Graphs and Combinatorics (2024) 40:65
https://doi.org/10.1007/s00373-024-02794-5

ORIGINAL PAPER

n

Check for
updates

Bounds for DP Color Function and Canonical Labelings

Ziging Li' - Yan Yang'

Received: 14 June 2023 / Revised: 19 April 2024 / Accepted: 22 April 2024 /
Published online: 20 May 2024
© The Author(s), under exclusive licence to Springer Nature Japan KK 2024

Abstract

The DP-coloring is a generalization of the list coloring, introduced by Dvordk and
Postle. Let H = (L, H) be a cover of a graph G and Ppp(G, H) be the number of
‘H-colorings of G. The DP color function Ppp (G, m) of G, introduced by Kaul and
Mudrock, is the minimum value of Ppp(G, H) where the minimum is taken over
all possible m-fold covers H of G. For the family of n-vertex connected graphs, one
can deduce that trees maximize the DP color function, from two results of Kaul and
Mudrock. In this paper we obtain tight upper bounds for the DP color function of
n-vertex 2-connected graphs. Another concern in this paper is the canonical labeling
in a cover. It is well known that if an m-fold cover H of a graph G has a canonical
labeling, then Ppp(G, H) = P(G, m) in which P (G, m) is the chromatic polynomial
of G. However the converse statement of this conclusion is not always true. We give
examples that for some m and G, there exists an m-fold cover H of G such that
Ppp(G,H) = P(G, m), but ‘H has no canonical labelings. We also prove that when
G is a unicyclic graph or a theta graph, for each m > 3, if Ppp(G, H) = P(G, m),
then H has a canonical labeling.

Keywords DP-coloring - DP color function - 2-Connected graph - Ear
decomposition - Canonical labeling

Mathematics Subject Classification 05C15 - 05C30 - 05C31

1 Introduction

All graphs considered in this paper are finite and simple. The set of natural numbers
isN={1,2,3,...}. Form € N, let [m] = {1, ..., m}. For any graph G, let V(G)
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and E(G) be its vertex set and edge set respectively. For any v € V(G), let Ng(v)
denote the set of neighbors of v in G and dg(v) denote the degree of v in G. A
proper m-coloring of G is a mapping ¢ : V(G) — [m] such that c(u) # c(v)
whenever uv € E(G). In 1912, Birkhoff [3] introduced a function P (G, m) which
counts the number of proper m-colorings of G, it is a polynomial in m and called
chromatic polynomial of G. The book by Dong, Koh and Teo [4] gives an overview
for chromatic polynomial problems.

Since it is difficult to get a simple expression for the chromatic polynomial of
an arbitrary graph, the bounds for the chromatic polynomials of graphs are of par-
ticular interest. For n-vertex connected graphs, the upper bound for their chromatic
polynomials can be found in [4].

Theorem 1.1 [4, Theorem 15.3.2] Let G be a connected graph with n vertices. Then
forallm e N,

P(G,m) <m(m—1)""1,

where equality holds for m > 3 if and only if G is a tree.

For the family of 2-connected graphs, Tomescu obtained the following result.

Theorem 1.2 [20, Theorem 2.1] Let G be a 2-connected graph with n vertices, where
n > 3. Then for allm € N withm > 3,

P(G,m) < (m—1D"+ (=1)"(m — 1),

where equality holds if and only if G = C,; or G = K (2, 3) for the case thatn = 5
andm = 3.

In [10], Felix gave a survey on the upper bounds for the chromatic polynomials of
graphs of given order and size. Recently, some authors focus on the upper bounds for
the chromatic polynomials of n-vertex graphs with chromatic number k, they obtained
some inspired results, see [7-9, 11, 16, 17] for example.

In this paper we obtain analogous results to that in Theorems 1.1 and 1.2, in the
context of DP-coloring. The DP-coloring (also called corresponding coloring) is a
generalization of the list coloring, introduced by Dvorak and Postle [6].

Definition 1.3 [6] Let G be a graph. If X, Y C V(G), we use G[X] for the subgraph
of G induced by X, and we use Eg (X, Y) for the subset of E(G) with one endpoint
in X and one endpoint in Y. Given a set S, P(S) is the power set of S.

e A cover of a graph G is a pair H = (L, H) consisting of a graph H and a function
L :V(G) — P(V(H)) satisfying the following four requirements:

the set {L(u) : u € V(G)} is a partition of V(H);

for every u € V(G), the graph H[L(u)] is complete;

if Eg(L(u), L(v)) is nonempty, then u = v or uv € E(G);

if uv € E(G), then Ey(L(u), L(v)) is a matching (the matching may be
empty).

Ll e
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e Acover H = (L, H) is m-fold if |L(u)| = m for each u € V(G), and 'H is full if
for each uv € E(G), Exg(L(u), L(v)) is a perfect matching.

e An H-coloring of G is an independent set in H of size |V (G)]|.

e The DP-chromatic number of G, denoted by xpp(G), is the smallest m € N such
that G admits an H-coloring for every m-fold cover H of G.

In 2021, Kaul and Mudrock [14] gave the definition of DP color function.

