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What makes AOT reverse micelles spherical?
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Abstract It is known that sodium bis(2-ethylhexyl)
sulfosuccinate (AOT) reverse micelles are spherical over a wide
range of water-to-surfactant molar ratios. This contradicts the
traditional concept of preferred curvature. In actual fact, this
concept does not apply to the AOT monolayer because its free
energy is almost a linear function of the mean curvature. To
correctly predict the shape of AOT reverse micelles, it is neces-
sary to take into account not only the curvature free energy but
also the disjoining pressure arising primarily from the overlap-
ping of the electrical double layers at the opposite sides of the
water core. Based on these considerations, we develop a model
to calculate the free energy of AOT reverse microemulsion. This
model allows us to explain the sphericity and to calculate
various thermodynamic properties: the enthalpy of solubiliza-
tion, chemical potentials, polydispersity, and the phase dia-
grams. All results are in qualitative agreement with the available
experimental data.

Keywords Reversemicelles . Poisson–Boltzmann equation .

Helfrich equation . Aerosol OT . Free energy . Disjoining
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Introduction

Reverse microemulsions are thermodynamically stable liquids
whose structure may be viewed as an oil dispersion of reverse
micelles (nanosized water droplets covered with a surfactant
monolayer).

In reverse microemulsions, a portion of the surfactant is
dissolved in the nonpolar intermicellar medium as individual
molecules or their small aggregates. This fraction is negligibly
small for ionic surfactants and large for nonionic surfactants
[1]. Hereinafter, all surfactant is assumed to be situated at the
oil–water interface.

The surfactant monolayer at the oil–water interface is
closely packed because of the compressive action of the
interfacial tension. Therefore, the area per surfactant molecule
at the interface is nearly independent of the composition of
reverse microemulsion. So, the amount of surfactant uniquely
determines the area of the oil–water interface. The volume of
the space enclosed by this interface is equal to the total volume
of the water in the microemulsion.

Given the restrictions on the total enclosed volume and area
of the interface, an uncountable set of its spatial configurations
are hypothetically possible. Moreover, a portion of the water
may form a separate phase. But, in reality, only the configu-
ration with the lowest free energy may form spontaneously.
Hence, the key question in understanding the structure of
reverse microemulsions is as follows: how and why the free
energy of the oil/water/surfactant system depends on the shape
of the surfactant monolayer?

Traditionally, this question is addressed by using the con-
cept of the curvature dependence of the free energy per unit
area of the surface [2–6]. Local properties of any smooth
surface at any point may be described by two parameters
called principal curvatures c1 and c2. We take the curvature
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to be positive for reverse micelles (traditionally, the opposite
convention is used). The free energy per unit area of the
surface σ may be expanded in powers of c1 and c2 up to the
second order around the flat surface, for which c1=c2=0:

σ c1; c2ð Þ ¼ σ 0; 0ð Þ þ ∂σ 0; 0ð Þ
∂c1

c1 þ ∂σ 0; 0ð Þ
∂c2

c2þ

þ 1

2

∂2σ 0; 0ð Þ
∂c21

c21 þ
1

2

∂2σ 0; 0ð Þ
∂c22

c22 þ
∂2σ 0; 0ð Þ
∂c1∂c2

c1c2:

ð1Þ

In Eq. (1), under the assumption of no preferred direction
on the surface, the symmetry allows us to equate the coeffi-
cients of curvatures c1 and c2 and also of their squares. With
this assumption, we can rename the coefficients and rewrite
Eq. (1) as

σ ¼ σ0 þ κ
2

c1 þ c2−2c0ð Þ2 þ κc1c2 ð2Þ

Equation (2) was originally derived by Helfrich [7] and
since then has been used in many works to calculate the
polydispersity and shape fluctuations of reverse micelles
[8–17]. The constants κ and κ are called, respectively, the
rigidity and the Gaussian rigidity of the surface. c0=1/rS is the
so-called spontaneous curvature, rS is the so-called radius of
spontaneous curvature. σ0=σ(0,0)−2κc02 is just a constant.

The term “spontaneous curvature” for c0 is somewhat
misleading because if the minimum of theHelfrich free energy
(2) exists (i.e., if −2κ<κ <0), then it occurs at

c1 ¼ c2 ¼ c0

1þ κ= 2κð Þ
ð3Þ

but not at c1=c2=c0 (see refs. [18, 19] or Online Resource).
We will refer to (3) as the “optimal curvature.” Moreover,
since Eq. (2) is derived from the Taylor expansion, it is valid
only for low curvatures (much less than the inverse thickness
of the surface). But, for an arbitrary physical surface, the
formally calculated optimal curvature (3) is not necessarily
low and may lie outside the range of acceptable numerical
accuracy of the expansion. In this case, it may not be regarded
as a “true” optimal curvature. For example, for a symmetric
(or nearly symmetric) lipid bilayer, the optimal curvature is
low and may be calculated from Eq. (3). But, if we formally
use the Helfrich equation for the calculation of the radius of
the optimal curvature of the ionic surfactant monolayer, taking
into account only the free energy of the electrical double layer,
then we obtain an absurdly small value of the order of the
Debye screening length at the surface (a few angstroms)
[20–22]. But, in fact, such a surface does not have any optimal
curvature at all, and its free energy is a monotonic function of
the mean curvature.

