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Abstract 
Numerical modeling on streaming field and electroviscous effect in a soft nanochannel is made by considering the finite ion 
size and ion partitioning effects. The standard electrokinetic model is modified by incorporating the finite ion size effect and  
the effect of ion partitioning, which arises due to the difference in dielectric permittivity between the electrolyte and wall 
grafted polyelectrolyte layer (PEL). Such modification in the ion transport equations enable us to consider higher range 
of wall charge density as well as higher volumetric charge density of the PEL. The dielectric permittivity of the PEL may 
become lower due to the large accumulation of counterions drawn by the PEL immobile charges. The ion steric repulsion is 
taken into account through the BMCSL (Boublik-Mansoori-Carnahan-Starling-Leland) equation based on the hard-sphere 
model of ions. This enables to consider different ion sizes, which arise when a mixture of different salts is considered. The 
governing equations are solved numerically and the streaming field is determined iteratively. We find that the ion steric 
interactions and ion partitioning effects create a counterion saturation. This leads to a reduction in the counterion condensa-
tion of the PEL when the PEL and wall are similarly charged, which results in higher streaming field and energy conversion 
efficiency. The diffuse PEL of pore size in the order of the channel half height creates higher energy efficiency compared to 
the channel consisting of rigid walls.

Keywords  Soft nanochannel · Diffuse polymer layer · Streaming potential · Ion size effect · Ion partitioning effect · 
Numerical method

Introduction

When a charged surface is in contact with an electrolyte 
medium an electric double layer (EDL) with surplus coun-
terions (ions of opposite polarity to the surface charge)  
develops at the surface-liquid interface. A pressure-driven 
flow of the electrolyte above the charged surface convects 
the mobile ions in EDL downstream and an electric current, 
referred to as the steaming current, along the direction of the 
fluid flow develops. The accumulation of ions in the down-
stream governs an electric field, the streaming field, which 
creates a conduction current along the opposite direction 

to the fluid flow. At a steady state the conduction current 
becomes equal to the streaming current (or convection 
current) so as to satisfy an overall zero electric current in 
absence of an externally imposed electric field. The stream-
ing field generates an electroosmotic flow (EOF) of the elec-
trolyte opposing the pressure-driven flow. This diminished 
pressure-driven flow due to the steaming potential can be 
conceptualized as an increment in the electrolyte effective 
viscosity, the electroviscous effect (EVE). The experimental 
results of van der Heyden et al. [1] for the streaming current 
in a pressure-driven liquid flow through a single nanochan-
nel shows a linear relation between the pressure gradient and 
streaming current.

The streaming current can be supplied to the external 
load resistor to achieve the electrical power from the hydro-
dynamic energy. Therefore, generation of streaming current 
provides a mechanism of converting mechanical work into 
electrical power [2]. The streaming potential measurement is 
the most widely used technique for determining the �-poten-
tial of membranes [3]. Streaming potential generation and 
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the electroviscous phenomena have several other applica-
tions such as sorting of nanoparticles, dispersion and sepa-
ration of DNA molecules and so on [4, 5]. Substantial pro-
gress is made on the generation of streaming potential (SP), 
associated EVE and conversion of the hydraulic power to 
electrical power by means of pressure-driven flow across 
the slit-like microfluidic devices [5–10].

The streaming current due to the pressure-driven flow 
in a microchannel is of the order of a nano ampere [11]. 
In recent, years several attempts are made to improve the 
energy conversion efficiency in a single microchannel. In 
order to improve the efficiency several authors studied the 
SP and EVE effect in soft microchannels [12–17]. The soft 
microchannel is a typical engineered channel where the 
channel walls are grafted with soft polymeric material, the 
polyelectrolyte layer (PEL), that allows the penetration of 
electrolyte ions and liquid. The PELs entrap the additional 
immobile charges, which certainly changes the EDL elec-
trostatics and thereby the electrokinetic transport of ionized 
liquid across the soft channels. Das and co-authors [18–21] 
studied extensively the SP, EVE and the SP-induced energy 
conversion in a soft nanochannel by considering step-like 
PEL. The diffuse description of PEL, which is characterized 
by the decay length, is however more realistic and it can 
consider the impact of swelling of the soft layer. It is note-
worthy to mention here that the diffuse soft PEL avoids the 
need to specify any interfacial boundary conditions across 
the PEL-to-electrolyte interface. Duval et al. [22, 23] studied 
the generation of SP through soft nanochannel considering 
the diffuse distribution of monomers and immobile charges 
across the PEL.

In all the aforementioned studies on the generation of 
SP, EVE and energy conservation in soft nanochannel, the 
dielectric permittivity of the PEL and electrolyte is assumed 
to be the same, which is however possible for dilute polymer 
system [24]. In general, the dielectric constant of the suffi-
ciently dense PELs is lower than that of the aqueous medium 
[25–27]. For membrane materials, the dielectric permittivity 
is lower than that of the aqueous medium [28]. This differ-
ence in dielectric constant between two medium leads to a 
difference in electrostatic free energy or Born energy of ions 
in both the phases [29]. The ion gains Born energy when 
it moves from a region of high dielectric permittivity to a 
region of low dielectric permittivity. As a result, the penetra-
tion of mobile ions in the PEL revises, which is referred to 
as ion partitioning effect. Recently Poddar et al. [30] studied 
the impact of ion partitioning on the generation of SP and 
EVE in a soft nanochannel by considering a step-like PEL.

The transport of ions is modeled by adopting the stand-
ard mean-field theory, e.g., Boltzmann distribution or 
Nernst-Planck equation, in which the electrolyte ions are 
considered to be effective point charges and neglect the 
short range ion-ion interactions. This consideration may 

lead to the possibility of sufficiently large accumulation 
of counterions near a moderate to highly charged surface 
immersed in aqueous solution. Monomers of fixed charge 
in the PEL attract mobile counterions within the PEL. For 
a highly charged PEL a large volume of mobile counteri-
ons is drawn in PEL leading to the relevance the ion steric 
interactions become important due to the presence of a large 
volume of mobile counterions. Bikerman [31] introduced 
the modified Boltzmann equation to account the volume 
exclusion due to ion steric repulsion in the ion distribution. 
Based on the Bikerman model the finite ion size effects on 
the streaming potential and electroviscous effect in the soft 
channel are analyzed by Koranlou et al. [32] and Xing and 
Jian [33]. These studies show that the volume exclusion due 
to ion steric repulsion amplifies the electrical potential in 
the soft channel. The ion transport due to convection and 
diffusion is important in the pressure-driven flow within a 
microchannel. These effects are ignored when Boltzmann 
distribution of ions is considered. In addition, for the nano-
channel in which Debye length is in the order of the length 
scale, the Bikerman model is not effective.

