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indicating that the unstable longest wave is primarily con-
trolled by PBL frictional feedback process. Implications of 
these theoretical results in MJO simulation in general cir-
culation models are discussed.
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1  Introduction

The Madden–Julian Oscillation (MJO) is the most ener-
getic intraseasonal cycle in the tropical atmosphere, which 
has different spectrum characteristics from other convec-
tively coupled equatorial waves (Wheeler and Kiladis 
1999). Although the MJO is critical to reginal weather and 
climate, its fundamental dynamics are still being debated. 
Until recently explicit MJO simulation has been difficult in 
the general circulation models (GCMs) (Jiang et al. 2015).

In the frictional convergence (FC) mechanism (Wang 
1988b; Wang and Rui 1990), the planetary boundary layer 
(PBL) will moisten the lower troposphere in front of major 
MJO convection, and promote deep convection, resulting 
in an eastward propagation on the intraseasonal time scale. 
What’s more, the longest wave has maximum instabil-
ity. The weakness of this frictional wave dynamics is that 
the precipitation in the model is determined primarily by 
moisture convergence and the moisture tendency term is 
neglected. This type of representation of precipitation heat-
ing is a simple closure scheme, and may be called Kuo-type 
cumulus parameterization (Wang and Chen 2016).

To understand the effects of moisture feedback (MF), 
the moisture conservation equation must retain the ten-
dency term even though it might be small compared with 

Abstract  The authors extend the original frictional wave 
dynamics and implement the moisture feedback (MF) to 
explore the effects of planetary boundary layer (PBL) pro-
cess and the MF on the Madden–Julian Oscillation (MJO). 
This new system develops the original frictional wave 
dynamics by including the moisture tendency term (or the 
MF mode), along with a parameterized precipitation based 
on the Betts–Miller scheme. The linear instability analysis 
of this model provides solutions to elucidate the behaviors 
of the “pure” frictional convergence (FC) mode and the 
“pure” MF mode, respectively, as well as the behaviors 
of the combined FC–MF mode or the dynamical moisture 
mode. These results show that without the PBL frictional 
moisture convergence, the MF mode is nearly stationary 
and damped. Not only does the PBL frictional feedback 
make the damping MF mode grow with preferred planetary 
scale but it also enables the nearly stationary MF mode to 
move eastward slowly, resulting in an oscillation with a 
period of 30–90 days. This finding suggests the important 
role of the frictional feedback in generating eastward prop-
agating unstable modes and selecting the preferred plane-
tary scales. The MF process slows down the eastward-prop-
agating short-wave FC mode by delaying the occurrence 
of deep convection and by enhancing the Rossby wave 
component. However, the longest wave (wavenumber one) 
is insensitive to the MF or the convective adjustment time, 
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the other terms. A simple theoretical model that isolates the 
MF is given recently (Sobel and Maloney 2012, 2013). This 
theoretical model only predicts the moisture perturbation, 
and the instability originates from several processes such as 
horizontal advection of seasonal-mean moisture, eddy flux 
drying and FC feedback. The unstable mode thus obtained 
is called “the moisture mode”, which has maximum low-
frequency instability on the planetary scale and propagates 
eastward slowly.

While both the frictional wave dynamics and moisture 
process are deemed important to the MJO, only a few the-
oretical studies focus on their effects on low-frequency 
dynamics in a unified framework. Majda and Stechmann 
(2009) propose a theoretical model to couple the free 
wave dynamics and the MF together. In this theoretical 
model, the MJO skeleton model, they assume that large-
scale heat forcing comes from modulated synoptic-scale 
wave activity, and link the tendency of planetary-scale 
wave envelope or diabatic heating with the low-level 
moisture anomaly. Utilizing this heating parameteriza-
tion, the model simulates the slow eastward propagation 
and yields a peculiar dispersion relation in which the 
frequency is nearly wavelength independent. This model 
is a neutral model and simulates both the eastward and 
westward propagation. Liu and Wang (2012) implement 
PBL dynamics in the skeleton model and reveal that the 
PBL frictional dynamics provide an instability source to 
select eastward-propagating planetary-scale MJO skel-
eton, suggesting the critical role of FC feedback in the 
MJO dynamics.

