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ABSTRACT

Stochastic weather generators are statistical models that produce random numbers that resemble the
observed weather data on which they have been fitted; they are widely used in meteorological and hydrologi-
cal simulations. For modeling daily precipitation in weather generators, first-order Markov chain–dependent
exponential, gamma, mixed-exponential, and lognormal distributions can be used. To examine the perfor-
mance of these four distributions for precipitation simulation, they were fitted to observed data collected
at 10 stations in the watershed of Yishu River. The parameters of these models were estimated using a
maximum-likelihood technique performed using genetic algorithms. Parameters for each calendar month
and the Fourier series describing parameters for the whole year were estimated separately. Bayesian infor-
mation criterion, simulated monthly mean, maximum daily value, and variance were tested and compared
to evaluate the fitness and performance of these models. The results indicate that the lognormal and
mixed-exponential distributions give smaller BICs, but their stochastic simulations have overestimation and
underestimation respectively, while the gamma and exponential distributions give larger BICs, but their
stochastic simulations produced monthly mean precipitation very well. When these distributions were fitted
using Fourier series, they all underestimated the above statistics for the months of June, July and August.
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1. Introduction

Stochastic weather generators used in meteorologi-
cal and hydrological studies are mostly statistical mod-
els that produce random numbers resembling the ob-

served data on which they have been fitted (Wilks,
1999). Stochastic weather generators can generate
weather sequences that statistically resemble the real
observed data (Kou et al., 2007). Scenarios of daily or
monthly meteorological variables with long time series
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are often needed in hydrological, ecological, or crop-
yield models, but observed meteorological records in
basin or regional scales are often incomplete or difficult
to obtain. Stochastic weather generators are usually
integrated into hydrological or ecological models to ex-
tend or interpolate the incomplete meteorological data
series for the purposes of the simulation applications.
Among all the meteorological variables that stochastic
weather generators can generate, daily precipitation is
the most difficult variable to model because of its spa-
tial and temporal intermittence (Richardson, 1981).
In stochastic weather generators, precipitation occur-
rence is usually initially described with first- or second-
order Markov chain–dependent models (Richardson,
1981; Woolhiser and Roldan, 1982; Wilks, 1998; Wu
and Wang, 2001; Zheng and Katz, 2008). With a
first-order Markov chain, the probability of precipi-
tation occurrence is determined based on the wet or
dry status of the previous day; with a second-order
Markov chain, the probability of precipitation occur-
rence is conditioned on the wet or dry status of the
previous 2 days (Richardson, 1981; Wilks, 1989). On
a wet day the precipitation amount is assumed inde-
pendent of successive days and can be generated by
stochastic precipitation models according to weather
status, such as one-parameter exponential distribu-
tion, two-parameter gamma distribution (Buishand,
1978), or three-parameter mixed-exponential distribu-
tion (Woolhiser and Pegram, 1979). In order to simu-
late the seasonal or periodic variation of the Markov-
chain transition probabilities and to determine the
parameters of these models, Fourier series are often
used (Richardson, 1981; Woolhiser and Roldan, 1982;
Chapman, 1997). With Fourier series, every day of the
year has its own unique model parameters. If Fourier
series are not used, the days must be grouped into
several periods of 14, 28, or 30 days each, for exam-
ple, and the parameters must then be estimated for
each period. When using Fourier series, the seasonal
variation of model parameters for the whole year can
be represented by only a few harmonies (Richardson,
1981).

Stochastic precipitation models have been widely
used in meteorological and hydrological studies. Ap-
plications of such models can be found for downscal-
ing precipitation from coarse spatio-temporal reso-
lution simulated from the general circulation model
(Katz and Parlange, 1996; Bardossy, 1997; Bates et
al., 1998) in meteorology. When exponential, gamma,
or mixed-exponential distributions have been used to
model precipitation amount, their underestimation of
the mean or variance of monthly precipitation has fre-
quently been pointed out in the literature as a common
disadvantage of such generators (Katz and Parlange,