Carnahan and Starling [34] model based on the hard-
sphere fluid theory for ion steric repulsion has the larger 
range of volume fraction and desirable accuracy among sev-
eral other models [35, 36]. Further extension of this model, 
the Boublik-Mansoori-Carnahan-Starling-Leland (BMCSL) 
model [37], is applicable for ionic species with unequal 
sizes. Several authors [38–40] studied the electrokinetics 
near a charge surface immersed in mixed electrolyte solution 
of different sizes of hydrated ions by adopting the BMCSL 
model. However, none of the existing study on streaming 
potential has analyzed the finite ion size effects based on the 
BMCSL model. The modified Nernst-Planck equation with 
the BMCSL model to incorporate the finite ion size effects is 
more appropriate than the Boltzmann-Bikerman equation to 
analyze the pressure-driven flow of electrolyte in slit micro 
or nanochannels. In addition, the BMCSL model can handle 
mixture of different ionic species.

In this paper impact of the finite ion size effect and PEL-
to-electrolyte dielectric permittivity ratio on electrokinetic 
energy harvesting in a soft nanochannel is analyzed. The soft 
channel is comprised of a charged polyacrylamide hydrogel 
film (PEL) supported by charged rigid surface consisting of 
Teflon AF [22]. We have considered the modified Nernst-
Planck equation for ion transport, which incorporates ion 
steric repulsion and ion partitioning due to the difference in 
dielectric permittivity between the PEL and electrolyte solu-
tion. The PEL-to-electrolyte dielectric permittivity ratio cre-
ates a Born energy difference in ions, which leads to an ion 
partitioning effect. Consideration of ion steric effect and ion 
partitioning effect on electrokinetics in the soft nanochannel 
is relevant when the highly charged PEL and/or higher sur-
face charge density of the channel walls is considered. The 
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present study reveals a significant improvement in stream-
ing potential mediated energy conversion in a soft channel 
with diffuse PEL of high permeability and lower dielectric 
permittivity. The ion saturation due to volume exclusion of 
ions and ion partitioning have a significant impact on the 
streaming field and EVE.

Mathematical model

We consider the generation of SP and EVE in a slit soft nan-
ochannel by creating a pressure-driven flow of an electrolyte 
solution with bulk concentration c̄0 . The electrolyte is com-
posed of binary or valence asymmetric ions with valence zi 
and concentration ci . A constant axial pressure gradient is 
applied along the axis of the channel (Fig. 1). The channel 
height (2h) is taken to be much greater than the width of the 
channel. Here width refers to the extension of the system 
perpendicular to the plane of Fig. 1. Such a consideration 
allows us to consider the flow to be two-dimensional. The 
channel walls bearing a uniform surface charge density � are 
coated with diffuse PEL of fixed volumetric charge density 
�fix = zFN , where F is the Faraday constant and z, and N are 
the valence and molar concentration of fixed charges resid-
ing in PEL, respectively. The distribution of the polymer 
segment within the diffuse PEL is given by [22]

where � is the characteristic decay length, which defines 
the diffuse nature of the soft PEL. For � = 0 , the polymer 
segments are uniformly distributed and such a description 
of the PEL termed as step-like PEL with nominal thickness 
d. It may be noted that for nonzero values of � , the thickness 
of the PEL extends beyond the nominal thickness (d) and an 
estimate for the diffuse PEL thickness becomes d̄ = d + 2.3𝛼 

(1)f (y) = w

[

1 − tanh

{
(h − y) − d

�

}]

[22, 41]. Here we consider the thickness of the diffuse PEL 
lower than the channel half height, i.e., d̄ < h to avoid the 
overlapping of the adjacent PELs grafted on the bounding 
walls of the channel. The parameter w appearing in Eq. (1) 
ensures a fixed amount of polymer segments across the PEL 
while varying the decay length [22] and is given by

For a diffuse soft PEL, the inverse of Brinkmann screen-
ing length �(y) can be expressed as

Here, �−1
0

 is the Brinkmann screening length for a step-like 
PEL for which � → 0.

The dielectric permittivity of the PEL is generally lower 
than that of the bulk aqueous medium, which leads to a 
nonzero difference in electrostatic free energy or Born 
energy ΔWi of the ith ionic species between the two mediums 
[42]. The Born energy [29] defined as the electrostatic 
energy required to transfer an ion from a vacuum to a dielec-
tric medium. This Born energy difference leads to an ion 
partitioning effect, which modify the ion transport at the 
PEL-electrolyte interface. If we denote fi (i=1,2,..N) as the 
ion partitioning coefficient of the ith ionic species then the 
ion concentration in PEL modifies to cifi and hence, the 
modified net charge due to mobile ions within the PEL is 

given by 𝜌e =
N∑

i=1

Fzic̄ifi . Here the ion partitioning coefficient 

of the ith electrolyte ion is given by fi = exp(−ΔWi∕kBT) [26, 
27, 30, 42], where

(2)w =
d

� log
(
1 + e2d∕�

)

(3)�(y) = �0

√
f (y)

(4)ΔWi =
(zie)

2

8�ri

(
1

�p
−

1

�e

)

Fig. 1   Schematic of the present situation for the generation of stream-
ing potential under applied pressure gradient. The lower and upper 
walls are charged with constant surface charge density � . The surface 

of the solid plates is covered with an ion penetrable charged diffuse 
polyelectrolyte layer (PEL) bearing volumetric charge density �fix
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Here ri is the radius of ion with valence zi and e is the ele-
mentary charge. The dielectric permittivity of the PEL and 
the bulk electrolyte are �p and �e , respectively. In this model 
we have considered constant dielectric permittivity for the 
electrolyte medium and PEL with a step-change in permit-
tivity at the PEL-electrolyte interface. Thus, the ion-solvent 
interaction arises at the interface between the PEL and 
electrolyte, where the ion transport is affected by the Born 
energy difference. By virtue of Eq. (4), the ion partitioning 
coefficient depends on the ion size; however, the medium 
permittivity is considered to be invariant due to the varia-
tion of ion concentration. As the ions are considered to be of 
finite size, the volume exclusion effect due to ion-ion steric 
interactions is included in the present analysis. However, 
the ion-solvent interactions which lead to a spatially variant 
dielectric permittivity of the medium and viscosity are not 
taken into account.