In order to include the MF in the MJO dynamics, we 
develop the original frictional wave dynamics of Wang and 
Rui (1990) (hereafter the FC model) by including the MF 
to build a FC–MF model to demonstrate how the mois-
ture process and PBL process impact the MJO dynamics. 
The original FC model is based on the convectively cou-
pled equatorial waves dynamics (Matsuno 1966), and the 
precipitation is parameterized by the moisture convergence 
coming from the lower-troposphere and the PBL. In order 
to include the MF, we introduce the moisture equation for 
the lower troposphere, in which the lower-tropospheric 
moisture can be affected by the diabatic heating and PBL 
Ekman pumping. A simple Betts–Miller precipitation 
parameterization (Betts 1986; Betts and Miller 1986) is 
also used to complete the framework.

Section 2 introduces the models. Section 3 presents the 
properties of linear normal modes affected by moisture and 
PBL processes. A physical explanation is offered in Sect. 4. 
The sensitivity of the solution to cumulus adjustment time 
scale is discussed in Sect. 5. Conclusions and discussion of 
the implications of this theoretical work for MJO simula-
tion in GCMs are given in Sect. 6.

2 � The FC–MF model

2.1 � Model framework

The MJO circulation is found to be composed of semi-geo-
strophic Kelvin wave and Rossby wave. The interactions 
among equatorial waves, PBL process and diabatic heating 
effect are important for large-scale MJO dynamics (Wang 
1988b, 2005; Zhang 2005). Based on these interactions, 
we extend the original FC model (Wang and Rui 1990), in 
which the coupling of Kelvin and Rossby waves will excite 
upward Ekman pumping that moistens the lower tropo-
sphere. To study the role of moisture process, the moisture 
tendency in the moisture perturbation equation needs to be 
retained, in which case the large-scale precipitation heating 
must be parameterized. Here, we adopt a simplified Betts–
Miller relaxation-type parameterization (Betts 1986; Betts 
and Miller 1986; Frierson et al. 2004). Details of this FC–
MF model can be found in Wang and Chen (2016).

We write the equation in nondimensional units. The 
velocity scale, C = 50 m s−1, is represented by the speed 
of the lowest internal gravity waves, the equatorial Rossby 
deformation radius, 

√
C/β = 1500 km, is the length 

scale, and 
√
1/Cβ = 8.5 h is the temporal scale, where 

β = 2.3× 10−11 m−1s−1 represents the leading-order cur-
vature effect of the Earth at the equator. The non-dimen-
sional FC–MF model representing the large-scale tropical 
hydrostatic motion can be written for the first baroclinic 
mode:

where u, v are the horizontal winds; φ is geopotential 
anomaly; w is vertical velocity caused by the PBL con-
vergence; and μ is the non-dimensional Newtonian cool-
ing coefficient. Parameter Q̄ is the non-dimensional back-
ground moisture in the lower troposphere (900–500 hPa), 
and Q̄b is the non-dimensional background moisture in the 
PBL (1000–900 hPa); both are functions of surface specific 
humidity qs correlated well with SST

and the vertical profile of the basic-state specific humid-
ity is derived based on the observation that atmospheric 

ut − yv = −φx

yu = −φy

φt + (ux + vy)− w = −Pr − µφ

qt + Q̄(ux + vy)− Q̄bw = −Pr

(1)Pr =
1

τ
(q + αφ),

(2)qs(SST) = (0.94× SST(◦C)− 7.64)× 10
−3

,



515Effects of moisture feedback in a frictional coupled Kelvin–Rossby wave model and…