Definition 1.4 [14] Let H = (L, H) be a cover of a graph G. We denote Ppp(G, H)
the number of H-colorings of G. The DP color function of G, denoted by Ppp (G, m),
is the minimum value of Ppp (G, H) where the minimum is taken over all possible
m-fold covers H of G.

By the definition of chromatic polynomial and DP color function, Ppp (G, m) <
P (G, m) holds for any graph G and m € N. Let H = (L, H) be an m-fold cover of a
graph G. We say that H has a canonical labeling if it is possible to name the vertices
of H sothat L(u) = {(u, j) : j € [m]} foreachu € V(G) and (u, j)(v, j) € E(H)
for each j € [m] whenever uv € E(G). It is well known that if H has a canonical
labeling, then Ppp(G, H) = P(G, m) holds for each m € N. So there is a natural
question as following.

Question 1.5 Suppose that H = (L, H) is a full m-fold cover of a graph G and
Ppp(G,H) = P(G,m). Does H have a canonical labeling?

By finding two examples, we give a negative answer to this question. But,
considering our examples are only for some small m, we have the following question.

Question 1.6 Suppose that H = (L, H) is a full m-fold cover of a graph G, does there
exist some M € N such that foreachm > M, if Ppp(G, H) = P(G, m), then H has
a canonical labeling?

Question 1.6 is closely related to (but not equivalent to) the Problem 3 in [5]. In
order to compare DP color functions with chromatic polynomials, Dong and Yang
[5] defined a class of graphs called DP*. It denotes the set of graphs G for which
there exists M € N such that for every m-fold cover H = (L, H) of G, if H has no
canonical labelings, then Ppp(G,H) > P(G, m) holds for all m > M. Then, for
each graph G € DP*, Ppp(G, m) = P(G, m) holds when m > M. And they posed
the following question, i.e., the Problem 3 in [5].

Question 1.7 [5] For a graph G, is it true that if there exists an M € N such that
Ppp(G,m) = P(G,m) holds for all m > M, then G € DP*?

In [5], some types of graphs have been proved belonging to DP*. For example, if
a graph G contains a spanning tree 7" such that for each e € E(G)\E(T), £(e) is odd
and e is contained in a cycle C of length £(e) with the property that £(e’) < £(e) holds
for each ¢’ € E(C)\(E(T) U {e}), then G € DP*, where £(¢) = oo if e is a bridge
of G, and £(e) is the length of a shortest cycle in G containing e otherwise. By the
definition of DP*, we have the following result.
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Proposition 1.8 Ifa graph G € DP*, then there exists an M € N such that for any full
m-fold cover H of G with Ppp (G, H) = P(G, m), where m > M, H has a canonical
labeling.

In Sect. 2, we obtain tight upper bounds for the DP color function of n-vertex
2-connected graphs, and give two new proofs for the upper bounds for the DP
color function of n-vertex connected graphs. In Sect. 3, we give two examples that
Ppp(G,H) = P(G,m) but ‘H has no canonical labelings, and also give positive
answers to Question 1.6 for unicyclic graphs and theta graphs.

We also note that Kaul, Mudrock, and their coauthors obtain lots of results on
DP color function, see [2, 12, 13, 15, 18, 19] for example, they study the asymp-
totics of P(G,m) — Ppp(G,m) for a fixed graph G, they develop techniques to
evaluate Ppp(G,m) for some classes of graphs such as chordal graphs, unicyclic
graphs, theta graphs, Cartesian product graphs, joint graphs, vertex-gluings graphs,
and clique-gluings graphs, etc. Zhang and Dong [22] give some sufficient conditions
for graphs belong to D P~ (D P, respectively) where D P~ (D P, respectively) is the
set of graphs G for which there exists an M € N such that Ppp(G,m) = P(G,m)
(Ppp(G,m) < P(G,m), respectively) holds for all m > M. Their results extend
Dong and Yang’s results in [5].

2 Bounds for DP Color Function of 2-Connected Graphs

In [14], the authors obtained an upper bound for the DP color function of an arbitrary
graph, by using a probabilistic argument.

Lemma 2.1 [14] For any graph G and allm € N,

m!V @) — 1)|E©)

Ppp(G,m) < TEG)]

For a connected graph, Kaul and Mudrock [14] gave the following result.

Lemma 2.2 [14] For any connected graph G and allm € N,

m!V @l — 1))
mIEG)]

Ppp(G,m) =

if and only if G is a tree.

Combining Lemmas 2.1 and 2.2, one can obtain the following result easily.

Theorem 2.3 Let G be a connected graph with n vertices. Then for allm € N,
Ppp(G,m) <m(m —1)""!
where equality holds for m > 2 if and only if G is a tree.
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By considering the effect of the edge or vertex deletion on the DP color function,
we will give two new proofs for Theorem 2.3.

Theorem 2.4 Let G be a graph with n vertices and u, v be two distinct vertices in

V(G) withuv ¢ E(G). If G’ = G + {uv}, then for allm € N,

—1
Ppp(G',m) < Ppp(G,m)"——.
m

Proof Suppose that H{ = (L, H) is an arbitrary full m-fold cover of G.Let L’ = L and
H' = H + E(L(u), L(v)) where E(L(u), L(v)) is a perfect matching between L (u)
and L(v) chosen uniformly at random from the m! possible perfect matchings, then
‘H' = (L', H') is a full m-fold cover of G'. Lett = Ppp(G,H) and Z = {I1, ..., I;}
be the set of all H-colorings of G.

