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ABSTRACT

It is well known that retrieval of parameters is usually ill-posed and highly nonlinear, so parameter
retrieval problems are very difficult. There are still many important theoretical issues under research,
although great success has been achieved in data assimilation in meteorology and oceanography. This paper
reviews the recent research on parameter retrieval, especially that of the authors. First, some concepts
and issues of parameter retrieval are introduced and the state-of-the-art parameter retrieval technology
in meteorology and oceanography is reviewed briefly, and then atmospheric and oceanic parameters are
retrieved using the variational data assimilation method combined with the regularization techniques in four
examples: retrieval of the vertical eddy diffusion coefficient; of the turbulivity of the atmospheric boundary
layer; of wind from Doppler radar data, and of the physical process parameters. Model parameter retrieval

with global and local observations is also introduced.

Key words: variational data assimilation, parameter retrieval, ill-posed problem, regularization

1. Introduction

It is well known that numerical prediction of at-
mospheric and oceanic motions is reduced to solving a
set of nonlinear partial differential equations with ini-
tial and boundary conditions, which is often called a
direct problem. Direct problems are essentially, given
the models (equations and initial and boundary con-
ditions), the process of seeking solutions and mak-
ing predictions. In recent years, a variety of meth-
ods such as variational data assimilation (Le Dimet
and Talagrand, 1986, Talagrand and Courtier, 1987;
Lorenc, 1988; Gao and Cou, 1995; Navon, 1997; Wang
et al., 2000, Huang et al., 2005b), the Kalman filter
(Courtier et al., 1993), and the ensemble Kalman fil-
ter (Evensen, 2003) have been proposed to boost the
accuracy of numerical weather prediction and to ex-
tend prediction range. Data assimilation is an analysis
technique in which the observed information is accu-
mulated into the model state by taking advantage of
consistency constraints with the law of time evolution
and physical properties. This approach belongs to the
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category of inverse problems.

Parameter retrieval is another kind of inverse prob-
lem, which has been successfully applied to the geo-
sciences, material sciences, biological sciences, and at-
mospheric and oceanic sciences. Since the pioneer-
ing work of Gelfand et al. (1951), parameter retrieval
problems in the hyperbolic equations have been widely
studied and great success has been achieved, while
the variational method is usually used to solve the
parameter retrieval problem in the elliptic equations
(Tosaka et al., 1999), which is similar to the adjoint
method of variational data assimilation in meteorol-
ogy and oceanography to some extent. For more detail
about the regularization theory, readers may refer to
Groetsch (1993).

In meterology, an early detailed survey also ad-
dressed issues of adjoint parameter identification as
provided by Le Dimet and Navon (1988). Zou et al.
(1992) estimated the magnitude of the nudging coef-
ficient in the National Meteorological Center (NMC)
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adiabatic version of the spectral Medium Range Fore-
cast (MRF) model, while Wang (1993) and Wang et al.
(1995) estimated the same coefficient using the FSU
(Florida State University) adiabatic spectral model.
Stauffer and Bao (1993) performed a parameter esti-
mation of nudging coefficients in a 1-D linearized shal-
low water equation model. Louis and Zivkovid (1994)
carried out physical parameter estimation in a simpli-
fied single column model.

In oceanography, studies on adjoint parameter esti-
mation were first carried out by Panchang and O’Brien
(1989) for determining the bottom drag coefficient in a
tidal channel. Phase speeds were estimated in a review
paper by Smedstad and O’Brien (1991) using the ad-
joint method in a reduced gravity model for the trop-
ical Pacific Ocean. Richardson and Panchang (1992)
noted the difficulties associated with parameter esti-
mation (eddy viscosity) by adjoint methods due to
their being beset by instabilities and nonuniqueness
(in general, ill-posedness) when identifying parameters
distributed in the space and time domain, especially
when the data is noisy. To overcome these difficulties,
they proposed the insertion of an additional constraint
in the cost functional J, meaning that the parame-
ter profiles should be smoothly varying, that is, they
proposed a compromise between the data-model mis-
fit minimization and the solution smoothness. For de-
tailed references of the parameter estimation problems
in meteorology and oceanography, readers can refer to
the reviews by Navon (1997), Zhu et al. (1998), and
Le Dimit and Yang (2002), etc.