1998; Katz and Zheng, 1999; Zheng and Katz, 2008).
This shortcoming has contributed to the poor perfor-
mance of these distribution-based models in reproduc-
ing the histograms of daily precipitation amounts of
rainfall events. Some modifications have been made to
these models to reduce this underestimation (Katz and
Zheng, 1999), but further improvement is warranted.
The main reason for inaccurate estimation may be
that these presumed theoretical distributions cannot
be perfectly fitted to the observed data. Woolhiser
compared three distribution and found that mixed-
exponential distribution performed best, followed by
gamma distribution and exponential distribution, re-
spectively (Woolhiser and Roldan, 1982). Lognormal
distribution is another method that can be used to
model precipitation amounts (Sansom, 1998; Apipat-
tanavis et al., 2007; Gyasi-Agyei and Mahbub, 2007),
but few tests have been performed on this method.
In this study, the principles behind frequently used
stochastic precipitation models were briefly reviewed.
Then, based on the analyses of the frequencies of daily
precipitation amounts recorded from 1961 to 2007 at
10 meteorological stations in the watershed of the
Yishu River (an upstream branch of the Huaihe River
basin in China), models based on four distribution,
including lognormal distribution, were fitted to ob-
servation data. Their performances were examined
and validated with the meteorological data collected.
This study was conducted only on single-site stochas-
tic models to test the four distributions of modeling
precipitation amounts. The results may provide guid-
ance for building spatio-temporal stochastic precipita-
tion models in future research.

2. Methods

2.1 Study area and data

Observed daily total precipitation records for 46
years (from 1962 to 2007) were obtained for the 10
stations located in watershed of Yishu River, which is
an important branch of Huaihe River in China. The 10
stations all lie within the administration area of Linyi
City, Shandong Province. Because of the monsoon cli-
mate in eastern China, the precipitation of this area
has obvious seasonal variation. In winter and early
spring, very few days are wet, but many more wet days
occur during summer, especially in July and August.
For all stations, 46 years of data were used to estimate
the parameters. The precipitation data of the last day
in each leap year were ignored so that each year had
365 days of data.

2.2 Markov chain–dependent model

In stochastic weather generators, the probability
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of precipitation occurrence is usually generated with
first- or second-order Markov chain–dependent models
to determine the wet or dry climatic statuses of any
specific day considered. For a wet day, the daily pre-
cipitation is assumed independent on successive days
and can be generated by the precipitation intensity
models.

2.2.1 Precipitation occurrence model
The first-order Markov chain–dependent model has

been widely used to model daily precipitation occur-
rence (Richardson, 1981; Wilks, 1992). In this model,
when the precipitation of a day is below a threshold
(0.25 mm), the day is considered a dry day; otherwise,
it is considered a wet day. Here, we denote p01 (or
p11) as the probability of a dry day (or wet day) con-
ditioned on a preceding wet day, and p00 (or p10) as
the probability of a dry day (or wet day) conditioned
on a preceding dry day, respectively. Thus we have

p01 = 1 − p00 (1)

p11 = 1 − p10 (2)

Transition probabilities, therefore, can be fully and
easily defined by p00 and p10.

In practice, second-order Markov chain–dependent
models can also be found in some published literature
(e.g., Ceo and Stern, 1982; Katz and Parlange, 1998;
Hansen and Mavromatis, 2001), but these models are
more complex and need more parameters for valida-
tion than first-order Markov chain–dependent models;
therefore, they are not discussed here.

2.2.2 Precipitation intensity models
Given a wet day, daily precipitation can be mod-

eled using several distributions such as exponential
distribution (Buishand, 1978), gamma distribution
(Woolhiser and Pegram, 1979), lognormal distribu-
tion, and mixed-exponential distribution (Richardson,
1981). If the curves of probability density functions of
these four distributions are plotted, the general shape
of the curves resembles the distribution of the daily
precipitation amounts. The probability density func-
tions of these distributions follow.

The probability density function of one-parameter
exponential distribution is given by

f1(y) = λ exp (−λy) , λ > 0 (3)

where λ is its only parameter to be determined and y
stands for the daily precipitation amounts.

The probability density function of two-parameter
gamma distribution is given by

f2(y) =
yδ−1 exp(−y/γ)

γδΓ(δ)
, γ, δ > 0 (4)

where δ and γ are the shape parameter and the scale
parameter, respectively.

The probability density function of three-
parameter mixed-exponential distribution is given by

f3(y) = αλ1 exp(−λ1x) + (1 − α)λ2 exp(−λ2x) ,
λ1, λ2 > 0, 0 < α � 1 (5)

where α, λ1, and λ2 are the three distribution param-
eters that need to be estimated.