For each i € [z], let E; be the event that I; is also an H'-coloring of G’. When
I; N L(u) is not adjacent to I; N L(v) in H’, the event E; occurs, so

1
PriE]=1-—.
m

Let X; be the random variable that is one if E; occurs and zero otherwise. Let X =
>"i_, Xi, then X is the random variable which equals Ppp(G’, H'). By the linearity
of expectation, the expectation of X is

! 1
E[X] = Z E[X;] = Ppp(G, H) (1 - ;> )
i=1

Then, combining the arbitrariness of H = (L, H), we have
, m—1
Ppp(G',m) < Ppp(G, m)T-

The proof is complete. O

Corollary 2.5 Let G be a graph with n vertices and u, v be two distinct vertices in V (G)
withuv ¢ E(G). If G’ = G + {uv}, then for all m € N and m > max{2, xpp(G)},

Ppp(G',m) < Ppp(G,m).

Proof Whenm > max{2, xpp(G)},wehave 0 < 1—1/m < 1and Ppp(G,m) > 0,
the corollary is straightforward from Theorem 2.4. O

By using Corollary 2.5, we give a new proof of Theorem 2.3 as follow.

proof of Theorem 2.3 Let T be a spanning tree of G, then Ppp(T,m) = m(m — 1)"
for all m € N. From Proposition 2.3 in [1], xpp(G) < 2 if and only if G is a tree. We
discuss the two cases as follow.
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Case 1 |E(T)| = |E(G)|. In this case, G = T, Ppp(G, m) = m(m — 1)"~! for
allm € N.
Case 2 |[E(T)| < |E(G)|. In this case G is not a tree, so max{2, xpp(G)} =
xpp(G) = 3.
When m > xpp(G), then Ppp(G,m) < Ppp(T,m) from Corollary 2.5. When
2 <m < xpp(G), then Ppp(G,m) = 0 < m(m — 1)"‘1. When m = 1, then
Ppp(G,m) =0 <m(m — )" 1.
Summarizing the above, the theorem follows. O

Theorem 2.6 Let G be a graph with n vertices, w € V(G) and dg(w) = d, then for
allm e N,

d
Ppp(G,m) <m (1 — %) Ppp(G — {w}, m).

Proof Suppose that H' = (L', H') is an arbitrary full m-fold cover of G — {w}, and
Ng(w) = {vy,...,vg}). Let L(x) = L'(x) forall x € V(G — {w}), L(w) = {(w, i) :
i € [m]},and E(H) = E(H') U (U?ZIEH(L(w), L(v;))) where for each i € [d],
Ep(L(w), L(v;)) is a perfect matching between L(w) and L (v;) chosen uniformly at
random from the m! possible perfect matchings for each i € [d], then H = (L, H) is
a full m-fold cover of G. Let 2 be the family of all H = (L, H).

Lett = Ppp(G — {w}, H') and I’ = {1, . .., I/} be the set of all H'-colorings of
G — {w}. In H, we denote X (Il./ ) the number of vertices in L(w) that is not adjacent
to any vertices in Il./ , then

t
Ppp(G.H) =Y X))
i=1

Notice that dg(w) = d, for each vertex u € L(w), in H the probability that u is not
adjacent to any vertices in I/ is (1 — %)d , SO

1 d
EHEQ[X(I[/)] =m (1 - _) .
m

Then, by the linearity of expectation, we have

: 1\¢
EneolPpp(G, H)] = Z EnealX(I)1=m <1 - —) Ppp(G — {w}, H).
m

i=1

Finally, combining the arbitrariness of H' = (L', H’), we have

1\4
Ppp(G,m) <m (1 - —) Ppp(G — {w}, m).
m
The proof is complete. O
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By using Theorem 2.6, we give a new proof of Lemma 2.1, along with another new
proof of Theorem 2.3 as follows.

Another proof of Theorem 2.3 Let V(G) = {vy,..., v}, G, = G, G; = G4 —
{vit1} where i € [n — 1], then G is a graph with one vertex and no edges. By
Theorem 2.6, for each i € [n — 1], we have

1\%
Ppp(Gij,m) <m (1 - Z) Ppp(Gi_1,m),

in which d; = dg, (v;). Then,

1 221:2 d; 1 Z,"’:] d;
Ppp(G,m) <m"™! (1 - Z) Ppp(G1,m) =m" <1 - Z) )

For Y'_, d; = |E(G)|, we have

mV (Ol — 1)IEG)]

Ppp(G,m) < —TE©)]

If G is a connected graph with n vertices, then | E(G) |> n — 1, with equality
holds if and only if G is a tree. Hence

Ppp(G,m) <m(@m — )",

combining with that xpp(G) < 2 if and only if G is a tree, the proof is complete. O

Next we focus on the upper bounds of DP color function for 2-connected graphs.