In this paper, research on parameter retrieval in
recent years, especially that from the authors, are re-
viewed, and attention is mainly focused on the vari-
ation method combined with the regularization tech-
niques and their application to some particular exam-
ples by the authors. Theoretical analyses and numeri-
cal tests indicate that the variation method combined
with the regularization techniques and proper choice
of regularization parameters can improve the convex-
ity of the cost functional, constrain ill-posedness, and
hence speed up the convergence of numerical solutions
and boost the accuracy of solutions.

2. Some remarks on parameter retrieval and
regularization theory

As mentioned above, parameter retrieval belongs
to the class of inverse problems. Therefore parameter
retrieval possesses some basic characteristics of the in-
verse problems. As noted by Yeh (1986) in the context
of ground water flow parameter estimation, the inverse
or parameter estimation problem is often ill-posed and
beset by instability and non-uniqueness, particularly if
one seeks parameters distributed in the space-time do-
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2.1 An example of an ill-posed model parame-
ter retrieval

The ill-posedness concept goes back to Hadamard.
He claimed (Kirsch, 1996) that a model for a physi-
cal problem had to be well-posed in the sense that the
following three properties are satisfied:

(1) There exist solutions of the problem (existence)

(2) There is at most one solution of the problem
(uniqueness)

(3) The solution depends continuously on the ini-
tial and boundary data (stability)

A model for which at least one of the above three
properties does not hold is called ill-posed or improp-
erly posed. The following example is given by Kirsch
(1996)

5 |10 F] = @) 20

a(0) G (0) = b0, a() (1) = by

where a(z) is a diffusion coefficient, and f(z) repre-
sents a source term. If by, by, f(x) and the observation
data wueps(x) are given, some cases emerge as follows
in the retrieval of a(x).

(1) The solutions may not be unique.

(2) The solutions are not stable. When || u® —
Uobs ||< € for avery small € > 0, then || ac(z)—ar(z) ||
becomes very big, where ar(z) stands for the true so-
lution.

(3) Numerical instability. For a given ieqiobs, the
solutions can be obtained by the least squares ap-
proach. However, the numerical calculation of the
derivatives of ucps Wwill lead to numerical instability
(Huang and Wu, 2001).

(2.1)

2.2 An example of a highly non-linear model
parameter retrieval

Even if the direct problems are linear, the inverse
problems are usually nonlinear. The example given
by Guo (1998) is presented to demonstrate the high-
nonlinearity of the parameter retrieval.

Ju 0%u
=k, (t,z) € (0,T) x (0,1
=k g (L)€ (0,T) % (0.1)

u|t=0 = O,U‘x:() = f(t) ) u|a’:=1 =0 )

(2.2)

where k is a constant. Given k and f(¢), then there ex-
ists a unique solution of system (2.2), and the solution
can be expressed as

OMIk(t — 1), 2]
o (2.3)

u(t,z) = _k/(] —— = f(r)dT,
1

T "1,2
Z e (t > 0).

n=—oc

where M (t,z) = —
vt
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If f(t) is given and k is an unknown to be deter-
mined, then additional observation information is re-
quired. For instance, the observational data h satisfies:

0
—pcka—z(tg,O) =h, (2.4)

where p,c, h are constants and 0 < tqg < T. By the
solution (2.3), from Eq. (2.4) the nonlinear equation
of k can be obtained as
to
pck M[k(t —7),0]f (1)dT = h,
0
which is an algebraic equation of high-nonlinearity.

(2.5)

2.3 Impacts of observational data on parameter
retrievals

Below is an example given by Romanov (1987)
showing the impacts of observational data on param-
eter retrievals. The model is as follows

Pu  %u

U|t:0 = O, Ut|t:0 = 5(x) )

(2.6)

where §(x) is the Dirac delta function, and the pa-
rameter ¢(x) is to be determined by additional obser-
vational data. However, the properties of the observa-
tional data are vitally important to the well-posedness
of the problem, which is related closely to the physical
background and mathematical structure of the prob-
lem. If the observational data at the point z = 0 are
tz—0 = f1(t) and uy|y—p = f2(t), then under some
conditions, there exists a local solution ¢(z). If the
observation data at the point x = zg (g > 0) are
Uzp=z, = f1(t) and ug|p—z, = f2(¢), then ¢(z) can
be uniquely determined in the region x > zy. In the
region x < zq, however, ¢(z) cannot be uniquely de-
termined.