1 3

absolute humidity over tropical ocean decays exponentially 
with a water vapor scale height of 2.2 km (Tomasi 1984). 
In this work a uniform warm SST of 29.5  °C is used, 
thus the Q̄ and Q̄b are also spatially uniform. The SST is 
warmest in the tropics, which becomes cold poleward and 
the e-folding damping scale is 30° (Kang et  al. 2013). Pr 
is the precipitation associated with the diabatic heating of 
deep convection. α is the coefficient of reference mois-
ture profile measuring relative contribution of the envi-
ronmental buoyancy to the Convective Available Potential 
Energy (CAPE) parameterization. τ denotes the convective 
adjustment time, which measures how long the convection 
releases CAPE and relaxes moisture to its reference state. 
A small τ implies an intense cumulus activity and a rapid 
atmospheric adjustment toward the quasi-equilibrium ref-
erence state, while a large τ means that thermodynamics 
is less tightly constrained (Neelin and Yu 1994). Here, we 
assume a slow adjustment, thus τ = 12 h is typically used 
in agreement with the observation (Bretherton et al. 2004). 
In a theoretical model of “moisture mode” theory, a value 
of 1 day is used for the convective adjustment time (Sobel 
and Maloney 2013). Sensitivity experiments with different 
adjustment times will be presented.

In the well-mixed PBL, the movement is driven by the 
pressure anomaly, which is assumed to equal to that of the 
lower troposphere. w has the form of (Liu and Wang 2012)

where d1 = e/(e2 + y2), d2 = −(e2 − y2)/(e2 + y2)2 and 
d3 = −2ey/(e2 + y2)2. d is the non-dimensional PBL 
depth. e is the Ekman number in the PBL. Taking the long-
wave approximation or semi-geostrophic approximation in 
the PBL, Eq. (3) becomes

Numerical computation shows that the PBL longwave 
approximation is a good approximation to the full PBL 
(Wang and Rui 1990). Table 1 gives the typical values of 
these parameters.

The evaporation-wind feedback is an important mecha-
nism for the MJO dynamics, and this mechanism, however, 

(3)w = d(d1φxx + d2φx + d1φyy + d3φy),

(4)w = d(d1φyy + d3φy).

is mean low-level flow dependent (Emanuel 1987; Nee-
lin et  al. 1987; Wang 1988a). Contrary results are also 
obtained by the evaporation mechanism. In an eastward 
mean low-level flow, the wind-evaporation feedback is 
found to induce the unstable westward propagation in the 
“moisture mode” (Sobel and Maloney 2012), while the 
unstable eastward propagation is obtained when the air-sea 
interaction is also included (Wang and Xie 1998; Liu and 
Wang 2013). This complicated wind-evaporation feedback 
should be discussed in the future works.

2.2 � Model calculation

This linear system composed of Eqs.  (1–4) can be calcu-
lated through solving the eigenvalue problem. For this lin-
ear system, we assume that the solution has a structure of 
ei(kx−σ t), where σ are the frequency, and k the wavenum-
ber, thus the perturbations propagate with a phase speed of 
Re(σ)/k and a growth rate of Im(σ). This linear system can 
be transferred onto the frequency-wavenumber field. Thus 
we obtain a linear matrix of for these five predicted vari-
ables. For each wavenumber, the eigenvalue and eigenvec-
tor are solved by the matrix inversion method. For simplic-
ity, we use the parabolic cylinder functions to expand the 
meridional structure and only the first 3 lowest meridional 
modes are kept. In physics, this means that we only keep 
the lowest meridional modes of the Rossby and Kelvin 
waves. The high-frequency waves are filtered out by the 
longwave approximation in the model.