It may be noted that the hydrated ions lower the medium 
permittivity by forming hydration shell around the ion. In 
that case the medium permittivity varies with the ionic 
concentration and hence, permittivity becomes a spatially 
varying quantity. This phenomena which leads to the 
ion-solvent interactions is termed as the dielectric decre-
ment [43–45]. The ionic concentration at any location is 
influenced by the steric repulsion of hydrated ions. Thus, 
ion steric interactions can influence the permittivity of 
the medium. The dielectric decrement creates a further 
counterion saturation by decreasing the permittivity of 
the medium. In the present model we have neglected the 
impact of dielectric decrement, which could be justified 
for the low to moderate range of electrolyte concentration. 
However, the ion partitioning is significant when there is 
a step-change in permittivity at the PEL-electrolyte inter-
face. In the present model we have considered the volume 
exclusion due to steric interactions of finite sized ions. The 
steric interactions near the highly charged channel wall 
and PEL can have significant impact even at a moderate 
range of bulk ionic concentration.

Owing to the symmetry about the central line y = 0 of 
the flow, we consider only the upper half of the channel. 
In order to consider the ion partitioning effect, we need to 
identify the region of PEL and the regions filled with elec-
trolyte solution. To identify different regions in the flow 
domain, we introduced a binary constant A which is equal 
to 1 in the PEL, i.e., h − d̄ ≤ y ≤ h where f (y) ≠ 0 and it is 
equal to 0 for the range 0 ≤ y ≤ h − d̄ for which f (y) = 0 
(in the electrolyte medium). The governing equations for 
the pressure-driven flow of the electrolyte within the soft 
nanochannel are the equation for electrostatic EDL poten-
tial, ion and fluid transport equations. The EDL potential 
is governed by the Poisson equation as

The transport of the ith ionic species can be expressed based 
on the conservation of mass flux

where Di , kB and T are the diffusion coefficient of the ith spe-
cies, Boltzmann constant, absolute temperature, respectively 
and �̄ = (ū, v̄) is the velocity of the fluid. The first three terms 
inside the parentheses of Eq. (6) corresponds to the convective 
flux, diffusion flux, and electromigration flux, respectively. 
The fourth term arises due to the steric force for finite size 
of ions, which is however absent in standard Nernst-Planck 
equation for point-like ions. The activity coefficient �i can be 
expressed in terms of the local ionic volume concentration

The CS model provides �i = exp(�(8 − 9� + 3�2)∕(1 − �)3) . 
This model considers the same hydrated radius for both the 
cations and anions, which is the average of the cation and 
anion. The CS model can be extended to consider different 
ion sizes, which is considered in the BMCSL model [46]. In 
this model the activity coefficient is given by �i = exp(Υi) , 
where Υi is the excess electrochemical potential of the i th 
ionic species due to the ion-ion interactions

where 𝜉k =
4𝜋

3
NA

∑

i

rk
i
c̄i.

The pressure-driven flow of the electrolyte through the 
charged soft channel induces a streaming field ĒS , which in 
turn develops a retarding EOF. Note that the electric field ĒS 
due to the generation of SP is an unknown quantity. The fluid 
transport within the diffuse soft nanochannel governed by the 
applied pressure gradient and induced streaming field can be 
expressed based on the Darcy-Brinkman equation as

(5)−∇.[{𝜖e − A(𝜖e − 𝜖p)}∇𝜙] =

N∑

i=1

Fzic̄ifi + 𝜌fix f (y)

(6)∇̄.

[

c̄i�̄ − Di∇̄c̄i −
Diezi

kBT
c̄i∇̄𝜙̄ − Dic̄i∇̄ ln 𝜈i

]

= 0

𝜒 = (4𝜋∕3)NA

∑

i

r3
i
c̄i

(7)

Υi = −

[

1 + 2

(
�2ri

�

)3

− 3

(
�2ri

�

)2
]

ln(1 − �)

+
3�2ri + 3�1r

2
i
+ �0r

3
i

1 − �

+
3�2r

2
i

(1 − �)2

(
�2

�
+ �1ri

)

− �3
2
r3
i

�2 − 5� + 2

�2(1 − �)3

(8)𝜌(�̄.∇̄)�̄ + ∇̄p̄ − 𝜇∇̄2
�̄ − 𝜌e�̄S + 𝜇�2

�̄ = 0

(9)∇̄.�̄ = 0
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where � is the fluid viscosity, p̄ is the pressure and �̄S is the 
induced streaming field. We introduce the dimensional quanti-
ties h (half channel height), c̄0 (bulk electrolyte concentration), 
p0(= �U0∕h) , �0(= kBT∕ze) as the scale for length, ionic con-
centration, pressure, and EDL potential, respectively. Here 
U0 =

h2

2𝜇

(
−

dp̄

dx

)
 is the reference velocity and pressure gradient 

(
−

dp̄

dx

)
 is applied along the channel. The induced streaming 

field is scaled by �0∕h . The bulk ionic strength of the electro-

lyte can be calculated as I0

(

=
1

2

∑

i

z2
i
c̄0
i

)

 . Using these scales, 

the governing equations can be written in nondimensional 
form as

where � = �0h is the softness parameter of the 
PEL in terms of the reference screening length �−1

0
 . 

Here k−1 =
√
�e�0∕2FI0  is the EDL thickness and 

Qfix(= �fixh
2∕�e�0) is scaled fixed charge density of the PEL. 