2.4 The outline of the regularization principle

We now briefly introduce the concept of regulariza-
tion or the regularization principle. Inverse problems
are usually ill-posed, i.e., solutions probably do not
exist; or even if solutions exist, the solutions are prob-
ably not-unique; or, solutions exist and are unique,
but the only solution is unstable at the initial and
boundary conditions, etc. Hence, for wider applica-
tions to practical problems, classical solutions must
be generalized to ones which are called “solution-like”
(Groetsch, 1993).These solutions are required to sat-
isfy two conditions: (1) the solution-like solutions must
be unique, and (2) if the solutions to a model exist,
then the solution-like solutions must be among them.
Specifically, for

2.7)

where K is a linear bounded operator, we want to seek
a solution, called solution-like, such that the minimum

Kz=g
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norm least square solution 1 satisfies
| Kz* — g [[= min
|| z* ||= min .

It can be proved that % exists and is unique. If K is a
nonlinear operator, then under some conditions, there
exist similar results, which are omitted here.

Generally speaking, ¢ is obtained by measure-
ment. Denote such a measurement with an error
0 (] g5 —g ||I< 0) by gs. We want to find a stable
approximate solution x5 such that

| Kz5 — g5 [|< 6, || 25 ||= min, and z5 — 27 .

This solution is called the minimum norm solution
with discrepancy 6. This variational problem is prov-
ably equivalent to (Kress, 1989)

J[2] =|| Kz — g5 |* +v || « |*= min
where J[z] is referred to as the Tikhonov functional,
| = ||? the stable functional, and v the regularization

parameter. The regularization parameter -y is uniquely
determined according to the equation

| Kzsy5) — 95 =9,
which is called the discrepancy principle. The sta-
ble functional || 2 ||? varies according to the specific
problem, and may be [, [z[2dQ, [, (|z|*>+|Vz|?)dS, or
| Lz [|? where L is a closed linear operator. The sta-
ble functional is different from penalty terms with an
imposed smoothness constraint.

3. Retrieval of the vertical eddy diffusion para-
meter of a 1-D sea temperature model

For illustration, we will use a one-dimensional heat-
diffusion model formulated for describing the vertical
distribution of sea temperature in time (Huang et al.,
2004a; Huang et al., 2003). The governing equation is:

or o or
(%:(%(Ké)z> + f(t2)
or

or
Tl =U K
[1=0 (2), 0z

= So(t)a K— =0 ’
0z |,_g
(3.1)

where T' = T'(t, z) is sea temperature, K = K(t,z) is
the vertical eddy diffusion coefficient,

VIO
t,z) = ———exp(—vz),
f(6.2) = = exp(-v2)

po is the sea water density, v is the sea water specific
capacity, v is the light diffusion coefficient, H is the
depth of the ocean upper layer, I is the transmission
component of solar radiation at the sea surface, and

Q(t Iy
oty =20 _ Lo |
PoCp PoCp | ,_q

where Q(t) is the net heat flux at the sea surface.
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Assume 7, ¢p, po, Io and Q(t) are given, and that
U(z) and K(t,z) are unknown and need to be deter-
mined by the data assimilation method. If T, is given
on the whole domain, the estimations of the initial
condition U(z) and the model parameter K(t,z) are
performed simultaneously in the framework of varia-
tional data assimilation with the regularization tech-
nique (Huang et al., 2004a). If Tops(t,0) is given, i.e.,
the observations are taken only at the sea surface, then
the cost functional is defined as

J[U, K] :% /0 "IT(10) — Topa(t,0)]2dt

+7; /0 i /0 " ki) (Z)zdtdz. (3.2)

Through a series of variational calculations (Huang
and Han, 2003), the following adjoint equations and
adjoint boundary conditions are obtained

oP 9 (_0P\ ,0 ( 0T
e (95) e (K5)
oP
Plee =0, KZ| = ~[1(4,0) ~ Tons(0)
z z=0
orT oP
2K7 R = .
+ry 0z z=0 ’ 0z z=H !

