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Abstract
Gelled waxy crude oils can be considered as an elasto-viscoplastic material, exhibiting the transition from linear to nonlinear 
viscoelasticity. The LAOStress measurements have rarely been applied in the crude oil rheology literature to investigate the 
nonlinear viscoelasticity. In this study, we present results of the nonlinear viscoelastic characteristics under LAOStress by 
a series of analytical methods of Fourier transform rheology, Chebyshev strain decomposition, Lissajous curves analysis, 
energy dissipation calculation, viscoelastic measures quantification, and Pipkin diagram interpretation. Both the elastic and 
viscous nonlinearities were found to be first strengthened before yielding and subsequently weakened after yielding with the 
increase in imposed stress amplitude σ0, and a more striking nonlinear response can be captured when using a lower angular 
frequency ω. However, the defined viscoelastic measures and energy dissipation characteristics continue to keep getting 
more significant with increasing σ0, even after structural fracture. The results of Lissajous curves analysis reflect that a lower 
applied ω is more favorable for the structural nonlinear destruction and thus flowability enhancement of interlocking waxy 
network. The Pipkin diagrams were finally plotted to represent the nonlinear rheological signatures to an oscillatory input, 
showing a higher measured yield stress under a higher imposed ω.
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Introduction

Waxy crude oils represent a significant amount of the 
petroleum reserves and productions in the world, and the 
transportation of waxy crude oils through pipelines is an 

industrial practice that requires great attention (Vinay et al. 
2007; Mendes et  al. 2017). As noted by many research 
results (Chang et al. 1998; Dimitriou and Mckinley 2014; 
Mendes et al. 2015), wax can exist in different forms, which 
makes waxy crude oils exhibit very complicated tempera-
ture-dependent rheological properties. When the tempera-
ture is higher than the wax appearance temperature (WAT), 
wax is dissolved in liquid oil and the waxy crude oil behaves 
as Newtonian fluid. As the temperature drops below the 
WAT, wax crystals will precipitate out and be suspended 
in liquid oil, causing the crude oil gradually change into 
non-Newtonian fluid. Upon further cooling, the precipitated 
wax crystals will interlock and develop spongy-like crystal 
networks, and the liquid oil will be entrapped into the wax 
crystal structure, resulting in the formation of waxy gels. 
The gelled waxy crude oil can be considered as an elasto-
viscoplastic material, featuring complex non-Newtonian 
rheological characteristics, such as viscoelasticity and yield 
stress (Chang et al. 1999; Kané et al. 2004).

The widely accepted mechanism for the viscoelasticity 
of gelled waxy crude oils can be explained as follows. The 
precipitated wax crystals attract with each other by van der 
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Waals force and then interact with each other in the space, 
and the aggregation of wax crystals is responsible for the 
three-dimensional network structure formation (Wardhaugh 
and Boger 1991; Visintin et al. 2005). On the one hand, the 
network structure has the ability to prevent the flow of liquid 
oil. On the other hand, the elastic deformation of the network 
structure can be generated under the action of external force. 
Therefore, the whole waxy gel systems exhibit the viscoe-
lastic behavior (da Silva and Coutinho 2004).

Understanding the viscoelasticity of gelled waxy crude 
oils is of significance for developing robust elasto-visco-
plastic constitutive model, and the establishment of the 
constitutive model for waxy crude oils is both the goal for 
the investigation of crude oil rheology and the indispen-
sable procedure for the hydraulic computation of pipeline 
start-up flow which is one of the most concern problems of 
flow assurance. However, so far the viscoelasticity of waxy 
crude oils has not been thoroughly studied. As a result, most 
researchers (Barnes 1997; Mujumdar et al. 2002; Teng and 
Zhang 2013) often simplify the waxy crude oil as a visco-
plastic material and use the yield stress to characterize the 
starting point of structural damage. Roughly, only at stress 
above the yield stress, will the flow of waxy crude oils occur 
because of structural fracture. When the applied stress is 
lower than the yield stress, it is assumed that no structural 
deformation happens, which is clearly inconsistent with the 
actual loading process. From the above analysis, it can be 
seen that the development of the investigation for the viscoe-
lasticity of waxy crude oils is extremely necessary both for 
the scientific research and engineering practice.

Dynamic oscillatory shear experiment as an effective 
technique is usually employed to study the viscoelasticity 
of structured materials (Wardhaugh and Boger 1991; Chang 
et al. 1998; Visintin et al. 2005; Abivin et al. 2012). By 
dynamic oscillatory shear experiments, both the elastic and 
viscous properties can be studied over a wide range of oscil-
latory amplitudes and frequencies. According to the ampli-
tude of the imposed oscillatory stress/strain, dynamic oscil-
latory shear experiment can be divided into small amplitude 
oscillatory shear (SAOS) and large amplitude oscillatory 
shear (LAOS) (Hyun et al. 2011). The SAOS experiment 
is the rheological experimental method to study the linear 
viscoelasticity of waxy crude oils, whereas LAOS is always 
used to study the nonlinear viscoelastic properties.

In the studies of the dynamic viscoelasticity, most atten-
tion has been paid to the linear viscoelastic region. The 
linear viscoelastic properties of waxy crude oils have been 
widely investigated by SAOS, such as using temperature 
sweep to determine the gelation temperature (Kané et al. 
2004; Visintin et al. 2005), using time sweep to monitor 
the aging process during isothermal holding (da Silva and 
Coutinho 2004) and structural recovery behaviors after the 
cessation of shear (Visintin et al. 2005; Lionetto et al. 2007), 

using frequency sweep to obtain the linear viscoelastic spec-
tra of waxy crude oils (Kané et al. 2004; Ilyin and Strelets 
2018). Wardhaugh and Boger (1991) demonstrated that 
when the waxy crude oil behaves within the linear viscoe-
lastic region, the dependencies of strain on stress amplitude 
show a good linear relation. In addition, Chang et al. (1998) 
pointed out that the linear response could only occur with 
an oscillatory stress amplitude lower than the elastic limit 
yield stress, which is one of the three yield stresses proposed 
by Chang et al. to divide the yielding process of waxy crude 
oils.