The parameter Pei = U0h∕Di (i = 1,2,....N) is the Péclet 
number, which characterizes the ratio of ionic convection  
to diffusion. The ratio of dielectric permittivity of the PEL 
to the bulk electrolyte is denoted by �r = �p∕�e . The constant 
M appearing in Eq. (12) is M =

(kh)2

2
ur where ur = Uhs∕U0 

is the ratio of electroosmotic velocity ( Uhs = �e�
2
0
∕�h ) to 

the pressure-driven velocity scale ( U0 ). The distribution of 
the polymer segment inside the diffuse PEL can be written 
involving nondimensional variables as follows

where the scaled PEL thickness and scaled decay length are 
defined as d1 = d∕h and �1 = �∕h , respectively.

Along the upstream and downstream of the channel we 
impose the symmetry conditions for all flow variables ( � , 
ci , � ). The rigid surface is considered to be non-slip and 
ion-impenetrable. The nondimensional form of the bound-
ary condition along the channel wall ( y = 1 ) are as follows:

(10)

−∇.[{1 − A(1 − �r)}∇�] = exp

(

−A
ΔWi

kBT

)

(kh)2�e + Qfix g(y)

(11)∇.
[
Peici� − ∇ci − zici∇� − ci∇ ln �i

]
= 0

(12)

Re(�.∇)� + ∇p − ∇2
� −M exp

(

−A
ΔWi

kBT

)

�e �S + �2g(y)� = 0

(13)∇.� = 0

(14)

g(y) =
d1

�1 log
(
1 + e2d1∕�1

)

[

1 − tanh

{
(1 − y) − d1

�1

}]

(15)u = 0, v = 0, �r
��

�y
= −�s,

[
∇ci + zici∇�

]
.� = 0

where, �s is the scaled surface charge density, scaled by 
�e�0∕h and � is normal on the channel surface directing 
towards the fluid side. Along the centerline ( y = 0 ) sym-
metric boundary conditions are imposed:

It is interesting to note that the diffuse nature of the PEL 
grafted along the rigid walls of the channel allows us to 
avoid in considering the boundary condition along the PEL-
to-electrolyte interface.

It may be noted that Eq. (12) involves �S , the electric field 
generated by the induced electrostatic potential due to the 
charged properties of the channel wall, PEL and the stream-
ing potential. However, �S is an unknown quantity a priori. 
The ionic current at a point in the flow domain is given by

The axi-symmetric properties of the channel allows us to 
drop the diffusion current [47–50]. Thus, the net ionic cur-
rent is given by

At the steady state, the net current Inet should be zero. Thus, 
from Eq. (18) we may obtain the streaming field along the 
axial direction as

The pressure-driven flow of electrolyte across the soft nan-
ochannel experiences a resistance which arises due to the 
opposing EOF induced by the streaming field. As a result 
the net flow rate reduces compared to the pressure-driven 
Poiseuille flow due to the coupling of the electrostatics and 
hydrodynamic forces. This can be viewed as an increase 
in effective viscosity and such phenomenon termed as the 

(16)
�u

�y
= 0, v = 0,

��

�y
= 0,

�ci

�y
= 0

(17)

I = u
∑

i

zici −
∑

i

1

Pei
zi∇ci + ES

∑

i

1

Pei
z2
i
ci −

∑

i

1

Pei
zici∇ ln �i

(18)

Inet =

1

∫
0

u

(
∑

i

zici

)

dy

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
streaming current(Is)

+ES

1

∫
0

(
∑

i

1

Pei
z2
i
ci

)

dy

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
conduction current(Ic)

−

1

∫
0

(
∑

i

1

Pei
zici∇ ln �i

)

dy

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
steric force induced current(I� )

(19)ES =

1∫
0

(
∑

i

1

Pei
zici∇ ln �i

)

dy −
1∫
0

u

(
∑

i

zici

)

dy

1∫
0

(
∑

i

1

Pei
z2
i
ci

)

dy
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electroviscous effect (EVE) [4, 5, 9, 47]. The enhanced 
effective viscosity can be measured by the ratio of net flow 
rate considering only a pressure gradient-driven flow (with 
no electrokinetic effects) to the net flow rate as that due to 
pressure-driven electrokinetic flow. Thus, the enhanced vis-
cosity ( �eff  ) scaled by the original viscosity of the aqueous 
medium, can be expressed as [51]

where up is the dimensionless pure pressure-driven velocity 
field (without considering the electrokinetic effects).

The efficiency of electrochemomechanical energy conver-
sion is one of the most important key factor for energy conver-
sion systems, which can directly be measured by considering 
the ratio of input power to the output power, as follows [3, 18]

The input power ( Pin ) can be expressed as Pin =
|||
|
−
dp

dx
Qp

|||
|
 . 

Here Qp is the volume flow rate due to purely pressure-
driven flow (i.e., � = N = 0 ) through the soft channel 

Qp = 2
1∫
0

up dy . The electrical energy associated with the 

generation of the streaming potential, i.e., Pout is given by 
Pout =

Is

2

ES

2
 , where Is is the streaming current given by 

Is = 2
1∫
0

u

(
∑

i

zici

)

dy.

Numerical method

The governing Eqs. (10–12) are nonlinear coupled set of par-
tial differential equations, which are solved using the numeri-
cal scheme based on finite volume method. A control volume 
approach over a staggered grid system is adopted to discre-
tize the governing equations. We have employed the QUICK 
(Quadratic Upstream Interpolation for Convective Kinemat-
ics) scheme [52] to discretize the convection and electromi-
gration terms (i.e., hyperbolic terms) and the second order 
central difference scheme is used for the diffusion term (i.e., 
elliptic term). We first solve the discretized equation for elec-
trostatic potential iteratively with the guess value of ionic 

(20)
�eff

�
=

1∫
0

up dy

1∫
0

u dy

(21)Θ =
Pout

Pin

concentrations. With known value of potential field and a 
guess value of velocity field, we have solved iteratively the 
discretized equations of concentration of ionic species. Solu-
tions of discretized equations for electrostatic potential and 
concentration equations are quite straightforward; however, 
the solution of flow equations is significantly difficult because 
it is coupled to the streaming field, governed by Eq. (19). To 
overcome this complexity we further adopt an iterative scheme 
to obtain the streaming field and flow field. We adopt the 
pressure correction based iterative algorithm SIMPLE (Semi-
Implicit Method for Pressure-Linked Equations) [53] to solve 
the velocity field. At each iteration based on the velocity, we 
determine the streaming field by Eq. (19). Iteration process is 
continued until the difference in ES in two successive itera-
tions is smaller than 10−6 . In order to validate the numerical 
results, we have compared our computed results for streaming 
potential with the existing results. A detailed discussion on the 
code validation is provided in the Appendix.