The probability density function of two-parameter
lognormal distribution is given by

f4(y) =
1

yσ
√

2π
exp

[
− (ln y − μ)2

2σ2

]
, μ, σ > 0 (6)

where of μ and σ stand for mean and standard de-
viation of the logarithmic transformed precipitation
amounts, respectively.

2.2.3 Parameter estimation
These parameters should first be estimated based

on the precipitation dataset recorded in the meteoro-
logical stations of the study region. Seasonal variations
of these parameters can be explained by the models
using two methods.

With the first method, the precipitation datasets
are split by month, and parameters are estimated for
each calendar month. For precipitation in a given
month, all unknown parameters are assumed to be
constant, so maximum-likelihood estimates can be
made directly, except p01 and p11. For all kinds of dis-
tribution functions, probability density functions can
be rewritten as f(y|θθθ), in which θθθ = (θ1, θ2, . . . , θk)
denotes the parameter vector of a corresponding dis-
tribution. The maximum-likelihood estimation finds
�

θ of θθθ by maximizing the log-likelihood function
U=logL(θθθ).

The second method represents these parameters
using Fourier series and estimates coefficients of the
Fourier series. Thus the parameters become variables
that vary each day of the year. The unknown param-
eters, including p01 and p11, involved in all the models
can also be estimated as variables that vary each day
of the year, and their seasonal variations can be de-
scribed by Fourier series. Let θn be the parameter in
the nth day of the year, according to Woolhiser and
Pegram (1979). It can be defined by finite Fourier
series like this:

θn = c0 +
m∑

k=1

[
ck sin

(
nk

T
+ dk

)]
(7)

where c0, c1, d1, c2, d2. . . are Fourier coefficients
that need to be estimated, m is the maximum number
of harmonies concerned, n is the day number ranging
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from 1 to 365, and T = 365/2π. According to Richard-
son (1981) and Roldan and Woolhiser (1982), the first
three harmonies are significant enough for use, and the
Fourier series makes the parameter optimization more
parsimonious because the parameters only need to be
estimated once for the whole year.

The maximum-likelihood methods described by
Woolhiser and Pegram (1979) can be used for esti-
mating the parameters (found using the Fourier series)
of the Markov chain–dependent models of precipita-
tion occurrence and amount. All of these maximum
log-likelihood equations can be fully estimated using
genetic algorithms (GAs). Like any other maximum-
likelihood solving method, GAs can only obtain ap-
proximations of real parameters, but it is an easy and
powerful method that can calculate parameters with
satisfying precision. To obtain credible parameter val-
ues, the GA devised for the parameter estimation of
each model was run several times. In the results the
parameter values obtained from each simulation were
not the same, but the differences were minor, indi-
cating that the GA estimations are stable and cred-
ible. For simple models with parameters not repre-
sented by Fourier series, like models based on expo-
nential, gamma, and lognormal distributions, the pa-
rameters estimated using GA and those estimated us-
ing some statistical functions in Matlab software were
almost the same. But for mixed-exponential distri-
bution or all these models whose parameters are rep-
resented by Fourier series, no parameter estimation
method is available in Matlab. So we developed a com-
plex computer program for estimating parameters of
all the GA-based models.

2.2.4 Stochastic precipitation generation from the
lognormal distribution

Methods for producing daily precipitation amounts
from Markov chain–dependent distribution models can
be found in literature, such as Wilks (1998), and
textbooks. Here only some problems with the log-
normal distribution–based model are discussed. The
stochastic generation from lognormal distribution–
based model can be done using

r = exp(gσ + μ) (8)

where g is the Gauss variable of N(0, 1). With this
model, extreme values that exceed the daily maximum
historic record of precipitation were often generated,
which led to gross overestimation of monthly mean and
daily maximum precipitation for some specific months.
To avoid this problem, threshold values were set prior
to the Gauss random number of the lognormal stochas-
tic generator for each specific month of a year as fol-

lows:
Tm =

ln Mm − μt

σt
(9)

where Tm is the upper threshold of Gauss random
number for the mth month, Mm is the maximum daily
precipitation observed in the mth month, μt, σt are the
mean and standard deviation of the log-transformed
precipitation for each specific month of a year, respec-
tively, and can be derived by Fourier series or calcu-
lated statistically. When a Gauss random number gen-
erated is larger than Tm, it is regarded as invalid, then
a new Gauss random number is regenerated until the
new Gauss random number becomes smaller than or
equal to Tm.