When Eq. (2) is applied not to an imaginary infinitely thin
mathematical surface but to a curved surfactant monolayer of
a finite thickness, the problem arises that within the monolay-
er, the surface may be defined in a variety of ways. This
difficulty can be overcome by taking into account that the
use of Eq. (2) implies that the area per surfactant molecule is
constant. Hence, Eq. (2) must be applied to the so-called
surface of inextension [18, 23]. This surface is defined by
the condition that the area of the cross-section of a surfactant
molecule at this surface does not vary with small variations of
the principal curvatures. The position of the surface of
inextension may be dependent on the principal curvatures
[23]. Roughly, it can be imagined that the surface of
inextension passes through the thickest parts of the surfactant
molecules.

The description of microemulsions by means of the
Helfrich equation relies heavily on the concept of the optimal
curvature of the surfactant monolayer. The optimal curvature
must be sufficiently small so that large microemulsion drop-
lets may be formed. Depending on the sign of the optimal
curvature, a direct (oil in water) or a reverse
microemulsion may be formed. The surfactant monolay-
er tends to adopt a conformation with principal curvatures that
are closest to the optimal curvature while satisfying the
constraints on the total amounts of water and surfactant
available in the system. The tendency of the surfactant
monolayer to make its principal curvatures close to the
optimal curvature is a driving force for the solubiliza-
tion of the dispersed phase.

For example, if we restrict our consideration of reverse
microemulsions to the case of only spherical reverse micelles,
assuming that other shapes are impossible, then we get the
following picture. For a reverse microemulsion with small
reverse micelles, the curvature of the surfactant monolayer is
high. If such a microemulsion comes in contact with the water
phase, then the tendency of the surfactant monolayer to adopt
the optimal curvature will cause the solubilization of water
until either the water phase disappears or until the principal
curvatures become equal to the optimal curvature. In the last
case , a two-phase sys tem of the type “ reverse
microemulsion+water” is formed. Such an interpretation of
the process of solubilization can be found, for example, in the
papers [10–12, 17].

However, it is incorrect to arbitrarily restrict the consider-
ation only to spherical reverse micelles, since, in principle,
within the framework of the Helfrich equation, other shapes
may have lower free energy. To show this, we have calculated
the phase diagram of the reverse microemulsion system by
minimizing its Helfrich free energy (2) for all water contents
and ratios κ/̄κ (Fig. 1). Among the possible shapes of reverse
micelles, we considered the sphere, the cylinder, and the
lamella (flat bilayer). Common tangent construction was used
to determine the coexistence of different shapes. The radius of

166 Colloid Polym Sci (2015) 293:165–176



reverse micelles was related to the water-to-surfactant molar
ratio W=[water]/[surfactant] by the equation

r0 ¼ nv

a0
W ; ð4Þ

where n=1, 2, and 3 for, respectively, lamellar, cylindrical,
and spherical reverse micelles, v is the volume of one water
molecule (30 Å3), and a0 is the area per one surfactant mole-
cule at the oil–water interface (for lamellar reverse micelles,
the radius is defined as their half-thickness). The calculated
phase diagram shows that spherical reverse micelles are
stable only in a narrow range of water contents. At the
lower left corner of the phase diagram, there is a broad
region of coexistence of spherical or cylindrical reverse
micelles with “dry” lamellar reverse micelles (the term
“dry” means r0=0). Lamellar reverse micelles arise be-
cause their principal curvatures at low water contents
are closer to the optimal curvature than the principal
curvatures of spherical or cylindrical reverse micelles.
They turn out to be “dry” because it is more favorable
to use the available water for the formation of spherical
or cylindrical reverse micelles with principal curvatures
close to the optimal curvature.

It follows from the calculated phase diagram that spherical
reverse micelles are stable only in a relatively narrow range
where the curvature of the surfactant monolayer is close to the
optimal curvature. At the same time, for “classical” reverse
microemulsions of sodium bis(2-ethylhexyl) sulfosuccinate
(AOT), the stability region is quite large: under proper condi-
tions, it can range fromW=0 to aboutW=60. Hence, we must
conclude that the AOT monolayer has no optimal curvature.
In the context of Eqs. (1) and (2), this means that the second-
order terms are much smaller than the first-order terms and
therefore can be neglected. But, in this case, there would be no
solubilization. The most obvious effect that can be taken into
account to resolve this contradiction is the disjoining pressure
in the microemulsion droplets. For reverse microemulsions of
ionic surfactants with monovalent counterion, this disjoining
pressure is positive and arises from the overlap of the electrical
double layers (EDLs) formed at the opposite sides of the water
core of the reverse micelle as a result of the dissociation of the
surfactant molecules. The result of this overlap depends main-
ly on the size of the reverse micelle. This implies, in particular,
that the free energy of the lamellar reverse micelle must
depend on its thickness. Note that this does not obey the
Helfrich equation. That the Helfrich equation fails to describe
the overlap of the EDLs in the absence of added electrolyte is
known in the literature [23, 24]. Thus, the free energy of
reverse microemulsion must be determined not only by the
surface integral of a certain function of the principal curva-
tures but also, somehow, by the distance between the oppo-
sitely located parts of the interface. We will refer to these

contributions as the “surface contribution” and the “volume
contribution,” respectively. By considering the surface and
volume contributions simultaneously, it is possible to consis-
tently describe the dependence of the free energy of reverse
microemulsion on the shape of the interface. Briefly, the
volume contribution determines the tendency of reverse mi-
celles to grow infinitely through the solubilization of water,
while the surface contribution determines the most favorable
shape.