The boundary of the linear viscoelastic region and non-
linear region can be characterized by the parameters of 
critical linear stress and critical linear strain. According to 
our previous work, both the critical linear stress and critical 
linear strain are found to be independent of the rheologi-
cal experimental methods (Rønningsen 1992; Tarcha et al. 
2015; Liu et al. 2018). Using stress ramp (Hou 2012) and 
dynamic stress sweep experiments (Webber 2000; Li et al. 
2009), some research reported that the critical linear stress 
increases with the decrease in temperature, while the critical 
linear strain decreases.

While the imposed stress (strain) amplitude is above the criti-
cal linear stress (strain), the rheological responses of the gelled 
waxy crude oils start to evolve toward the nonlinear viscoe-
lastic region. Many researchers (Wardhaugh and Boger 1991; 
Tiu et al. 2006; Ewoldt et al. 2008) reported that the curves 
of stress–strain in the nonlinear region deviate from the linear 
relationship, and meanwhile, G′ and G″ start to decrease gradu-
ally. Compared to the application of SAOS in the study of waxy 
crude oil viscoelasticity, LAOS is less used in the crude oil rhe-
ology, except for the limited number of work. Dimitriou and 
Mckinley (2014) conducted strain-controlled large amplitude 
oscillatory shear (LAOStrain) measurements to study the non-
linear viscoelasticity of model crude oil by imposing an oscilla-
tory deformation with the form of γ(t) = γ0sinωt and further ana-
lyzed the Lissajous curves (the measured stress σ plotted against 
the sinusoidally varying strain γ(t)). Their study showed that at 
low values of γ0, the response of the oil sample is that of a linear 
viscoelastic solid, and the Lissajous curve exhibits an elliptical 
shape. As γ0 is progressively increased, the characteristic shape 
of the Lissajous curve changes into rhomboidal shaped loading 
curves, and the oil sample undergoes a sequence of mechanical 
processes which consist of an elastic loading, a saturation of the 
stress, and a final viscoplastic flow.

Though most previous investigations performed 
LAOStrain measurements on the structured fluids, fewer 
attention has been given to the nonlinear viscoelastic char-
acteristics under stress-controlled large amplitude oscillatory 
shear (LAOStress). Wardhaugh and Boger (1991) studied 
the viscoelastic behavior of cooled waxy crude oils by oscil-
latory shear tests, and reported that when a low amplitude of 
shear stress was applied, the strain response of the tested oil 
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sample was perfectly in-phase with the applied shear stress, 
and this response was independent of the applied amplitude 
as well. While the applied stress amplitude is higher, the 
periodic strain waveforms deviate from sinusoid and present 
complex curves.

From the above reviews, it can be seen that the 
strain(stress)–time curves or Lissajous curves of waxy crude 
oils in LAOS measurements have been well presented. However, 
these complex curves, particularly under LAOStress, were not 
further analyzed and not been quantified as well. Furthermore, 
the LAOS characteristics of waxy crude oils at different frequen-
cies still remain poorly understood.

These gaps in the literature have motivated the further 
research reported by Dimitriou et al. (2013). Extending 
some of the definitions for LAOStrain measurements by 
Ewoldt et al. (2008), Dimitriou et al. (2013) provided the 
corresponding LAOStress framework for analysis of the 
experimental data of yield stress fluids. A series of ana-
lytical methods such as Fourier transform rheology (Wil-
helm et al. 1998), Chebyshev strain decomposition (Yu 
et al. 2009), Lissajous curves (Ewoldt et al. 2010), vis-
coelastic measures (Macias-Rodriguez et al. 2018) in the 
nonlinear regime, and Pipkin diagram analysis (Ewoldt 
et al. 2007) were included in the developed LAOStress 
framework.

The aim of this work is to demonstrate the nonlinear 
viscoelastic characteristics of waxy crude oils for the stress-
controlled case with the aid of Dimitriou’s LAOStress 
framework. In the present work, the LAOStress measure-
ments for waxy crude oils were conducted at different stress 
amplitudes and angular frequencies to examine the effect 
of amplitude and frequency on the nonlinear oscillatory 
responses, respectively. Three oscillatory angular frequen-
cies of 0.1, 1, and 10 rad/s were employed for the LAOS-
tress measurements in this study, and the stress amplitudes 
were set as 1, 5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, and 
60 Pa. Then, the LAOStress framework proposed by Dimi-
triou et al. (2013) was adopted to quantitatively analyze 
the experimental results under LAOStress. Specifically, we 
introduced the following methods for the LAOStress data 
analysis to give a clear description for waxy crude oils: (1) 
applying Fourier transform rheology to indicate the non-
linearities; (2) using Chebyshev strain decomposition to 
characterize the nature of elastic and viscous nonlinearities; 
(3) analyzing Lissajous curves to interpret the mechanical 
transient process for the cyclic loading period; (4) calcu-
lating the energy dissipation to represent the total dissi-
pation per cycle; (5) measuring viscoelastic parameters in 
the nonlinear regime to quantify the rich nonlinearities; (6) 
plotting the Pipkin diagram to represent the wealthy infor-
mation of waxy crude oils. By the discussion and explana-
tion of acquired LAOStress results for waxy crude oils, the 
accurate description for the dependence of the nonlinear 

scenario on stress amplitude and angular frequency was 
finally concluded.