2.3 � Three versions of the FC–MF model

To identify the roles of the FC feedback, the MF and the 
combination of these two feedbacks, we examine three ver-
sions of the FC–MF model. The first model version is the 
FC feedback model in which the moisture tendency term 
of the moisture equation and the Betts–Miller parameteri-
zation are neglected. In this model version, the cumulus 
parameterization is a simplified Kuo-type Scheme. This 
FC model is used to isolate the effects of the PBL dynam-
ics. The second version is the MF model, in which the 

Table 1   Parameters and their default values used in the experiments

Parameter Description Typical value used (non-dimensional)

Q̄ Background moisture in lower troposphere (900–500 hPa) 0.9 (7.3 g kg−1)

Q̄b Background moisture at the BL (1000–900 hPa) 1.8 (14.6 g kg−1)

μ Newtonian cooling coefficient 0.18 (6 × 10−6 s−1)

E Ekman number in the BL 1.1 (1/8 h)

d Boundary layer depth 0.25 (1 km)

α Moisture reference coefficient 0.1

τ Convective adjustment time 0.25–1.5 (2–12 h)
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moisture tendency is retained using the Betts–Miller type 
parameterization, but the PBL dynamics is neglected by 
setting w =  0. This MF model isolates the effects of the 
MF. Since the “moisture mode” theory has no free tropo-
spheric dynamic feedback, the MF model used here 
extends the empirical model of the “moisture mode” by 
including free tropospheric wave dynamics. The last ver-
sion is a full model presented in Sect.  2.1, in which both 
the PBL dynamics and the simplified Betts–Miller scheme 
are included. Namely, the full model contains both the FC 
feedback and the MF feedback.

3 � Linear analysis: instability and propagation

Figure 1 compares the linear wave oscillation growth rates 
and frequency in the FC, the MF and the FC–MF models. 
Without the moisture process, the FC model yields growing 
modes with the longest wave (wavenumber one) being the 
most unstable mode (Fig. 1a). So, the FC feedback selects 
the longest wave in terms of instability. The longest wave 
also possesses a reasonable periodicity between 30–90 days 
(Fig.  1b). However, the period of the FC mode decreases 
with decreasing wavelength. On the other hand, without 
the PBL dynamics, the MF model produces only damp-
ing modes (Fig.  1a), and the frequency is very low; as a 
result, the period of the MF modes is longer than 120 days 
for all wavenumbers (Fig.  1b), suggesting that the MF in 
the present formulation cannot generate instability and the 
resulted modes are nearly stationary. In the absence of the 

wave dynamics feedback, the “moisture mode” theory also 
presents such a low-frequency mode (Sobel and Maloney 
2012, 2013). When both the PBL and moisture processes 
are included, as in the FC–MF model, the most unstable 
wavenumber is one, so the longest wave is the fastest grow-
ing mode and the only unstable mode as the other shorter 
waves are damping modes. This behavior is similar to the 
FC mode with a systematically reduced growth rate. Com-
paring the three curves in Fig. 1a, we see that the instability 
in the FC–MF model is rooted in the FC feedback, while 
the MF tends to reduce the growth rate. As for the period, 
the low-frequency modes produced by combined FC–MF 
effect are all within 30–90 days.

From Fig.  1a, we note that these three model versions 
reproduce different unstable modes. In the FC model, all 
eastward-propagating modes are unstable and long waves 
have stronger instabilities than short waves. In the MF 
model, however, only damping modes exist, in which short 
waves are damped more quickly. In the FC–MF model, 
only wavenumber one is unstable when both moisture and 
PBL process are included. This suggests that it is the FC 
feedback that is the origin of the instability.

The free troposphere is usually stable when Q̄ < 1 , 
without including other mechanisms such as the long-
wave radiation feedback, evaporation feedback, etc. The 
PBL convergence induced in the coupling of Kelvin and 
Rossby waves will moisten the lower troposphere to sup-
port the development of precipitation anomalies. Thus, the 
FC model yields unstable eastward-propagating modes for 
all wavenumbers and the longwave approximation in the 

Fig. 1   a Growth rate (day−1), b frequency (cycle per day) and c 
phase speed (m s−1) as functions of wavenumber obtained from three 
theoretical models, namely, the Frictional Convergence (FC; dark), 
Moisture Feedback (MF; blue) and combined FC–MF (red) models 

with a standard SST of 29.5 °C. The results from the combined FC–
MF model with a warm SST of 30.5 °C and a cold SST of 28.5 °C are 
also shown. The definitions of the three models are given in Sect. 2.3
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PBL is not favorable for shortwaves and selects long waves 
for strong instability. This result is in broad agreement with 
previous work by Wang and Rui (1990).