Results and discussion

The diffusivity and size of constituent electrolyte ions are sum-
marized in Table 1. The concentration of the background elec-
trolyte is varied from low (1 mM) to high (100 mM) [54], so 
that the Debye-Hückel parameter �h ranges from 2.6 to 26 for 
the channel of height 2h = 50 nm. We consider the variation 
of the concentration of PEL immobile ions from 0 to 30 mM, 
so that the magnitude of �fix can range from 0 to 2.89 × 106 
C/m3 [30, 55]. The dielectric permittivity of the PEL ranges 
from 0.5�e to �e [30], where �e is the dielectric permittivity of 
the background electrolyte, which is 80 × 8.854 × 10−12 F/m. 
The softness parameter � is considered to vary between 1 to 
10, which correspond to the variation of PEL screening length 
between 2.5 nm to 25 nm. Such a range of PEL screening 
length for soft nanofluidic channels is considered by Duval 
et al. [22]. Following the experimental studies [56–58] for sil-
ica nanochannels, the surface charge density ( � ) for the present 
study is varied up to −70 mC m −2.

Impact of ion partitioning

The Donnan potential created by the PEL charge density 
affects the development of the EDL and its impact on the EDL 
is strong for lower ionic concentration for which the Debye 
layer extends beyond the PEL. The effective charge density 
of the PEL depends on the counterion condensation and elec-
troosmsois of the mobile ions. The impact of ion partitioning 

Table 1   The hydrated radius 
and diffusivity of electrolyte 
ions are shown

Ions K+ Na+ Li+ Cl− Ba2+ Al3+

r
i
 (Å) 3.31 3.58 3.82 3.32 4.04 4.75

D
i
 ×10−9 (m2/s) 1.96 1.33 1.03 2.03 0.8471 0.559
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and ion steric interactions on the average charge density in 
the PEL ( Qeff  ) and the surface potential of the channel wall is 
presented in Fig. 2a, b for �h = 2.5 ( C0 = 1 mM) by consider-
ing the variation of the PEL-to-electrolyte dielectric permit-
tivity ratio ( �r ) for salts of different counterion size (e.g., KCl, 
NaCl, and LiCl). The average charge density Qeff  in the PEL 
is determined as

For a soft channel with uncharged wall coated with nega-
tively charged PEL with N = 30 and z = −1 , the penetration 
of counterions reduces the effective PEL charge. For such a 
case the average charge density Qeff  in the PEL is negative, 
dominated by the PEL immobile charges. When the surface 
is negatively charged it draws positive counterions in the 

Qeff =
1

d̄∕h

1

∫
1−d̄∕h

[

(kh)2

(
∑

i

zifici

)

+ Qfixg(y)

]

dy

vicinity of the charged surface, creating a strong shielding 
of the PEL immobile negative charge. At a large �(= −50 
mC m −2 ) the density of the mobile counterions (positive 
ions) becomes so large that the net charge in the PEL region 
becomes positive. Thus, Qeff  becomes opposite sign to that 
of the Qfix due to the dominance of the all induced mobile 
counterions in the PEL (Fig. 2a). As �r is increased (PEL 
permittivity becomes higher) the ion partitioning effect 
diminishes, which causes a larger accumulation of counte-
rions in the PEL. Higher concentration of counterions leads 
to higher counterion condensation, leading to a lower effec-
tive charge density of the PEL.

Larger accumulation of counterions also creates a reduc-
tion in the surface potential (Fig. 2b) by enhancing the 
shielding effect. The saturation of counterions due to the 
ion steric interactions attenuates the shielding effect. For 
this, both Qeff  and �w becomes larger when steric effect is 
considered (Fig. 2a, b). This steric interaction is stronger 
for a larger size counterion, and thus, the shielding effect 

Fig. 2   Dependence of the scaled a Qeff /Qfix , b surface potential ( �w ), 
c streaming potential ( ES ), d average velocity ( uavg ), e enhanced vis-
cosity ( �eff ∕� ), (f) efficiency of the electrochemomechanical energy 
conversion ( Θ ) on �r when C

0
= 1 mM ( �h = 2.5 ), � = −50 mC m −2 , 

N = 30 mM and z = −1 , � = 1 , �∕h = 0.1 , h = 25 nm. Different elec-

trolytes are taken as, KCl (red); NaCl (green); LiCl (blue). Dashed 
lines represent the corresponding case for � = 0 (no steric effect). 
The horizontal black color dashed line in Fig.  2d corresponds the 
average flow rate for the pressure-driven flow without considering the 
impact of induced SP
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reduces leading to larger Qeff  and �w . It may be noted that 
higher counterion size posseses a lower diffusivity, which 
also attenuates the PEL counterion condensation leading to 
a higher Qeff  . We find that the impact of the steric interac-
tions magnifies for the lower range of the PEL-to-electrolyte 
dielectric permittivity ratio for which the ion partitioning 
effect is stronger.

For the channel with negatively charged walls coated with 
negatively charged PELs, the counterions (cations), which 
are driven downstream by the imposed pressure bias, gener-
ate a negative streaming field. The streaming electric field 
ES arises due to the streaming current in the channel, which 
creates a reverse conduction current. Figure 2c shows that 
the streaming field attenuates as the dielectric permeabil-
ity of the PEL enhances. Increase in the PEL-to-electrolyte 
dielectric permittivity ratio ( �r ) diminishes the ion partition-
ing effect, which causes more counterions to accumulate 
within the PEL. Higher accumulation of mobile counterions 
in PEL enhances the counterion condensation by the shield-
ing effect to cause the reduction of the PEL effective charge 
density. Consideration of ion steric interactions in the ion 
transport equation creates an enhanced ES and the impact is 
higher for lower range of �r for which the ion partitioning is 
stronger. As discussed before, the depletion of counterions 
in EDL due to ions steric interactions and ion partitioning 
attenuates shielding effect of the surface charge leading to 
higher streaming current and hence, higher ES . We find that 
the consideration of the steric interactions creates a 17.81% 
increment in ES for LiCl when �r = 0.5.