Experimental section

Materials

A waxy crude oil produced in China was used in this study. 
The rheological behaviors of waxy crude oils show strong 
dependencies on the thermal- and shear- history (Geri et al. 
2017). To ensure better repeatability and comparability of 
the experimental results, the oil samples were first pretreated 
at 80 °C for 2 h and then allowed to cool naturally to the 
ambient temperature and kept for at least 48 h to reach a uni-
form state before being used (Sun and Zhang 2015; Andrade 
et al. 2015). The main physical properties of the pretreated 
crude oil and the corresponding experimental methods are 
listed in Table 1.

Rheological testing methods

The rheological tests in this work were performed by using a 
stress-controlled HAAKE Mars III rheometer (Thermo Fisher 
Scientific, Inc., Germany). All tests were conducted by a coaxial 
cylinder sensor system with rough surfaces (Z38 TiP) to mini-
mum wall slip (Lopes-da-Silva and Coutinho 2007; Paso et al. 
2009; Andrade et al. 2015; Japper-Jaafar et al. 2015).

The test procedure is as follows. The pretreated oil sam-
ple and the geometry were heated to 50 °C and held at that 
temperature for 30 min. The sample was then loaded into the 
rheometer and kept isothermally at 50 °C for 10 min, and 
then, it was statically cooled to the testing temperature at a 
constant cooling rate of 0.5 °C/min. Rheological measure-
ments were performed after the oil sample was isothermally 
held at the testing temperature for 90 min to let the wax crys-
tal structure fully develop. The test temperatures (11 °C) are 
just slightly lower than the gelation temperature (12.9 °C), 
and we believe that the wall slip is not significant for systems 
with such a low yield stress (Rønningsen 1992).

Table 1   Physical properties of the studied waxy crude oil

Physical parameter Value Test method

Density at 20 °C (kg/m3) 836.8 ISO 3675-1998
WAT (°C) 25.8 Differential scanning calorimetry
Pour point (°C) 15.0 ASTM D5853-17
Gelation temperature (°C) 12.9 Dynamic rheological  

measurement
Wax content (wt %) 13.9 Differential scanning calorimetry
Resins (wt %) 5.5 ASTM D4124-09
Asphaltenes (wt %) 2.4 ASTM D4124-09
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During the cooling and isothermal process, the SAOS meas-
urement was carried out to track the temporal information of 
viscoelastic parameters with temperature and aging (Coutinho 
et al. 2003; Visintin et al. 2005; Lopes-da-Silva and Coutinho 
2007) time. In this study, a strain amplitude of 0.001 and a con-
stant frequency of 10 rad/s were adopted to ensure that the meas-
urement was carried out within the linear viscoelastic regime. 
Figure 1 shows the variations in G′ and G ′ ′. It can be seen that 
after isothermal aging for 90 min, both G′ and G ′ ′ become virtu-
ally constant, meaning that the gel structure has fully developed 
and the oil sample has been ready for the subsequent rheological 
measurements.

Results and discussion

Oscillatory stress sweep

Oscillatory stress sweeps were first conducted starting from 
the stress amplitude σ0 of 0 to 60 Pa to investigate the progres-
sive transition from linear to nonlinear rheological responses 
of waxy crude oils. Three oscillatory angular frequencies ω of 
0.1, 1, and 10 rad/s were used in the experiment to understand 
the effect of ω on the nonlinear responses. Figure 2 shows the 
dynamic moduli, G′ and G ′ ′, as a function of σ0. When σ0 is 
relatively low, both the values of G′ and G ′ ′ are virtually con-
stant and the waxy gels behave a linear viscoelastic response. As 
the frequency increases, G′ slightly increases within the linear 
viscoelastic region, consistent with the findings in the previous 
work we published on Journal of Rheology (Liu et al. 2018). 
Furthermore, Kané et al. (2004) also obtained the similar results 
in the frequency spectrum of waxy crude oils. Similar trends 
were also observed in other colloidal system (Derec et al. 2003; 
Purnomo et al. 2006; Ten Brinke et al. 2007; Koumakis and 

Petekidis 2011). For all the frequencies examined here, when 
σ0 surpasses the limiting value of approximately 8 Pa (the criti-
cal linear stress σl), G′ and G ′ ′ start to decrease gradually with 
increasing σ0, implying that the samples start to evolve toward 
the nonlinear viscoelastic response (Hyun et al. 2011). It should 
be noted that a broader stress zone can be seen in this nonlinear 
process when using a higher ω, indicating a more gradual yield-
ing. Further increase in σ0 to a specific value (the yield stress σy) 
leads to the sharp drops of G′ and G ′ ′, meaning the fracture of 
the waxy network. The values of σy for 0.1, 1 and 10 rad/s can 
then be determined to be 17, 21, and 27 Pa, respectively, and 
thus, a higher imposed ω would cause a higher σy. This finding 
has been also observed experimentally in other studies on waxy 
oil systems (Chang et al. 1998; Li et al. 2009; Tarcha et al. 2015; 
Liu et al. 2018).

