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Abstract In order to study the interactions between the
atmospheric circulations at the middle-high and low lati-
tudes from the global perspective, the authors proposed
the mathematical definition of three-pattern circulations,
i.e., horizontal, meridional and zonal circulations with
which the actual atmospheric circulation is expanded.
This novel decomposition method is proved to accurately
describe the actual atmospheric circulation dynamics. The
authors used the NCEP/NCAR reanalysis data to calculate
the climate characteristics of those three-pattern circula-
tions, and found that the decomposition model agreed with
the observed results. Further dynamical analysis indicates
that the decomposition model is more accurate to capture
the major features of global three dimensional atmospheric
motions, compared to the traditional definitions of Rossby
wave, Hadley circulation and Walker circulation. The
decomposition model for the first time realized the decom-
position of global atmospheric circulation using three
orthogonal circulations within the horizontal, meridional
and zonal planes, offering new opportunities to study the
large-scale interactions between the middle-high latitudes
and low latitudes circulations.
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1 Introduction

The atmosphere on the rotating earth is subjected to the grav-
ity and Coriolis force fields. The large-scale atmospheric
motion at the middle-high latitudes is thus quasi-horizontal,
hydrostatic equilibrium, quasi-geostrophic equilibrium and
quasi-horizontal non-divergent (Rossby 1939; Charney
1947). After introducing hydrostatic equilibrium, geostrophic
equilibrium and the representation of two dimensional (2D)
stream function and potential function for velocity into
the equations of atmospheric motions with the appropri-
ate approximations (Holton 2004), the resulting quasi-geo-
strophic theories have become the theoretical foundation of
weather forecast. It also consists of the major components
of the theory of atmospheric dynamics (Tao et al. 2012),
allowing us to understand the physical mechanisms of the
generation and evolution of large-scale atmospheric motions
at middle-high latitudes (Zhou et al. 2013). However, the
atmospheric motions at the tropics is constrained by the
angular momentum conservation and can easily excite the
vertical motions (Palmén and Alaka 1952; Oort and Peixdto
1983), exhibiting the overturning Hadley and Walker circu-
lation (Hartmann 1994). Thus, quasi-geostrophic theories are
not appropriate for the atmospheric motions at low latitudes,
leading to two subjects in the modern theory of atmosphere,
i.e., middle-high latitudes and low latitudes atmospheric
dynamics (Holton 2004). Nevertheless, such split breaks the
integrity of the global atmospheric motion, resulting in insuf-
ficient understanding of the interactions between the atmos-
pheric motions at low latitudes and that at middle-high lati-
tudes (Gu and Philander 1997; Liu and Yang 2003; Ding et al.
2011; Lau et al. 2012). Therefore, it becomes an important
topic of studying the interaction characteristics between mid-
dle-high latitudes and low latitudes atmospheric circulations
(Ferranti et al. 1990; Kiladis and Feldstein 1994).
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As we mentioned earlier, the Rossby wave is the major
component of the atmospheric motions at the middle-high
latitudes (Rossby 1939). It is one of the most important
discoveries in modern atmospheric dynamics. There exist
ridges and troughs and high and low pressure systems devel-
oped by the perturbation of the zonal atmospheric motions.
Their centers and strength reflect the characteristics of the
atmospheric circulations in the corresponding region. At the
low latitudes on the other hand, the motion is dominated by
the Hadley and Walker circulations within the meridional
and zonal planes respectively. Hadley circulation is con-
sidered as one of the most important circulations that affect
the balance of the incoming and outgoing physical quanti-
ties in the global atmospheric circulations (Oort and Peixéto
1983; Trenberth and Solomon 1994; Bowman and Cohen
1997; Dima and Wallace 2003), while the Walker circula-
tion is considered as a component of the ENSO (EI Nifio
Southern Oscillation) phenomenon in tropical ocean and
atmosphere (Julian and Chervin 1978; Kousky et al. 1984;
Bayr et al. 2014). The above three major circulations are the
most important global large-scale circulations. Their move-
ment and evolution can greatly affect the global atmospheric
circulation and the thermal and water exchange between
high and low latitudes and between ocean and continent,
and thus impact the formation and evolution of weather and
climate. Based on these important features of atmospheric
circulations, we propose the mathematical definitions of
three dimensional (3D) horizontal, meridional and zonal
circulations which can be considered as the global gener-
alization of the Rossby wave at the middle-high latitudes
and Hadley and Walker circulations at the low latitudes. We
propose a novel method of 3D circulation decomposition
that can describe the actual atmosphere from a global-wide
perspective (Xu 2001; Hu 2006, 2008; Liu et al. 2008), i.e.,
the global atmospheric circulation is decomposed into three
orthogonal horizontal, meridional and zonal circulations,
which is called the three-pattern decomposition model. The
new dynamical equations of the large-scale three-pattern
circulations are then established by applying the decomposi-
tion model to the primitive equations of atmosphere at the
planetary-scale. This leads to a novel theory of a complete
description of large-scale atmospheric circulations and is
potentially useful to uncover the mechanisms of the com-
plicated interaction between the circulations at middle-high
latitudes and low latitudes. With appropriate simplification
of the new set of the dynamical equations, the mechanisms
for the evolution and interaction of the large-scale three-pat-
tern circulations with the global warming can be revealed.

The rest of the paper is organized as follows. In Sect. 2,
we define the 3D horizontal, meridional and zonal circu-
lations based on the traditional definitions of the large-
scale circulations. In Sect. 3, we then express the actual
global atmospheric circulation as the superposition of the
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three-pattern circulations, which forms the foundations
of the three-pattern decomposition of global atmospheric
circulation. We provide the theorems of the sufficient and
necessary conditions for such decomposition to ensure its
physical validity. To test our theory, we input the NCEP/
NCAR reanalysis data into our model to obtain the climate
characteristics of the horizontal, meridional and zonal cir-
culations in Sect. 4. Section 5 is the conclusion part.