When the moisture feedback process is included, the 
precipitation represented by Betts–Miller relaxation-type 
parameterization acts as a strong damping factor, i.e., 
precipitation consumes moisture, which means any dis-
turbance would be damped without the presence of other 
unstable mechanisms. Thus, the MF model has only damp-
ing modes. Of many processes destabilizing the moisture 
mode, we focus on the PBL process here. In the FC–MF 
model, inclusion of PBL moisture convergence provides an 
instability source and destabilizes wavenumber one. Why 
does the combination of positive PBL feedback and nega-
tive MF select the planetary wave for strong instability? 
This will be discussed in the next section.

From Fig.  1b, we note the FC–MF mode presents a 
dispersion relation like that simulated by the MF model, 
while the inclusion of PBL process accelerates the east-
ward propagation speed, resulting in an oscillation on the 
intraseasonal time sale, i.e., 30–90 days. The wavelength-
independent dispersion relation in the intraseasonal 
temporal domain is also simulated by the MJO skeleton 
model, in which precipitation is parameterized to lag the 
moisture anomalies (Majda and Stechmann 2009). In 
summary, comparison of the solutions between the MF 
and FC–MF models indicates that the PBL process is 
critical to generating the eastward propagation, while the 
difference between the FC model and the FC–MF model 
shows that the moisture process mainly acts to slow 
down short waves and leaves wavenumber one much less 
affected (Fig. 1c).

In this theoretical model, the growth rates are parameters 
dependent. A stronger growth rate is generated by a warmer 
SST (Fig.  1a), and the effect of SST on the growth rates 
is especially significant for shortwaves. For the eastward 
propagation, the planetary-scale waves are slowed down 
over the warmer SST and shortwaves are less affected 
(Fig. 1b, c).

4 � Physical explanation

Positive eddy available potential energy (EAPE) is nec-
essary for destabilizing the atmosphere, which requires 
positive covariance between perturbation temperature and 
diabatic heating associated with large-scale precipitation 
anomalies. The EAPE is defined by −Prφ averaged over 
one wavelength (Wang and Rui 1990). Keep in mind for the 
first baroclinic mode φ = −θ, where θ is the non-dimen-
sional temperature anomaly.

Before analyzing EAPE, we first check how the hori-
zontal structure, especially the phase relationship between 

different vertical layers, is affected by the PBL dynamics 
and the MF.

4.1 � Horizontal and vertical structures

Figure  2 shows the horizontal structures including phase 
relationship between the PBL and free troposphere of the 
unstable eastward-propagating wavenumber one in the FC 
model and the FC–MF model. The damped solution of the 
MF mode is also shown for comparison. In the FC model, 
coupling of equatorial Kelvin and Rossby waves can be 
found (Fig.  2a). The equatorial Kelvin waves propagate 
eastward, while the Rossby waves propagate westward, 
which results in a Gill-like pattern (Gill 1980). It is worth 
mentioning that the PBL upward pumping leads the major 
convection, which is in a broad agreement with the MJO 
observation (Hendon and Salby 1994; Sperber 2003). In 
the MF model without the forcing of PBL moisture con-
vergence (Fig.  2b), the equatorial low-pressure anomalies 
have a phase lag of π with the major convection, and the 
off-equatorial Rossby-gyre pair is enhanced. Finally, the 
FC–MF model simulates similar structures as those shown 
in the FC model, and it has a Gill-like horizontal struc-
ture and a vertical tilt characterized by the leading PBL 
upward moisture transfer to the east of the major convec-
tion (Fig. 2c).

These results imply that for both unstable modes in the 
FC and the FC–MF models, a phase lag between the PBL 
and free troposphere exists. This vertically-tilted structure 
contributes to destabilizing the atmosphere and generating 
the instability.