Fourier transform and Chebyshev strain 
decomposition

Fourier transform analysis

Fourier transform (FT) rheology is a common method to quan-
tify the LAOS tests (Carotenuto et al. 2008). The approach 
developed by Dimitriou et al. (2013) was used for the Fourier 
transform analysis of the LAOStress data in this study. Suppose 
that a sinusoidal stress is imposed on the gelled waxy crude 
oils, and the convention to a cosine wave for the imposed stress 
is adopted to simplify the expressions used to determine the 
Chebyshev coefficients in the subsequent sections:

(1)�(t) = �0cos �t

Fig. 1   Temporal variation in G′, G″ and temperature during the cool-
ing and isothermal aging processes

Fig. 2   Oscillatory stress sweeps at 0.1, 1, and 10 rad/s for gelled 
waxy crude oils formed at 11 °C
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Via a complex Fourier transformation, the strain response 
γ(t; σ0; ω) can then be represented by a Fourier series, written 
in terms of the harmonic amplitude In and the phase angle φn 
of all different harmonic contributions as follows:

We consider that only odd harmonics were included in this 
equation, and the conditions (the presence of transient responses, 
dynamic wall slip and secondary flows) resulting in the even-
harmonic terms were not considered in this study (Atalık and 
Keunings 2004). Thus, Fourier transformation for the temporal 
variations in strain can result in the distinct peaks in the Fou-
rier rheology spectrum at the odd multiples of the fundamental 
frequency, i.e., ω, 3ω, 5ω⋯⋯ In order to avoid non-systematic 
calibration errors, the absolute intensity of the nth harmonic In 
can be normalized by the intensity at the fundamental frequency 
shown in Eq. (3), which changes In to the relative intensity In1.

For instance, Fig. 3 shows the normalized Fourier rhe-
ology spectra for the LAOStress data at ω = 0.1rad/s and 
σ0 = 25Pa. The main peak of the normalized Fourier rheol-
ogy spectra exactly occurs at the position of odd multiples 
of ω and the signal values of In1 decrease gradually as the 
harmonical number n increases.

In order to quantify the degree of the nonlinear response, 
we gave particular attention to the relative intensity of higher 
harmonic contributions, and Fig. 4 depicts the relative intensity 
of the third harmonic I31 for waxy crude oils as a function of σ0. 

(2)�
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t;�0;�

)
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∑

nodd

I
n
cos

(
n�t + �

n

)

(3)I
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It can be found that for the three oscillatory angular frequen-
cies, the values of I31 firstly increase following an exponential 
relationship with a slope of 0.003 and reach the maximum, and 
then decrease with increasing σ0. It must be mentioned that the 
point corresponding to the maximum of I31 can be identified as 
the yield point, and the stress at the maximum point is the yield 
stress, which is consistent with the yield stress obtained in oscil-
latory stress sweep tests for the three used angular frequencies in 
“Oscillatory stress sweep” section. Furthermore, a larger value 
of I31 can be observed when applying a lower ω.

Chebyshev strain decomposition

In this section, we used the method of Chebyshev strain 
decomposition to separately characterize the nature of elas-
tic and viscous nonlinearities.

a.	 Chebyshev compliance coefficients and f luidity  
coefficients

Just as the following forms, the Fourier series of strain 
response γ(t; σ0; ω) in Eq. (2) can also be decomposed into 
a superposition of an apparent elastic strain γ′ and apparent 
plastic strain γ″ to emphasize either the elastic or viscous 
scaling, respectively. A series of orthogonal Chebyshev 
polynomials of the first kind Tn(x), where x is the scaled 
stress x = σ(t)/σ0, were then selected to represent the elastic 
and viscous contributions to the measured strain response.

(4)

�

(
t;�0,�

)
=

∑

n odd

[
J
�
n

(
�, �0

)
�0 cos n�t + J

��
n

(
�, �0

)
�0 sin n�t

]

Fig. 3   Normalized Fourier spectra of the steady oscillatory strain sig-
nal for gelled waxy crude oils formed at 11 °C under oscillatory stress 
at ω = 0.1rad/s and σ0 = 25Pa

Fig. 4   Relative intensity of the third harmonic I31 as a function of 
applied stress amplitude σ0 under the frequency of 0.1, 1, and 10 rad/s 
for gelled waxy crude oils formed at 11 °C
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of the γ′~σ curve, whereas c3 < 0 indicates stress stiffening. 
Similarly, a positive value for f3 represents stress thinning 
of the 𝛾̇ �� ∼ 𝜎 curve, and f3 < 0 describes stress thickening in 
the viscosity (Dimitriou et al. 2013).

b.	 Scaled third-order Chebyshev coefficients

It is common to use the scaled third-order Chebyshev 
coefficients c3/c1 and f3/f1 to indicate the nature of the elastic 
and viscous nonlinearities, respectively. Since c1 and f1 are 
always positive, the signs of c3/c1 and f3/f1 have equivalent 
interpretations to c3 and f3, respectively. The relation of c3/c1 
and f3/f1 with I31 can be well expressed as follows:

The variations in c3/c1 and f3/f1 with σ0 for waxy crude 
oils are shown in Fig. 6a and b, respectively. At these fre-
quencies, the values of c3/c1 are always negative, whereas 
the f3/f1 coefficients are always positive. This indicates that 
the waxy crude oils exhibit stress stiffening for the γ′~σ curve 
and stress thinning for the 𝛾̇ �� ∼ 𝜎 curve. From Fig. 6, it can 
also be observed that both c3/c1 and f3/f1 grow initially when 
σ0 is relatively low. As σ0 increases to approximately σy, both 
c3/c1 and f3/f1 reach the maximum and then start to decrease 
rapidly with the increase in σ0, suggesting the degradation of 

(11)c3∕c1 = I31 ⋅ cos�3∕cos�1

(12)f3∕f1 = I31 ⋅ sin�3∕sin�1

Fig. 5   Elastic Chebyshev 
harmonics (a) and viscous 
Chebyshev harmonics (b) for 
gelled waxy crude oils formed 
at 11 °C under oscillatory stress 
at ω = 0.1rad/s and σ0 = 20Pa

where γ′ is the apparent elastic strain; γ″ is the apparent 
plastic strain; 𝛾̇ ′′ is the plastic strain rate, s-1; J′

n
 and J′′

n
 are 

the nth-order harmonic Fourier coefficients, Pa-1; Tn is the 
orthogonal Chebyshev polynomials, Tn(cosθ) = cosnθ; x is 
the scaled stress, x = σ(t)/σ0; cn is the Chebyshev compliance 
coefficients, Pa-1; fn is the Chebyshev fluidity coefficients, 
[Pa ⋅ s]−1.

