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Abstract

A graph is ¢-reconstructible if it is determined by its multiset of induced subgraphs
obtained by deleting ¢ vertices. For graphs with at least six vertices, we prove that all
graphs in a family containing all strongly regular graphs and most 2-partially distance-
regular graphs are 2-reconstructible.
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1 Introduction

The k-deck of an n-vertex graph is the multiset of its (’,:) induced subgraphs with &
vertices. The famous Reconstruction Conjecture of Ulam [7, 15] asserts that when
n > 3, every n-vertex graph is determined by its (n — 1)-deck. One can consider more
generally whether an n-vertex graph is determined by its (n — €)-deck. A graph or
graph property is £-reconstructible if it is determined by the deck obtained by deleting
£ vertices. In light of the following observation, it is natural to seek the maximum £
such that a graph is £-reconstructible. The observation holds because each card in the
k’-deck appears as an induced subgraph in the same number of cards in the k-deck.

Observation 1 For k' < k, the k-deck of a graph determines the k’'-deck.

Motivated by this observation, Manvel [11, 12] posed a more general version of the
Reconstruction Conjecture, and he called this more general version “Kelly’s Conjec-
ture”.
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Conjecture 2 ([11, 12]) For each natural number £, there is a threshold My such that
every graph with at least My vertices is £-reconstructible.

The original Reconstruction Conjecture is M| = 3. Since the graph C4 + K,
and the tree K 1’3 obtained by subdividing one edge of K 3 have the same 3-deck,
M, > 6. Since P¢ and Cyy1 + P¢—1 have the same £-deck (Lemma 4.10 of [14]),
in general My > 2¢ + 1, and a result of Nydl [13] implies that M/, if it exists, must
grow superlinearly. (We use C,,, P,, K, for the cycle, path, and complete graph with
n vertices, K, ¢ for the complete bipartite graph with parts of sizes r and s, and G + H
for the disjoint union of graphs G and H. Our graphs have no loops or multi-edges.)

Kostochka and West [10] surveyed results on £-reconstructibility of graphs. One
stream of research is to prove that graphs in a particular family are £-reconstructible.
We consider 2-reconstructibility of special families of regular graphs, where a graph is
regular if all vertices have the same degree. One of the first results about reconstruction
is that regular graphs having at least three vertices are 1-reconstructible (Kelly [8]).
By Observation 1, the (n — 1)-deck of a graph G determines the 2-deck and hence
the number of edges, so in each card of the (n — 1)-deck we know the degree of the
missing vertex. We thus recognize from the deck that G is k-regular, and in any card
the neighbors of the missing vertex are those having degree k — 1 in the card.

Motivated by this elementary result in Kelly’s work, Bojan Mohar (personal com-
munication) asked whether sufficiently large regular graphs are 2-reconstructible.
Chernyak [4] proved that the degree list is 2-reconstructible for graphs with at least six
vertices (note that C4 4+ K and K { 5 are 5-vertex graphs having the same 3-deck but
different degree lists). However, knowing that the graph is k-regular generally does
not by itself determine which vertices having degree k — 1 in a card are adjacent to
which of the two missing vertices. Nevertheless, Kostochka, Nahvi, West, and Zirlin
[9] proved that 3-regular graphs are 2-reconstructible.

With 2-reconstructibility of general k-regular graphs unknown, we consider a
restricted family of k-regular graphs. A graph is strongly regular with parame-
ters (k, A, p) if it is k-regular, every two adjacent vertices have exactly A common
neighbors, and every two nonadjacent vertices have exactly 4 common neighbors.
Discussion of strongly regular graphs and their properties can be found for example
in the books by van Lint and Wilson [17] and by Brouwer and van Maldeghem [1].
We will prove the following.

Theorem 3 Strongly regular graphs with at least six vertices are 2-reconstructible.

Most of our argument for Theorem 3 applies to graphs in a more general family.
A graph is distance-regular if for any two vertices u and v, the number of vertices at
distance i from u and distance j from v depends only on the distance between u and v,
not on the choice of the vertices. For graphs with diameter d, an equivalent condition is
the existence of parameters (b, ..., bs—1; c1, ..., cq) (called the intersection array
of G) such that for all u, v € V(G) separated by distance m, the numbers of neighbors
of u having distance m + 1 or m — 1 from v are b,, and c,,, respectively (Brouwer,
Cohen, and Neumaier [3]). A strongly regular graph having parameters (k, A, 1) with
© > 11is distance-regular with intersection array (k, k — A — 1; 1, w). In fact, a graph
that is not a disjoint union of complete graphs is strongly regular if and only if it is
distance-regular with diameter 2 (Biggs [2]).
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We consider in fact a more general family that includes all distance-regular graphs.
Let a weakly distance-regular graph with parameters (k, A, ') be a k-regular graph
in which any two adjacent vertices have A common neighbors and any two vertices
separated by distance 2 have u’ common neighbors. Trivially, every strongly regular
graph is weakly distance-regular. Distance-regular graphs that are regular of degree k
are weakly distance-regular with A = k — b; — 1 and ' = ¢, but no conditions are
placed on vertices separated by distance more than 2.