3. Results

3.1 Results of parameter estimation

These chain-dependent models based on exponen-
tial, gamma, mixed-exponential and lognormal distri-
butions were fitted to the observed precipitation for
all months and all stations by monthly datasets. Re-
sults of the comparison of maximized likelihood for the
models based on the four distributions showed that,
for all months, the order of these models sorted from
best fit to worst fit is lognormal, mixed-exponential
distribution, gamma distribution, and exponential dis-
tribution. The fact that the mixed-exponential distri-
bution fit better than gamma distribution and that
gamma distribution fit better than exponential dis-
tribution agreed with Woolhiser and Roldan (1982).
But in this study the lognormal distribution of pre-
cipitation amounts proved to fit better than any other
distributions. Comparing the results listed in Tables 1
and 2, all maximum likelihoods and Bayesian informa-
tion criteria (BIC) obtained by lognormal distribution
are larger than those obtained by mixed-exponential
distribution.

The estimated likelihood function can be regarded
as a measure of good fit, but in terms of suitability, this
measure should be penalized for the number of param-
eters it uses. The BIC is the criterion used most often
(Schwarz, 1978), defined as follows:

BIC(m) = −2 lnMm + km ln n (10)

where m is the model’s order (its value can be 1,2,. . . ),
Mm is the maximized log-likelihood function for the
mth model, km is the number of parameters of the mth
model, and n is the total number of wet days of the
data series being used to fit the model. A better model
should have a lower BIC values. Tables 1 and 2 show
the calculated BIC values of mixed-exponential distri-
bution and lognormal distribution for a station. BIC
values for all months and all stations were calculated.
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Table 1. Parameters estimated for mixed-exponential distribution for Mengyin station. The α is the proportion pa-
rameter for mixing two exponential distributions which have rate parameters λ1 and λ2, respectively. The exponential
distribution has a mean of the reciprocal of its rate parameter.

Month α 1/λ1 1/λ2 Log-likelihood BIC

1 0.4215 1.4767 5.3654 −274.2 554.7

2 0.4272 6.3422 2.0718 −375.7 758.1

3 0.2384 1.1791 6.6425 −481.7 970.2

4 0.4829 10.5829 2.852 −744.7 1496.6

5 0.3524 1.9565 12.7485 −848.1 1703.5

6 0.4709 24.8598 3.7324 −1267.2 2542.1

7 0.2915 2.1516 24.5473 −2243.4 4495.1

8 0.4001 2.0989 25.4563 −1706.1 3420.2

9 0.4338 2.2043 16.6109 −996.6 2000.7

10 0.4997 2.9158 11.769 −684.4 1375.9

11 0.0517 27.0899 4.4493 −457.4 921.4

12 0.1227 1.2871 3.9373 −314.9 636.3

Table 2. Parameters estimated for lognormal distribution for Mengyin station. μ and σ stand for mean and standard
deviation of the logarithmic transformed precipitation amounts, respectively. BIC=Bayesian information criteria.

Month μ σ Log-likelihood BIC

1 0.6957 1.1254 −267.9 540.0

2 0.7687 1.1027 −368.0 740.4

3 0.9949 1.2716 −483.1 970.6

4 1.1569 1.2839 −740.4 1485.6

5 1.3738 1.4083 −852.8 1710.4

6 1.6441 1.5192 −1267.2 2539.5

7 1.9268 1.5597 −2247.6 4500.8

8 1.7168 1.6191 −1718.4 3442.1

9 1.4012 1.4691 −993.5 1991.9

10 1.2373 1.3034 −680.6 1366.0

11 1.018 1.2136 −452.5 909.4

12 0.7523 1.1003 −312.8 629.9

Table 3. Estimated maximum log-likelihood for the distributions parameterized by Fourier series.