The Chebyshev polynomials of the first kind are orthogo-
nal over the domain [−1, 1], and the n=1, 3, 5-order Cheby-
shev polynomials are given below.

From the above framework, we refer to cn(ω, σ0) as the 
Chebyshev compliance coefficients to signify the elastic 
properties, and fn(ω, σ0) as the Chebyshev fluidity coef-
ficients to signify the viscous properties. As an example, 
Fig. 5 shows the obtained cn (a) and fn (b) for gelled waxy 
crude oils under the oscillatory frequency of 0.1 rad/s and 
stress amplitude of 20 Pa. The third-order Chebyshev coeffi-
cients c3 and f3 are the leading order of nonlinearity and can 
provide the physical insight into the deviation from linear 
viscoelasticity (Ptaszek 2015). The LAOStress framework 
means that c3 > 0 corresponds to intracycle stress softening 

(5)

(6)�
��

(t) = �0

∑

n odd

[
J
��

n

(
�, �0

)
sin n�t

]

(7)

(8)T1(x) = x

(9)T3(x) = 4x
3
-3x

(10)T5(x) = 16x
5
-20x

3 + 5x
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the nonlinear nature. Moreover, both the values of c3/c1 and 
f3/f1 are found to be larger when using a lower ω.

Discussion of the physical meaning

The above experimental observations indicate that the non-
linear degree of the interlocking waxy network can be gradu-
ally strengthened within a certain range of σ0 and subse-
quently weakened as σ0 increases surpassing σy.

Note that a low value of I31 can be captured in the linear 
viscoelastic region, which was also observed in the report 
of Hyun et al. (2011). Based on the findings from the previ-
ous studies of Dimitriou et al. (2013), we believe that the 
gelled waxy crude oils can show weakly nonzero viscous 
dissipation behaviors within an “elastically” dominated 
region at stresses below σ1. Furthermore, only 80%, not 
100%, of the total deformation within the linear viscoelas-
tic region was found to be recoverable using creep-recovery 
experiments in the previous work we published for waxy 
crude oils (Liu et al. 2018). All these can provide support 
for the occurrence of a low value of I31 in the linear viscoe-
lastic region. However, such low I31 didn’t mean that waxy 
oil systems show a nonlinear response at stress lower than 
σ1 and its linear viscoelasticity for such I31 instead.

According to the classification by Hyun et al. (2011), 
the materials of gelled waxy crude oils can be regarded as 
soft gel state, exhibiting a local maximum for I31. Simi-
lar trends have been also observed in other soft colloidal 
systems, such as rigid polymer dispersions (Kallus et al. 
2001), highly concentrated suspensions of PMMA parti-
cles (Heymann et al. 2002), and highly loaded carbon black 
filled rubber compounds (Leblanc 2008). Different from 
the carbopol sample, the network formed by interconnected 
wax crystals in oils is tight and brittle, forming the rigid 
status for the micellar aggregates, which is usually the case 
for many soft gels. After the waxy network structure yields 
and fractures, the nonlinearity of gelled oils becomes weak.

Finally, the waxy crude oils show more striking character-
istics of both the elastic and viscous nonlinearities at lower 

ω, meaning that a longer characteristic time could favor the 
degree of the nonlinear response.

Lissajous curves analysis

The mechanical transient characteristics during LAOS load-
ing period were then analyzed by using Lissajous curves 
tracing. The obtained periodic strain response at steady state 
from LAOS was used for the data processing. In order to 
eliminate the problem of noise amplification, we use the 
odd, integer Fourier coefficients in Eq. (2) to reconstruct 
the strain time data. The smoothed total strain signals after 
discrete comb filter reconstruction were further used for 
Lissajous curves analysis. The Lissajous curves include 
the elastic Lissajous curves and viscous Lissajous curves 
(Läuger and Stettin 2010). The elastic Lissajous curves in 
LAOStress refer to the oscillatory response curves of γ(t)
vs. σ(t), and the viscous Lissajous curves denote the curves 
of 𝛾̇(t)vs.𝜎(t).

Stress amplitude dependence

To investigate the dependence of Lissajous curves on σ0, we 
plotted the Lissajous curves at three applied stress ampli-
tudes of 5, 15, and 30 Pa for the region of linear viscoelastic-
ity, nonlinear viscoelasticity, and post-yielding, respectively. 
Under the frequency of 1 rad/s, the elastic Lissajous curves 
for waxy crude oils at these three stress amplitudes are dis-
played in Fig. 7a, b and c, and the viscous Lissajous curves 
are displayed in Fig. 7d, e and f. While the applied σ0 (5 Pa) 
is in the linear viscoelastic region, the elastic Lissajous curve 
appears as an oblate elliptic loop, and the shape of viscous 
Lissajous curve appears as a circular elliptic shape. As σ0 
increases to 15 Pa, the corresponding strain signal output has 
non-sinusoidal shape for a sinusoidal stress input, and both 
the elastic and viscous Lissajous curves are distorted from 
the perfect elliptic forms, signifying the transition from the 
linear to nonlinear viscoelastic response. At a larger ampli-
tude σ0=30 Pa, the elastic Lissajous curve becomes almost 

Fig. 6   Dependence of the scaled 
third-order elastic Chebyshev 
coefficient c3/c1 (a) and viscous 
Chebyshev coefficient f3/f1 (b) 
on the stress amplitude σ0 under 
the frequency of 0.1, 1, and 10 
rad/s for gelled waxy crude oils 
formed at 11 °C
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a rounded parallelogram, and the viscous Lissajous curve at 
this σ0 becomes a distorted and oblate lozenge shape.