(3.3)

And the gradients of the cost functional (3.2) with re-
spect to U and K are
aTop 1 ,/0T\’
Vol =p(0:2), Vic = 0z 0z T3 (82) '

Then, numerical experiments are performed.

Take U(z) = sinz, K = 1. A perturbation is added
to the eddy diffusion coefficient, K = 1+ 0.05(z — H).
One experiment is calculated with v = 0, and the other
with v = 0.001. The results of the numerical exper-
iments are shown in Fig. 1. It can be seen from the
figure that, if v = 0, i.e., without the regularization
term, then Ej (Ej is the norm of eddy diffusion co-
efficient error) increases with the iteration number; if
v # 0, then J decreases quikly with the iteration num-
ber and the accuracy is improved.

4. Retrieval of the turbulivity of the atmosph-
eric boundary layer

According to classic Ekman theory, the wind vec-
tor is viewed as an Ekman spiral along the vertical di-
rection for constant turbulivity and geostrophic wind.
However, the complexity of the structures of wind in
the atmospheric boundary layer hints that this as-
sumption is problematic. For instance, the geostrophic
wind, though a good approximation to the real atmo-
spheric wind, is still different from it. Therefore, the
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Fig. 1. (a) The iteration process of J with and with-

out regularization; (b) The variation of error Ej, with and
without regularization .

temporal and spatial distribution of the turbulivity
should be determined according to the structures of
the true wind (Wang et al., 2005).

The stationary atmospheric boundary layer is gov-
erned by the following model

0 ou
py <K8z> + flv—uvg) =0,

0 0
(%(K@z) — flu—ug) =0,

with the boundary conditions

(u,v)|Z:0 = (0,9), (Uv v)|z:H = (Ug,Ha vg,H) ) (4-2)
where k is the turbulivity, v and v are the zonal and
meridional components of velocity respectively, ug and
vg the zonal and meridional components of geostrophic
wind respectively, f the Coriolis parameter, and ug g
and vg g the values of u, and v, at the upper bound-
ary.

If the observations ueps and wveps are known, the
turbulivity x can be retrieved. If only the wind field
of a single station is known and the distribution of the
pressure field is unknown, then the geostrophic wind
ug and vg cannot be determined and must be regarded

(4.1)
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as parameters to be retrieved. So the present problem
is to determine k,us and vy, in which the following
functional is minimized,

1 rH
J [k, ug, vg] D) /0 [(u— u0b8)2 + (v — UobS)Q]dZ

G (G-
(4.3)

The retrieval of multiple parameters is usually ill-
posed, which leads to the application of the regular-
ization principle. The second term in J is a stable
functional and -~y is the regularization parameter. As
the first order norm of (u,v), the stable functional can
overcome the ill-posedness and diminish oscillation in
the retrieval.

Through a series of variational calculations, the fol-
lowing adjoint equations and adjoint boundary condi-
tions are obtained

0 oP

% (ﬁaz> 7fQ:U*U0bs+’Yf(v7vg)’
0 0

P (K(‘?Cj) +fP:v*UObs*’7f(ung)a

<Pv Q)|z:H = (070) .
(4.4)

The gradients of the functional J are

2 2
Vo= Ju N v n OudP 0OvoQ ’
0z 0z

9202 10202
Vi, J =—fQ, VoJ=fP.

(4.5)

As the first step in the retrieval of structures of
the atmospheric boundary layer by real observations,
an ideal numerical test is performed to verify the val-
idation of the adjoint method combined with the reg-
ularization principle.

Let the thickness of the atmospheric boundary
layer be H=2000 m and the Coriolis parameter at
40°N be f=0.0000937442 s~

Similar to the literature (Tan, 2000), the turbuliv-
ity is taken according to the following expression

2x 107823 — 1.23 x 107422 + 0.06852 + 4 ,
2 < 500m?s !

2>500m?s .

i(z) = 2500

z—250"
(4.6)

Obviously this profile is smooth enough. Let the
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Fig. 2. (a) two kinds of functionals varying with iteration
time; (b) comparison of the true value, initial guess value
and retrieval of turbulivity with and without a stabilized
functional.

geostrophic wind profile be

z
ug(z) =4+ m(lo —4),

z
vg(2) = 1.5+ 5000

Under these conditions, the true wind field (or
“wind observations”) u and v can be calculated from
the Ekman equations.