4.2 � Energetic analysis

Since the PBL dynamics introduces the vertical tilt, while 
the MF does not, they should act differently in producing 
the EAPE. Figure 3 shows the zonal distribution of EAPE 
in the FC, the MF and the FC–MF model versions. In the 
FC model, strong positive EAPE is generated in front of 
the convective center, with a phase lag of about π/4, while 
to the west, very weak negative EAPE occurs (Fig. 3a). In 
the MF model, strong negative EAPE is generated in the 
convective center and is out of phase with precipitation 
(Fig. 3b). The FC–MF model gives similar results as the FC 
model, and positive EAPE is generated in front of the major 
convection, with a phase lag of less than π/4 (Fig. 3c). The 
PBL dynamics is again found to be the instability source 
for the eastward propagation. The moisture transferred by 
the PBL will warm the middle troposphere as a direct forc-
ing, while it tends to moisten the lower troposphere before 
enhancing precipitation in the FC–MF model. This PBL 
moisture convergence adds additional energy to the free 
troposphere that is usually stable for the wave-CISK theory 
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(Wang and Rui 1990). Since the Betts–Miller parameteri-
zation is a strong negative feedback and the moisture is 
reduced quickly by the precipitation, only negative EAPE 
can be generated.

Different wavelength selection in terms of instabil-
ity from Fig. 1a leads to examination of the generation of 
EAPE under different scales. Figure 4 shows zonally-aver-
aged EAPE for different wavenumbers in the FC, the MF 
and the FC–MF model versions. In the FC model, strong-
est positive EAPE is generated for wavenumber one at 
the equator, and short waves have small EAPE (Fig.  4a). 
The positive EAPE generated by the PBL dynamics is 
the largest at the equator and decays poleward quickly. In 
the MF model, strong negative EAPE is generated for all 
wavenumbers near the equator, and the EAPE differences 
for different wavenumbers only occur in the subtropics 
(Fig. 4b). In the FC–MF model, only wavenumber one has 
strong positive EAPE at the equator, while short waves 
have strong negative EAPE (Fig. 4c). These results imply 
that the strong positive PBL feedback for long waves can 
overwhelm the negative MF and generate positive EAPE at 
the equator, while the positive PBL feedback is weak for 
short waves, and strong negative MF dominates, which 
generates negative EAPE in the FC–MF model.

In this work, the vertical tilt indicates the vertical dif-
ference between the PBL and the lower troposphere. The 
backward-tilted vertical profile of moisture, or the positive 
covariance between the second baroclinic modes of heat-
ing and temperature anomalies, is found to generate posi-
tive EAPE and amplify the MJO disturbance (Fu and Wang 
2009; Zhang and Song 2009; Seo and Wang 2010; Hollo-
way et al. 2013). This vertical-tilted structure, induced by 
the second baroclinic mode (Mapes 2000; Majda and Biello 
2004; Khouider and Majda 2006; Kuang 2008; Wang and 
Liu 2011), will be added into the current theoretical frame-
work in our future work.

4.3 � Phase speed

The phase speeds of eastward propagating short waves are 
much reduced by the inclusion of the MF (Fig. 1c), while 
the phase speed of wavenumber one is less affected. To 
explain the role of the MF in changing phase speed, the 
phase lag between the PBL and troposphere as well as the 
Rossby–Kelvin wave coupling is re-examined because they 
all affect the eastward propagation speed. Figure 5 shows 
how the MF changes the phase lag between the upward 
Ekman pumping and precipitation center and how the ratio 