More insights into the information of Lissajous curves can 
be gained when plotting the Lissajous curves of different stress 
amplitudes in the same picture. Figure 8a shows these elastic 
Lissajous curves for waxy crude oils under the same frequency 
of 1 rad/s, and Fig. 8b shows the viscous Lissajous curves. It can 
be observed that with the increase in the imposed σ0, both the 

elastic and viscous Lissajous curves rotate counterclockwise, 
and the area enclosed within the Lissajous curves increases sig-
nificantly, reflecting the gradual decay of waxy structure.

Frequency dependence

In order to clearly present the variations in Lissajous curves 
with oscillatory angular frequency ω, the Lissajous curves 

Fig. 7   Elastic Lissajous curves of γ(t)vsσ(t) (a, b, and c) and viscous Lissajous curves of 𝛾̇(t)vs𝜎(t) (d, e, and f) at three stress amplitudes of 5, 15 
and 30 Pa under the oscillatory frequency of 1 rad/s for gelled waxy crude oils formed at 11 °C

Fig. 8   Elastic Lissajous curves 
of γ(t)vsσ(t) (a) and viscous Lis-
sajous curves of 𝛾̇(t)vs𝜎(t) (b) at 
different stress amplitudes under 
the oscillatory frequency of 1 
rad/s for gelled waxy crude oils 
formed at 11 °C
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at different frequencies of 0.1, 1, and 10 rad/s were plotted 
in the same picture. The plotted elastic Lissajous curves for 
waxy crude oils under the applied σ0 of 5, 15, and 30 Pa are 
shown in Fig. 9a, b and c, respectively, and the viscous Lis-
sajous curves are shown in Fig. 9d, e and f. It can be found 
that with the increase in ω, the elastic Lissajous curves rotate 
clockwise, and both the induced strain amplitude γ0 and the 
area enclosed within the Lissajous curves monotonically 
decrease. As to the viscous Lissajous curves, the induced 
maximum shear rate 𝛾̇0 increases with increasing ω before 
yielding at σ0 of 5 Pa and 15 Pa. However, the values of 𝛾̇0 
show an opposite trend after the structural yielding at σ0 of 
30 Pa, decreasing with the increase in ω. To demonstrate the 
curve information more clearly and precisely, the rotation 
characteristics for the viscous Lissajous curves at different 
frequencies are discussed in “Elastic strain and plastic strain 
rate” section.

Discussion of the physical meaning

The waxy structure can be gradually destroyed with the 
increase in imposed σ0, and large increase for the shear 
rate and shear strain can be observed after the structural 
yielding. In addition, a higher structural strength for 

the interlocking waxy network can be measured under 
a higher ω.

Elastic strain and plastic strain rate

In “Chebyshev strain decomposition” section, the strain 
response γ(t; σ0; ω) in LAOStress can be decomposed 
into a superposition of elastic and viscous scaling by 
Chebyshev strain decomposition, and the scaled third-
order Chebyshev coefficients were used to characterize 
the nature of nonlinearities. In this section, we calculated 
and presented the measures of elastic strain γ′ and plastic 
strain rate 𝛾̇ ′′ to further get more information of nonlinear 
viscoelasticity characteristics in the elastic and viscous 
Lissajous curves, respectively. Both the calculation of 
γ′ and 𝛾̇ ′′ can also be related with the symmetry method 
(Ewoldt et al. 2008), and both the values of them are 
single-valued functions of σ over one cycle of oscillation, 
which can be written as the following equations:

(13)𝛾
�(t) =

𝛾(𝜎, 𝛾̇) − 𝛾(−𝜎, 𝛾̇)

2

Fig. 9   Elastic Lissajous curves of γ(t)vsσ(t) (a, b, and c) and viscous Lissajous curves of 𝛾̇(t)vs𝜎(t) (d, e, and f) at different frequencies under the 
stress amplitude of 5, 15, and 30 Pa for gelled waxy crude oils formed at 11 °C
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Taking the LAOStress data under the imposed σ0 of 20 Pa 
and ω of 1 rad/s as an example, the geometrical interpreta-
tions of γ′ (a) and 𝛾̇ ′′ (b) in Lissajous curves for waxy crude 
oils are observed in Fig. 10. It is clear that both γ′ and 𝛾̇ ′′ 
depend on the imposed σ only, and γ′ and 𝛾̇ ′′ curves are the 
centerlines of the elastic Lissajous curve and viscous Lissa-
jous curve, respectively. Thus, the rotation characteristics of 
the elastic and viscous Lissajous curves can also be reflected 
by that of the γ′ and 𝛾̇ ′′ curves, respectively.

Stress amplitude dependence

We plotted the γ′ and 𝛾̇ ′′ curves at different stress amplitudes 
in the same picture to further get the evolution information 
of γ′ and 𝛾̇ ′′ with imposed σ0, respectively. Figure 11a, b and 
c shows the plotted γ′ curves for waxy crude oils under the 
applied ω of 0.1, 1 and 10 rad/s, respectively, and Fig. 11d, 
e and f shows the 𝛾̇ ′′ curves. It can be seen that with increas-
ing σ0, both the γ′ and 𝛾̇ ′′ curves rotate counterclockwise, and 
both the induced elastic strain amplitude � ′

0
 and the induced 

maximum plastic strain rate 𝛾̇ ′′
0

 gradually increase.