Station Mengyin Pingyi Feixian Yishui Yinan Linyi Ju’nan Cangshan Linshu Tancheng

occur −7421 −7329 −7545 −7367 −7534 −7645 −7632 −7578 −7630 −7633

logn M −10385 −10065 −10833 −10217 −10625 −11045 −10886 −10723 −11051 −11034

mixp M −10394 −10075 −10848 −10250 −10638 −11059 −10892 −10750 −11066 −11060

gmm M −10516 −10196 −10985 −10380 −10776 −11210 −11040 −10895 −11209 −11205

exp M −10703 −10358 −11158 −10547 −10951 −11435 −11261 −11103 −11421 −11428

logn F −10388 −10076 −10835 −10220 −10627 −11049 −10885 −10733 −11060 −11043

mixp F −10407 −10087 −10858 −10254 −10645 −11071 −10895 −10763 −11082 −11073

gmm F −10525 −10215 −10993 −10386 −10781 −11217 −11042 −10906 −11224 −11219

exp F −10713 −10373 −11166 −10551 −10951 −11442 −11262 −11116 −11441 −11447

Note: The abbreviation of “occur” represent the model for precipitation occurrence probabilities, the abbreviations of “logn”,

“mixp”, “gmm” and “exp” are representing the models based on lognormal, mixed exponential, gamma and exponential distribu-

tions respectively, while “F” and “M” were used to distinguish the two methods (Fourier method and calendar-month method) for

describing the seasonal variations of model parameter respectively.
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Table 4. Total BIC of all distribution models at all stations.

Station Mengyin Pingyi Feixian Yishui Yinan Linyi Ju’nan Cangshan Linshu Tancheng

logn M 20826 20186 21723 20491 21308 22147 21830 21504 22160 22126
mixp M 20874 20235 21782 20584 21361 22205 21870 21586 22218 22207
gmm M 21090 20449 22026 20816 21610 22477 22137 21847 22475 22467
exp M 21435 20743 22344 21122 21931 22898 22551 22234 22870 22884
logn F 20783 20159 21677 20447 21261 22105 21777 21473 22127 22093
mixp F 20821 20181 21723 20515 21297 22149 21797 21533 22171 22153
gmm F 21057 20437 21993 20779 21569 22441 22091 21819 22455 22445
exp F 21433 20753 22339 21109 21909 22891 22531 22239 22889 22901

Note: The abbreviations in the first column have the same meaning as those in Table 3.

Comparisons show that all BIC values of lognormal
models are lower than all those of mixed-exponential
distribution in the same month. The BIC value of
mixed-exponential distribution is lower than that of
exponential distribution. Moreover, in this study the
differences in BIC values among the 10 stations are
minor. This means that the climate characteristics of
the 10 stations are similar.

Fourier series for parameters of exponential, mixed-
exponential, and lognormal distributions for the whole
year were estimated using GAs. Notably, the first
three harmonies were used to optimize the log-
likelihoods functions first, then one more harmony was
added, and the log-likelihoods functions were recal-
culated. The log-likelihoods were larger for the in-
creased harmonies than for the original harmonies. Al-
though this improvement was very minor, it consumed
much more computer-time. Thus, the first three har-
monies were used for all parameter estimation in this
paper. Table 3 shows maximum-likelihood values of
the precipitation occurrence and the four precipitation
amounts for distributions whose parameters were rep-
resented by Fourier series. Similar to those estimated
from monthly data, results showed that the order of
distributions with best fit to worst fit were lognormal,
mixed-exponential, gamma, and exponential distribu-
tion. The BIC values also support this conclusion (Ta-
ble 4).

To compare the models whose parameters were
represented by Fourier series, BIC values of mod-
els fitted from monthly data were summed up into
yearly BIC (Table 4). Results show that, for lognor-
mal, mixed-exponential, and gamma distribution, the
models with parameters represented by Fourier series
had smaller BIC values than the models fitted from
monthly datasets, but for exponential distribution, the
former have smaller BIC values than the latter only at
six stations. Note that the maximum likelihoods es-
timated using Fourier series were smaller than those
calculated using monthly datasets. This result resem-
bles that of Woolhiser and Roldan (1982).

3.2 Results of stochastic simulation

To test the performance of these models, the
monthly mean, monthly variance, and daily maximum
for each month were calculated from generated daily
precipitation data of 50 years.