An ear of a graph G is a maximal path whose internal vertices have degree 2 in G.
An ear decomposition of G is a decomposition Qy, ..., Ok such that Qg is a cycle
and Q; fori > lisanearof QgU---UQ;_1.Itis well known that every 2-connected
graph has an ear decomposition.

Theorem 2.7 [21, Theorem 4.2.8] A graph is 2-connected if and only if it has an ear
decomposition. Furthermore, every cycle in a 2-connected graph is the initial cycle in
some ear decomposition.

In order to get the upper bound for the DP color function of 2-connected graphs,
we first consider the DP color function of the graph obtained by adding an ear to a
graph, then combine it with the ear decomposition of 2-connected graphs, the result
follows.

Theorem 2.8 Let G be a graph with n vertices and u, v be two distinct vertices in
V(G). If G’ is a graph obtained by adding an ear uw; . .. w;v of lengthl + 1 (I > 0)
to G, then for allm € N,

, (m _ 1)l+l
Ppp(G',m) < Ppp(G,m)————.
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Proof When I = 0, the result follows from Theorem 2.4. We assume [ > 1 in the
following. Suppose that H = (L, H) is an arbitrary full m-fold cover of G in which
L(x) = {(x,i) : i € [m]} for each x € V(G). Let G* = G’ — {w;v}, i.e., the graph
G* is obtained by adding a path P = uw; ... w; to G. Let L*(x) = L(x) for each
x € V(G*) —{wy, ..., w}, L*(x) = {(x,i) : i € [m]} for each x € {wy, ..., w;},
and

-1
H* = H+ E(L*(u), L*(w) + Y_ E(L*(w;), L*(w;11))
i=1

where E(L*(u), L*(w1)) (E(L*(w;), L*(w;+1)), respectively) is a perfect matching
between L*(u) and L*(w;) (L*(w;) and L*(w;1), respectively) chosen uniformly
at random from all possible perfect matchings, then H* = (L*, H*) is a full m-fold
cover of G*.

From Proposition 21 in [14] and Lemma 19 in [2], one can get that

Ppp(G*, H") = Ppp(G, H)(m — 1)\.
From the arbitrariness of H = (L, H), we have

Ppp(G*,m) = Ppp(G,m)(m — 1)'.
Because G’ = G* + {w;v} and Theorem 2.4, we have

, . om—1 (m — 1)1
Ppp(G',m) < Ppp(G ’m)T = Ppp(G,m)———.

The proof is completed. O

In [14], Kaul and Mudrock computed the DP color function of the unicyclic graph
(i.e., a connected graph containing exactly one cycle) with n vertices, so the DP color
function of the cycle with n vertices can be deduced.

Lemma 2.9 [14, Theorem 11] Let C,, be the cycle with n vertices.
(1) Ifnis odd, then for allm € N,

Ppp(Cp,m) = (m—1)" — (m —1).
(1) Ifn is even, then for allm € N and m > 2,
Ppp(Cy,m) = (m —1)" — 1.

Now we are ready to get a tight upper bound for the DP color function of 2-connected
graphs.

Theorem 2.10 Let G be a 2-connected graph with n vertices and G be a cycle of
length ly in G.
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(1) If Go is an odd cycle, then for allm € Nandm > 3
Ppp(G,m) < (m —1)" — (m — 1) 70+,

where equality holds if and only if G = G.
(ii) If Gg is an even cycle, then for allm € N and m > 3,

Ppp(G,m) < (m — 1)" — (m — 1)" 10,

where equality holds if and only if G = Gy.

Proof Since G is a 2-connected graph, G contains a cycle, and the DP-chromatic
number of acycle is three. From Theorem 2.7, G has an ear decomposition Qy, . .., Ok
such that Qg = Gy is the cycle of length [y and Q; is an ear of Qo U --- U Q;_ for
i Zk 1. Suppose that ear Q; has length [; + 1 ([; > 0) for 1 < i < k, then we have
2izoli =n.

By Theorems 2.8 and Lemma 2.9, if G is an odd cycle,

k Li+1
(m — 1)1
Ppp(G,m) < PDP(GOJ’n)l_[ —_—

i=1 m
zqm_M—m—mw_T%M
m
(m — 1)n+k —(m— l)n—lo+k+1
= o
(m — 1)n+k —(m— l)n—lo+k+1
B (m — DF

— (m _ 1)}1 _ (m _ 1)1171()+1’

where the next to the last equalities hold if and only if £k = 0, i.e., G = Gy is an
n-vertex odd cycle. With a similar argument, if Gy is an even cycle,

k IRTY/ S
Ppp(G,m) < PDP(Gonn>f](m D
i=1
-1 n—lo+k
(m _ 1)n+k _ (I’)’l _ 1)nfl()+k
- k

m

m
- (m _ 1)n+k _ (m _ 1)nflo+k
- (m — D
= (m—1)" = (m— 1",

where equality holds if and only if G = Gy is an n-vertex even cycle. The proof is
completed. O
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Theorem 2.11 Let G be a 2-connected graph with n vertices.