The streaming potential retards the fluid flow through 
the channel. For this, as seen in Fig. 2d, the pattern of 
dependence of the cross-sectional averaged velocity uavg on 
the electrokinetic parameters is opposite to the pattern of 
dependence of streaming potential. It enhances as the ion 
partitioning effect diminishes, i.e., �r is increased as well 
as when the steric effect is not taken into account (Fig. 2d). 
The velocity depends on the imposed pressure gradient and 
induced streaming field. A reduced streaming field reduces 
the opposing EOF leading to an enhanced uavg . The ion 
steric interaction creates a reduction in uavg by enhancing 
the adverse EOF and this impact becomes stronger for salts 
of larger counterion size. The scaled effective viscosity 
�eff∕� is presented in Fig. 2e as a function of �r for different 
types of salts with or without ion steric effects. The effec-
tive viscosity is higher than 1 as the streaming field resists 
the pressure-driven flow, which in turn attenuates the net 
flow. The variation of the effective viscosity with �r follows 
the similar pattern as that of the streaming field. At a fixed 
�r , �eff∕� is enhanced due to the steric interactions as the 
streaming field becomes stronger.

The electrochemomechanical energy conversion effi-
ciency is defined as the ratio of the amount of extractable 
electrical energy due to the induced electrical field to the 

amount of power required to generate the flow. The conver-
sion of the mechanical energy to the electrical energy leads 
to the generation of the streaming current and the streaming 
electric field. The efficiency of such process is measured 
through the factor Θ , as defined in Eq. (21). Figure 2f shows 
that the energy conversion efficiency is high for lower val-
ues of the PEL-to-electrolyte dielectric permittivity ratio 
for which the concentration of the mobile counterions in 
the PEL is low due to ion partitioning. As �r is increased 
the streaming field reduces as well as the streaming current 
reduces. The ion steric interactions augment the efficiency 
factor Θ due to the increment of ES . We find that for �r = 0.5 
an increment of 12.63% in Θ occurs when the steric interac-
tion is considered for the LiCl salt.

Effect of surface charge density

The impact of surface charge density on the streaming poten-
tial, average velocity and EVE is illustrated in Fig. 3a–c. We 
have presented results for a soft nanochannel with uncharged 
as well as charged PEL. We have considered both the cases 
when the PEL bears similar or opposite charges to that of the 
channel walls. Results are presented here for low concentra-
tion of the background electrolytic so that the surface charge 
density plays an important role on the electrohydrodynam-
ics. At a thicker Debye length (lower c0 ) for which Debye 
layers overlaps, the ion conduction dominates the ion con-
vection. We find that for the case of uncharged PEL ( N = 0 ), 
the magnitude of the negative streaming field increases by a 
small margin as the surface charge density is increased as the 
number density of counterions in the channel increases. For 
a soft nanochannel with similarly charged PEL and chan-
nel walls (both are negative), the counterions (positive ions) 
are driven along the downstream by the applied pressure 
gradient, leading to a negative streaming field. For a weakly 
charged surface the streaming field is large and is governed 
by the counterions drawn by the PEL negative charge. This 
negative streaming field attenuates as the surface charge 
density is increased. This is justified as the rise in negative 
surface charge enhances the accumulation of counterions 
in the EDL, which manifests the counterion condensation 
of the PEL, leading to a reduction in PEL effective charge 
density. For a higher −� , the streaming field asymptotically 
approaches to that of the soft nanochannel with uncharged 
PEL and negatively charged walls as the mobile counterions 
in the wall induced EDL shields the PEL immobile ions of 
opposite polarity.

When the PEL is positively charged (opposite to that of 
the channel walls) and the surface is weakly charged, the ion 
transport is dominated by the charge properties of the PEL 
and a positive streaming field develops due to migration of 
anions (counterions with respect to the PEL charge) under 
the applied pressure-driven flow. This positive streaming 
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field gradually diminishes as −� is increased and approaches 
to that of the channel with uncharged PEL. It is evident from 
Fig. 3a that the ion steric interaction reduces the streaming 
field by a small margin by creating a counterion saturation.

Figure 3b shows that when the channel walls are weakly 
charged, the average velocity is significantly lower (and 
hence the effective viscosity is higher, Fig. 3c) than that of 
the soft nanochannel with uncharged PEL ( N = 0 ). For a 
higher range of surface charge density both uavg and �eff  of 
the soft channel become close to the case of the uncharged 
PEL. A rise in surface charge density enhances the migra-
tion of counterions towards the downstream of the chan-
nel, resulting in a reduced (enhanced) uavg (effective viscos-
ity), and its impact is more pronounced when the PEL and 
channel walls are similarly charged. However, for a channel 
with oppositely charged walls and PELs, the EDL mediated 
counterions screen the PEL charges leading to a higher uavg 
(lower �eff  ) compared to that of the channel with similarly 
charged PEL and walls.

We have seen (not presented here for the sake of brevity) 
that the efficiency factor for the uncharged PEL when varied 
with the wall charge density ( � ) attains a local maximum at 
a higher � . Further increase in � leads to a reduction in Θ . 
A similar finding has already been reported in literature by 
Buren et al. [59] for a bare nanochannel with charged walls. 
The efficiency factor could be enhanced when PEL charge 
has the same polarity ( z = −1 ) as that of the wall charge. We 
found that at � = −50 mC m −2 , Θ is increased by 20.81% 
when PEL charge density is increased from N = 10 mM to 
50mM and z = −1 . Further increase of −� attenuates Θ.