In this paper, we present detailed calculations of the
free energy of AOT reverse microemulsions, taking into
account the surface and volume contributions. The cal-
culations are performed as follows. We start by calcu-
lating the free energy of the EDL for spherical, cylin-
drical, and lamellar reverse micelles. The EDL provides
us with the volume contribution to the free energy of a
reverse micelle. For the sake of clarity, the calculations
are performed analytically as far as possible, using a
simplified model of the reverse micelle. Then, we qualitative-
ly discuss what kind of surface contribution should be added
to the EDL free energy in order to provide the thermodynamic
stability of the spherical shape (AOT reverse micelles are
usually spherical). Then, we develop a more accurate model
of reverse micelle. Further calculations are carried out
numerically.

The free energy of the EDL in reverse micelles of different
shapes

Historical background

The dependence of the EDL free energy on the shape of the
surfactant monolayer has been extensively studied at the end
of the last century by several groups of theoreticians. Early
studies [e.g., [20, 21, 25, 26]] were devoted to the case of high
added salt concentration, when the long-range electrostatic
interactions are screened and the EDL free energy of the
whole surface is a sum of the free energies of its small parts.
This case may be considered to be fully investigated. The
results of the calculations were presented in terms of the
coefficients of the Helfrich equation.

Subsequent studies [e.g., [22, 27–29]] were devoted to the
case of low or zero added salt concentration. In this case, the
long-range electrostatic interactions are not screened.
Therefore, the local approximation does not work in its pure
form: the dependence of the EDL free energy on the shape of
the surfactant monolayer must be a certain complicated func-
tional that takes into account the contributions from both the
curvature and the disjoining pressure.

However, if we restrict ourselves to surfactant monolayer
geometries with fixed thickness of the water region, then the
disjoining pressure is also fixed and we can expect that the
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EDL free energy depends only on the curvature. It is this kind
of geometries that are considered in the studies [27–29, 22]:
the EDL between two nearly flat monolayers undulating in-
phase and the EDL between two concentric cylinders (or
spheres) of large radii. Calculations on these geometries have
led to the conclusion that the dependence of the EDL free
energy on the shape of the surfactant monolayer may be
described by the Helfrich equation and that the only effect of
nonlocality of electrostatic interactions is that the coefficients
in the Helfrich equation depend on the distance between the
opposite monolayers. We note that some of these studies [27,
29] also considered the case of the EDL between two nearly
flat monolayers undulating in antiphase, when the distance
between the monolayers is not fixed but varies sinusoidally in
one direction. In this case, the disjoining pressure must be
taken into account, and an attempt to rely solely on the
Helfrich equation leads to erroneous results.

Thus, the existing studies on the dependence of the EDL
free energy on the shape of the surfactant monolayer exten-
sively consider the curvature contribution but do not consider
the contribution from the disjoining pressure. At the same
time, for the purposes of the present study, it is necessary to
know how the disjoining pressure depends on the shape of
reverse micelles (sphere, cylinder, and lamella) and whether
the decomposition of the free energy into the surface and
volume contributions is indeed possible. All the EDL geom-
etries considered in the existing literature (undulating mono-
layers and concentric cylinders or spheres of large radii) can
be viewed as small deformations of the lamellar reverse mi-
celle. But, we are interested in other shapes (sphere and
cylinder). Therefore, we proceed by calculating the EDL free
energies for the shapes of interest and then ascertaining wheth-
er the decomposition is possible.

Basic equations

We assume that the surfactant is completely dissociated and
that the charges on the dissociated surfactant molecules are
uniformly distributed on the surface of the water core. The

electric field potential φ obeys the Poisson–Boltzmann equa-
tion (in SI units)

Δφ ¼ −qc0
εε0

exp −
qφ

kT

� �
; ð5Þ

where ε is the dielectric constant of water, ε0 is the electric
constant, c0 is the counterion concentration at the point where
φ=0, k is the Boltzmann constant, T is the absolute temperature,
and q is the counterion charge (note that the Poisson–Boltzmann
equation is accurate enough only for monovalent counterions
[30–32]). The boundary conditions for this equation are

∂φ
∂r

����
r¼r0

¼ −q
a0εε0

; ð6Þ

∂φ
∂r

����
r¼0

¼ 0; ð7Þ

φ 0ð Þ ¼ 0; ð8Þ

where r is the distance from the center of the reverse
micelle. Equation (6) follows the Gauss’s law. Equation (7)
is due to the symmetry. Equation (8) defines the point of zero
potential (so, c0 is the counterion concentration at the center of
the reverse micelle). The radius of reverse micelles r0 is
defined by Eq. (4).

The free energy of the EDL is a sum GEDL=Gel+Gmix of
the free energy of the electric field

Gel ¼ εε0
2

Z
∇φð Þ2dV ð9Þ

and the free energy arising from the mixing of the counter-
ions with water and from the spatial nonuniformity of the
counterion distribution

Gmix ¼ kT

Z
cln

c

ecref
dV ; ð10Þ

Fig. 1 Phase diagram of reverse
microemulsion according to the
Helfrich equation (2). The water
content is expressed as a ratio
rsphere/rS, where rsphere is the
radius of spherical reverse
micelles that corresponds to a
hypothetical situation in which
there are only spherical reverse
micelles, and they solubilized all
the water. κ <0<κ
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where cref is the reference concentration at which the
counterion chemical potential is assumed to be zero, e
is the base of the natural logarithm, and c is the coun-
terion concentration, which depends on r; the integration
is performed over the volume V of the water core of the
reverse micelle.