(1) Ifnis odd, then for allm € Nand m > 3,
Ppp(G,m) < (m— 1" —(m—1),

where equality holds if and only if G is an odd cycle with n vertices.
(i) If n is even, then for allm € N and m > 3,

Ppp(G,m) < (m—1)" —1,

where equality holds if and only if G is an even cycle with n vertices.

Proof Because every 2-connected graph contains a cycle, the theorem follows from
Theorem 2.10. O

3 Canonical Labelings of H

We begin this section by giving examples which gives negative answer to Question 1.5.
Next we introduce some conclusions in [14] that will be used in our later proof, then
we give positive answer to Question 1.6 for two types of graphs.

Let G and H be two vertex disjoint graphs, the join G vV H of G and H is obtained
from G U H by joining every vertex of G to every vertex of H. The join C, V K
of a cycle with n vertices C,, and a single vertex is called a wheel with n spokes and
denoted W,,. A theta graph 6(r,s,t) (r > 1,s,t > 2) is a graph obtained by joining
two vertices by three internally disjoint paths of lengths r, s and ¢. For the wheel
graph, unicyclic graph, cycle graph and theta graph, their chromatic polynomials can
be found in [4].

Lemma 3.1 [4]
(i) For the wheel W, (n > 3),

P(Wy,m) =m((m —2)" + (=1)"(m —2)).
(ii) For a unicyclic graph G with n vertices containing a cycle C; (i > 3),
P(G.m) = (m— 1"+ (=1)'(m — 1"+,
(iii) For the n-cycle C, (n > 3),
P(Cyym) = (m — 1"+ (=D"(m —1).

(iv) For the theta graph O(r,s,t) (r > 1,s,t > 2),
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Fig.1 The subgraph H{[E]

(m _ 1)r+s+t + (_1)s+1(m _ l)r—i—l + (_1)r+t(m _ 1)s+1
m
L ED™n = D4 (D — 1?4 (D — 1

m

P(G,m) =

Inacover H = (L, H) of a graph G, the cross-edges are the edges of H connecting
distinct parts of the partition {L (v) : v € V(G)}, wedenote E, the set of all cross-edges
in H, and denote H[E.] the edge-induced subgraph of H induced by E..

Example 3.2 Let H; = (L1, Hy) be a 3-fold cover of Wy, V(Wy) = {x,y, z,u, v}
and Li(w) = {(w, i) : i € [3]} foreach w € V(Wy). If H|[E,] is the graph as shown
in Fig. 1, then Ppp (W4, H1) = P (W4, 3) = 6. We list all H-colorings as follows,

{(x, D), (,2), (y,3), (v,2), (2,2}, {(x,2), (, 1), (y.3), (v, D, (z, D},
{(x,3), (u, 1), (y,2), (v, D, (z, D}, {(x, D), (, 3), (y,2), (v,3), (z,3)},
{(x.2), (,3), (y, D), (v,3), (z,3)},  {(x,3), (w,2),(y, 1), (v,2), (z,2)}.

But clearly 7 has no canonical labelings.

Example 3.3 Let Hy = (Lo, Hy) be a 4-fold cover of Wy, V(Wa) = {x, v, z, u, v}
and Ly(w) = {(w,i) : i € [4]} for each w € V(Wy). If Hp[E,] is the graph as
shown in Fig. 2, then Ppp(Wy, Ha) = P (W4, 4) = 72. We list 18 of them that are all
‘H>-colorings containing (x, 1) as follows,

{(x, D), (,2), (y,3), (v,2), (z, D}, {(x, 1), (,2), (y.3), (v,2), (z, D},
{(, D, (,2),(y,3), (v, 4), (z, D}, {(x, D), (,2), (y,3), (v,4), (z,2)},
{&x, D), (,2), (5,4, (v,2), (z, D}, {(x, 1), (,2), (y,4), (v,3), (z, D},
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Fig.2 The subgraph Hp[E]

{x, D), (,2), (5,4, (v,3), (2,2}, {(x, 1), («,3),(y.2), (v,3), (z, D},
{G, 1), (,3), (y,2), (v, 4, (z, D}, {(x, 1), (,3), (y.2), (v, 4), (z, 3)},
{&, D), (,3), (5,4, (v,2), (2, D}, {(x, 1), (,3), (y,4), (v,2), (z, 3)},
{(x, D, ,3), (y,4), (v,3), (z, D}, {(x, D), (,3), (y,4), (v,3), (z,2)},
{(, D, 4),(5,2), (v,3), (2,4}, {Gx, D, @, 4, (y,2), (v,4), (z,3)},
{G, D), (. 4), (y,3), (v,2), z, D}, {(x, D), (u,4),(y.3), (v,4), (z, D}

But H»> has no canonical labelings.

We note that in the above two examples m = 3 or 4, and we can’t extend m to larger
one for the graph W4. So we consider whether Question 1.6 has a positive answer for
each graph. In fact, there are some types of graphs, for which Question 1.6 has a
positive answer.

Proposition 3.4 [14] If T is a tree and H = (L, H) is a full m-fold cover of T where
m > 1, then H has a canonical labeling.

In the following, we find two more examples to affirm Question 1.6.

