow situation with well oriented fi-
bres, in which the “hydrodynamic screening” (fibres
close to the test fibre reduce the effect of farther fibres)
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Fig. 10 Influence of: (a) the fi-
bre aspect ratio (for a volume
fraction of 0.2); (b) the fibre con-
centration (for an aspect ratio of
30), on the coupling coefficient
for different values of the power-
law indexm

Fig. 11 Geometry of the convergent channel



is effective (Batchelor, 1971; Shaqfeh and Koch, 1990).
Other flow geometries with more important contribu-
tions of shear deformation could lead to lower quality
results.

Conclusions

The viscosity enhancement caused by the fibres de-
pends on the matrix. The elasticity level, as well as the
shear-thinning behaviour are partly responsible for these
differences. The same result stands for the pressure loss
in a convergent channel. The shear-thinning anisotropic

behaviour law shows that the sensitivity to the cell
dimension and to the fibre aspect ratio decreases when
the power-law index decreases. This is a favourable
point because these two parameters are variable in a
fibre suspension. The predictions of the model agree
well with the measured pressure losses in the conver-
gent channel, even for concentrated suspensions.
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