2 Definition of large-scale three-pattern
circulations

Rossby wave dominates the middle-high latitudes motions
which are usually quasi-horizontal and quasi-geostrophic,
while Hadley and Walker circulations in the vertical direc-
tion reside in the low latitudes. These circulations can be
generalized to the globe, e.g., Rossby wave to the low
latitudes and Hadley and Walker to the middle-high lati-
tudes. Such generalized circulations are called horizontal,
meridional and zonal circulations. In this section, we will
offer the mathematical definitions of those three orthogonal
circulations.

2.1 Coordinate system

We usually use the spherical p-coordinate system to
describe the global atmospheric motion based on the thin
layer approximation and hydrostatic equilibrium. The lati-
tude variable in the spherical p-coordinate system is usually
replaced by colatitude. If we use 7; and k to represent the
three unit vector in the spherical p-coordinate system, then
iis pointing from west to east along the latitude circles, ] 1s
from north to south along the longitudinal direction, and k
is pointing from the earth surface to center. The three vec-
tors ;,7 and k constitute a local right-hand orthogonal coor-
dinate system in which any point in space is denoted by
(4,6, p) where A represents the longitude, 6 is the colatitude
and p is the atmospheric pressure. The three coordinate ele-
ments in the spherical p-coordinate system are:

dx =asinB8i, S8y =add, Jp = dp, 2.1

where a is the earth radius. The corresponding velocity
fields are:

. da do dp
u=asinf—, v=a—, w=—.
dt dt dt
Note that the unit in Eq. (2.2) for the horizontal veloc-
ity field is ms~!, while the vertical velocity field has a unit
of Pas™!. In order to resolve this unit inconsistency in cal-
culating the 3D vorticity vector, we introduced the spheri-
cal o-coordinate system, e.g., leto = 10 ’;’ where py is the

pressure at the top of the atmosphere and Py is the pressure

(2.2)
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at the earth surface. We can assume Pg; = 1000 hPa and
po = 0Pa, and the coordinate elements become

5 5 5
s =25 sy =2 5o = 2.3)

b
a a P

and the velocity fields in the spherical p-coordinate system
are transformed into

o = P—S (2.4)

The velocity fields (u/,v', ) in Eq. (2.4) now has the
same unit of s—L The 3D vorticity vector of the velocity
field V/ = u'i +V/ ] + 6k in the spherical o-coordinate sys-
tem then is

VX =] dc 3V V7 ou’ 1 96
=l — — —
20 do do  sinf 94

+7€< 1 Bv/_ 1 8(u’sin9)>’

sinf 9.  sin@ a9 (23)

the magnitude and direction of which represent the rotation

of V' at any point. Using Eq. (2.4) and the continuity equa-

tion in the spherical p-coordinate system, we can easily

obtain the continuity equation of the velocity fields in the

spherical o-coordinate system:

0(v'sinf) 9o
— +

Lo, 1 " 0 2.6)
sinf 90 do '

sinf 94

Hereafter, all of our discussions about the velocity fields
(u',V', &) are carried out in the spherical o-coordinate sys-
tem. Note that any physical quantities can be easily trans-
formed back using Eq. (2.4) into expressions of (i, v, ®) in
the spherical p-coordinate system.

2.2 Horizontal circulation

Based on the characteristics of the Rossby wave, we
can assume that the horizontal circulation has zero ver-
tical velocity and the horizontal velocity is however
having the baroclinic structure, i.e., at any time instant
t, the horizontal velocity is varying with height as the
following

= iUR(%,0,0) + jVp(1,0,0),

Vi(4.60,0) 2.7

which satisfies the continuity equation based on Eq. (2.6):

1 up 1 9(sinfvy)
sinf 04 sin 6 20

=0. 2.8)

The streamlines are usually used to directly represent the
motion of fluid. For the horlzontal c1rculat10n VR is parallel
to the streamline element dS = i sin 6d/ + jd@ + kdo. We
then must have

Vg sinf@dA — updf =0, do =0. (2.9)
According to the continuity Eq. (2.8), Eq. (2.9) can be
expressed as the total derivative of some differentiable

function R(4,0,0) for any o € [0, 1]:

dR(1,6,0) = g—idl + (;—gd@ = vpsinfdA — updd =0,
(2.10)
thus
, oR , 1 oR
uRz—@, VR = Sind 9i° 2.11)
Since o €[0,1] can be arbitrary in Eq. (2.10),

R(A,0,0) = c actually represents a 3D surface. For given
constants ¢ and o, R(4,0,0) = ¢ characterizes the distri-
bution of streamlines for \71@ at time instant ¢ on the plane
with constant o. The direction of the tangent on stream-
lines at any point must be parallel to l_}l/e» and the density
of streamlines determines the magnitude of \_}1’e We thus
call R(4, 6, 0) the stream function of the horizontal circula-
tion and the components of l71/e are expressed by R(4,6,0)
in Eq. (2.11). The number of the required physical quanti-
ties about the velocity field l71/2 is reduced by introducing
the stream function R. It also provides the intuitive physical
picture of the fluid motion.

Note that uj and vj depend on o in Eq. (2.9), thus the
stream function R cannot be fully determined by a simple
integration of Eq. (2.10). This is due to the fact that for any
differentiable function f(o) the sum R(4,0,0) + f (o) also
satisfies Eq. (2.10). We will resolve this issue in the next
section.