Lemma 3.5 [14] Let G be a graph withe = uv € E(G). For each (i, j) € [m] x [m],
let C,g’j) be the set of proper m-coloring of G — {e} that color u with i and v with j.
Then,
(i) thereis anr € N such that |C,(,i’i)| =r foreachi € [m].
(i1) thereis at € N such that IC,,(i’j)| =t wheneveri # jandi, j € [m].
Consequently, mr = P(G — {e},m) — P(G,m) and m(m — 1)t = P(G, m).

From Lemma 3.5 and the definition of canonical labeling, we obtain the following
lemma.

Lemma 3.6 Let G be a graphand H = (L, H) be a full m-fold cover of G withm > 2.
Supposee € E(G)ande = uv. Let H = H — Egy(L(u), L(v)) sothatH' = (L, H')
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is a full m-fold cover of G — {e}. For each (i, j) € [m] x [m], let H’(i,./) be the set
of H'-coloring that contain (u, i) and (v, j). If H' has a canonical labeling, then we
have

(i) wheni = j,
PG —{e},m)— P(G,m
Ml = ( {e}, m) ( );
m
(i) wheni # j,
. PG.m)
|H (ls])|_m(m_1)

Furthermore, suppose P = {(i, j) : (u,i)(v, j) € Eg(L(u), L(v))}, then

Ppp(G.H) = Ppp(G'.H) — Y [Hjl
(i,))epP

Lemma 3.7 [14] Let G be a graph and H = (L, H) be a full m-fold cover of G
with m > 3. Suppose a3 is a path of length two in G and ojoz ¢ E(G). Let
€] = (10, € = 03, Then, let GO =G— {61, 62}, Gl =G— {el}, G2 =G— {62},
and G* be the graph obtained from G by adding an edge between o) and a3. Let
H = H — (Eg(L(a1), L(az)) U Eg(L(a2), L(3))) so that H' = (L, H') is an
m-fold cover of Gy. Suppose that H' has a canonical labeling. Let

A1 = P(Go,m) — P(G,m),
1
m —

1
m—
1
Ay = —1(P(G1, m) 4+ P(Ga, m) + P(G*, m) — P(G, m)), and
m—

1 1
As = ——(P(Gy,m) + P(G2,m) — ——P(G*, m)).
m—1 m—2

Then,
Ppp(G, H) = P(Gog, m) —max{Aj, A, A3, Aa, As}.
Moreover, there exists an m-fold cover of G, H*, such that
Ppp(G, H*) = P(Go, m) — max{A1, A;, A3, A4, As}.
From Lemma 3.7 and its proof in [14], we get Lemma 3.8.
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Lemma 3.8 Under the condition of Lemma 3.7. Let H" be the graph with V(H") =
U?:l L(aj) and E(H") = Eg(L(ay), L(a2)) U Eg(L(a2), L(a3)). Clearly H” can
be decomposed into m vertex disjoint paths on three vertices. Take any one of m paths,
let it be (a1, i)(a2, j) (a3, k) where i, j, k € [m], then we have five cases fori, j,k,
thatare(1)i = j =k, (2)i = jand j £k, (3)i % jand j =k, (4)i # jandi =k,
(5)i, j, k are pairwise distinct. Let H'; j r) be the set of H'-coloring that contains at
least one edge of the path (a1, i) (a2, j) (a3, k). Then |H/(,-,j,k)| = Ay/mwheni, j, k
satisfy case q, (1 < q < 5). Furthermore, we suppose that for q € (5], there are m
paths of case q in the m paths. Then 2151:1 mg = m and

5
1
P G, = P(Gy, - — A,.
pp (G, H) (G, m) qu—lmq q

Theorem 3.9 Let G be a unicyclic graph with n vertices containing a cycle C on g
vertices where g > 3 and H = (L, H) be a full m-fold cover of G. For each m > 2,
if Ppp(G,H) = P(G, m), then 'H has a canonical labeling.

Proof Suppose ¢ € E(C) and e = uv. Let G’ = G — {e} and H' = (L, H')
where H' = H — Ey(L(u), L(v)). Then, G’ is a tree and H’ is a full m-fold
cover of G’. Proposition 3.4 implies that H' has a canonical labeling. Let P =
{G. )+ W, i)(v,j) € Eg(L(w), L)}, Pt = {(i,j) € P andi = j}, and
P, = {(i,j) € Pandi # j}. Suppose that |P>| = ¢, then |P;| = m — t. By
Lemma 3.6, we have that for m > 2

Ppp(G.H) = Ppp(G'. H) = > Hjl

@i, ))epP
P(G.m) P(G'.m) — P(G.m)
—— —(m—1) .

=P(G’m)_tm(m—l) m

For P(G,m) = (m — 1)" 4+ (=1)8(m — 1)~ ¢t and P(G', m) = m(m — 1)""!, we
have

Ppp(G,H) =(m —1D)"+ (=D8@m —t — 1)(m — 1)"5.

If Ppp(G,H) = P(G, m), then t = 0 which implies H is a canonical labeling. 0O

Theorem3.10 Let G = 0(r,s,t) (r = 1,s,t > 2) and H = (L, H) be a full m-fold
cover of G. For each m > 3, if Ppp(G,H) = P(G,m), then H has a canonical
labeling.

