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ABSTRACT

A mathematical relation between deformation and vertical vorticity tendency is built by introducing the frontogenesis

function and the complete vertical vorticity equation, which is derived by virtue of moist potential vorticity. From the

mathematical relation, it is shown that properly configured atmospheric conditions can make deformation exert a positive

contribution to vortex development at rates comparable to other favorable factors. The effect of deformation on vortex

development is not only related to the deformation itself, but also depends on the current thermodynamic and dynamic

structures of the atmosphere, such as the convective stability, moist baroclinicity and vertical wind shear (or horizontal

vorticity). A diagnostic study of a heavy-rainfall case that occurred during 20–22 July 2012 shows that deformation has the

most remarkable effect on the increase in vertical vorticity during the rapid development stage of the low vortex during its

whole life cycle. This feature is mainly due to the existence of an approximate neutral layer (about 700 hPa) in the atmosphere

where the convective stability tends to be zero. The neutral layer makes the effect of deformation on the vertical vorticity

increase significantly during the vortex development stage, and thus drives the vertical vorticity to increase.
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1. Introduction
In meteorology, deformation is mostly applied to the fron-

togenesis process (Petterssen, 1956; Yang et al., 2014; Yang

et al., 2015). However, many observations and a number of

clear and simple theories show that deformation also plays

important roles in other physical processes, such as storm-

track dynamics, the formation and maintenance of the moat

structure in tropical cyclones, symmetric instability, block-

ing onset, and so on (e.g., Whitaker and Dole, 1995; Elh-

maidi et al., 2004; Rivière and Joly, 2006a, b; Gao et al.,

2008; Wang, 2008; Thomas, 2012; Moon and Nolan, 2015).

Based on the traditional exponential growth problem of nor-

mal modes (Charney, 1947; Eady, 1949; Kuo, 1949), Farrell

(1989) demonstrated that, although the deformational flow

does not support any exponentially growing solution, distur-

bance embedded in the deformational flow undergoes tran-

sient development. Mak and Cai (1989) obtained a general

condition for the stability property of a perturbation embed-

ded in a non-divergent 2D barotropic flow, stated as: “to op-

timally extract (kinetic) energy from the basic flow, a pertur-
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bation must be elongated locally along the axis of contrac-

tion of the basic deformation field” [physically interpreted

by Cai (1992)]. In addition, Cai and Mak (1990) derived

a whole set of energy equations for local perturbations in a

zonally inhomogeneous baroclinic jet streak in a two-layer

quasi-geostrophic beta-plane channel model [Cai and Mak,

1990, Eqs. (10–13)]. With these equations, Mak (1991) ver-

ified the “eddy straining” mechanism proposed by Shutts

(1983), which argues that due to the impact of deformation,

the transient eddy stretches along the north–south direction

and compresses in the zonal direction, causing transforma-

tion of momentum and energy to the blocking flow and stim-

ulating the blocking onset. Apart from discussing the per-

turbation growth mode within the deformation field, Weiss

(1991) obtained a condition for the vorticity gradient increas-

ing (Okubo–Weiss condition), to explain the vortex filament

phenomenon with the conserved vertical vorticity equation in

a barotropic and non-divergent atmosphere. According to the

condition, the vertical vorticity gradient increases when the

strength of the deformation square is larger than the vorticity

square, and changes periodically when the vorticity square

is larger than the deformation square. This theory has been

used to explain the mechanism of the moat structure in tropi-

cal cyclones (Rozoff et al., 2006; Wang, 2008). These studies
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demonstrate well that deformation may play important roles

in the physics of some weather phenomena, as emphasized

by Spensberger and Spengler (2014), who stated that defor-

mation may be used as a diagnostic tool in large-scale pro-

cesses, e.g., low-level frontogenesis, evolution of high-level

jets, orographic blocking, and Rossby wave breaking.

While most of the above research is associated with the

deformation of a barotropic atmosphere, some investigators

have focused on the relation between deformation and dis-

turbances in a baroclinic atmosphere. Bishop and Thorpe

(1994a, 1994b) indicated that deformation has key effects on

the unstable development of frontal waves, but may simul-

taneously suppress these waves. Renfrew et al. (1997) also

argued that the magnitude of stretching deformation of the

environmental flow (Bishop, 1996a, 1996b) is crucial to the

frontal stability. Wang and Wu (2001) found that a symmet-

ric disturbance tends to develop under the ascending flow of

the transverse circulation caused by deformational frontoge-

nesis. With a 2D shallow-water model, Jiang (2011) investi-

gated the formation and evolution of meso-β -scale low vor-

texes embedded in the deformational flow. In addition, Jiang

et al. (2011) proposed an interaction index between vortex

and deformation flow, which was shown to be able to indi-

cate the short-term direction of movement of a tropical cy-

clone. These investigations have provided significant insight

into vortex development in a baroclinic atmosphere, implying

an important role of deformation in baroclinic vortex evolu-

tion. However, most of these results were obtained from ide-

alized numerical experiments, which are not easy to use in

diagnostic analyses of the real atmosphere. For a barotropic

atmosphere, both the non-divergent perturbation kinetic en-

ergy equation (Mak and Cai, 1989) and the Okubo–Weiss

condition (Weiss, 1991) can be used to diagnose the possible

roles of deformation in disturbance development. However,

in a baroclinic atmosphere, a quantitative description and di-

agnosis of the impact of deformation on vortex development

remains unrealized.