The initial guess values of the turbulivity and
geostrophic wind are k(z)=8 m? s 71, ug(z) = 8 ms~!
and vg(z) =3 ms L.

Because of the limitation of space in this paper, the
retrieval of real sounding wind data in Luohe, Henan
Province, China on 22 April 1992 is omitted here (see
Wang et al., 20006).

(6—1.5). (inms™")

5. 2-D wind retrieval from single-Doppler data

Modern weather Doppler radars are important
tools to investigate microscale and mesoscale weather
systems, but their direct observations are limited to
the reflectivity and the radial-velocity component. So,
it is necessary to obtain 2-D or 3-D wind fields by
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retrieval methods. Compared to other retrieval meth-
ods, the variational adjoint method has obvious mer-
its. Furthermore, it is easy to incorporate other ob-
servational data into the analysis. Because the cost
of Doppler radar is high, the New Generation Radar
Network in China (CINRAD) can only provide us with
single-Doppler radar data in most areas. So it will be
the main research direction to use the variational ad-
joint method to retrieve the wind fields from single-
Doppler data in the future.

With the development of variational theory, many
retrieval techniques based on the variational method
have been proposed. Wu et al.(1997) retrieved the
horizontal wind fields with the adjoint equations af-
ter simplifying the vertical physical variables in the
atmospheric motion equations. The results of the
method are encouraging, but it is still difficult to spec-
ify boundary conditions. Qiu and Xu (1992), Xu and
Qiu (1994), and Xu et al. (1994) developed simple ad-
joint methods to retrieve horizontal wind fields using
the reflectivity advection equation or the radial-wind
momentum equation. Their results show that using
data over multiple time levels can not only increase
the accuracy of the retrieval but also make the method
less sensitive to the errors in the observation; neglect-
ing the influence of weak vorticity and divergence can
suppress false and small structures in the retrieved
wind fields because of noise in the observation data;
reasonably setting the weights in the cost function can
improve the retrieval results greatly. Gal-Chen and
Zhang (1993) proposed an advection retrieval scheme
that retrieves three-dimensional wind fields from mul-
tiple time levels of reflectivity and radial-wind data
by making a Lagrangian conservation assumption for
the reflectivities and a steady-state assumption for the
eddies in the wind field. The experiment results show
that the steady-state assumption is satisfied easily and
the retrieval results are improved obviously when the
retrievals are performed in a moving frame of refer-
ence; proper filtering can reduce errors in the retrieved
wind fields. Shapiro et al’s (1996) two-scalar algo-
rithm assumes incompressible and frozen-turbulence
flow, then recovers the three-dimensional wind fields
from the conservation equation of reflectivity. But the
assumptions are too strict to be satisfied. And how to
retrieve wind fields in deep, moisture convective sys-
tems is still a difficult question.

In China, much work on single-Doppler velocity re-
trievals has been done. Wei et al. (1998) advanced the
objective method of the selection of functional weight-
ing factors. Experiments show that the optimal se-
lection of weights is good for improving the retrieval
of model parameters. Qiu et al. (2000) presented a
variational method for retrieving wind vectors from
single-Doppler wind measurements, in which initial
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forecast fields are subsequently created from the re-
trieved winds. A numerical experiment is performed
by using the Advanced Regional Prediction System
(ARPS) developed by Center for Analysis and Pre-
diction of Storms (CAPS) in the United States. The
experiment shows that the Doppler radar data can be
used to improve the analysis of the initial fields and
short-term numerical prediction of mesoscale weather.

As we will see in this paper, based on the vari-
ational adjoint method and regularization methods,
theoretical analyses and numerical experiments are
performed for wind and related parameter retrievals
from single-Doppler radar data (Cao et al., 2005). The
method uses the mass continuity equation as a weak
constraint, in addition to the strong constraint of the
reflectivity conservation equation. The wind retrievals
are classified into two cases: wind fields without and
with vortexes, the latter of which is studied in this
paper.

The 2-D reflectivity conservation equation in the

10

polar coordinate system is:
1o 1 0?
ror r2aaz)

Vo On 0>
(7“1,T2) X (011,012) ;

n n

T 90 "o
:901(15704),
:'lﬁl(t,T),

(t,r,a) € (0,T) x
n|t:0 = ¢(Ta a) ) n‘T:ﬁ
Nlr=r, = p2(t, @), Nla=as
77|04:042 = 1/}2<t’ T) :

(5.1)

Here n(t,r,a) denotes the radar reflectivity, and
(vr, va, k) are the radial and tangent velocities and the
coefficient of eddy viscosity respectively, and the other
quantities have their usual meanings.