2.3 Meridional circulation

We can assume that the meridional circulation has zero
zonal wind. We further assume that its meridional wind
and vertical velocity can vary with the longitude. At time
instant ¢, it can be represented as:

Vi (2.0,0) = jvi;(J,0,0) + ko (1,60, 0), (2.12)

satisfying the continuity equation according to Eq. (2.6):

1 9(sinfvy) 9oy
— 2 4+ — =0. 2.13
sin 6 00 do ( )

Similarly, the velocity field VH for the mer1d10nal circu-
lation should be parallel to the streamline element ds:

61d0 — Viydo =0, di =0, (2.14)

which is called the streamline equation for the veloc-
ity field V},. Using the continuity Eq. (2.13), for any
given A € [0,27], Eq. (2.14) can be expressed as the total
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derivative of some differentiable function H (4,0,0) after

multiplying both sides of Eq. (2.14) with sin 6:
dH(),6,0) = sin06yd6 — sinOvydo = 0. (2.15)

In order to remove the factor sinf, we can let
H(.,0,0) =sin0H(A,0,0). Then Eq. (2.15) becomes

d(sin6H) = Md@ + sineg—fda
= sinf6ydf — sinOviydo = 0. (2.16)
Thus
, OH 1 a(sin6H)
YH= Tos " T Gne a0 2.17)

We call H(/,0,0) the stream function of the meridi-
onal circulation with which the velocity field ‘7;, can be
expressed in Eq. (2.17). Similarly, I:I()L, 0,0) in Eq. (2.15)
is fixed up to a differentiable function f(4). Thus, H cannot
be uniquely determined by simply integrating Eq. (2.16).

2.4 Zonal circulation

We assume that the zonal circulation has zero meridional wind.
Its zonal wind and vertical velocity can vary with the latitude.
At the time instant ¢, the zonal circulation can be represented as
Viy(5.0,0) = iy (J,0,0) + kéw(1,60,0), (2.18)
which satisfies the continuity equation according to Eq. (2.6):

1 duy n 00w
sinf 04 do

Similarly, WV is parallel to the element dS along the
streamline of the velocity field Vy, for the zonal circulation:

=0. (2.19)

uydo — Gy sinfdi =0, do =0, (2.20)

which is the streamline equation for ‘7{,[, According to the
continuity Eq. (2.19), for any given 6 € [0, ], the first
equation in Eq. (2.20) can be expressed in a total differen-
tial form of a differentiable function W (4,0, o):

W oW
AW (.0.0) = dj+ 4
(4,6,0) = Z7dA+ 5 ~do

2.21)
= uydo — oy sinfdi =0,
thus
oW 1 aw 2
= — o = — —_— .
W= e oW sin® 9 (222)

The velocity field \7"/V for the zonal circulation can be
expressed in terms of W(4,0,0) using Eq. (2.22). We call
W(4,6,0) the stream function of the zonal circulation. It
also cannot be uniquely determined by a simple integration
of Eq. (2.21).

@ Springer

3 The three-pattern decomposition of global
atmospheric circulation

Circulation decomposition is commonly used in atmosphere
sciences, e.g., the stream function and velocity potential func-
tion decomposition in 2D fluid dynamics are successfully
applied to the quasi-horizontal and quasi-geostrophic atmos-
pheric dynamics at the middle-high latitudes and generate
many important theoretical results and applications. How-
ever, there exists strong vertical motion at the low latitudes.
A study of the 3D motions of atmosphere is then required to
investigate the phenomena such as intertropical convergence
zone (ITCZ), monsoon and tropical cyclone. Therefore, the
traditional 2D decomposition in fluid dynamics is not appro-
priate to study the global atmosphere. A novel method of 3D
decomposition will be introduced in this section.

For large-scale motions where the small-scale effect can
be neglected, we can assume that the global atmospheric
circulation can actually be expressed as the superposi-
tion of the horizontal, meridional and zonal circulations
defined above. In other words, for any given velocity field

V =iu'(1,60,0) + V' (4,0,0) + k& (1,0,0), we have

V' =V + Viy + Vi, 3.1)
with its components being expressed as
W =uy +uy, V =vy+vg & =0w+on. (3.2)

Using the stream functions in Eqgs. (2.11), (2.17) and
(2.22), we arrive at
aw dR /

30 a9 — U
1 9R _ 9H /

—_—nr — 57— =V
sinf 94 do ’
. 3.3)
1 dGinfH) 1 W —&
sin O 20 sinf a1 — -

We then can determine the velocity fields Vj;, V}, and
‘71/e using Eqgs. (2.11), (2.17) and (2.22) and furthermore the
original velocity field using Eq. (3.3) if the stream func-
tions H, W,R are known. On the other hand, the velocity
fields ‘71/_1, \7;‘, and ‘71/e can be obtained by calculating the
stream functions H, W, R. We call the velocity fields \7;,,
\7{4, and 17,’;, satisfying Eq. (3.1) or Eq. (3.3) the three-pattern
decomposition of the original velocity field V.

3.1 Theorems of the three-pattern decomposition

We can conveniently denote A=Hi+ Wf + Rk. Accord-
ing to the definition of 3D vorticity vector in Eq. (2.5),
Eq. (3.3) is equivalent to

_VxA=V. 3.4

Therefore, the vector A satisfying Eq. (3.4) is called the
3D stream function vector for the velocity field V'. Note
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that for any given V' in Eq. (3.4), there are infinitely many  ©Of in a compactly equivalent form
A satisfying Eq. (3.4). We have the following definition and L.
theorems to pick up the correct A. -VxA=V,
V.i=0 3.7

Definition 1  For a given velocity field V/ if there exists a
unique 3D stream function vector A = Hi + W] + Rk such
that —V x A = V/, the decomposition of V" into VH, VW, VR
through Egs. (2.11), (2.17) and (2.22), called the three-
pattern decomposition of global atmospheric circulation, is
said to be appropriate.

Theorem 1 The sufficient and necessary conditions for an
appropriate three-pattern decomposition of global atmospheric
circulation are: a zero velocity field % (zero magnitude) can
only be decomposed into three zero velocity fields \7,’1, WV \7}’3
, L.e, it is not allowed to decompose zero field into the sum of
two fields with equal magnitude and opposite direction.