Therefore, in this paper, a mathematical relation between

deformation and the vertical vorticity tendency is built to de-

scribe and diagnose the impact of deformation on mesoscale

low vortices in a baroclinic atmosphere. The corresponding

formulation is presented in section 2. With this mathematical

relation, a diagnostic study of the impact of deformation on

vortex development in a heavy-rainfall case is reported in sec-

tion 3. Finally, section 4 provides some concluding remarks.

2. Diagnostic method of vorticity development
In an adiabatic frictionless atmosphere, development of

vertical vorticity is associated with the change of static stabil-

ity, baroclinicity and horizontal vorticity under the restriction

of conserved potential vorticity (PV). Since the commonly

used vertical vorticity equation (referred to as the “classi-

cal vertical vorticity equation”; Wu, 2001; Holton, 2004) is

derived from the momentum equation, these thermodynamic

effects associated with static stability, baroclinicity and hor-

izontal vorticity are thus not involved in the forcing of verti-

cal vorticity development. In order to describe the impacts

of these thermodynamic factors on the evolution of verti-

cal vorticity and the associated inner dynamics, Wu and Liu

(1999) derived a complete form of the vertical vorticity equa-

tion (CVE) from the PV equation and developed the slantwise

vorticity development theory (SVD; Wu et al., 1995; Wu and

Cai, 1997), which can explain the explosive increase of verti-

cal vorticity during the frontal rainfall process. The PV equa-

tion and the corresponding CVE (Wu and Liu, 1999) in the

z-coordinate can be written as

dPE

dt
= α∇∇∇θ ·FFF +αζζζ a ·∇∇∇Q , (1)

and

d
dt

ζ = −βv−ζa∇∇∇ · vvv− ζζζ h ·∇∇∇hθ
θz

∇∇∇ · vvv− ζa

θz

d
dt

θz

−ζhθ
θz

d
dt
|∇∇∇hθ |− |∇∇∇hθ |

θz

d
dt

ζhθ

+
1

θz
(∇∇∇θ ·FFF +ζζζ a ·∇∇∇Q)(θz �= 0) , (2)

respectively, where PE = αζζζ a · ∇∇∇θ is the Ertel PV; α =
1/ρ is the specific volume; ζζζ a = (∂w/∂y−∂v/∂ z,∂u/∂ z−
∂w/∂x,∂v/∂x−∂u/∂y+ f ) is the 3D absolute vorticity vec-

tor; θ = T (ps/p)R/cp is the potential temperature; T is tem-

perature; p is pressure; ps is the reference pressure; R is

the dry-air gas constant; cp is the specific heat at constant

pressure; ∇∇∇ = (∂/∂x)iii + (∂/∂y) jjj + (∂/∂ z)kkk is the three-

dimensional gradient operator; FFF is the force of friction;

Q is the diabatic heating, which contains latent heat re-

lease by water vapor condensation; ζ is the relative verti-

cal vorticity; ζa = ζ + f is the absolute vertical vorticity,

where f is the Coriolis parameter; β = ∂ f /∂y is the lon-

gitudinal change of f ; V = (u,v,w) is the 3D velocity vec-

tor; ζζζ h = (∂w/∂y − ∂v/∂ z,∂u/∂ z − ∂w/∂x,0) is the hor-

izontal vorticity vector; θz = ∂θ/∂ z is the static stability;

∇∇∇hθ = (∂/∂x)θ iii+(∂/∂y)θ jjj is the horizontal potential tem-

perature gradient; and ζhθ = |ζζζ h|cos(〈ζh,∇hθ〉) is the pro-

jection of the horizontal vorticity vector ζζζ h along ∇hθ .

In Eq. (2), the first two terms on its right-hand side are

the β effect term and the divergence term, which are also

contained in classical vertical vorticity equation. The third to

sixth terms are seen as thermodynamic processes contribut-

ing to vertical vorticity development, which are, respectively,

the time change of specific volume, static stability, baroclin-

icity, and horizontal vorticity. In addition, friction dissipa-

tions and diabatic heating effects are contained in the seventh

and eighth terms. In the previous almost 20 years since the

development of SVD theory and the CVE, numerous stud-

ies (e.g., Cui et al., 2002; Meng et al., 2004; Li et al., 2005)

have shown that static stability, vertical wind shear and baro-

clinicity all play important roles in the rapid (even explo-

sive) increase of vertical vorticity under the slant of isentropic

surfaces, which is usually associated with severe hazardous

weather. For example, Yu and Wu (2001) showed that due to

the steep orientation of moist isentropic surfaces, moist baro-

clinicity can trigger slantwise development of vertical vortic-
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ity, which may induce the rapid development of a tropical cy-

clone; Wang et al. (2010) investigated a heavy snowfall case

caused by the northward procession of a Bay of Bengal trop-

ical storm, with MPV and SVD theory; and Wu et al. (2013)

and Zheng et al. (2013) extended SVD theory into a general-

ization sense under a PV-θ view, and with this diagnostic tool

they showed that horizontal vorticity and baroclinicity make

a positive contribution to Tibetan Plateau low vortex devel-

opment.