Even the precipitation generators can only produce
stochastic daily results; the daily mean precipitation of
every month they produce should be very similar to the
real monthly mean value. Figure 1 shows the plots of
observed versus simulated monthly mean precipitation
by models based on the four distributions whose pa-
rameters were estimated from monthly datasets. Ob-
viously, the Markov models based on these four distri-
butions can produce monthly mean precipitation data
that resembles real observed data. Comparing the four
plots, the correlations between observed data and data
simulated by gamma distribution and exponential dis-
tribution are closer to 1.0, and regression interceptions
are smaller than those of the other two distributions.
This result seems contrary to the inference from esti-
mated maximum-likelihood values, because exponen-
tial distribution and gamma distribution do not fit
better than the other two distributions. This prob-
lem may result from the left tails of mixed-exponential
and lognormal distributions because extreme daily val-
ues produced by these distributions come from their
left tails. Figure 2 shows the plots of observed ver-
sus simulated monthly mean precipitation by mod-
els based on the four distributions whose parameters
were estimated through Fourier series. All of the plots
of these distributions showed underestimations when
monthly mean precipitation exceeded 150 mm. The
lognormal distributions did not under- or overestimate
the monthly mean precipitation when these monthly
means were <110 mm, but all of the other three distri-
butions overestimated them when the monthly means
were <140 mm. Almost all of the underestimations
occurred in the months of June, July, and August.

An ideal stochastic weather generator should re-
produce other statistics and characteristics of the real
precipitation. Among the statistics, maximum daily
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Fig. 1. Observed monthly mean precipitation (mm) versus that simulated by
lognormal, mixed-exponential, gamma, and exponential distributions whose
parameters were estimated for each month separately, for all station pairs.

Fig. 2. Observed monthly mean precipitation (mm) versus that simulated by
lognormal, mixed-exponential, gamma, and exponential distributions whose
parameters were represented by Fourier series.
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Fig. 3. Observed monthly maximum precipitation (mm) versus that simu-
lated by lognormal, mixed-exponential, gamma, and exponential distributions
whose parameters were estimated from monthly datasets.

Fig. 4. Observed monthly maximum precipitation (mm) versus that simu-
lated by lognormal, mixed-exponential, gamma, and exponential distributions
whose parameters were represented by Fourier series.
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Fig. 5. Observed monthly variance versus that simulated by lognormal,
mixed-exponential, gamma, and exponential distributions whose parameters
were estimated from monthly datasets.

precipitation and monthly variance are very impor-
tant for ecological or hydrological assessment and sim-
ulation. These two statistics produced by stochastic
weather generators may not be very close to the ob-
served data, but the smaller the differences are, the
better the weather generators. Figure 3 shows the
plots of observed monthly maximum daily precipita-
tion versus those simulated by models based on the
distributions whose parameters were estimated from
monthly datasets. The plots show that the lognor-
mal distribution produced larger extreme precipitation
in most cases, and the other three distributions un-
derestimated them, except for mixed-exponential dis-
tribution. This underestimation was not as obvious
as that of the gamma and exponential distributions.
When these models’ parameters were estimated using
Fourier series, all of the distributions, including log-
normal distributions, underestimated maximum daily
precipitation of each summer month (Fig. 4), and
this underestimation seems more evident than the dis-
tributions with parameters estimated from monthly
datasets. Figure 5 shows the plots of observed ver-
sus simulated monthly variance of daily precipitation
by models based on the distributions whose parame-
ters were estimated from monthly datasets. Similarly,
the plots of those distributions with parameters esti-
mated by Fourier series are shown in Fig. 6. These

results indicate that, on the whole, lognormal distri-
bution overestimated monthly variances, but the other
three distributions underestimated them. However, all
four distributions underestimated monthly variance.

4. Discussions

For the models estimated from monthly datasets,
lognormal distribution and mixed-exponential distri-
bution fitted better than did those of gamma and
exponential distribution, but they under- or overesti-
mated monthly mean precipitation and monthly max-
imum daily precipitation. This may be due to their
special ability to generate extreme values, because
monthly maximum and monthly mean precipitation
are very sensitive to extreme values; lognormal distri-
bution can more frequently produces extreme values
than observed data, while mixed-exponential distribu-
tion produces less extreme values than observed data.
This under- or overestimation is difficult to eliminate
because these distributions were unable to be fitted
more perfectly to observed data. Gamma and expo-
nential distribution may also be underfitted, but this
underfitting does not affect the monthly mean precip-
itation.