Fig. 2   Horizontal structures 
of normalized precipitation 
anomalies (shading), lower 
tropospheric geopotential height 
anomalies (black contours) and 
Ekman pumping velocity (blue 
contour) for eastward-propagat-
ing, unstable wavenumber-one 
mode obtained from a the FC 
model, b the MF model and c 
the FC–MF model. The contour 
interval is one-fifth of the maxi-
mum amplitude of the anomaly, 
and zero contour is not shown. 
The thick blue contours denote 
upward (solid) and download 
(dashed) Ekman pumping with 
0.2 and 0.8 of the amplitude
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Fig. 3   Phase relationships 
between meridionally-averaged 
(30°S–30°N) precipitation 
anomalies (red) and eddy avail-
able potential energy (EAPE 
−φPr; blue) for eastward propa-
gating wavenumber-one mode 
in a the FC model, b the MF 
model and c the FC–MF model

Fig. 4   Zonally-averaged 
EAPE of eastward propagating 
wavenumber-one, -three and 
-five modes in a the FC model, 
b the MF model and c the FC–
MF model
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of Rossby component to Kelvin component is affected by 
the MF. Compared to the FC model, the phase lag between 
the upward Ekman pumping and the major convection is 
much increased for short waves (Fig. 5a), and the Rossby 
component in the Rossby–Kelvin wave coupling is also 
enhanced for short waves in the FC–MF model when the 
MF is included (Fig. 5b). The phase lag and the Rossby–
Kelvin ratio are less affected for wavenumber one. For 
short waves, the increased phase lag between the upward 
Ekman pumping and major convection means that the 
deep convection is delayed by moisture process, which 
contributes to the slowdown of eastward propagation (Liu 
et al. 2015). Since the equatorial Rossby waves propagate 
westward, the enhanced Rossby component in this cou-
pled system also contributes to the slowdown of eastward 
propagation.

5 � Sensitivity experiments

In the Betts–Miller parameterization, the convective adjust-
ment time τ is a critical parameter, which measures the time 
scale over which convection releases CAPE and moisture 
is relaxed to its reference state. It is therefore important to 
understand different solutions of FC–MF model evolve-
ment under different convective adjustment times.

Sensitivity experiments on the convective adjustment 
time are carried out using the FC–MF model. Figure  6 

Fig. 5   a Phase lags between equatorial Ekman pumping and convec-
tive center and b Rossby–Kelvin ratios as a function of wavenumber 
in the FC (dark) and FC–MF (red) models, respectively. The Rossby–
Kelvin ratio is defined by the ratio of the maximum pressure anoma-
lies between the off-equatorial (15°–25°N) and equatorial (5°S–5°N) 
regions

Fig. 6   Sensitivity of the FC–MF (red) model to different convective 
adjustment times. Linear wave oscillation a frequency and b growth 
rate as a function of wavenumber for the MF–KR model with differ-

ent convective adjust times of 1, 5, 9, 13, 17 and 21 h. The solution of 
the FC (dark) model is drawn as a reference
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exhibits how the simulated growth rate and frequency 
changed by different convective adjustment time. The sim-
ulated growth rate and frequency depend heavily on the 
convective adjustment time for short waves, while wave-
number one is less changed. For a quick adjustment pro-
cess, the FC–MF model simulates similar growth rate and 
frequency distribution as those of the FC model. The long 
waves have a stronger growth rate than the short waves 
(Fig.  6a), and the frequency increases with wavenumber 
(Fig. 6b). When the adjustment process is slow, short waves 
are much suppressed and their frequencies are also largely 
reduced. This result implies that the moisture process with 
a long convective adjustment time tends to slow down the 
short waves, resulting in an intraseasonal oscillation time 
scale; meanwhile it also strongly damps short waves. The 
MF process with quick convective adjustment time mod-
erately changes the Rossby–Kelvin coupled system in the 
FC model. By using a long convective adjustment time of 
1 day, a low-frequency motion is simulated by the “mois-
ture mode” theory (Sobel and Maloney 2013). Although 
Betts and Miller (1986) suggest that an appropriate value 
of τ is about two h, the convective adjustment time for the 
intraseasonal time scale needs more observations.