In this paper, deformation strain is introduced into a diag-

nosis of vertical vorticity by the fifth term of Eq. (2); that is,

the individual difference term of baroclinicity. This is based

on the fact that deformation has been shown as the most im-

portant mechanism driving frontogenesis or the increase in

baroclinicity, either by idealized numerical studies or by the

frontogenesis function (e.g., Hoskins and Bretherton, 1972;

Keyser and Anthes, 1982; Davies and Müller, 1988; Keyser

et al., 1988). By coupling the CVE and frontogenesis func-

tion, a mathematical relation between deformation and vor-

ticity can be built.

The derivation begins with a generalization of the CVE

into a moist baroclinic atmosphere due to the often close re-

lation between strong vorticity and heavy rainfall; that is, the

latent heat release caused by the water vapor phase change is

considered. In the CVE, expressed by Eq. (2), latent heat is

attributed to Q, which it is not possible to calculate accurately

with conventional observations or reanalysis data. For the

flexible use of general reanalysis data, the moist PV (MPV)

in the p-coordinate is used as follows:

Pm = −g(∇∇∇×VVV h) ·∇∇∇θe = −g
[

ζζζ h ·∇∇∇θe +(ζ + f )
∂θe

∂ p

]
,

(3)

where ζζζ h = (−∂v/∂ p,∂u/∂ p) is the horizontal vorticity vec-

tor, θe = θ exp(Lq/cpT ) is the equivalent potential tempera-

ture, L is the latent heat, and q is the specific humidity. Note

that the horizontal vorticity resulting from the vertical ve-

locity is ignored in Eq. (3), mainly due to its small value

compared with the horizontal vorticity resulting from verti-

cal wind shear. However, this treatment is not applicable to

a convective atmosphere where the magnitude of vertical ve-

locity is comparable to the horizontal velocities. By the vor-

ticity equation, the continuity equation and thermodynamic

equation in the p-coordinate, the MPV equation can be de-

rived (Wu et al., 1995) as

d
dt

Pm = −g∇∇∇×FFF ·∇∇∇θe −gζζζ a ·∇∇∇Qm , (4)

where g is gravitational acceleration, ∇∇∇p = (∂/∂x)iii +
(∂/∂y) jjj is the gradient operator in the p-coordinate, and Qm

is the diabatic heating rate apart from the latent heat. With

Eq. (4), the complete form of the vertical vorticity equation

in the p-coordinate can be derived:

d
dt

ζ = −βv− ζa

θep

d
dt

θep − ζhθe

θep

d
dt
|∇∇∇pθe|− |∇∇∇pθe|

θep

d
dt

ζhθe

+
1

θep
∇∇∇×FFF ·∇∇∇θe +

1

θep
ζζζ a ·∇∇∇Qm , (5)

where θep = ∂θe/∂ p is convective stability, and ζhθe is the

projection of the horizontal vorticity vector ζζζ h = (−∂v/∂ p,
∂u/∂ p) along ∇∇∇pθe. In Eq. (5), the first term on the right-

hand side is the β effect term or the change of planetary vor-

ticity, the second term is the temporal change term of the con-

vective stability, the third term is the temporal change term

of moist baroclinicity, the fourth term is the temporal change

term of vertical wind shear, the fifth term is the friction term,

and the sixth term is the effect of adiabatic processes.

In a further step, the moist frontogenesis function is in-

troduced, which is often used to diagnose the frontogenesis

instead of the original frontogenesis function when there is

precipitation (Bluestein, 1993):

F =
d
dt
|∇∇∇pθe| = FG1 +FG2 +FG3 +FG4 ; (6)

FG1 =−D
2
|∇∇∇pθe| ; (7)

FG2 =− 1

2|∇∇∇pθe|

[
Est

(
∂θe

∂x

)2

+2Esh
∂θe

∂x
∂θe

∂y
−Est

(
∂θe

∂y

)2
]

=
|∇∇∇pθe|

2
|E|cos2γ ; (8)

FG3 =− 1

|∇∇∇pθe|
(

∂ω
∂x

∂θe

∂x
+

∂ω
∂y

∂θe

∂y

)
∂θe

∂ p
; (9)

FG4 =
1

|∇∇∇pθe|
[

∂θe

∂x
∂Qm

∂x
+

∂θe

∂y
∂Qm

∂y

]
. (10)

Here, FG1 is the divergence term, FG2 is the deformation term,

FG3 is the tilting term, and FG4 is the diabatic term. D is hor-

izontal divergence, Est is horizontal stretching deformation,

Esh is horizontal shearing deformation, and γ is the angle

between the equivalent potential temperature contours and

the dilatation axis, which controls the effect of deformation

on front development. When γ < 45◦, there is deformational

moist frontogenesis, and when γ > 45◦ there is deformational

moist frontolysis.