 Effect of the bulk ionic concentration

In Fig. 4a–c we have presented the impact of ionic concen-
tration on the generation of SP, effective viscosity and the 

average velocity. The results are presented here for surface 
charge density � = −30 mC m −2 and highly charged PEL 
with positive as well as negative polarity ( z = 1,−1 ). In all 
the cases the magnitude of ES is higher for lower range of 
the bulk ionic concentration, i.e., lower values of �h , as the 
conduction current augments when the bulk ionic concen-
tration is increased. Thus, the effective viscosity is higher 
compared to fluid viscosity, i.e., 𝜇eff∕𝜇 > 1 . Based on the 
Debye-Hückel approximation Chanda et al. [18] have dem-
onstrated that for a soft nanochannel with uncharged walls, 
ES ∼ 1∕(�h)2 for a low to moderate range of EDL thick-
ness and further increase of EDL thickness creates ES to 
approach a saturation. A similar trend in variation of ES with 
�h is observed when both the PEL and channel walls are 
similarly charged ( z = −1 ). In this case the magnitude of 
streaming potential reduces with the rise in concentration of 
electrolyte. The positively (negatively) charged PEL induces 
a positive (negative) streaming potential. At a low electrolyte 
concentration, the counterion condensation of the PEL is 
low and hence, the impact of PEL charge dominates, which 
results in the positive streaming potential. With the rise of 
c0 the effective charge density of PEL reduces due to the 
stronger screening effect, which attenuates the SP. At a larger 
value of c0 , the ES of the soft channel approaches to the value 
corresponding to the case of N = 0 (uncharged PEL).

With the increase of c0 the average velocity (Fig. 4b) 
increases and approaches the corresponding pressure-driven 
Poiseuille flow and hence, the effective viscosity approaches 
to that of the viscosity of the electrolyte. We find from 
Fig. 4c that the effective viscosity is increased when ion 
steric effect is considered and the impact is strong at a larger 
� . This is expected as the ion steric interactions attenuate 
accumulation of counterions, leading to an enhancement 
of PEL effective charge density, which in turn inhibits the 
average flow, and, hence, enhance the effective viscosity. 

(a) (c)(b)

Fig. 3   Dependence of the a streaming potential ( ES ), b average velocity ( uavg ), c enhanced viscosity ( �eff ∕� ) on � when c
0
= 1 mM, N = 50 mM 

and z(= −1, 1) , �r = 0.5 , � = 1 , �∕h = 0.1 . Dashed lines represent the corresponding case for � = 0 (no steric effect)
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We observed that the energy conversion efficiency factor Θ 
(results are not presented for sake of brevity) reduces rapidly 
as the bulk ionic concentration is increased and approaches 
to zero for sufficiently concentrated aqueous medium. This 
is expected as the electric power attenuates with the increase 
of c0.

 Impact of PEL thickness

The impact of scaled PEL thickness (d/h) and softness 
parameter ( � ) on the generation of SP, associated EVE and 
energy conversion is illustrated in Fig. 5a–c for a lower bulk 
ionic concentration for which the impact is high. The immo-
bile ions of the PEL are considered to have the same polarity 
as that of the surface charge so as to have a higher conversion 
efficiency factor. We have also included the results of the 

corresponding rigid nanochannel, i.e., d = 0 . When the PEL 
is highly permeable (low � ) the Donnan potential created 
by the PEL fixed charge density creates a strong streaming 
current and hence, enhanced SP. However, ES reduces when 
the PEL becomes less permeable as the conduction current 
enhances as well as streaming current attenuates due to lower 
ion convection. The SP is an increasing function of the PEL 
thickness for larger range of PEL pore size (lower � ) and 
it monotonically reduces as the PEL thickness is increased 
for the dense PEL (larger � ). An enhanced SP is observed 
considering the impact of ion size and a maximum deviation 
of 7.81% in SP obtained for approach-1 (results considering 
the impact of ion size) and approach-2 (results neglecting the 
impact of ion size) is possible for c0 = 1 mM and thick PEL.

Figure 5b depicts the EVE when the thickness of the 
charged PEL (d) is varied at different permeability. Increase 

(a) (b) (c)

Fig. 4   Dependence of the a streaming potential ( ES ), b average velocity ( uavg ), c enhanced viscosity ( �eff ∕� ) on c
0
 when � = −30 mC m −2 , 

N = 50 mM and z(= −1, 1) , �r = 0.5 , � = 1 , �∕h = 0.1 . Dashed lines represent the corresponding case for � = 0 (no steric effect)

(a) (b) (c)

Fig. 5   Dependence of the a streaming potential ( ES ), b enhanced vis-
cosity ( �eff ∕� ), c efficiency of the electrochemomechanical energy 
conversion rate ( Θr ) on PEL thickness ( d

1
= d∕h ) for different 

�(= 1, 2, 5, 10) when C
0
= 1 mM, �r = 0.5 , � = −50 mC m −2 , N = 30 

mM and z = −1 , �∕h = 0.1 . Here the background electrolyte is taken 
as KCl. Dashed lines represent the corresponding case for � = 0 (no 
steric effect). Orange symbols represent the corresponding result for 
rigid channel
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in d enhances the density of the effective immobile charge 
of the PEL, which creates an enhancement in opposing 
EOF and thereby a reduction in the net flow rate. For this 
the effective viscosity 𝜇eff > 𝜇 and this effect is stronger 
for highly permeable PEL as the streaming field becomes 
higher. Compared to the pressure-driven flow, a maximum 
percentage difference of 12.11% and 13.28% occurs for uavg 
and �eff∕� , respectively. Figure 5c shows that the energy 
conversion efficiency factor Θ increases rapidly with the 
PEL thickness for smaller value in softness parameter 
( � ). However, a reduction in Θ with PEL thickness occurs 
for moderate to higher value in � for which the streaming 
field reduces gradually. For a soft nanochannel with highly 
(weakly) permeable PEL, the efficiency factor Θ increases 
(reduces) up to 1.7 times (0.8 times) of the corresponding 

rigid nanochannel. We further observed a maximum per-
centage difference of 4.08% occurs when ion steric effect 
is incorporated in the transport equation.