For the models using Fourier series, lognormal dis-
tribution produced monthly mean well; other models
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Fig. 6. Observed monthly variance versus that simulated by lognormal,
mixed-exponential, gamma and exponential distributions whose parameters
were represented by Fourier series.

overestimated monthly means when the monthly mean
were small, but these models utterly underestimated
results in the months of June, July, and August. As for
monthly maximum precipitation, all models that used
Fourier series produced extreme underestimations. All
underestimations of monthly mean precipitation and
monthly maximum daily precipitation were due to the
smoothing effects of Fourier series that erode the pa-
rameter values that produce extreme precipitation.
This can be seen in Fig. 7b: the curve of simu-
lated monthly mean precipitation was smoothed over
the whole year. For the months of June, July, and
August, monthly mean precipitation was obviously
underestimated. This tendency contrasts with the
monthly mean precipitation data produced by mod-
els whose parameters were estimated from monthly
datasets (Fig. 7a). The underestimation caused by
smoothing added to the underestimation in the under-
fitted models, thus the model underestimated monthly
mean and monthly maximum precipitation to an even
greater extent. The smoothing caused by Fourier se-
ries stems from two sources. The first source is the
smoothed probability of precipitation occurrence, il-
lustrated by comparison of the lines in Fig. 8. Another
source is the smoothed distribution parameters of pre-
cipitation amounts. These two smoothing factors can
be alleviated by adding more harmonies to estimating

parameters, but our tests showed that adding one or
two harmonies does not improve the model much, and
adding harmonies for estimating Fourier coefficients
consumes too much additional computer time.

5. Conclusions

The Markov-chain model and four distribution-
based models (i.e., exponential, mixed exponential,
gamma, and lognormal) were used to describe daily
precipitation. In this study, the performances of these
models were compared; all of the models were fitted to
observed time series of daily precipitation of 46 years
at 10 observation stations. The fitting process was
handled in two ways: (1) by estimating parameters
for each calendar month and (2) by estimating Fourier
coefficients for an entire year. Both methods were con-
ducted using GAs.

The estimated maximum log-likelihoods and BIC
criteria for both estimation methods showed that the
lognormal distribution fitted observation data with the
most accuracy, followed by the mixed-exponential dis-
tribution, the gamma distribution, and the exponen-
tial distribution, respectively.

For the distributions fitted to monthly datasets,
the stochastic simulation results are as follows: (1) log-
normal distribution overestimated the monthly mean,
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Fig. 7. Observed means of monthly total precipitation
compared with those simulated by lognormal distribu-
tion: (a) the parameters of lognormal distribution were
estimated by monthly datasets, (b) the parameters of log-
normal distribution were estimated using Fourier series.
The means of monthly total precipitation were calculated
by averaging the monthly total precipitation at all sta-
tions. Because the simulated data were stochastic, the
plots of (a) or (b) are not the same at each generation.
Notably, the monthly mean precipitation was overesti-
mated by model based on lognormal distribution in the
month of July, but for models based on other distribu-
tions, results may not be similar.
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Fig. 8. Comparison of the timely series of conditional
precipitation occurrence probabilities calculated from
Fourier series with those counted directly from observa-
tions.

the maximum daily precipitation in month and the
variance in month; (2) mixed-exponential distribu-
tion underestimated the monthly mean, while gamma
and exponential distributions produced monthly mean

very well; (3) the mixed-exponential, gamma, and
exponential distributions models underestimated the
monthly maximum daily precipitation and monthly
variance.

For the distributions fitted using Fourier series,
all distribution methods underestimated the monthly
mean, the monthly maximum, and the variance for the
months of June, July, and August. These underesti-
mations may have been caused by the smoothing ef-
fects of Fourier series, which affected the model’s abil-
ity to produce extreme daily values.

The results indicate that a better fitted model does
not mean a better model in all aspects. The model fit-
ting of lognormal distribution and mixed-exponential
distribution achieved the best log-likelihoods and the
best BICs, but they slightly over- or underestimated
monthly mean and monthly maximum precipitation.
When choosing a good distribution, therefore, max-
imum likelihoods and BIC may not be the only im-
portant criteria, and the selected distribution method
should be further tested using other characteristics.
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