Equation (6) is directly substituted into the moist baro-

clinicity term in the CVE [Eq. (5)], and the CVE in p-

coordinates can thus be written as

∂
∂ t

ζ = Fζ 1 +Fζ 2 +Fζ 3 +Fζ 4 +Fζ 5 , (11)

where the β effect, frictions and diabatic heating have been

ignored, and:

(1) Fζ 1 = −VVV h ·∇∇∇pζ is horizontal advections of vertical

vorticity;

(2) Fζ 2 = −ω(∂ζ/∂ p) is vertical advection of vertical

vorticity;

(3) Fζ 3 = −(ζa/θep)(dθep/dt) is the time variation term

of convective stability;

(4) Fζ 4 =−(ζhθe/θep)(d|∇pθe|/dt)=−(ζhθe/θep)(FG1 +
FG2 +FG3) = Fζ 41 +Fζ 42 +Fζ 43 is the time variation term of

moist baroclinicity, in which

Fζ 41 = −ζhθe

θep
FG1 =

ζh ·∇pθe

2θep
D , (12)
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is the vertical vorticity development caused by divergence-

induced moist baroclinicity variation,

Fζ 42 = −ζhθe

θep
FG2 = −ζh ·∇pθe

2θep
|E|cos2γ , (13)

is the impact of deformation-induced moist baroclinicity vari-

ation on vertical vorticity development, and

Fζ 43 =−ζhθe

θep
FG3 =

ζhθe

θep

1

|∇pθe|
(

∂ω
∂x

∂θe

∂x
+

∂ω
∂y

∂θe

∂y

)
∂θe

∂ p
,

(14)

is the vertical vorticity development caused by the horizontal

inhomogeneous distribution of vertical motions;

(5) Fζ 5 = −(|∇pθe|/θep)(d/dt)ζhθe is the time variation

term of vertical wind shear (or horizontal vorticity).

In all of the above forcing terms in the CVE, it can be

seen that deformation is directly contained in the baroclin-

icity variation–related term Fζ 42, which then affects develop-

ment of vertical vorticity. From Fζ 42, it is shown that whether

deformation can induce vorticity development not only de-

pends on deformation itself, but also the atmospheric thermo-

dynamic background; that is, the convective stability, vertical

wind shear and baroclinicity. These are explicitly diagnosed

in the following case study.

3. Case study
With the above theoretical theorems [Eqs. (13) and (11)],

the impact of deformation on vorticity development is stud-

ied in a heavy-rainfall event that occurred in a strong moist

baroclinic environment. The data for the analysis are from

the NCEP (National Centers for Environmental Prediction)

global reanalysis dataset, with a horizontal resolution of

0.5◦ × 0.5◦. Figure 1 shows the precipitation distribution of

the studied case, which occurred during 20–22 July 2012. As

shown in Fig. 1, the precipitation has an evident belt structure,

oriented in a northeast–southwest direction. On 20 July (Fig.

1a), the rainbelt is mainly located northwest of China, with

three heavy-precipitation centers in Inner Mongolia (labelled

A), the joint areas ofShaanxi, Ningxia and Gansu provinces

(B), and north of the Sichuan Basin (C). On 21 July (Fig.

1b), the rainbelt displaces southeastward and elongates, also

with three heavy-precipitation centers. In Fig. 1b, center A,

which has the heaviest precipitation, covers Beijing, Tianjin

and part of Hebei. On this day, the averaged daily precipita-

tion amount in Beijing reaches up to 170 mm, and the total

precipitation amount reaches up to 460 mm in Hebei town of

Fangshan district, which induced great economic losses and

casualties. On 22 July, with the eastward movement of the

rainbelt, precipitation decreases and the belt structure mainly

persists in East and Northeast China.

Figure 2 shows the distributions of some basic variables

in typical levels at 1200 UTC 21 July 2012, illustrating the

weather configuration of this case. Corresponding to the ori-

entation and location of the 6-h accumulated precipitation

belt at 1200 UTC, there is a northeast–southwest oriented jet

stream (shaded areas of Fig. 2a; wind speed >30 m s−1) in

Fig. 1. The 24-h observational accumulated precipitation during

20–22 July 2012 (units: mm).

the 200 hPa upper level and a moist strong baroclinic zone

(cold front; black lines in Fig. 2a) at 700 hPa in the lower

troposphere. The heavy rainfall is closely related to this

cold front. The front leads the cold air mass southward, and

encounters warm-moist air flow from low latitudes, which

induces strong precipitation along the cold front. In the mid-

level (Fig. 2b), the precipitation area is characterized by

deformational flow, with cyclonic wind shear (low trough at

the bottom of the cyclone, centered over Lake Baikal) on the

north side of the rainbelt, which causes cold-air intrusion in
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(a) (b)

Fig. 2. (a) Horizontal wind speed at 200 hPa (colored areas; units: m s−1), equivalent potential temperature (black solid

lines; units: K), geopotential height (red solid lines; units: 10 gpm) and horizontal wind speed (>12 m s−1; blue solid

lines; units: m s−1) at 700 hPa. (b) Horizontal wind field (black arrows) and geopotential height (red solid lines) at 500

hPa, and 6-h observational accumulated precipitation (colored areas; units: mm) at 1200 UTC 21 July 2012.