6 � Concluding remarks

We have constructed a simple theoretical framework that 
may be useful for exploring moisture process and PBL pro-
cess associated with MJO development and propagation. 
This framework is based on the equatorial Kelvin–Rossby 
waves coupling and incorporates PBL moisture conver-
gence and moist process. Inclusion of moist process is done 
by keeping the moisture tendency term in the moisture 
equation, and this tendency is affected by PBL moisture 
convergence and by precipitation based on the Betts–Miller 
parameterization.

In the FC model, instant excitement of convective heat-
ing by PBL moisture convergence, i.e., the Kuo-type 
parameterization (Wang and Chen 2016), yields high-fre-
quency short waves and shows a linear dispersion relation-
ship, in which frequency increases with wavenumber. The 
PBL process also selects planetary wave to have the maxi-
mum instability in the FC model, in agreement with pre-
vious work (Wang and Rui 1990). In the MF model with-
out the PBL dynamics, the nearly-stationary modes with 
oscillations longer than 120 days are strongly damped by 
the parameterized convective heating in the Betts–Miller 
scheme.

Introduction of PBL process in the FC–MF model is 
shown to accelerate these nearly-stationary modes from 
the MF model and results in an oscillation on the intrasea-
sonal time scale, which also destabilizes wavenumber one 

by providing additional moisture to support the growth of 
convection. Compared to the FC model, although the MF 
reduces the phase speed and instability of short waves 
heavily, the planetary waves, especially wavenumber-one 
wave, are less affected by the MF in the FC–MF model; 
thus, a realistic dispersion of the MJO is simulated by the 
FC–MF model.

In the original framework focusing on the wave dynam-
ics (Wang and Rui 1990; Wang and Li 1994), the Kelvin 
and Rossby waves are coupled with precipitation heating 
by the PBL moisture convergence, and the unstable east-
ward propagation with a Gill-Like horizontal structure can 
be simulated. This wave dynamics, however, can only sim-
ulate low-frequency wavenumber one in the intraseasonal 
range, and the frequency of shortwaves from wavenumber 
two is much higher than that of the MJO. This caveat is 
remitted when the MF is included.

In both the MF model and the “moisture mode” of Sobel 
and Maloney (Sobel and Maloney 2012, 2013), the low-fre-
quency mode with a period longer than 120 days has been 
simulated. This low-frequency mode, however, is unstable 
in the “moisture mode” and is damped in the MF model, 
because some positive effective sources of moist static 
energy, such as zonal advection of mean moisture, cloud-
radiative feedbacks, modulation of synoptic eddy drying by 
the MJO-scale wind perturbation, and FC, are parameter-
ized in the “moisture mode”, while they are neglected in 
the MF model. When FC is included in the MF–FC model, 
the unstable mode is also obtained. What’s more, the inclu-
sion of FC also accelerates the eastward propagation into 
the intraseasonal range in the MF–FC model.

In the framework including both the wave dynamics 
and moisture process (Majda and Stechmann 2009, 2011; 
Liu and Wang 2012), the low-frequency eastward propa-
gation in the intraseasonal range is also simulated. In their 
works the tendency of planetary-scale envelope, acting as 
the large-scale diabatic heating, is parameterized by the 
moisture anomaly. Our results based on the Betts–Miller 
precipitation parameterization show that only slow con-
vective adjustment process in the Betts–Miller scheme can 
simulate the low-frequency oscillation in the intraseasonal 
range, and quick adjustment process will weaken the MF 
and simulate high-frequency shortwaves.

In both observation and simulation of the MJO, the shal-
low convection, i.e., the congestus and shallow clouds, is 
observed to prevail in front of the major convection (Ben-
edict and Randall 2007; Zhang and Song 2009; Del Genio 
et  al. 2012). The shallow convection interacting with the 
PBL will postpone the onset of deep convection. The role 
of shallow and congestus clouds acts like that of moisture 
process with slow convective adjustment in the FC–MF 
model, and PBL will precondition the lower troposphere 
rather than heating the troposphere directly. Thus, this work 
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confirms the important role of moisture accumulation and 
deep convection delay process in explicit MJO simulation 
in GCMs.
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