The unknown parameters (v,,vq,k) will be re-
trieved or estimated from the Doppler radar data
Tobs; Uobs, With the model (5.1) as the physical con-
straint. Because three unknown variables are to be
retrieved from just one equation, the solution of (5.1)
must be ill-posed. To overcome the ill-posedness of the
solutions, the cost functional can be defined as:

J[UT(Ta a),va(r, C!), k] =h+J+ J3 + Ju )

here:

= ;/T/TQ /a2[<77_770bs)2+')’1(v

(constraint of the observation field),

5 L) -

roo
(weak constraint),

7/// (Vurl? + [Voa)d0

(5.2)

r — 'Ur,obs)z]dﬂ s

(ruy)

ror
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(regularization term),

T ) a2
Jy = E/ / / (Ve — Ta)2dS2
2 0 ™1 [0 5]

(constraint of the background field).

71 is the reflectivity field predicted from model (5.1).
(vr,Vq, k) are the retrieved variables. nobs, Urobs are
observations from the radar. 71,y and 4 are weight-
ing coefficients, and 3 is the regularization parame-
ter. The ultimate goal for the retrieval is to optimally
estimate the three unknowns (v,,va, k) through the
minimization of the cost functional.

The gradient of J with respect to the unknowns
(vr, Va, k) can be calculated as:

( 0

T n
er*] = fO 'Yl(Ur - Ur,obs) *pa
0 [O(rvy) | Ova
V2 or | ror roua
_ 1 g vy + g Ouvy dt
737“ or " or Jda \ rOa ’
o ﬂ B i o(rv.) = Ovg
Vool = Jo { P o roa | ror roa
GO (0va) O (Ova) ],
737“ or " or Oa \ roa ’
02 0 0?
Vil = <p’ (arﬁraﬁ roa? ’7>
(5.3)

Below is the numerical test. For convenience, the
observationals are chosen as the solution to (5.1) su-
perimposed onto a disturbance, and the wind field
contains a vortex structure, viz., a Rankine vortex.
The minimization algorithm used in this paper is the
Quasi-Newton algorithm. The domain parameters are
as follows: r1=500 m, 7o=2500 m, a1 =0, and ay = 27.

Case 1 The 2-D vortex wind field and coefficient
of eddy viscosity are retrieved from the observational

2000} ~10.0<v, <100
—10.0<v,,<10.0‘:%/
1000 % b v
b, “lg
Wﬁlli My
= 0 N
NN
N,
N sy ””mm

NIt
=232y
-1000 w SEECCAY,
Ty

NN
10.0m 3'1 ' 4' %
-2000 =
»10.0m s f ,
-2000 -1000 0 1000 2000
X (m)

Fig. 4.
background field.
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data with the mass conservation as a weak constraint.
The optimal weights are: y; = 4.0,72 = 0.05,v3=0.0,
and 4 = 0.0. The true wind field, retrieved wind field
and vector errors are shown in Figs. 3-4. The retrieved
value for the coefficient of eddy viscosity is k=124.47
(the true value k; = 125.0).

Case 2 The background field is incorporated into
the cost functional and each weight is specified as fol-
lows: 1 = 4.0,72 = 0.05,v3 = 0.0, and 4 = 2.0.
The retrieved wind field and vector errors are shown
in Figs. 7 and 8. The retrieved value for the coefficient
of eddy viscosity diffusion is & = 124.43. As indicated
in the figures, the accuracy of retrieval for wind is im-
proved although that of the eddy diffusion coefficient
declines a little.