the mid-level and tends to strengthen the rainfall. In addition,

the 500 hPa southwesterly prevailing over the areas of Hebei,

Beijing and Tianjin also leads meso-γ scale convective cells

moving northeasterly. This so-called steering flow has an

impact on the ‘echo-training’ mechanism of the ‘Beijing 721

heavy rainfall’ event. As apparent in Fig. 2, another evident

feature of the weather pattern is a meso-β scale low vortex

(about 500 km in length) in the most severe precipitation area

(about 41◦N, 116.5◦E). The low vortex is collocated with the

low-level jet at 700 hPa (wind speed >12 m s−1; blue lines

in Fig. 2a). In Fig. 2a, the low-level geopotential height (red

lines) shows the mesoscale low vortex to be connected to the

large vortex in the vicinity of Lake Baikal, overlaying the

strong baroclinic zone or cold front. Strong coherent rotation

caused by the low vortex plays a significant role in the persis-

tence of the precipitating system, which provides a favorable

environment for the concentration of energy and transport. In

the whole process of the studied rainfall case, the strongest

precipitation center is collocated with, and moves with, the

vortex. As shown in Fig. 3, which gives the movement of the

low vortex with the three-day averaged geopotential height at

700 hPa as a background, the low vortex develops and moves

in a typical saddle-shaped field with two highs and two lows

alternatively distributed. In the high latitudes, a high ridge

is located west of Lake Baikal, while a low vortex is located

west of the lake. In the low latitudes is a low vortex over the

Bay of Bengal, south of the Tibetan Plateau (approximately

80◦–90◦E), and a subtropical high over the east of China over

the ocean. A large-scale deformation field then forms over

the north and northwest of China, plus the blocking effect

of the Tibetan Plateau. As the low vortex initializes on the

northeast edge of the Tibetan Plateau, it moves northeastward

along the dilation axis of the large-scale deformation field,

which influences the provinces of Shaanxi, Shanxi, Hebei,

Liaoning and Jilin, successively. The saddle-shaped weather

pattern is a typical deformation field in the atmosphere. Evo-

lution of the low vortex in the saddle-shaped weather pattern,

G

G

D

D

Tibetan

Plateau

TC

00UTC, July 22

00UTC, July 21

00UTC, July 20

Fig. 3. Three-day time-averaged geopotential height at 700 hPa

during 20–22 July 2012 (units: 10 gpm). The black dot is the

location of the low vortex center at different times, and the lines

between indicate the direction of movement of the low vortex.

or in the large-scale deformation field, shows that deforma-

tion may have played an important role in the vortex’s de-

velopment, which has been noted in several other studies.

For example, with an idealized numerical experiment, Jiang

(2011) showed that the deformational field has an important

impact on the formation of a meso-β scale vortex. Through

statistical analysis of the boundary deformation fields during

the Mei-yu period, Deng (1986) stated that deformation can

be applied to indicate the movement and development of low

vortex systems. However, to explicitly identify the relation of

the deformation field and vortex development, further quanti-

tative diagnosis would be necessary. In the following part of

the study, the impact of deformation on the evolution of the

low vortex in the strong baroclinic frontal zone is diagnosed.

3.1. Vortex evolution
According to the interactions of the low vortex and the

cold front, the lifecycle of the vortex is decomposed into four

stages: the initial stage, development stage, maturation stage,

and dissipating stage (Fig. 4 and Table 1). In the initial stage
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(a) (b) 

(c) (d)

Fig. 4. Vortex evolution denoted by vertical vorticity (colored areas; units: 10−5 s−1): (a) initial stage at 1200 UTC 20

July; (b) development stage at 0000 UTC 21 July; (c) mature stage at 1200 UTC 21 July; (d) dissipating stage at 0600

UTC 22 July 2012. The black solid lines are equivalent potential temperature.

Table 1. Development stages of the low vortex.

Time Vortex center Stage Key area Influence level

1200 UTC 20 July (37.5◦N, 105.5◦E) Initiation (36◦–40◦N, 104◦–107◦E) ∼650 hPa

1800 UTC 20 July (38.0◦N, 106.0◦E) Initiation (36.5◦–40.5◦N, 104.5◦–108.5◦E) 800–550 hPa

0000 UTC 21 July (38.5◦N, 109.0◦E) Development (36◦–41◦N, 106◦–112◦E) 800–600 hPa

0600 UTC 21 July (39.5◦N, 112.5◦E) Maturation (37.5◦–41.5◦N, 109.5◦–115◦E) 800–600 hPa

1200 UTC 21 July (41.0◦N, 116.5◦E) Maturation (39.5◦–42.5◦N, 114.5◦–118.5◦E) 800–600 hPa

1800 UTC 21 July (39.5◦N, 117.0◦E) Maturation (36◦–40◦N, 104◦–107◦E) 925–700 hPa

0000 UTC 22 July (41.5◦N, 119.5◦E) Maturation (36◦–40◦N, 104◦–107◦E) 925–600 hPa

0600 UTC 22 July (43.0◦N, 122.0◦E) Dissipation (36◦–40◦N, 104◦–107◦E) 925–600 hPa

1200 UTC 22 July (44.0◦N, 124.0◦E) Dissipation (36◦–40◦N, 104◦–107◦E) 950–700 hPa

1800 UTC 22 July (46.0◦N, 125.5◦E) Dissipation (36◦–40◦N, 104◦–107◦E) 950–750 hPa

at 1200 UTC 20 July (Fig. 4a), the strong baroclinic frontal

zone is on the north border of China (about 42◦N). The low

vortex, denoted by the large positive vertical vorticity area,

forms in the warm sector of the front, influenced by the pre-

frontal warm moist flow. After initiation, with the southward

intrusion of the cold front, the vortex is gradually superposed

over the cold front and develops substantially (Fig. 4b). Then,

the vortex (large positive vorticity anomalies) moves north-

eastward within the front and enters the Beijing area at 1200

UTC 21 July (Fig. 4c), when severe heavy precipitation oc-

curs over Beijing. Meanwhile, the vortex reaches its matu-

ration stage. Subsequently, with longitudinal enlargement of

the cold front, the vortex gradually separates with the front

and dissipates (Fig. 4d), showing a tendency to merge with

the high-latitude cyclone (figure omitted).