Solutions of the Poisson–Boltzmann equation

Solutions of the Poisson–Boltzmann equation (5) are
obtained in Online Resource. Here, we only present
the necessary results for the dependencies of the free
energies on the water-to-surfactant molar ratio. Note that
for the cases of lamellar and cylindrical reverse mi-
celles, the solutions are known [33, 34], but we
rederived them in order to have consistent free-energy
expressions that can be compared to each other. To
simplify further equations, we must define

W 0 ¼ 2kTa20εε0
� �.

q2v
� � ð11Þ

and W̃=W/W0. For AOT reverse micelles, Eq. (11) gives
W0=3.

The result for the free energy of the lamellar reverse micelle
is

Glamella
EDL ¼ kTN surf −ln vcref e

2W 0

� �
−2 ln siny0 þ y0coty0

� �
;

ð12Þ

where Nsurf is the number surfactant molecules in the
reverse micelle, y0 is a solution of the equation y0 tan
y0=W ̃. By using the asymptotic solutions of this equa-
tion, we can obtain the asymptotic expressions for the
free energy (12):

Glamella
EDL ¼ kTN surf −ln vcref e

2W 0

� �þ π2

4 eW þ 1
� � þ ο

1eW 3

 !0@ 1A; eW→∞;

ð13Þ

Glamella
EDL ¼ kTN surf −ln vcrefe

2W 0

� �þ ln
1

3
þ 1eW

 !
þ 1þ ο eW� � !

; eW→0

ð14Þ

By differentiating the asymptotic expression (13) with
respect to the distance between the monolayers 2r0, one can
obtain the well-known Langmuir equation for the disjoining
pressure [33]:

P ¼ 2εε0 πkT=qð Þ2= 2r0ð Þ2 ð15Þ

For the cylindrical reverse micelle, we have an explicit
expression

Gcylinder
EDL ¼ kTN surf −ln vcrefe

2W 0

� �þ ln 1þ 1eW
 !

þ 1eW ln 1þ eW� � !
ð16Þ

For spherical reverse micelles, we have a numerical solu-
tion and the following approximate formula:

Gsphere
EDL

kTN surf
þ ln vcrefe

2W 0

� �
≈ln 1þ 1:48371699eW
 !

þ 4

3 eW ln 1þ 0:45408719 eW� �
;

ð17Þ

whose maximum absolute and relative errors are 0.016 at
W̃=1 and 0.015 at W̃=3, respectively. Equation (17) is asymp-
totically exact at W̃→0 and at W̃→∞.

Note that the term ln(vcrefe
2W0) in Eqs. (12), (16), and (17)

is just a constant, which does not affect the differences in free
energies between different shapes of reverse micelles.

Comparison of the free energies for different shapes

Figure 2 shows the calculated free energies of the EDL in
reverse micelles of different shapes. We see that the free
energy increases in the order lamella<cylinder<sphere. That
is, lamellar reverse micelles are the most favorable. It is also
seen that for lamellar reverse micelles, contrary to the Helfrich
equation, the dependence of the EDL free energy on the molar
ratioW is quite strong. This dependence may be considered as
a volume contribution, as discussed in the “Introduction.”

Qualitatively, the dependency of the EDL free energy on
the molar ratioWmay be interpreted as a result of the tenden-
cy of counterions to be dissolved in a large volume of water.
The free energy difference between the reverse micelles of
different shapes is mainly due to the difference in the curva-
ture of the surfactant monolayer. At the same molar ratio, the
curvature increases in the order lamella<cylinder<sphere.
The higher the curvature, the lower the volume effectively
available for the counterions concentrated near the surface.

To analyze the contribution of the curvature to the EDL free
energy, we have subtracted the free energy for lamellar reverse
micelles from the free energies for spherical and cylindrical
reverse micelles. It turned out that the free energy differences
are approximately proportional to each other. For W̃ larger
than approximately 2, their ratio is almost equal to 4/3. This
value is in accordance with that obtained from the first-order
Taylor expansion of the free energy in powers of the principal
curvatures:

Colloid Polym Sci (2015) 293:165–176 169



σ c1; c2ð Þ ¼ σ 0; 0ð Þ þ ∂σ 0; 0ð Þ
∂c1

c1 þ c2ð Þ ð18Þ

Indeed, using Eqs. (4) and (18), we obtain for the ratio of
the curvature-dependent parts of the free energies of spherical
and cylindrical reverse micelles

Gsphere
EDL −Glamella

EDL

Gcylinder
EDL −Glamella

EDL

¼
1

rsphere
þ 1

rsphere
1

rcylinder
þ 1

∞

¼ 2
rcylinder
rsphere

¼ 2
2vW=a0
3vW=a0

¼ 4

3

ð19Þ

Equation (19) also follows from Eqs. (16) and (17) in the
limit W ̃→∞. Hence, one can decompose with reasonable
accuracy the EDL free energy into the volume and surface
parts. However, although Eq. (19) holds, the concept of the
curvature dependence of the free energy is not fully applicable
for the surface part of the EDL free energy because, according
to Eqs. (16) and (17), the coefficient of c1+c2 in Eq. (18) is not
constant but increases with W̃:

∂σ 0; 0ð Þ
∂c1

¼ kT

πλB
ln eW þ 3
� �

þ 1−
π2

4
þ O

1eW
 ! !