Frequency dependence

The dependence of γ′ and 𝛾̇ ′′ on ω can be investigated when 
plotting the γ′ and 𝛾̇ ′′ curves at different oscillatory frequen-
cies of 0.1, 1 and 10 rad/s in the same picture. The plotted 
γ′ curves for waxy crude oils under the applied σ0 of 5, 15, 
and 30 Pa are illustrated in Fig. 12a, b and c, respectively, 
and the 𝛾̇ ′′ curves are illustrated in Fig. 12d, e and f. From 
Fig. 12a, b and c, the γ′ curves and the induced � ′

0
 were found 

to rotate clockwise and monotonically decrease with the 
increase in applied ω, respectively. As shown in Fig. 12d and 
e, when the imposed σ0 (5 and 15 Pa) is lower than σy, the 𝛾̇ ′′ 
curves rotate counterclockwise, and the induced 𝛾̇ ′′

0
 gradually 

(14)𝛾̇
��(t) =

𝛾̇(𝜎, 𝛾) − 𝛾̇(−𝜎, 𝛾)

2

increases with the increase in applied ω. However, compared 
with the observations before yielding, Fig. 12f (σ0=30 Pa) 
shows that the 𝛾̇ ′′ curves together with the induced 𝛾̇ ′′

0
 exhibit 

the opposite trends after yielding. That is the 𝛾̇ ′′ curves rotat-
ing clockwise and the induced 𝛾̇ ′′

0
 decreasing with increasing 

ω.

Discussion of the physical meaning

These observations suggest that the flowability of gelled 
waxy crude oils can be significantly enhanced with increas-
ing σ0 through sustained shear. Furthermore, a lower applied 
ω is more favorable for the structural nonlinear destruction 
of waxy network.

Energy dissipation characteristic analysis

Through the mathematical method, the dissipated energy 
Ed in a full oscillation cycle period can be determined by 
using the following integral of Eq. (15). Geometrically, Ed 
can be visualized and indicated by the area enclosed within 
the elastic Lissajous curves (Ewoldt et al. 2010; Yang et al. 
2015).

Figure 13 shows the evolutions of Ed with the imposed 
σ0 for waxy crude oils under ω of 0.1, 1, and 10 rad/s. It is 
obvious that Ed increases monotonically with the increase 
in σ0, indicating that a larger imposed σ0 dissipates more 
energy for waxy gel under the same ω. The reasons may be 
interpreted by analyzing the two calculated factors affect-
ing the energy dissipation during the full oscillation cycle 
period, namely the applied oscillatory stress and generated 
oscillatory strain. A higher oscillatory stress causes a higher 
oscillatory strain due to induced structural degradation, and 
thus, Ed continues to show a high value with increasing 

(15)Ed = ∫
2𝜋∕𝜔

0

𝜎𝛾̇dt = ∮ 𝛾(t)d𝜎

Fig. 10   Elastic strain γ′ in elas-
tic Lissajous curve (a) and the 
plastic strain rate 𝛾̇ ′′ in viscous 
Lissajous curve (b) during 
an oscillation cycle for gelled 
waxy crude oils formed at 11 
°C under oscillatory stress at 
σ0 = 20Pa and ω = 1rad/s
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σ0. Another observation we made from Fig. 13 is that the 
obtained Ed has a higher value when using a lower ω, sug-
gesting that a significant energy dissipation characteristic for 
waxy crude oils can be captured at lower ω.

Viscoelastic measures analysis

Though Fourier transform analysis discussed above, the 
periodic strain response after Fourier transformation will 
include only the first harmonic contributions in the linear 
viscoelastic region (Ewoldt et al. 2010; Wang et al. 2011; 
Dimitriou et al. 2013). Therefore, the first harmonic coef-
ficients J′

1
 and J′′

1
 can be used as the measures of the linear 

viscoelastic response. However, the nonlinear data signals at 
larger σ0 lead to the appearance of higher harmonic contribu-
tions, and thus, J′

1
 and J′′

1
 fail to accurately describe the rich 

nonlinearities under large amplitude for the raw data signal. 
Based on the Fourier series analysis of elastic and viscous 
scaling shown in Eq. (4), the framework of Dimitriou et al. 
(2013) was adopted to quantify the nonlinear viscoelasticity 
of waxy crude oils, and the defined new nonlinear variables 
were expressed in Eq. (16) to Eq. (19). The defined nonlinear 
elastic measures include the minimum stress compliance J�

M
 

and large stress compliance J�
L
 , and the nonlinear viscous 

measures include the minimum stress fluidity ��
M

 and large 
stress fluidity ��

L
 . Note that both the values of J�

M
 and J�

L
 

are equivalent to J′
1
 in the linear regime, and ��

M
 and ��

L
 

reduce to �� = �J
��
1

 for a linear viscoelastic response as 
well.

The calculated nonlinear elastic measures ( J�
M

 and J�
L
 ) 

and nonlinear viscous measures ( ��
M

 and ��
L
 ) are shown in 

Fig. 14a and b, respectively. It can be seen that with the 

(16)

J
�
M
=

d�

d�

||||�=0
=

∑

nodd

(−1)(n−1)∕2nJ�
n
=

∑

nodd

(−1)(n−1)∕2nc
n

(17)J
�
L
=

�

�

|||
|�=�0

=
∑

nodd

J
�
n
=

∑

nodd

c
n

(18)