3.2. Deformation-induced vorticity development diagnosis
The deformation related term Fζ 42 [Eq. (13)] is calcu-

lated over every stage of the vortex to diagnose the impact

of deformation on the vortex’s development. Figure 5 shows

the vertical distributions of Fζ 42 along the vortex center. As

shown in Fig. 5a, in the initial stage, the positive vorticity

area over the formation location (37.5◦N, 105.5◦E) of the vor-

tex stretches from the surface (approximately 800 hPa over

the terrain) up to 600 hPa, with the center close to the sur-

face (about 16 × 10−5 s−1). The deformation-related term

Fζ 42 mainly presents negative values over the positive vor-

ticity area, which implies that deformation suppresses the in-
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Fig. 5. Vertical distribution of the deformation-related vorticity development term Fζ 42 (units: 10−9 s−2) along

the longitude passing through the vortex center (Table 1): (a) initial stage at 1200 UTC 20 July; (b) development

stage at 0000 UTC 21 July; (c) mature stage at 1200 UTC 21 July; (d) dissipating stage at 0600 UTC22 July 2012.

The black solid lines are negative values; red lines are positive values. The colored areas are vertical vorticity.

(units: 10−5s−1)

crease of positive vorticity and thus acts against the vortex’s

initiation. As shown in Fig. 5b, in the development stage of

the vortex at 0000 UTC 21 July, positive vertical vorticity

presents a significant increase and forms a coherent vortic-

ity column, stretching from the surface up to 500 hPa, with

the center at about 750 hPa (30× 10−5 s−1). In this stage,

with the southward intrusion of the cold front into the vor-

tex, the impact of deformation on vertical vorticity develop-

ment changes evidently. In Fig. 5b, over the vorticity col-

umn, the deformation-related term Fζ 42 shows positive val-

ues above 750 hPa and negative values below 750 hPa. The

positive center (60× 10−9 s−2) is approximately at the 700

hPa level, with the intensity much stronger than the negative

center. This means that, in the development stage, deforma-

tion changes to increase the vertical vorticity and promote

the vortex’s development, with the most evident effect at 700

hPa. After the explosive genesis in the development stage,

the vortex evolves into a slow-developing maturation stage,

as shown in Fig. 5c. In this stage, the vortex enters North

China and influences the Heibei–Beijing–Tianjin area, induc-

ing extreme precipitation. At 1200 UTC 21 July, the vortex

center is at about 41◦N and the associated vorticity column

shows a downward sliding to the plain, with the length and

height much larger than in the previous two stages. Over the

vorticity column, the deformation-related term Fζ 42 shows all

positive values, stretching from the boundary (900 hPa) up to

600 hPa. This means, in the maturation stage, deformation

also plays a role in promoting the vortex’s development, al-

beit with a much weaker intensity. After the maturation stage,

the vortex gradually moves out of North China and enters

the Northeast Plain. Along the vortex center at about 43◦N,

the positive vorticity column persists, with the deformation-

related term Fζ 42 scattered in its distribution, but shows an

increasing-vorticity pattern north of 44◦N (black solid curve

in Fig. 5d).

The above analysis highlights the fact that, in the real at-

mosphere, deformation can indeed induce the development

of vertical vorticity, although the specific effects may depend

on the temporal dynamic and thermodynamic configurations.

The relative importance of the deformation-related term com-

pared with other terms in the CVE is estimated by calculating

the budget of every term in the CVE over the vortex center

area in its each stage. Note that the levels that are chosen

to give the calculation are a little different in different stages

due to the vertical variation of the deformation-related term

with time (Fig. 5). In Fig. 6, it is shown that the primary
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Fig. 6. Vertical vorticity budget in the vortex center area obtained by Eq. (11) during 20–22 July 2012: (a) sketch map

of every term; (b) averaged budget over (37.0◦–38.0◦N, 105.0◦–106.0◦E) at 700 hPa at 1200 UTC 20 July; (c) averaged

budget over (38.0◦–39.0◦N, 108.5◦–109.5◦E) at 700 hPa at 0000 UTC 21 July; (d) averaged budget over (40.5◦–41.5◦N,

116.0◦–117.0◦E) at 800 hPa at 1200 UTC 21 July; (e) averaged budget over (43.5◦–44.5◦N, 123.5◦–124.5◦E) at 850

hPa at 1200 UTC 22 July. The red (blue) box is the main term increasing (decreasing) positive vertical vorticity. The

blue dotted box is the deformation-related term.

factor that contributes to the vortex’s development presents

a significant difference. In the initial stage (Fig. 6b), the to-

tal forcing [sum of the terms on the right-hand side of Eq.