; eW→∞;

ð20Þ

where λB=q
2/(4πεε0kT) is the Bjerrum length (7 Å for

monovalent ions in water at 298.15 K). A similar conclusion
that the bending energy parameters vary with the water-to-
surfactant molar ratio has been reached in the studies [22,
27–29] by considering the undulating membranes in charged
lamellar phases. This result holds for the case of no added salt
(counterions only). There are also studies [20, 21, 25, 26] in
which the rigidity constants of charged membranes and

monolayers are calculated in the limit of high added salt con-
centration and, therefore, do not vary with the water content.

Qualitative mechanism of the thermodynamic preference
for the spherical shape of reverse micelles

As discussed in the “Introduction,” the curvature dependence
of the free energy, taken alone, cannot explain why spherical
reverse micelles can be stable over a wide range of water-to-
surfactant molar ratios. Also, it cannot be explained by taking
into account only the EDL free energy. But, taking into
account both contributions, we can understand the sphericity.
To show this, let us first consider the EDL contribution to the
free energy (Fig. 2). As discussed above, the EDL free energy
can be approximately decomposed into the volume and sur-
face parts. By definition, the volume part is the same for all
shapes. But the surface part depends on the shape of reverse
micelles because their mean curvatures are different.
Therefore, the surface part governs the equilibrium shape.
For the surface part of the EDL free energy, the coefficient
of c1+c2 in Eq. (18) is positive, whereby the lamellar reverse
micelles are most favorable: they have the lowest free energy
curve (Fig. 2). To make the spherical reverse micelles the most
favorable, it is necessary to modify the free energy by adding a
term that changes the sign of the surface part. The most
obvious candidate for this term is the intrinsic curvature
dependence of the free energy of the surfactant monolayer.
Let us take this intrinsic curvature dependence in the simplest
form of Eq. (18) with the coefficient of c1+c2 equal to−k0,
where k0>0. Then, k0 may be adjusted in such a way that the
addition of the curvature dependence (18) to the EDL free
energy may invert the order of the curves in Fig. 2 and thus
make the spherical shape the most favorable. In this case, the
intrinsic curvature dependence overcomes the curvature depen-
dence associated with the EDL. However, the EDL curvature
dependence is characterized by the variable coefficient (20),
which increases with W̃. Hence, for any fixed k0, there always
exists a number W̃0 such that for W̃>W̃0, the intrinsic curvature
dependence cannot overcome that of the EDL and the lamella
remains the most favorable shape. Thus, for sufficiently large
k0, we have the spheres for W̃<W̃0 and the lamellas for W̃>W̃0.
In amore rigorous consideration, the transition between spheres
and lamellas is not sharp; there is a region of coexistence of
different shapes, whose quantities are determined by the com-
mon tangent to the free energy curves.

A more accurate model of AOT reverse micelle

For the sake of clarity, the above calculations were performed
using a highly simplified model of the reverse micelle. We
now make two adjustments to the model.

Fig. 2 The calculated free energies of the EDL for the lamellar (solid
line), cylindrical (dashed line), and spherical (dotted line) reverse mi-
celles. For AOT reverse micelles, the range 0<W̃<20 corresponds to the
range 0<W<60
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First, we must take into account that the negative charges of
the dissociated surfactant molecules are not located exactly at
the surface of the water core but are deepened to some extent.
This causes the surface charge density to depend on the radius
of the reverse micelle. Moreover, the EDL becomes bilateral:
the counterions are distributed both inside and outside the
surface of the negative charges. For AOT reverse micelles,
the negative charges are immersed in the water core to a depth
of 2.3 Å. This value has been calculated from the results of the
molecular dynamics simulation carried out by Nevidimov et al.
[35, 36]. The negative charges of the dissociatedAOTmolecule
are located primarily on the sulfonate group. It is the size of the
sulfonate group that determines the depth of immersion.

Second, we must obtain an accurate equation for the de-
pendence of the water core radius on the water-to-surfactant
molar ratio W. Experiments show that this dependence is
linear [37, 38]. It is usually [39, 40] interpreted in terms of
the equation

r0 ¼ nv

a0
W þ nvH

a0
; ð21Þ

where vH is volume of the water-immersed portion of the
surfactant, n=3 (for spheres). For vH=0, Eq. (21) reduces to
Eq. (4). For AOT reverse micelles, the analysis of experimen-
tal data with Eq. (21) gives the following: vH=222 Å3, a0=
63 Å2 [40]. However, the seemingly obvious interpretation of
the linear dependence of the water core radius on the molar
ratioW in terms of Eq. (21) is not quite correct. The problem is
that for a curved interface, the area a0 per one surfactant
molecule depends on the position of the mathematical surface
used to define this area. In fact, Eq. (21) assumes that this
surface coincides with the boundary of the water core. But,
there are no grounds for this assumption. To define a0, it is
more correct to use the surface of inextension, introduced in
the “Introduction.” The area per one surfactant molecule at
this surface does not depend on the size of the reverse micelle.
The equation for the radius of the surface of inextension is
analogous to Eq. (21):

rinext ¼ nv

a0
W þ n vH1 þ vH2ð Þ

a0
; ð22Þ

where vH1 is the true volume of the water-immersed portion
of the surfactant molecule and vH2 is the volume of the portion
of the surfactant molecule between the surface of inextention
and the boundary of the water core. The distance between the
surface of inextension and the boundary of the water core is
approximately vH2/a0. By subtracting this distance from the
radius of the surface of inextension (22), we obtain for the
radius of the water core