𝜙
�
M
=

d𝛾̇

d𝜎

||||𝜎=0
=

∑

nodd

(−1)(n−1)∕2n2𝜔J��
n
=

∑

nodd

(−1)(n−1)∕2nf
n

(19)𝜙
�
L
=

𝛾̇

𝜎

|||
|𝜎=𝜎0

=
∑

nodd

n𝜔J
��
n
=

∑

nodd

f
n

Fig. 11   Evolutions of elastic strain γ′ with shear stress σ (a, b, and c) and plastic strain rate 𝛾̇ ′′ with shear stress σ (d, e, and f) at different stress 
amplitudes under the oscillatory frequency of 0.1, 1, and 10 rad/s for gelled waxy crude oils formed at 11 °C
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increase in imposed σ0, both the elastic and viscous meas-
ures gradually increase when σ0 is relatively low for all the 
three frequencies, and these measures dramatically increase 

around the yield point, and then, the increase in viscoelastic 
measures slows down after the waxy oils yield. Furthermore, 
all the obtained viscoelastic measures are found to be larger 
when using a lower applied ω, even in the linear region. 
The reason for the dependence is that the network struc-
ture formed by wax crystals is linear viscoelastic, not purely 
elastic, containing weakly nonzero viscous dissipation in 
this linear rheological response region. All these observa-
tions indicate that more significant flowable characteristics 
for waxy oil systems can be gained under a higher imposed 
σ0 and a lower ω. The last finding we can get from Fig. 14 is 
that the values of J�

M
 are larger than J�

L
 , while the values of 

�
�
M

 are smaller than ��
L
 at the given σ0 and ω for waxy crude 

oils. According to the research of Dimitriou et al. (2013), 
these indicate the stress stiffening ( J�

M
>J

�
L
 ) and stress thin-

ning ( ��
M

<��
L
 ) behaviors for the studied system of crude oils, 

consistent with the findings of c3 and f3 by Chebyshev strain 
decomposition in “Chebyshev strain decomposition” section.

Pipkin diagram analysis

Pipkin diagram is an useful approach to summarize the rich 
viscoelastic characteristics of the studied material as a func-
tion of both imposed σ0 and ω (Ewoldt et al. 2007; Stickel 

Fig. 12   Evolutions of elastic strain γ′ with shear stress σ (a, b, and c) and plastic strain rate 𝛾̇ ′′ with shear stress σ (d, e, and f) at different fre-
quencies under the stress amplitude of 5, 15, and 30 Pa for gelled waxy crude oils formed at 11 °C

Fig. 13   Dependence of the energy dissipation per oscillation cycle Ed 
on the stress amplitude σ0 under the oscillatory frequency of 0.1, 1, 
and 10 rad/s for gelled waxy crude oils formed at 11 °C
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Fig. 14   Dependence of the 
nonlinear elastic measures (min-
imum-stress compliance J�

M
 and 

large-stress compliance J�
L
 in a) 

and nonlinear viscous measures 
(minimum-stress fluidity ��

M
 

and large-stress fluidity ��
L
 in b) 

on the stress amplitude σ0 under 
the frequency of 0.1, 1, and 10 
rad/s for gelled waxy crude oils 
formed at 11 °C

Fig. 15   Pipkin diagrams of the 
normalized elastic Lissajous 
curves γ(t)/γ0 vs σ(t)/σ0 (a) and 
normalized viscous Lissajous 
curves 𝛾̇(t)∕𝛾̇0 vs σ(t)/σ0 for 
gelled waxy crude oils formed 
at 11 °C
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et al. 2013). The elastic and viscous Lissajous curves for 
the studied waxy crude oils in “Lissajous curves analysis” 
section were normalized in the form of [γ(t)/γ0vsσ(t)/σ0] and [
𝛾̇(t)∕𝛾̇0vs𝜎(t)∕𝜎0

]
 , respectively. Then, the trajectories of 

each normalized elastic and viscous Lissajous curves were 
arranged in a two-dimensional Pipkin space according to the 
imposed values {σ0, ω}. The formed elastic Pipkin diagrams 
for the waxy crude oils are demonstrated in Fig. 15a, and 
the corresponding viscous Pipkin diagrams are displayed 
in Fig. 15b.

Through the normalized processing approach, the evo-
lution characteristics of the resulting orbit shapes for the 
elastic and viscous Pipkin diagrams are consistent with the 
analysis for the elastic and viscous Lissajous curves in “Lis-
sajous curves analysis” section, respectively. The yielding 
of waxy crude oils can be indicated by the marked line in 
Fig. 15 where an obvious transition for the Pipkin diagrams 
can be observed, and it is apparent that a higher imposed 
frequency typically results in a higher measured yield stress.

Conclusions

The gelled waxy crude oil can exhibit complex non-Newto-
nian rheological features including the transition from linear 
to nonlinear viscoelasticity. In the present work, the non-
linear viscoelastic characteristics of waxy crude oils were 
experimentally investigated by LAOStress techniques, and 
the following conclusions can be drawn:

Fourier transform results of I31 show that the nonlin-
ear degree of waxy structure can be first strengthened and 
subsequently weakened as the imposed σ0 increases. To be 
specific, with increasing σ0, both c3/c1 and f3/f1 exhibit the 
first upward and then decreasing trends, indicating the first 
reinforced and subsequently weakened trends of elastic and 
viscous nonlinearities induced by the imposed σ0, respec-
tively. Furthermore, it is found that a lower applied ω tends 
to generate a more striking nonlinear response of waxy crude 
oils.

The variation characteristics of Lissajous curves further 
demonstrate a gradual destruction process with the increase 
in imposed σ0 and a more significant flowability enhance-
ment under a lower applied ω for the interlocking waxy 
network. In addition, larger viscoelastic measures and dis-
sipated energy can be gained under a higher imposed σ0 and 
a lower ω. Both the viscoelastic measures and third-order 
Chebyshev coefficients analysis signify the stress stiffening 
and stress thinning behaviors for waxy crude oils. The Pip-
kin diagrams were finally plotted to summarize and demon-
strate the rich nonlinear viscoelastic characteristics of waxy 
crude oils, showing a higher measured yield stress under a 
higher imposed ω.

The present experimental results of LAOStress can, to 
some extent, provide support for the establishment of the 
elasto-viscoplastic constitutive model for waxy crude oils. 
Based on this, the model applications and predictions can 
be extended to the oscillatory test methods, serving for the 
development of more robust constitutive models.
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