Proof Let oy be one of the common ends of the three paths of G, let @ and 3 be the ver-
tices in the path of length s and 7 respectively, that are adjacent to «rp. Clearly aj a3 is
apathoflengthtwoin G andajas ¢ E(G). Wedefineey, e2, Gy, G1, G2, G*, H', H"
and m4(1 < g <5) as they are defined in the statement of Lemmas 3.7 and 3.8.
Then Ggisatreeand H' = (L, H') is a full m-fold cover of G¢. By Proposition 3.4,
‘H’ has a canonical labeling. So we can name the vertices of H so that L(x) = {(x, j) :

@ Springer



Graphs and Combinatorics (2024) 40:65 Page 150f19 65

j € [m]} for each x € V(H) and (x, j)(y, j) € E(H) for each j € [m] whenever
xy € E(Gy).
By computing, we get that

P(Go,m) = m(m — 1)/ HH=2, (1)
P(Gi,m) = (m — 1) P 4 (=) m — 1), (2)
P(Ga,m) = (m — 1)/ =1 4 (—1)’+S(m - )’, 3)
% ) P(G,m)—POr+1,5— —1),m), when s >3ort > 3;
PG m) = {P(G,m) P(Cyia,m), when s —r=2. ¥

By Lemmas 3.7 and 3.8, we have that

5
1
Ppp(G, H) = P(Go,m) = — 3 “myA

g=1
— M — Mo — —1 —my —
o m3P(Go,m) + (m = )m1 = mp — m3 +’Ml"(G,WZ)
m m(m — 1)
—1 — 4 — —1 — 4 —
(m — 1)m3z —my mSP(Gl,m) n (m — 1my —my mSP(Gz,m)
m(m — 1) m(@m — 1)
—m -2
s = 0= DM G, 5)

m(@m — 1)(m —2)

For simplicity, we let u = m — 1. Then combining Egs. (1)—(5) with Lemma 3.1(iv),
we have that whens > 3 or¢t > 3,

sl s+ (_1)r+l(us+2 +us+l) + (_1)s+t(ur+2 +ur+1)

Ppp(G,'H) =

(u + 1)2
L D@2 4 u Yy 4+ (1) g+ my + ms) @S + )
(u+1)2
L& DS my + m3 + ms) @+ u) + ()T ong + my + ms) @ T 4 uh)
(u + 1)2
NG DS 4 (— ) ST Gny + m3 + my + ms)u?
(u+1)2
( D5+ ns — Du + (=15 (my + m3 + my + 2m5) ©)
(u+1)2

whens =1 =2,

ur+6_ur+4+ur+3 _Mr-i-l _(m2+m3+m5)(ur+2_Mr)+(_1)r2u5
u+D2u—-1)
L= D" my +m3 + 2my + 2ms — Du + (=1 T (my + m3 + my + ms + du®
w~+D2wu—1)

Ppp(G,'H) =
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+(—1)’(2m2 + 2m3 + 3mg4 + 4ms — Du? + (=1 (my + m3 + mg + ms + Du
(w+ 12w —1)
(=1 g + m3 + my + 2ms)

7
u+1D2w—1 )
and
P(G,m)=P(G,u+1)
Mr+s+t + (_1)s+tur+1 + (_1)r+tus+l + (_1)r+sut+1
- u+1
(_1)r+s+tu2 + (_1)r+s+t+lu
8
u+1 ®)

Let fi(u), fo(u) and g(u) be the numerator of the Eqs. (6)—(8) respectively. Let
hiw) = fiw) — (u + Dg(u) and ha(u) = fo(u) — w* — 1)g(u). Because g(u)
is a polynomial, Ppp(G, H) = P(G,m) if and only if A1(u) = 0, when s > 3 or
t > 3; ha(u) = 0 when s = ¢ = 2. In the following, we will prove that if 41 (u) = 0
(or hp(u) = 0), then my = m, my = m3 = mg = ms = 0, i.e., H has a canonical
labeling. We discuss the two cases respectively.

Casel.s >3ort > 3.

In this case

hi(u) = (=D my + my 4+ ms) @+ 4 u®)
+(=D* T my 4+ m3 +ms) @ +u")
+(=D" T s + my +ms) @+ u')
(=D my + my + my + ms)u®
(=1 msu + (=1 (my + m3 + mg + 2ms).

If i1 (u) is a zero polynomial, then each coefficient of the polynomial is zero. We note
that Zf]:] mg =m =u+ 1and m, > 0 for each ¢ € [5].

Firstly, we focus on the constant term of 41 (u). If the constant term of /() is
zero, then my +m3 +my4 +2ms = 0 (mod u), i.e., my +m3 +myg + 2ms = ku. And
k € {0, 1, 2}, because my + m3 + mg + 2ms € [0, 2u + 2]. According to the value of
k, we have the following three situations.

S1:k =0,i.e.,my+m3+my4+2ms = 0. Thenwehavemr =m3z =my =ms5 =0

and m| = m.