r0 ¼ nv

a0
W þ nvH1 þ n−1ð ÞvH2

a0
ð23Þ

Hence, the volume vH, determined from the experimental
data using Eq. (21), is not, in fact, the volume of the hydrophilic
portion of the surfactant molecule, but the sum vH1+(n−1)/n
vH2. For AOT reverse micelles, this sum is, as noted above,
222 Å3. In order to find the terms of this sum separately, let us
estimate the first term vH1 in an independent manner. For this
purpose, we note that the water-immersed portion of the AOT
molecule consists of the sulfonate group and the counterion. It
follows from the results of the molecular dynamics simulation
mentioned above and is supported by the solubility consider-
ations (see Online Resource). The volume of the water-
immersed portion of the AOT molecule may be estimated to
be 62 Å3 from the close-packing considerations using the
known density and molar mass of sodium dithionate dihydrate:
(SO3Na)2 2H2O, 242 g/mole, 2.19 g/cm3 [41]. Now, the quan-
tity vH2 in Eq. (23) can be estimated as (222–62)×3/(3–1) Å3=
240 Å3. Then, it follows that the surface of inextension is
located at the distance vH2/a0=3.8 Å from the boundary of
the water core.

The noncoincidence of the surface of inextention and the
boundary of the water core leads to the dependence of the area
of the water core per one surfactant molecule on the size of the
reverse micelle. Therefore, the expression for the free energy
must contain a term that takes into account the interfacial
tension at the boundary of the water core γcore:

Gtotal ¼ GEDL þ γcoreAΩ; ð24Þ

where Gtotal is the total free energy of the reverse micelle,
AΩ is the area of the boundary of the water core Ω. It is the
second term on the right-hand side of Eq. (24) that leads to the
intrinsic curvature dependence discussed in the previous
section.

Now, we have a model accurate enough to describe AOT
reverse microemulsions. In this model, the force balance in the
surfactant shell of the reverse micelle can be qualitatively
understood by considering two adjacent surfactant molecules
as two rods pivotally connected at the point of contact on the
surface of inextension. The angle between these rods depends
on the size of the reverse micelle. These rods are acted upon
by attractive forces due to the interfacial tension and by the
repulsive forces due to the EDL. The total moment of these
forces about the point of contact gives rise to the curvature
dependence of the free energy. In this model, the interfacial
tension is the only driving force that causes reverse micelles to
be spherical because, for givenW, among all the shapes under
consideration, the sphere has the highest curvature and, con-
sequently, the smallest area of the interface per one surfactant
molecule.

Besides the interfacial tension and the EDL, there are some
other factors that may affect the free energy: for example, the
curvature dependence of the packing of the surfactant tails
[18, 42], the interfacial tension at the outer boundary of the
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reverse micelle, the free energy of mixing of reverse micelles
with the solvent. We do not take these factors into account,
considering them to be negligible (see Online Resource).

Preliminary calculations using the refined model
of reverse micelle

Calculation of the most favorable shape

The equations given above for the EDL were modified to take
into account that the negative charges of the surfactant mole-
cules are immersed in the water core.

To perform the numerical calculations, we have all the
necessary parameters except the interfacial tension γcore,
which is therefore a free parameter that must be adjusted to
fit the experimental data. The range of its possible values can
be estimated from the observation that the fragments of the
surfactant molecule just above the surface of the water core are
structurally similar to the molecules of methyl acetate or ethyl
acetate. The interfacial tension of the water–ethyl acetate
interface is 6.8 mJ/m2, and that of the water–alkane interface
is 50 mJ/m2 [43]. The interfacial tension at the surface of the
water core must lie between these two values. Calculations
with different values of γcore shows that the value correspond-
ing to a reasonably wide range of stability of spherical reverse
micelles (approximately up toW=50) is approximately 22mJ/
m2. For this value, the free energies of reverse micelles of
different shapes are compared in Fig. 3. The figure shows that
the most favorable shape is the sphere at lowWand the lamella
at high W. For other values of the interfacial tension, the
behavior of the free energy of reverse micelles can be found
in Online Resource.

Thus, the model predicts the transition to lamellar reverse
micelles at high water-to-surfactant molar ratios. It should be
noted that the flat geometry of lamellar reverse micelles allows
a large contact area between them. Therefore, they can attract
each other so strongly that they settle out as a separate phase
that can no longer be called “reverse microemulsion.” Thus, if
the calculations predict that the lamella is an optimal shape of
reverse micelles, then it should be interpreted as a formation of
the corresponding new phase. The sphere-to-lamella transition
has been experimentally observed earlier for reverse
microemulsions based on carefully purified AOT [44–46]. It
should also be noted that for a poor nonpolar solvent, as W
increases, the intermicellar interactions may cause phase sep-
aration into two reverse microemulsions with different droplet
concentrations before the transition to lamellar reverse mi-
celles can occur [47].

The situation is different for AOT containing impurities: a
two-phase system of the type “reverse microemulsion+water”
may be formed at intermediate water-to-surfactant molar ra-
tios [44]. The most significant impurities contained in

commercial AOT are the AOT hydrolysis products and inor-
ganic salts remaining after the synthesis [44, 48]. We now
proceed to calculate the lowest-free-energy state of a reverse
microemulsion system with salt impurities.