(11)] is positive, which corresponds to the increase in verti-

cal vorticity and formation of the vortex. The vertical wind

shear term Fζ 5 makes the largest contribution to the vortex’s

formation, while the convective stability–variation term Fζ 3

suppresses the vortex’s formation. The moist baroclinicity–

variation term makes almost no contribution to the vortex’s

formation, although it has positive values and tends to in-

crease the vertical vorticity. The deformation-related term

Fζ 42 displays suppression of the vortex’s development in

this stage, but its magnitude is quite small. In the develop-

ment stage (Fig. 6c), the vertical wind shear term Fζ 5 and



FEBRUARY 2016 LI ET AL. 241

Fig. 7. Total deformation (left column; red lines; units: 10−5 s−1) and deformation tick marks (right column;

black short line; units: 10−5 s−1). The shaded areas are vertical vorticity; the red lines in the right column

are equivalent potential temperature (units: 1 K); the black box is the critical area of the vortex; and the black

dots indicate the vortex center.
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the convective stability–variation term Fζ 3 are still the two

leading terms that influence the vortex’s development, but

with the suppression effect by Fζ 3 becoming almost twofold

greater than the promotion effect by Fζ 5. However, the to-

tal forcing is still positive and the low vortex develops. This

is mostly due to the increased contribution from the moist

baroclinicity–variation term, which is mainly caused by the

increase of the deformation-related term (Figs. 6b–c). In

the maturation stage, positive total forcing maintains in the

vortex center, to keep the vertical vorticity increasing. The

vertical wind shear term Fζ 5 is still the main factor driving

the vortex’s development, while the vertical advection term

Fζ 2 becomes the main suppression term instead of Fζ 3. At

this time, the deformation-related term still promotes the vor-

tex’s development, but with a smaller contribution compared

to the last stage. In the dissipating stage (Fig. 6e), the to-

tal forcing of vertical vorticity in the vortex center becomes

negative. On the contrary to the maturation stage, the verti-

cal wind shear term turns into a negative factor for vertical

vorticity increasing, while the vertical advection term begins

to maintain the vortex; that is, resisting the dissipation of the

vortex. The deformation-related term also shows a promotion

of increased vertical vorticity.

From the above analysis, the impact of deformation on

vortex evolution and its magnitude is quite different in the

various vortex stages. Both the vertical distributions of the

deformation-related term and the vorticity budget show that,

during the whole lifecycle of the low vortex, deformation has

the most important effect on increasing vertical vorticity dur-

ing the vortex development stage; that is, when the cold front

intrudes southward into the vortex. In order to explain the

specific dynamic and thermodynamic structures that are fa-

vorable to the deformation in promoting the vortex’s develop-

ment, the deformation-related term is the focus of discussion

in the next subsection.

3.3. The deformation-related term in the CVE
The deformation related term [Eq. (13)] is rewritten as

follows for further discussion:

Fζ 42 =
Pm2|E|cos2γ

2θep
, (15)

Pm2 = −ζζζ h ·∇pθe =
∂v
∂ p

∂θe

∂x
− ∂u

∂ p
∂θe

∂y
, (16)

where the baroclinic MPV (Pm2; Wang et al., 1996) is applied

to substitute the coupling of the vertical wind shear and the

Fig. 8. Vertical distribution of |E|cos2γ (red lines; units: 10−5 s−1) along the vortex center: (a) 105.5◦E at 1200 UTC 20 July;

(b) 109◦E at 0000 UTC 21 July; (c) 116.5◦E at 1200 UTC 21 July; and (d) 124◦E at 1200 UTC 22 July. The black solid lines

are θe (units: K) contours, and the shaded areas are vertical vorticity (units: 10−5 s−1). The grey bars are 6-h accumulated

precipitation.
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Fig. 9. Vertical distribution of Pm2 (black lines; units: 10−1 PVU) along the vortex center: (a) 105.5◦E at 1200 UTC 20

July; (b) 109◦E at 0000 UTC 21 July; (c) 116.5◦E at 1200 UTC 21 July; and (d) 124◦E at 1200 UTC 22 July. The gray

solid lines are θe (units: K) contours, and the shaded areas are zonal wind (units: m s−1). The ellipses are the locations

of the vorticity columns.

moist baroclinicity. Thus, from Eq. (15), the factors that in-

fluence the effect of deformation on vorticity include convec-

tive stability θep, the baroclinic MPV (Pm2) and the deforma-

tion |E|cos2γ (γ is the angle of the dilation axis of the defor-

mation field and the θe contours). These factors are together

analyzed to determine their effect on the vortex’s develop-

ment. Figure 7 gives the horizontal distribution of the total

deformation |E| and the deformation tick marks, which rep-

resent the magnitude and direction of the dilation axis of the

deformation field. According to Figs. 7a, c, e and g, during

the whole lifecycle of the vortex, strong deformation areas are

always superposed over the vorticity belts. The magnitude

of the total deformation in the vortex center in the different

stages are ∼ 6×10−5 s−1, ∼ 15×10−5 s−1, ∼ 18×10−5 s−1

and ∼ 15×10−5 s−1, which implies that, after initiation, the

total deformation of the central vortex area maintains a steady

state. Since the total deformation is always positive, the sign

of |E|cos2γ thus depends on the angle between the defor-

mation dilation axis and the θe contours, which can be seen

from Figs. 7b, d, f and h. Because of the southwest warm,

moist flow into the inner land, the vortex is basically under

the control of a warm ridge, seen from the convex θe con-

tours. In the warm ridge, the deformation tick marks are basi-

cally aligned with the θe contours. West of the ridge, the tick

marks are southwest–northeast or west–east oriented, while

east of the ridge the tick marks become northwest–southeast

oriented with the curve of the θe contours. This means, in

the large vorticity areas, deformation always presents fronto-

genesis; that is, |E|cos2γ > 0, which can also be seen from

Fig. 8. In the vertical cross sections along the vortex center

(Fig. 8), the deformation term |E|cos2γ > 0 is always pos-

itive during the whole lifecycle of the vortex, either when

the front intrudes into the vortex or not. Figure 9 gives the

vertical distributions of the baroclinic MPV (Pm2) along the

vortex center. From Fig. 9, Pm2 mainly shows negative val-

ues over the vortex during its whole lifecycle. This is mostly

due to the superposition of the high-level westerly over the

low-level easterly (∂u/∂ p < 0) and the moist baroclinicity
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caused by the encountering of high-latitude cold air mass