Case 3 The regularization is incorporated into the
cost functional. The results of the numerical experi-
ments reveal that the regularization term helps to im-
prove the accuracy of wind to a certainty. And the

-10.0<v, <10.0
-10.0<v, <10.0 4

1000 Y ]
h /"l\ PSS
_ \\\\k"\ ! ..:_,.' .~_\.~\\\
= M&\\\\\\\? S Yy

\\.}*}5::;-::. 1ty
1000 ®$\§§ %7, "Ny
W e
10.0ms" " = %
-20001
X

2000

' ' R
2000 —0.2<v,<02 § N , (b
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rl"" W il
1000 A
1 'H'“ ", ‘.| "
bttt ..." !
B R
ot . ‘-' § 1 ‘l“‘ II‘l
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Fig. 5. (a) Retrieved vortex wind with background; (b) error vectors with background.

result is sensitive to the value of its weight. Each
weight is specified as follows: v; = 4.0, = 0.05,~v3 =
0.35, and 74 = 2.0. The retrieved wind field is similar
to that in Fig. 7 and is not given here. The retrieved
coefficient of eddy viscosity is k = 124.79.

In the above experiments, the two-dimensional vor-
tex wind field and coefficient of eddy viscosity are re-
trieved simultaneously from the reflectivity data and
radial-wind data with the mass continuity as a weak
constraint, in addition to the strong constraint of the
reflectivity conservation equation. The numerical ex-
periments indicate that the wind field is well retrieved
and its accuracy is improved after adding the back-
ground term to the cost functional. At the same time,
the regularization term helps to improve the precision
of retrieval to a certainty. But the result is sensitive to
the value of the weights due to the fact that the vortex
wind changes significantly in space itself.

Based on the results for the artificial data, natural
2-D wind fields are retrieved with low altitude radar
data from the Nanjing Doppler radar (omitted here
due to the limitation of space), and the results are
promising.

6. Retrieval of physical process parameters

The adjoint method holds only for differentiable
systems.  While adopting the parameterization of
physical processes in prediction models, the models
usually contain discontinuous physical processes called
“on-off”, processes (Xu, 1996a; Zou, 1997; Mu and
Wang, 2003). For example, Zou (1997) studied the
assimilation of moist physical processes with “on-off”
switches by theoretical analysis and numerical model-
ing; Xu (1998), however, pointed out that, although
some of the formulations in Zou (1997) and Xu (1998)
are similar, there are substantial discrepancies in the

derivations of the adjoint. The authors can also re-
fer to Xu (1997), and Xu and Gao (1999). Also for
this same problem, Wang et al. (2002) proved the ex-
istence of the classical functional gradient concerning
the initial condition; Wang et al. (2005) also proved
the existence of the classical functional gradient con-
cerning the parameter. Here, we apply a different way,
i.e., we introduce the weak form of the original model
by which the adjoint model is derived directly; and
the functional gradients with respect to both the ini-
tial condition and the parameter can also be obtained
in the classical sense. (Huang et al., 2004b).

The following simple non-differentiable ordinary
differential system (Xu, 1996a) is taken as an example
to demonstrate the weak form method for generalized
variational data assimilation.

da
- —FO) +8H (4~ a), (6.1)
dt=0 = 4o

where ¢(t) is the specific humidity, 5 and ¢¢ are
constants, ¢. is the critical point, g. > qq, F(t) >
—0,F(t) 2 6>0,F(t) is a differentiable function, and
H, (-) is the Heaviside function. It is obvious that Eq.
(6.1) is well-posed on [0, T'] and that ¢(t) is continuous.
Take T such that there exists a unique 7, on [0, 7], and
q(7¢) = ge- The following space is introduced:

$Y0,7) = {p(t)lp(t) € H'(0,T) and ple—r = 0} .
So the weak form of (6.1) can be written as:

0 %p(t)dt: /0 FlO)p(t)dt

T
4 / BH.(q — qo)p(t)dt

= | P [ ppwi. 62
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Table 1. The comparison of assimilation results of three tests.

The initial values of the retrieval

The number of iterations

The results of the retrieval

q0 qc J g0 qc J
Test 1 0.05 0.25 9.1573 28 0.2439 0.4707 0.0012
Test 2 0.05 0.55 1.3018 6 0.25 0.4676 0.0
Test 3 0.42 0.55 2.7382 17 0.25 0.4622 0.0

Denoting the observation of ¢ on [0,7] by ¢obs, the
optimization problem is to find ¢o and ¢, such that

T
Haad = 5 [ 1) - done0)Pit = min . (63)