Calculations for reverse microemulsions with salt impurities

The free energy of the “oil+water+surfactant+salt” system
was minimized with respect to the shape of reverse micelles,
the amount of the separate water phase, and the amount of salt
remaining in the reverse micelles after the separation (the salt
concentration in the separated water may be considerably
higher than in the solubilized water [49–51]). As an example,
Fig. 4 shows the result of the calculation for the case of AOT
contaminated by sodium sulfate at a molar ratio of 1:400. We
see that in the presence of an impurity, a two-phase system of
the type “reverse microemulsion+water” may be formed at
intermediate values of W. In this calculation, the ratio of the
spatially averaged salt concentration in the water core to the
salt concentration in the separated water varies from about 8 to
about 14. Such high ratios are expected when the amount of
the separated water is small compared to the amount of
solubilized water [50], which is the case here.

The amount of separated water and the boundaries of the
two-phase region depend on the amount of impurity. At low
impurity-to-AOTmolar ratio (in our case, less than 1:650), the
water is completely solubilized.

These results are in qualitative agreement with the
corresponding experimental data obtained by Kunieda
et al. [44]. In both cases, there is a transition to lamellar
structures at high water contents; when the surfactant contains
salt impurities, a water phase separates from the reverse
microemulsion at intermediate values of W; the effect of salt
impurities is very strong.

Testing the model: thermodynamic calculations

Chemical potentials and polydispersity

The model developed above can be used to calculate various
thermodynamic properties of AOT reverse microemulsions.
We start with the calculation of the chemical potentials of
water and surfactant:

μw ¼ ∂G
∂Nw

� �
N surf

¼ f
0
Wð Þ; μsurf ¼

∂G
∂N surf

� �
Nw

¼ f Wð Þ−W f
0
Wð Þ;

ð25Þ

where Nw is the number of water molecules in the reverse
micelle, G=Nsurf f(W) is the free energy of reverse micelles.
The values of f(W) can be taken from Fig. 3. The result is
shown in Fig. 5. The chemical potential of water increases
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with increasing W, tending to the bulk value, which we arbi-
trarily set to zero. The surfactant chemical potential is a
decreasing function ofW. In the coexistence region, the chem-
ical potentials do not depend on W.

In principle, the calculated chemical potential of water can
be checked experimentally by measuring the relative humidity
above the microemulsion at equilibrium. However, since atW>
10, the relative humidity varies very slowly with W, the accu-
racy of the measurements in this interval must be very high.
Meanwhile, at W<10, most of the water is bound, and there-
fore, our model itself cannot be quantitatively accurate. AtW=
10, the calculated chemical potential of water is −0.01kT, which
corresponds to a relative humidity of 0.99. Literature experi-
mental values for the relative humidity over AOT reverse
microemulsions atW=10 range from 0.89 to 0.98 [52–54].

The results for the chemical potential of water (Fig. 5) can
be used to calculate the relative standard deviation (εw) of the
water-to-surfactant molar ratio (w) of an individual reverse
micelle (see Eq. 42 of [40]). If we neglect the shape fluctua-
tions of reverse micelles and recall that their size is approxi-
mately proportional to W, then εw becomes approximately
equal to their polydispersity. The polydispersity thus obtained
ranges from 27 % for W=3 to 10 % for W=60. These values
do not contradict the experimental data, which, however,
show considerable scatter [40].

Enthalpy

Let us calculate the enthalpy of water solubilization by the
solution of AOT in oil:

ΔH total ¼ H total Wð Þ−H total 0ð Þ; ð26Þ

where Htotal(W) is the enthalpy of the system as a
function of W. This function can be obtained from
Gtotal by using the Gibbs–Helmholtz equation. The tem-
perature derivative of Gtotal appears in this equation. It
can be obtained by numerical differentiation, which re-
quires calculations at different temperatures. Therefore,
we must take into account that some parameters in our
model may be temperature dependent. In fact, there are
two such parameters. The first parameter is the dielectric
constant of water ε. Its temperature dependence can be
found in [41]. The second parameter is the interfacial
tension γcore. As a rough estimate, it can be assumed that
γcore is determined primarily by the contacts between the
water and the alkane portions of the AOT molecules.
Then, the temperature dependence of γcore is the same
as that for the interfacial tension between water and n-alkane.
For the latter (from hexane to dodecane), the temperature
dependence [55, 56] in the range 278.15–323.15 K may be
expressed as

T

γ
dγ
dT

¼ −0:52� 0:02 ð27Þ

The results of the calculations, together with the
literature experimental data [57, 58], are shown in
Fig. 6. We see that the calculated and measured en-
thalpies are in semiquantitative agreement. The small devia-
tion may be due to incomplete dissociation of the surfactant
molecules. The figure also shows the results of calculations
for γcore=0. Comparing the curves, we see that the enthalpy of
solubilization is determined mainly by the interfacial tension
at the boundary of the water core.