and low-latitude warm moist flow (∂θe/∂y < 0). The con-

figuration of the deformation term and the baroclinic MPV

make the numerator of Eq. (15) mainly present negative val-

ues over the vortex area, which implies that whether or not

the deformation increases the vertical vorticity depends on

convective stability. In the initial stage, the vortex lies in

the prefrontal unstable stratification (Fig. 10a; θep > 0); thus,

the deformation-related term suppresses the vortex initiation

(Fig. 5a). In the development stage, the front gradually in-

trudes into the vortex. The atmosphere is stable above 750

hPa and unstable below 750 hPa, which means a neutral strat-

ification exists between these two air layers. This results in

the deformation-related term showing a large positive-value

center in the near-neutral layer, deriving a vertical vorticity

increase above the neutral layer and decreasing it below the

layer (Fig. 5b). This neutral stratification is also the main rea-

son that deformation plays a most evident role in the vorticity

increase during the vortex development stage, compared with

other stages. In the maturation stage, the front and the vor-

tex are superposed, and the atmosphere in the vortex is com-

pletely stable (θep < 0), making the deformation-related term

increase the vertical vorticity but with a smaller magnitude.

From the above analysis, it can be concluded that the real

effect of deformation on the vertical vorticity trend in fact

takes place through the deformational frontogenesis process,

but under the restriction of the baroclinic PV and the atmo-

spheric stability. The inner physical process can be quali-

tatively analyzed from the MPV. Assuming the stability of

the atmosphere (θep) does not change during the deforma-

tional frontogenesis process, the increase of |∇θe| will thus

make the inclination of the moist isentropic surfaces increase

(|∇θe/θep|). According to the expression of the vertical vor-

ticity that is obtained from MPV [Eq. (3)],

ζ =− Pm

g ∂θe
∂ p

+
ζζζ h ·∇∇∇θe

∂θe
∂ p

− f =− Pm

g ∂θe
∂ p

+ |θep|ζhθe

θep

∣∣∣∣∇∇∇θe

θep

∣∣∣∣− f ,

(17)

the increase of the inclination of the isentropic surfaces will

then induce the vertical vorticity development, as long as the

atmosphere satisfies certain conditions (ζhθe θep > 0). In a cer-

tain sense, this is also part of the SVD theory, except that the

factor (mainly deformation) that drives the isentropic surface

inclination is considered.

4. Conclusion
A mathematical relation between deformation and verti-

cal vorticity development is built by using the frontogenesis

function as a substitute for the baroclinic variation term in the

CVE, which is derived from the MPV. The relation provides

valid evidence and diagnostics for the impact of deformation

on mesoscale vortex development. Through the deformation-

related term in the CVE, it is shown that the impact of de-

formation on increasing vertical vorticity not only relates to

the deformation itself, but also needs the proper configura-
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Fig. 10. Vertical distribution of θep (red lines; units: 10−1 K

hPa−1) along the vortex center: (a) 105.5◦E at 1200 UTC 20

July; (b) 109◦E at 0000 UTC 21 July; (c) 116.5◦E at 1200 UTC

21 July. The black solid lines are θe (units: K) contours, and

the shaded areas are vertical vorticity (units: 10−5 s−1).

tion of convective stability, moist baroclinicity and vertical

wind shear. With this term, the impact of deformation on

the development of a mesoscale vortex in a frontal heavy-

rainfall case, which occurred during 20–22 July 2012, is diag-

nosed. The elements in this deformation-related term, includ-

ing the deformation-induced baroclinic variation (|E|cos2γ),

the convective stability (θep) and the baroclinic part of MPV

(Pm2), are diagnosed. The results show that, because the baro-

clinic MPV usually shows negative values in the vortex due

to the influence of the front, and deformation often makes

a positive contribution to the moist baroclinicity increase

(|E|cos2γ > 0), whether or not deformation promotes the
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vortex’s development mostly depends on the stability of the

baroclinic moist atmosphere. In the initial stage of the vor-

tex, the atmosphere is convectively unstable, and deformation

suppresses vortex development. In the development stage, as

the cold front intrudes into the vortex, the stratification of

the atmosphere in the vortex becomes stable above 750 hPa

and remains unstable below 750 hPa, which causes the de-

formation to promote increasing vertical vorticity above 750

hPa and, thus, the vortex’s development. In the maturation

and dissipating stages, the stratifications in the vortex are all

stable, and deformation promotes the vortex’s development

from its bottom to the top. By comparing the magnitudes of

different terms in the CVE during the whole process of the

vortex’s evolution, it is in the vortex development stage that

deformation shows a most significant impact on increasing

vorticity. This is mostly due to a near-neutral level between a

stable atmosphere and an unstable atmosphere, which makes

the deformation-related term in the CVE much larger in the

vortex development stage than in other stages.
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