Theorem 2 For 0 =1, we have H=W =0 R _ (),

> do
Then the sufficient and necessary condltzons that a zero
field V' is decomposed into three zero ﬁelds VH, VW, VR are
such that the 3D stream function vector A satisfies
- 1 oH 1 9(Wsinb)

oR
V.-A= — — =0.
sinf 94 + sin 6 20 + do

(3.5)

Theorems 1 and 2 indicate that our proposed three-
pattern decomposition of global atmospheric circulation
is physically significant. Theorem 1 guarantees that our
decomposition method will yield a unique result, while
Theorem 2 provides the sufficient and necessary condi-
tions. The proof of Theorem 1 is obvious, and the proof of
Theorem 2 is provided in “Appendix”.

Note that when p = P, the velocity fields in the
spherical p-coordinate system have the boundary con-
ditions of w =0, gz =0, 3V = 0. Thus, when o = 1, we
have 6 =0, ‘;’fy =0, 3; = O Using Eq. (3.3), the stream
functions H,W,R in Theorem 2 require the boundary
conditions of H = W = 0, 28 = 0, which is of physical

> do
significance.
3.2 The three-pattern decomposition model

According to the theorems in Sect. 3.1, at fixed time ¢, the
three-pattern decomposition model in the spherical o-coor-
dinate system for the global atmospheric circulation can be
expressed as:

aw oR ’

90 0 — U
|_OR _ 9H _
sinf 94 do — 77
1 9d(sin6H) 1 M s (3'6)
sin 0 20 0 9L — 7
1 a( sin 0)

JR
smO di + sin@ 20 + 9o =0,

Using Theorem 2, applying vorticity operation on the
first equation in Eq. (3.7) and fitting the second equation of
Eq. (3.7) into it, we can obtain the following three bound-
ary value problems

_ 1 1 8/ sin6)
{AR—mmﬁ—mmuﬁl,(L&weQ, 8

Ro = i1 =0,
9H _ 1 _9R
%_sinGW_V/’ (4,0,0) € £2, 3.9
Hlyo =H|s=1 =0, .
oW _

= +u, (1,0,0) € £2,
B0 ae 510
Wlse = Wls=1 =0,

where 2 is a sphere with 4 and 6 being the longitude and
colatitude respectively and radius of o = 1, 9£2 is the sphere
surface, n is the unit outer normal Vecpor of 052. The‘ 2dif—
ferential operator A = ﬁ a2zt Sh]l y % (sinf %) + % is
the 3D Laplacian in the spherical o-coordinate system.
Note that if stream function R satisfying Eq. (3.8) is

known, H, W can be expressed as

[ (e

H = ( — — )do,
1 sin 0 8}

Therefore, solving Eq. (3.8) will help us to obtain all of the
3D stream functions H, W, R defined in Sect. 2. The prob-
lem of (3.8)—(3.10) are called the definite solution problems
corresponding to the three-pattern decomposition model
(3.6) or (3.7) for global large-scale atmospheric circulation.
The existing mathematical theorems (Taylor 1999) can be
used to prove the existence and uniqueness of the solutions
to the definite solution problems (3.8)—(3.10).

3.11)

(3.12)

4 The climate characteristics of three-pattern
circulations

As we discussed above, the three-pattern decomposition
of global atmospheric circulation will yield unique results
of physical significance. In this section, we use the NCEP/
NCAR reanalysis data to verify our models. The NCEP/
NCAR data returns the monthly mean of zonal wind u,
meridional wind v and vertical velocity w at isobaric surface,
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with a spatial resolution of 2.5 x 2.59 from January, 1948 to
December, 2011. We firstly fit the zonal wind u and meridi-
onal wind v into the definite solution problem (3.8)—(3.10)
to obtain the monthly mean stream functions R,H, W for
the period from January, 1948 to December, 2011. We then
obtain the numerical results of the monthly mean of the hori-
zontal circulation \7R [components ug and vg are computed
by Egs. (2.4) and (2.11)], meridional circulation \7H [com-
ponents vy and wy are computed by Eqgs. (2.4) and (2.17)],
zonal circulation \7W [components uy and wy are computed
by Egs. (2.4) and (2.22)] also for the period from January,
1948 to December, 2011. Note that we use the transformation
Eq. (2.4) to convert the results into that in the p-coordinate
system. Therefore, the horizontal velocities ug,uw, vg, vy
have the unit of m s—., while the vertical velocities wpy, ww
have the unit of Pas™L. The stream functions R, H, W have
the same unit s~ as that in the o-coordinate system. The unit
for the calculated stream functions R, H, W is 10~ s~ 1,

To expose the difference between the stream functions
R, H, W derived from the three-pattern decomposition model
with the traditional ones, we provide the definitions of g,
Yy (Oort and Yienger 1996), Yrw (Yu and Boer 2002; Yu and
Zwiers 2010):

ApYg = &z, 4.1)
21w a cos P
Yy = “TAtRe / [vldp, 4.2)
8 0
2ma [P
Yw=— [ uandp, 4.3)
g Jo

where Vg, Yy and Y represent the traditional stream
functions of the horizontal, men'dig)nal and zonal circula-
. . _ 1 9% 1

tion respectively, Az = — o992 T Zeosg B¢ J (cos g 3 (p)
is the 2D Laplacian in the spherical coordinate system,

_ 1 ov 1 d(ucosg) - . ..