S2: k= 1,ie.,my +m3+myg+2ms =m — 1. Then we have m; = ms + 1.

S3:k=2,i.e.my+m3+mg+2ms =2m—2. Thenwe have m +m| —ms =2

whichimpliesm| = 0,m5s =m—2,my+m3+mg =2;0orm; = 1,ms =m—1,

my = ms3 = Ny = 0.

Clearly, in situation S1, &1 (u) = 0 and H has a canonical labeling. In the following,
we will prove that in situations S2 and S3, /() is not a zero polynomial. We focus

on the coefficient of u in /() and discuss the following two subcases.
Subcase 1.1. r > 2.
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In this subcase, if the coefficient of u in & (u) is zero, then ms + 1 = 0 (mod u)
in situation S2, and ms + 2 = 0 (mod u) in situation S3.

In situation S2,if ms +1 =0 (mod u),thenms =u —1=m—-2,m;y=m — 1,
and m| + ms = 2m — 3. Because 22:1 mgy = m, we have 2m — 3 < m, then
m < 3.Som; = 2,ms = 1, but this will not happen, we can’t have only one path
(o1, i) (2, j)(a3, k) where i, j, k are pairwise distinct.

In situation S3, if ms +2 = 0 (mod u), then ms = u — 2 = m — 3, this contradicts
ms=m—2o0rms =m — 1.

Subcase 1.2. r = 1.

In this subcase, if the coefficient of u in & (u) is zero, then my + m3 +2ms + 1 =
0 (mod u) in situation S2, and my + m3 + 2ms + 2 = 0 (mod u) in situation S3.

In situation S2, if mp +ms3 +2ms5+1 = 0 (mod u), thenmy +m3+2ms =u—1,
combining this with my 4+ m3 + mg + 2ms = u, msq = 1 follows. But when my = 1,
the coefficient of the leading term is not zero.

In situation S3,m5s =m —2orm — 1. lf ms =m — 2 and my + m3 + 2ms + 2 =
0 (mod u),thenmy+m3+2ms = 2u—2. Combining this with mo +m3+my = 2, we
have my = m3 = 0 and m4 = 2. But when m4 = 2, the coefficient of the leading term
isnotzero.Ifms = m—1,thenmy+m3+2ms = 2u,my+m3+2ms+2 # 0 (mod u),
otherwise u = 2. But whenu = 2, wehavems = 2,m; = landmy = m3 = my = 0.
This will not happen, because we can’t have two paths (a1, i)(a2, j) (a3, k) where
i, j, k are pairwise distinct when m = 3.

Hence, in Case 1, if hj(u) = 0, thenm| = m,my = m3 = myg =ms =0, i.e., H
has a canonical labeling.

Case2.s =t =2.

In this case

ha(u) = (—my — m3 — ms)u’+2

+(ma + m3 +ms)u” + (=D may + m3 + 2ma + 2ms)u’
(=1 ma + m3 + ma +ms)u® + (=1)" (2ma + 2m3 + 3myg + dms)u®
+(=1)" (ma 4+ m3 + mg + ms)u + (=" (my + m3 + my + 2ms).

The proof is similar to that for Case 1. If the constant term of h,(u) is zero, then
my + msz + mg4 + 2ms = 0 (mod u), which is the same with that in Case 1. So we
have the same three situations S1, S2, S3 with that in Case 1. Clearly, in situation S1,
ha(u) = 0 and ‘H has a canonical labeling. In the following, we will prove that in
situations S2 and S3, A2 (u) is not a zero polynomial. We discuss the following two
subcases.

Subcase 2.1. r > 2.

In situation S2,

(=) (ma + m3 +ma +ms)u + (=1 (ma + m3 + ma + 2ms)
= (=D)"u® + (=) (ms + Du,

@ Springer



65 Page180f19 Graphs and Combinatorics (2024) 40:65

and in situation S3,

(=1 (my +m3 4+ ma +ms)u + (=1 (my + m3 + ma + 2ms)
= (=D 2u*> + (=) (ms + 2)u.

If the coefficient of u in hy(u) is zero, then ms + 1 = 0 (mod u) in situation S2, and
ms +2 = 0 (mod u) in situation S3, which are exactly the same with that in Subcase
1.1. So with the same argument in Subcase 1.1, we obtain that in situations S2 and S3,
hy(u) is not a zero polynomial in Subcase 2.1.
Subcase 2.2. r = 1.

If the coefficient of u in hy(u) is zero, then

(my + m3 +ms)u — (my +msz + mg + ms)u + ku = (k — mg)u = 0.

In situation S2, k = 1, so m4 = 1; in situation S3, k = 2, so m4 = 2. But no matter
my4 is 1 or 2, the leading term of %, (1) will not be zero.

Hence, in Case 2, if hp(u) = 0, thenm; = m, mr = m3 = myg = ms = 0, 1.e., H
has a canonical labeling.

Summarizing Cases 1 and 2, the theorem is obtained. O

By Theorems 3.9 and 3.10, we know that the answer of Question 1.6 is yes for
unicyclic graphs and theta graphs when m > 2, and m > 3 respectively. Whether the
answer of Question 1.6 is yes for all graphs is still wide open.
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