Fig. 3 Free energies of reverse micelles of different shapes at γcore=
22 mJ/m2. Spherical reverse micelles are stable at W<48 (region I);
lamellar, at W>83 (region III). At intermediate values of W, there is a
coexistence of spheres and lamellas (region II). The coexistence region is
determined by the common tangent to the free energy curves. T=
298.15 K

Fig. 4 Calculated fraction of the separated water f for the case of AOT
contaminated by sodium sulfate at a molar ratio of 1:400. In the range 12
<W<32, a two-phase system is formed (f>0). The dotted line shows the
region of spherical reverse micelles (W<60); the solid line corresponds to
lamellas (W>88); the dash-dotted linemeans the region of coexistence of
spheres and lamellas (60<W<88). T=298.15 K
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Phase diagram

In Section 5, we have calculated the most favorable state of the
reverse microemulsion system at a fixed temperature of
298.15 K. By repeating these calculations for different temper-
atures, we can obtain the phase diagram in theW–T plain. As far
as we know, calculations on the W–T phase diagrams of AOT
reverse microemulsion systems have never been performed
before.

The result for the case of AOT contaminated by sodium
sulfate at a molar ratio of 1:400 is shown in Fig. 7. The
calculated phase diagram is in qualitative agreement with
those observed experimentally [44, 47, 59, 60]. The lowest
curve in Fig. 7 encloses the region IV, where the reverse
microemulsion coexists with an excess water phase. This
curve is known as a solubilization curve [59]. The curve
between regions I and II is referred to as a solubility curve
[59]. Above this curve, the solubility of reverse micelles in the
nonpolar solvent is not sufficient to prevent their aggregation,
caused, in our model, by the formation of lamellar reverse

micelles. For the explanation of the hyperbolic shape of the
solubility curve, see Online Resource.

The W–T phase diagram of the reverse microemulsion sys-
tem based on pure AOT is shown in Fig. 8. The region of
spherical reverse micelles (I) widens slowly with decreasing the
temperature down to 277 K and then shrinks abruptly. The
discontinuity results from the fact that with decreasing temper-
ature, the curvature dependence increases and eventually over-
comes the disjoining pressure, thereby blocking the solubiliza-
tion. As this takes place, the common tangent to the W-depen-
dencies of the free energies of spherical and lamellar reverse
micelles suddenly changes one of the points of tangency at a
certain temperature (at this temperature, the tangent touches one
of the free energy curves at two points simultaneously).

Fig. 5 Chemical potentials of water and surfactant versus W

Fig. 6 Enthalpy of water solubilization versusW at 298.15 K. Solid line:
calculation. Open circles: experimental data from [57]. Solid triangles:
experimental data from [58]. Dashed line: calculation for γcore=0

Fig. 7 Phase diagram of the reverse microemulsion system based on
AOT contaminated by sodium sulfate at a molar ratio of 1:400. Roman
numerals denote the following regions. I. The one-phase region with
spherical reverse micelles. II. The region of coexistence of spherical
and lamellar reverse micelles (in reality, lamellar reverse micelles must
aggregate and form a separate phase). III. The region of lamellar reverse
micelles. IV. The two-phase region (reverse microemulsion+water)

Fig. 8 Phase diagram of the reversemicroemulsion system based on pure
AOT. Roman numerals denote the same regions as in Fig. 7
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Previously, this effect has been observed experimentally for
reverse microemulsion systems formulated with carefully puri-
fied AOT [44].

Conclusions

In this paper, we have shown that in order to understand why
AOT reverse microemulsion droplets can be spherical over a
wide range of water-to-surfactant molar ratios, it is necessary
to take into account both the disjoining pressure and the
bending energy. The latter can be taken in its simplest form
(the first-order Taylor expansion in the principal curvatures).
To check this, we have carried out the free-energy calculations
for AOT-based reverse microemulsions. For these
microemulsions, the disjoining pressure results from the elec-
trical double layer; the bending energy results from the inter-
facial tension at the boundary of the water core and the
noncoincidence of this boundary with the surface of
inextention. The accuracy of the results obtained in this way
is sufficient for an approximate calculation of the thermody-
namic and structural propert ies of AOT reverse
microemulsion systems: the most favorable shape of reverse
micelles, the chemical potentials of water and surfactant, the
polydispersity, the enthalpy of water solubilization, and the
phase diagram (in particular, in the presence of salt
impurities).

For reverse microemulsions based on ionic surfactants with
monovalent counterions, the electrical double-layer contribu-
tion to the free energy is of prime importance and, at the same
time, cannot be adequately represented by the Helfrich equa-
tion, which is widely used to describe reverse microemulsions,
including that of AOT.

Although the detailed calculations have been carried out
here only for reverse microemulsions based on AOT, the main
idea of the paper is expected to be valid for any surfactant: if
reverse micelles are spherical over a wide range of water-to-
surfactant molar ratios, then there must be a repulsive
disjoining pressure in the water core. For some surfactants,
such as ionic surfactants with monovalent counterions, the
presence of significant disjoining pressure is an established
fact. For other surfactants, e.g., zwitterionic, the disjoining
pressure is expected to be low. Therefore, by considering
whether the disjoining pressure exists for a given surfactant,
it is possible to draw some conclusions about the structure of
microemulsion.

Finally, we note that all calculations in this paper were
performed assuming complete dissociation of the surfactant
molecules. Since this assumption has led to results consistent
with experimental data, it can be accepted as a first approxi-
mation. Moreover, it is clear from the Langmuir equation (15)
that the disjoining pressure does not depend on the surface
charge density and, hence, on the degree of dissociation.

However, since the counterion concentration near the surface
of the water core is high, dissociation may be incomplete and
may depend on the size of reverse micelles. Therefore, further
progress in improving the accuracy of calculations requires
quantitative data on the degree of dissociation.
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