?Z = Zcosp 1 _ acosg g 1s.thf: vertical VOI‘.tICIty, .a
is the radius of earth, g is the gravitational acceleration, ¢ is
the latitude, p is the atmospheric pressure, ug;, is the zonal
divergent wind and [v] is the zonal average of meridional
wind. According to Egs. (2.4), (2.8) and (2.11), ug = auy
and vg = av;e are the horizontal vortex winds which are non-

divergent. Therefore, according to Eq. (2.11), we have

Jo o MR Mot R VR Ve 1 OR
R a 0 RT a7 a sinf 94’
“4.4)

where u,,; and v,,; are the zonal and meridional vortex wind,
respectively. Using Eq. (2.4), and inserting Egs. (4.4) to
(3.11) and (3 12), we have

th 1 [°
H = - = = dO’ = _; vindo, 4.5)
1
o
W = (— Hrot =+ E)da' = */ Mdlvd(f
| a a a (4.6)
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A comparison of Egs. (4.1) and (3.8) indicates that the
horizontal stream function R is calculated from the whole
layer of horizontal vortex wind. R at the isobaric surface
is resulted from the interaction between horizontal vortex
winds at different layers in the vertical direction. How-
ever, Yg from Eq. (4.1) is the 2D stream function from a
particular layer of 2D horizontal vortex wind. Similarly,
from a comparison of Egs. (4.2) and (4.5), or (4.3) and
(4.6), H and W are 3D functions while the traditional
stream functions ¥y and vy are 2D functions in spatial
coordinate. They have smnlar mathematical forms, except
a dlfference of factors — 2’;“ (the minus sign is due that
the vectors / correspondlng to latitude ¢ and colatitude 6
are opposite) and 2”% Therefore, the traditional 2D
stream functions are specific to the 3D stream functions
we proposed.

4.1 Global distribution characteristics of stream
functions

4.1.1 Horizontal circulation

The horizontal circulation can be considered as the global
generalization of the Rossby wave that usually dominates
the middle-high latitudes. The climatological-mean of
the stream function R in January and July are shown in
Fig. 1a, b, which indicates that there exists a low pressure
center surrounding the North Pole in summer, winter and
the transition seasons (plots in the transition seasons are
not provided). There also exist oscillations along the lati-
tudinal circles around the low pressure center. In the south-
ern hemisphere, the stream function R is smooth, and the
oscillations are far less obvious than that in the northern
hemisphere.

There are three major troughs at middle latitude of
northern hemisphere in winter (Fig. 1a), located at the
east coast of the Asia continent (corresponding to East
Asia major trough), the east coast of American continent
(corresponding to American trough) and the east part of
Europe. The last one is the weakest. At July in summer,
the horizontal circulation at the lower troposphere exhibits
obvious characteristics (Fig. 1b). Firstly, the major trough
at eastern Europe extends to Arabia peninsula and the
Indian subcontinent near 15°N. Secondly, the horizontal
circulation is a high pressure system of anticyclone type
in the Pacific Ocean, the Atlantic Ocean and the tropical
western Indian Ocean, it is also a high pressure system of
anticyclone type in the Pacific Ocean and South American
continent near 15°S. These results indicate that the stream
function R defined in this study can reveal the major char-
acteristics of the large-scale horizontal circulations at not
only the middle-high latitudes, but also the low latitude
tropical regions. This result is significant for studying the
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(a) Jan 500hPa

60E 120E 180 120W 60W 0

-1 -0.8 -0.6 -0.4 =-0.2 ] 0.2 0.4 0.6 0.8

60E 120E 180 120W 60W

-1.2 -11 -1 -08 -08 -0.7 -0.6 -0.5 -0.4 -03 -0.2 -0.1

(b) Ju1 850hPa

60E 120E 0

-0.2 -0.1 ] 0.1 0.2 03 04 05 0.6 0.7 0.8 0.8

9N (d) yu1 850hPa

60E 120E 180 120W 60W 0

-0.35 -0.3 -0.25 -0.2 -0.15 -0.1 -0.05 ] 0.05

Fig. 1 The climatological-mean of stream function R in a January and b July (1948-2011), ¢ and d are the same as a and b but here for the tra-
ditional stream function g calculated from NCEP/NCAR reanalysis data by Eq. (4.1). The unit of R is 107 s~!, and the unit of yg is 108 m? s~

global evolution of horizontal circulations, and especially
for investigating the interaction between the horizontal cir-
culation at middle-high latitudes and the vertical circula-
tions at low latitudes.

Comparing R and /g, the mean state of the stream func-
tion R shown in Fig. 1a, b agree quite well with the tradi-
tional stream function Y (see Fig. lc, d), which confirms
the validity of our three-pattern decomposition model.

4.1.2 Meridional circulation

The meridional circulation can be considered as the global
generalization of the Hadley circulation. The global clima-
tological-mean zonal mean of the stream function H in Jan-
uary and July is shown in Fig. 2a, b, and its global distribu-
tion characteristics are shown in Fig. 3. Figure 2c, d shows
the distribution of traditional mass stream function vy for
January and July. Comparing Fig. 2a—d, we find that the pat-
tern of the stream function A and vy is almost identical. For
both of them, in the northern hemisphere, the meridional cir-
culation with moving upwards (downwards) at low latitude
and downwards (upwards) at high latitude happens in the
region where the stream function H or {g is positive (nega-
tive), while it is the opposite in the southern hemisphere.

Figure 2 indicates that there exist three meridional circula-
tions in both the northern and southern hemispheres, i.e.,
the traditional Hadley circulation, Ferrel circulation and the
Polar circulation. In January, the Hadley circulation in the
northern hemisphere is the strongest, moving upwards at the
equator and southern tropical areas and downwards at the
northern subtropical latitudes, but it is weak in the south-
ern hemisphere, covering a small region. In July, the Hadley
circulation is weak in the northern hemisphere with shrink-
ing covered region, but it is strongest in the southern hemi-
sphere, moving upwards at the equator and northern tropical
areas and downwards at the southern subtropical latitudes.
In addition, the centers of the meridional circulations are
shifting to south or north for different seasons and their
intensity also strongly depends on the seasons.