Set perturbations to ¢gp and ¢, such that gg — ¢y =
qo + aU,qc — G = qc + o€, and 7. — Te,q(t) — §(),
and denote ¢ = lin}](quq)/a, Te = liII%](’IN'fT)/OL, which

o— o—

are in the sense of L?(0,7"). From Eq. (6.2),

T T
a000) [ aEar~ [ Fowirar
T
+/ Bp(t)dt, (6.4)

S0
T ~ T
3 [T a(t) —q(t) dp(?) °p
Up(0) /0 T sl 0L
(6.5)
When @ — 0,
T
o dp(t .
~0p0) - [ty ede = ~poi)ie. (66)
0
Because
e = q(7e) = qo + / F(7)dr
0
Ge ZQC+Q§:(10+O‘U+/ 4F(T)d7—
0
then
§ =U+ F(re)te (6.7)
and with Eq. (6.6), ( 7) can be written as
T
E-U
—Up(0 / =—0p . (6.8
0 )y - (09
Introduce the generahzed adjoint model:
_dp(t) _
dt = 4 — qobs » (6.9)
p|t—T =0 )

SO .
AWM®+AQ®@7%wﬁ:*WmMﬂn%U

+ /Bp(TC)/F(TC) : g .

Through

T
J'[q0,9¢;U, €] = / G(q — Gobs)dt = VqoJ - U + VgoJ - &,
0

the gradients of the cost functional (6.3) with respect
to qo and ¢. are obtained respectively:

{ Vaod = p(0) + Bp(re) /F(7e) . (6.10)

chJ = 7/6p(7—c)/F(Tc) :

Suppose that the true values of the parameters in
model (6.1) are F'(t) = 2.0,8 = —1.5,¢q. = 0.46,q9 =
0.25 and T = 1.0. The time step in the numerical
experiments is dt = 0.005.

Integrate (6.1) with the true values of go and ¢,
mentioned above, and save the results of ¢ as the ob-
servation ¢opbs. Then use the perturbed values of ¢
and ¢o as the initial guesses. The descent algorithm
used here is the Quasi-Newton method. In order to
examine the effectiveness of the retrieval, three tests
with different perturbed values of g. and ¢ are imple-
mented.

The perturbed values and the results of the re-
trieval are illustrated in Table 1. From the table it
can be seen that all the results of the three tests are
ideal. Figure 6 shows the track of the cost functional
descending in the process of iteration. From the fig-
ure it can be seen that the domain of the contour is
divided by the line between the points (2.1, 2.1) and
(5.0, 5.0). On the bottom right hand side the contours

05
0.4
, 03
=
0.2
0.1
03 04 05 0.6
4o

Fig. 6. The track of the cost functional descending in the
process of iteration.
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are distributed elliptically while on the top left hand
side, as qo > q. here, the contours is vary only with
go- From the result of the experiment we can conclude
that the method effective in resolving the problems of
this type.

7. Other applications of VAR and the regular-
ization method

Other applications of VAR and the regularization
method include the retrieval of GPS dropsonde’s mo-
tion (Fang and Huang, 2004; Fang et al., 2004), ad-
justment of the wind field by the variational analysis
method (Lan et al., 2004; Huang et al., 2005a), assimi-
lation of typhoon tracks and retrieval of model param-
eters (Xiang et al., 2004), retrieval of parameters in the
ENSO cycle using the observational data Tropical At-
mosphere and Oceans (TAO) (Du, 2004), retrieval of
parameters in the 1-D shallow water model (Pan and
Huang, 2004; Du et al., 2004), and application of the
improved discrepancy principle in retrievals of atmo-
sphere infrared remote sensing (Li and Huang, 2001).
It is suggested that readers refer to these papers for
the details.

8. Summary

Because of its ill-posedness and high nonlinearity,
the parameter retrieval problem is very difficult to
solve. In this paper, the variational data assimilation
method combined with the regularization techniques
was employed to retrieve the following atmospheric
and oceanic parameters: the vertical eddy diffusion co-
efficient, the turbulivity of the atmospheric boundary
layer, the wind with Doppler radar data, and the phys-
ical process parameters. Model parameter retrieval
with global and local observations was also studied.
The results in this paper indicated that the applica-
tion of the regularization techniques helped to reduce
numerical oscillations in the iterations, to speed up the
convergence of solutions, and to boost the accuracy of
solutions.
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