Valence asymmetric salts

The combined effect of surface charge density and the fixed 
charge density of the PEL on the streaming potential and the 
associated EVE for different types of salts are shown when 
PEL and walls are similarly charged (Fig. 6) and oppositely 
charged (Fig. 7). As the bulk electrolyte concentration is 
decreased, the convection of mobile ions within the thicker 
Debye layer enhances, and thus, the net flow rate ( uavg ) 
reduces, which in turn produces a higher EVE and energy 
efficiency. This impact is significant when a monovalent salt 

(a) (b) (c)

Fig. 6   Dependence of the a streaming potential ( ES ), b enhanced 
viscosity ( �eff ∕� ), c ratio of efficiency of the electrochemomechani-
cal energy conversion ( ΘKCl∕ΘAlCl

3
 ) on C

0
 when � = −50 mC m −2 , 

N = 30 mM and z = −1 , �r = 0.5 , � = 1 , �∕h = 0.1 . Dashed lines rep-
resent the corresponding case for � = 0 (no steric effect)

(a) (b) (c)

Fig. 7   Similar set of results as shown in Fig. 6 for the case when the 
channel walls and PELs are similarly charged ( � = −50 mC m −2 , 
N = 30 mM and z = 1 ). Dashed lines represent the corresponding 

case for � = 0 (no steric effect). Other model parameters are same as 
considered in Fig. 6
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is considered as it produces a higher streaming current as 
a result of higher rate of convection of ions, whereas for 
multivalent counterions, shielding effect increases as the 
higher valent ion has higher charge and stronger Columbic 
repulsion force among themselves. Thus, the effective sur-
face potential reduces, which in turn produces a lower SP 
compared to the monovalent salt. As the bulk electrolyte 
concentration is increased, the EDL contracts, and thus, the 
effective charge density of the PEL and the impact of wall 
surface charge reduces. The net flow rate ( uavg ) increases 
as a result of lower electroosmotic transport of mobile ions 
within the thin Debye layer. The associated EVE and the 
energy efficiency become lower as a result of the reduced 
streaming field. For a monovalent salt, the surface charge 
density plays a dominant role when the PEL and the walls 
are oppositely charged ( z = 1 ) and the bulk electrolyte con-
centration is low. Thus, the streaming field is negative. The 
impact of surface charge density reduces as the bulk elec-
trolyte concentration is increased and the streaming field 
switches its direction from negative to positive for a mono-
valent salt (Fig. 7a). However, for higher valent salt, due 
to increased shielding effect of surface charge, the induced 
SP is very low and consequently, EVE is also smaller. Fig-
ures 6c and 7c show that the energy conversion efficiency 
becomes significantly higher for the KCl solution compared 
to that of AlCl3 aqueous solution. This is justified as the 
induced streaming current is higher for the monovalent KCl 
salt. The energy conversion efficiency attenuates as c0 is 
increased. We have also analyzed the SP by considering the 
background aqueous medium as a mixture of monovalent 
and multivalent electrolytes with various proportion ratios. 
The corresponding results are presented in Supplementary 
material. We found that the impact of the proportion ratio 
of the constituent salts in the mixed electrolyte is found to 
have less impact on the generation of streaming potential 
and associated EVE.

Conclusions

The streaming electric field and electroviscous effects induced 
by a pressure-driven flow of electrolytes in a soft channel are 
studied numerically. A diffuse polyelectrolyte layer (PEL) 
having a fixed volume charge density is considered to be 
grafted on the inner sides of the microchannel charged walls. 
The dielectric permittivity of the PEL is lower than the aque-
ous medium, which creates a Born energy difference of the 
ions. The Nernst-Planck-Poisson model for electrokinetic  
transport is modified to incorporate the ion steric repulsion due 
to finite ion size consideration and the ion partitioning effect 
arises due to the Born energy difference. Due to this modi-
fication the present model is applicable for higher range of  
charge density as well as larger ionic concentration in the EDL.  

We have compared the present model with several existing 
results and established an excellent agreement. The streaming 
field, electroviscous effect and energy conversion efficiency 
of the soft channel are analyzed by varying the electrokinetic 
parameters. We have considered the electrolyte as the mixture 
of salts of different ion size and valence.

The present study shows that for the highly permeable 
PEL possessing charge of same polarity as that of the wall 
produces a higher streaming field and energy conversion effi-
ciency. This impact of the PEL becomes significant for the 
lower range of the bulk ionic concentration. The streaming 
field augments when the dielectric permittivity of the PEL 
becomes lower than the electrolyte medium, i.e., the ion 
partitioning effect becomes significant. The streaming field 
increases as the counterion ion size is increased. However, 
it decreases for an electrolyte with multivalent counterion. 
We have shown (Supplementary material) that an electro-
lyte solution consists of the mixture of NaCl with a salt of 
monovalent counterion of higher ion size or multivalent 
counterion can produce a significant influence in the energy 
conversion efficiency.

Appendix

Comparison of computed results with the existing 
studies

In Fig. 8 we have presented a comparison of our computed 
results for the electrostatic potential on a planner rigid surface 
bearing the surface charge density � = 10, 20, 50 mC m −2 with 
the theoretical results obtained by Ohshima [60] and numeri-
cally computed results by López-García et al. [36]. For the 
sake of comparison with those existing results we have adopted 
the CS model for ion steric effect in which the size of the 
hydrated ions are considered to be the same. We find a close 
agreement of our computed results with these existing results.

C0 (mM)

� w
 (m
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20 40 60 80 100

50

100

150
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Ohshima (2016)
Lopez-Garcia et al. (2016)

Fig. 8   Dependence of the surface potential ( �w ) on a planar charged 
surface in contact with an electrolyte solution. The results are pre-
sented here as a function of C

0
 when � = 10, 20, 50 mC m −2 and 

ri = 0.4 nm. We have also included the results by Ohshima [60] and 
López-García et al. [36], represented by the symbols
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In Fig. 9 we have presented comparison of wall potential, 
streaming field and effective viscosity for soft nanochannel. 
The results are presented for the similar sets of parameters 
considered by Chen and Das [51] for soft nanochannel with 
step-like PEL ( � = 0 ) and uncharged channel walls ( � = 0 ). 
We have established a close agreement of our computed results 
with those already derived by Chen and Das [51]. It may be 
noted that in Fig. 9, the results are based on the Boltzmann 
distribution of ions which neglects the effect of ion steric inter-
actions (i.e., � = 0 ) and ion partitioning (i.e., �r = 1).
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tary material available at https://​doi.​org/​10.​1007/​s00396-​022-​05007-8.
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