In Fig. 3, there are four major meridional circulations
in winter located at the regions of European continent, east
coast of Asia continent, north America and the north Atlan-
tic Ocean in the areas above 30°N. In winter at the tropical
regions, the meridional circulation is of Hadley type, mov-
ing upwards at low latitude and downwards at high latitude,
which is the opposite in the regions of east Pacific Ocean
and Atlantic Ocean. In summer, the intensity of the meridi-
onal circulation in the northern hemisphere decreases and it
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Fig. 2 The climatological-mean zonal mean of stream function H in
a January and b July (1948-2011), ¢ and d are the same as a and b
but here for traditional mass stream function vy calculated from the

(@) Jan 500hPa

60E

120E 180 120W 60w

-1.5 =12 =09 =-0.6 =-0.3 0 03 0.6 0.9 1.2 1.5

NCEP/NCAR reanalysis data by Eq. (4.2). The unit of H is 107 s~
and the unit of ¥y is 10° kg s
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Fig. 3 The climatological-mean of stream function H in a January and b July (1948-2011), where the unit of H is 10™®s™!

is shifting towards north; while at the regions of east Pacific
Ocean the Hadley type circulation is originated from the
meridional circulation moving in the opposite direction in
winter. These results indicate that the meridional circula-
tion is strongly dependent on the season for both the low
latitudes and middle-high latitudes.

@ Springer

Compared to the traditional way of zonal mean (Fig. 2c,
d), the global distribution of the meridional circulations
is more obviously displayed in Fig. 3. An obvious feature
is that the meridional circulation is stronger in winter and
occupying larger area than that in summer. There exist a
few large closed centers which exhibit interval distribution
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Fig. 4 The climatological-mean meridional-mean of stream function
W between 10°N and 10°S in a January and b July (1948-2011), ¢
and d are the same as a and b but here for traditional mass stream

depending on the direction of circulations, probably due
to the difference of thermodynamics between oceans and
continents in the corresponding regions. The above analy-
sis demonstrates that the stream function H can reveal the
evolution characteristics of local Hadley circulations more
appropriately than the traditional analysis, offering new
routes to study the local Hadley circulations.

4.1.3 Zonal circulation

The zonal circulation can be considered as the global gen-
eralization of the Walker circulation. The climatological-
mean meridional-mean of the stream function W in January
and July between 10°N and 10°S is shown in Fig. 4a, b,
while its global distribution is shown in Fig. 5. Figure 4c,
d shows the distribution of traditional mass stream function
Yrw between 10°N and 10°S for January and July. Com-
paring Fig. 4a—d, we find that the pattern of W and Yy is
almost identical. For both of them, the zonal circulation
is moving upwards in the east and downwards in the west
of the eastern hemisphere (called anti-Walker type) in the
region where the stream function W or vy is negative while

2001
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1000
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,,.‘,_/_\.
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0 60E  120E 180  120W  6OW 0

function {rw calculated from the NCEP/NCAR reanalysis data by
Eq. (4.3). The unit of W is 107 s™, and the unit of Yy is 10" kg s

it is moving upwards in the west and downwards in the east
of the western hemisphere in the region where the stream
function W or vy is positive (called Walker type).

There exist a few zonal circulations in all seasons near
the equator shown in Fig. 4. Among them, the one with
upwards movement at the west pacific ocean and down-
wards movement at east Pacific Ocean is usually called
Walker circulation; the one with upwards movement at
Indonesia and west Pacific Ocean and downwards moment
at Africa and west Indian Ocean is called anti-Walker cir-
culation. Note that the zonal circulation around the equator
strongly depends on seasons, as shown in Fig. 4. In Janu-
ary, the Walker circulation across the Pacific Ocean around
the equator is the strongest and the zonal circulation in
South America and Atlantic Ocean is also strong, while it
is weak in Africa and Indian Ocean. In July, the Walker cir-
culation in the Pacific Ocean near the equator is weakened
while its strength increases in Africa and Indian Ocean with
the circulation center moving towards west.

The global distribution of the zonal circulations shown
in Fig. 5 is more thorough compared to the result from the
traditional meridional averaging (Fig. 4c, d). The zonal
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Fig. 5 The climatological-mean of stream function W in a January and b July (1948-2011), where the unit of W is 10

circulations mainly exist at low latitudes between 30°N and
30°S in January (Fig. 5). Except the Walker circulation in
the east Pacific Ocean around the equator, there are two anti-
Walker circulations between the equator and 30°S. One is the
zonal circulation across the whole eastern hemisphere cen-
tered at Indonesia, Indian Ocean and Africa continent, while
the other one is centered in the South America. The region
between 15°N and 30°N is dominated by the Walker type
circulation, with the strongest one centered at the east coast
of China. In July, the zonal circulations shift towards north at
the area north of the equator. The Walker circulations in the
Pacific Ocean near the equator increase the covering area.
The anti-Walker circulations in Indonesia and Indian Ocean
shrink the covering area and enhance the strength.

4.2 Global distribution of Kinetic energy

In Sect. 4.1, the climate characteristics of the stream func-
tions R, H, W are in qualitative agreement with the observa-
tions. This is an evidence that our generalizations of the tra-
ditional Rossby circulation, Hadley circulation and Walker
circulation and the three-pattern decomposition model are
appropriate. The physical nature of the three-pattern cir-
culations is still not fully understood, as compared to the
traditional circulations. We will provide an interpretation
based on the calculation of the kinetic energies of those cir-
culations from the NCEP/NCAR reanalysis data.

The annual mean of the kinetic energy for three-pattern
circulations is shown in Fig. 6. The formula for the kinetic
energy of the horizontal circulation in Fig. 6a, the meridi-
onal circulation in Fig. 6b and the zonal circulation in
Fig. 6¢ are

1
Ey =~z +v3),

=3 A4.7)

Ep = l(v2 +w)
T TS (4.8)
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—6 S—l
and
_ 1o, 2
E. = E(MW + WW)’ (4.9)
respectively, where wy = —z—’; and wy = _%’ represent-

ing the vertical velocity for the meridional and zonal circu-
lations respectively. The kinetic energy for the traditional
circulations are calculated from the zonal wind u, meridi-
onal wind v and vertical velocity w from the NCEP/NCAR
reanalysis data, shown in Fig. 6d—f. The formula for the
kinetic energy in Fig. 6d—f are

L >, 2
Eq= 5(14 +vo), (4.10)
1 2 2
Ee=§(V +w), (4.11)
and
15 2
Er = z(u +w), (4.12)
respectively, where w = —-2 is the vertical velocity. The

kinetic energy calculated from Egs. (4.10) to (4.12) in
Fig. 6d—f exhibits only the Rossby wave type character-
istics, not for Walker or Hadley circulations. However,
the kinetic energy from Eqs. (4.7) to (4.9) using the six
velocity fields ugr, vr, Vi, wn, uw, ow from the three-pat-
tern decomposition model shown in Fig. 6a—c can reveal
the major characteristics of the horizontal, meridional and
zonal circulations. The annual mean kinetic energy of the
horizontal circulation is mainly located at middle-high
latitudes, shown in Fig. 6a. Except at low latitudes, the
kinetic energy of the meridional circulation is also located
at high latitudes, shown in Fig. 6b. The kinetic energy for
the zonal circulation is mostly distributed in the Indian
Ocean and east Pacific Ocean at low latitudes, shown in
Fig. 6¢. The kinetic energy for the meridional and zonal
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Fig. 6 The climate characteristics of the annual mean of the kinetic energy (500 hPa, 1948-2011) (The unit is m? s~2 1 kg, a—c are plotted by
the three-pattern decomposition model, while d—f are plotted by the NCEP/NCAR reanalysis data.)

circulations is much less than that of the horizontal cir-
culation, with that of the meridional circulation being the
smallest.

In addition, we also study the variance of the monthly
and annual mean kinetic energy for the three-pattern cir-
culations and the ratio between the variance and kinetic
energy. We conclude that the variance of the kinetic energy
of the horizontal circulation concentrates at middle-high
latitudes for either the monthly or annual mean, however,

the ratio between the variance and the kinetic energy shows
the opposite behavior, i.e., larger ratio at low latitudes than
that at middle-high latitudes. This indicates that the ratio
between the variance and kinetic energy is a strong signal,
though the horizontal circulation itself at low latitudes is
weaker than middle-high latitudes. Therefore, to study the
abnormal behavior of the large-scale circulations at low lat-
itude, the role played by the horizontal circulation should
not be overlooked.
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5 Conclusions and discussions

The atmosphere around the rotating earth is restricted by
thermal equilibrium at middle-high latitudes and by the
angular momentum conservation at tropical areas, which
requires that the earth atmosphere is quasi-horizontal and
quasi-geostrophic and is of Rossby type circulation at mid-
dle-high latitudes, while it is overturning and is of Hadley
and Walker type circulations at the tropical areas. In order
to study the 3D characteristics of the large-scale circula-
tions both at middle-high latitudes and low latitudes, we
firstly generalize the concepts of the Rossby wave at mid-
dle-high latitude and the Hadley and Walker circulations
at low latitudes and quantitatively define the horizontal,
meridional and zonal circulations. We then decompose the
global atmospheric circulations into these three orthogonal
circulations and establish the three-pattern decomposition
model for the global circulations. We also provide the theo-
rems for such decomposition to ensure its physical valid-
ity. By inputting the NCEP/NCAR reanalysis data into the
three-pattern decomposition model, we obtain the climate
characteristics of the three-pattern circulations which dem-
onstrate that our decomposition model agrees well with the
observations. Furthermore, the characteristics of kinetic
energy of the three-pattern circulations in this paper indi-
cate that our model is more accurate to capture the major
features of global 3D circulations than the traditional circu-
lation definitions.

The three-pattern decomposition of global atmospheric
circulation introduced in this paper can only be applied to
3D atmospheric circulations. For the first time, it decom-
poses the global circulation into three orthogonal ones on
the horizontal, meridional and zonal planes. This provides
new methods to study the complicated interactions between
all these circulations and establishes novel theoretical
foundations to investigate the climate change and extreme
weather caused by the evolution of the large-scale circula-
tions. In addition, the three-pattern decomposition model can
describe the major characteristics of the local circulations,
offering new opportunities to study the atmospheric circu-
lations. Nonetheless, we need to point out fitting the veloc-
ity fields u, v, w into Eq. (2.5) will yield inconsistent result,
since the unit of u,v is ms~! while the unit of w is Pas™!
and they cannot be added together. To overcome this diffi-
culty, we introduce the o-coordinate system, i.e., 0 = I’%%’;f(),
where P; = 1000hPa and pg = OPa, so that the velocity
fields «’,V', & in the coordinate transformation Eq. (2.4) have
the same unit of s~ Note that P; = 1000 hPa means that
we neglect the effect of the earth’s topographic features in
our decomposition model. Thus, we should use the velocity
fields u, v and w, which include the effect of earth’s topogra-
phy, in the three-pattern decomposition model when we need
considering the earth’s topographic features.
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This paper and its sequel present the complete theory
of the three-pattern decomposition of global atmospheric
circulation. The detailed diagnosis and analysis about the
three-pattern circulations will be discussed in a separate

paper.

Acknowledgments This work was supported by the National Natu-
ral Science Foundation of China (40805034 and 41475068), the Spe-
cial Scientific Research Project for Public Interest (GYHY201206009)
and the Fundamental Research Funds for the Central Universities of
China (lzujbky-2012-13).

Appendix: The proof of Theorem 2
Sufficient conditions

If Eq. (3.5) holds, iﬂ.e., V.A= 0, the stream function vector
A = Hi+ Wj 4+ Rk satisfies

V-A)ZO, 6.1)

{ —VxA=V ,

from Definition 1. We need to prove that Eq. (6.1) will
lead to the conclusion that a zero velocity field can only
be decomposed into three zero velocity fields, under the
boundary conditions of H = W =0, g—§ =0ifo=11In
order to prove this, we apply vertical vorticity operation
onto both sides of the first equation in Eq. (6.1) using the
definition of 3D vorticity vector in Eq. (2.5), and fitting the

second equation in Eq. (6.1) into it. We then obtain

L 1 9 sin0)
~sinf 94 sin® 90
Using the condition of Theorem 2, we have

{ AR = L 3 1 dWsing) ) 5y e @

sinf 9. sin 6 a0

OR oR (6.2)
Gl = g5lo=1 =0,

where 2 =5x][0,1], 2 = {((4,0)|0 < 1 <2m,
0 < 60 <} is the surface of unit sphere, 952 is the bound-
ary of £2, i.e., the surface of a unit sphere, and # is the unit
outer normal vector of d52. The operator A is the 3D Lapla-
cian in the spherical o-coordinate system:

192

1 9 9 92
sinZ @ 942

sing 20 " 50) T 502

We know from the existing mathematical theorems (Tay-
lor 1999) that the solution of Eq. (6.2) is existed and unique
up to a constant. When V' =0 @,V are zeros), the stream
function R is a constant, and we must have \7}/e = 0. Using
Eq. (6.1) and the conditions in Theorem 2, we have
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W=, (L6,0)eR,

Wise = Wlo=1 =0, (6.3)

0H _ _1_0R

% =wmgas — V> (h6.,0) €,

Hl|ye =H|s=1 =0. (6.4)
Thus, W = [{" (55 +u)doand H = [{ (Smg?,’j v’)da

uniquely exist. When V=0 (u',V' are zeros), R is a con-
stant, and thus the stream function H, W are zeros, leading
to \7;1 = V/, = 0. This proves that Eq. (3.5) guarantees the
three-pattern decomposition of global atmospheric circula-
tion uniquely exists.

Necessary condition

We will approach to the proof by contradiction. Accord-
ing to Definition 1 and the conditions of Theorem 1 and
Theorem 2, we can assume that the three-pattern decom-
p051t10n of global atmospherlc 01rculat10n unlquely exists,

, for given V' =iu + v + k¢ and V- V/ = 0_there
ex1sts a unique stream function vector A=Hi + W/ + Rk
satisfying

1. —VXA V%ie, Vi + Viy+ Vi =V,
2. V. =0wil leadtoVH VW_VRE

we must have V - A = 0. This because, otherwise, if we
assume that V - A = D # 0, then A must satisfy

~VxA=V,
{V-szD;AO. ©5)
According to theories of fluid dynamics, A can be
uniquely  decomposed into A =A; 4+ A, yvhere

Kl = Hii+ Wyj +R112 and Zz = Hzf—i— W27+ Rok are
satisfying

VXA =V,

{v-ﬁl 0 (6.6)
-V X22=0,

{V.Z\2=D;A0. ©.7)

Furthermore, according to the conditions of Theorem 2, we
have

H, =H; =0,
Wi =W; =0, (6.8)
IRy _ IRy _
30 — 00 O

when o = 1. Applying the above discussions about the suffi-
cient conditions to Eq. (6 6), we know that ;\1 uniquely exists
up to a constant when V=0 W',V are zeros) and we then
must have VH] = VW1 = VR1 = 0. Since V x A2 = 0in Eq.
(6.7), there must exists a scalar function ¢ (4, 6, o) such that

Ay = Vo,
ie.,
Ar = Hai + Waj + Rok = La—‘p# 8—‘0 + 997 (6.9)
sing a4 96’ " 9o
Thus
V.-Ay = Ap =D. (6.10)

Using the boundary conditions of Egs. (6.8) and (6.9),
we have

6.11)

when o = 1. If we denote 7 = rl; + 1:2; the horizontal tan-
gent of any point on 952, we obtain the direction derivative
of the function ¢ along t

B(p 1 d¢ I
P lag = Po=o, .
2= e el T e (©.12)

from the definition of direction derivative and using Eq.
(6.11). From Egs. (6.10) and (6.12) we know that the scalar
function ¢(/, 6, o) satisfies

{A(p:D, in £2,

%0 =0, (6.13)

Note that g—fla o = 0 is equivalent to ¢|3 = ¢, where ¢
is a constant. In other words, the zero direction derivative
of ¢ along any horizontal tangent T on 92 will lead to the
fact that ¢ is a constant on the sphere surface 2. Thus, Eq.
(6.13) is equivalent to

Ap =D,
vlao =c.

in £2
(6.14)
Apparently, the solution of Eq. (6.14) is uniquely

existed and the gradient Vo =A; for ¢ satisfy-
ing Eq. (6.14) is not a vector constant (otherwise

we must have V ~Az =Ap=D=0). We then
haveV x A, =V x Vg =0, 1i.e.,

oW, R

% a8 =0

1 0R oH,

sin@T/lZ - TUZ =0, (615)

1 9(sinfHy) 1 oW, __ 0.

sin 0 90 T sinf 94 —

Using Eq. (6.6) we have

VXA=-Vx(@A +4A) =—-V x4,

be expressed as

= V’, which can
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AW +Wr) — (R +Ry) __ u/
do 20 - %
1 ORi1+Ry) _ 9(Hi+Hy) __ v
sin O ER do - 7
1 9Gin6(H | +Hp) 1 dW+Wo) _ -
Sind 90 smo a1 — 9> (6.16)
and
Wy _ ORy _
do g — U>
1L 38Ry _ 9H; _ |y
sinf 04 do — "
1L 3GinbH) _ 1 W, _ -
sn6 90 smo a. —9- (6.17)

From Egs. (6.15) to (6.17) we know that when V' = 0,a
zero velocity field will be decomposed into three nonzero
velocity fields, a contradiction to the definition of appro-
priate circulation decomposition. The hypothesis of
V-A=D = 0 does not hold, we must have V - A = 0. The
proof is completed.

In the above proof, from Egs. (6.15) to (6.17) we note
that the vector Az has no contribution to the original veloc-
ity field V but it contrlbutes to the decomposed veloc-
ity fields VH, VW, VR The existence of A2 not only gives
non-unique decomposition, but also generates inconsistent
decomposition results, i.e., zero velocity is decomposed
into two nonzero velocity with equal magnitude and oppo-
site direction. The condition of V- A = 0 in the theorems
ensures that Kz = (0, and thus leads to the existence and
uniqueness of our three-pattern decomposition of global
atmospheric circulation.
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