In fact, the family of weakly distance-regular graphs is the same as another family
generalizing distance-regular graphs. The distance-r matrix A, of a graph G is the
0, I-matrix in which position (i, j) is 1 if and only if the distance between v; and
vj is r, so always Ag is the identity matrix and A is the adjacency matrix A. A
graph is t-partially distance-regular (see [5, 6]) if for all r with 0 < r < ¢ there is
a polynomial f; of degree r such that A, = f,(A). This definition is motivated by
algebraic considerations. (Note: [18] uses a different definition for this term.)

When G is weakly distance-regular with parameters (k, A, u'), the matrix A2 has k
on the diagonal, X in positions for adjacent vertices, u’ in positions for pairs at distance
2, and 0 in positions for pairs at greater distance. This yields Ay = (A% — AA! —
kA% /', so G is 2-partially distance-regular. Conversely, if G is 2-partially distance-
regular with f>(x) = ax*+bx +c¢ (automatically fo(x) = 1 and fj(x) = x), then
G is weakly distance-regular with (k, A, u') = (—c/a, —b/a, 1/a). The equivalence
of these two families is noted in [5]. Another term that has been suggested for this
family is “amply regular”, in the book [3] and the survey [16].

We discuss 2-partially distance-regular graphs as weakly distance-regular graphs
because that description is what we use in our proof. We will prove the following.

Theorem 4 Weakly distance-regular graphs with at least six vertices and parameters
(k, A, u') with i/ > 2 are 2-reconstructible.

Since there are strongly regular graphs with i = 1, our two results are independent.
As an example of a weakly distance-regular graph that is not strongly regular but has
1’ = 2t and diameter d, consider the graph obtained from a cycle with diameter d by
expanding each vertex into an independent set of size .

It is also reasonable to ask for a family of weakly distance-regular graphs with
u' = 1, notcovered by our result. Forr > 2, let H be a k-regular r-uniform hypergraph
with girth at least 5. Form a graph G on the same vertices by letting the vertices of
each edge in the hypergraph form a clique. The graph G is weakly distance-regular
with parameters (k(r — 1), r — 2, 1).

2 Proof of Theorem 3

A disjoint union of complete graphs with at least six vertices is 2-reconstructible,
because we know the degree list and we know that no three vertices induce P3. Also,
connectedness of an n-vertex graph is determined by the (n — 2)-deck when n > 6
(Manvel [12]). Hence in our discussion we may assume that we are given the deck of
an n-vertex connected graph. Note that the disconnected graphs K, + K7 and P3 + K
have the same 2-deck, though the former is strongly regular.
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For strongly regular graphs, our method is analogous to the proof of 1-
reconstructibility of regular graphs. We use all the cards in the (n —2)-deck to recognize
that any graph having this deck is strongly regular and to determine the parameters
(k, A, ). We then use a single card to reconstruct the graph.

It is true that the only 5-vertex graphs that are not 2-reconstructible are not strongly
regular, but to avoid special cases we restrict our attention to graphs with at least six
vertices.

Proof Let G be an n-vertex graph, where n > 6, and let D be the (n — 2)-deck of G.
By the result of Chernyak [4], D determines the degree list of G and hence whether
G is k-regular. If so, then any card C in D is missing 2k — 1 or 2k of the kn/2 edges
in G, depending on whether the two omitted vertices are adjacent or not. Hence we
also see whether the vertices omitted by C are adjacent. Their number of common
neighbors is the number of vertices with degree k — 2 in C. The graph G is strongly
regular with parameters (k, A, @) if and only if that number is A in each card missing
2k — 1 edges and p in each card missing 2k edges.

Having recognized that G is strongly regular with parameters (k, A, 1), consider
one card C, and let u and v be the two omitted vertices. We know whether u# and v are
adjacent. If G is not K,,, which we can determine, then we may choose C so that u
and v are not adjacent. We know the © common neighbors of # and v, and we know
the set S of 2k — 2 vertices that are adjacent to exactly one of {u, v}.

For x, y € S, each of x and y has one neighbor in {u, v}; the neighbors may be the
same or distinct. The vertices x and y have A or 4 common neighbors in G, depending
on whether they are adjacent. We see in C whether they are adjacent, so we know their
number of common neighbors in G; call it p. If x and y have p common neighbors in
C, then they have different neighbors in {u«, v}; if they have p — 1 common neighbors
in C, then they have the same neighbor in {u, v}.

This labels each pair of vertices in S as “same” or “different”. Also, the relation
defined by “same” is an equivalence relation. Hence it partitions S into two sets. We
assign one of those sets to the neighborhood of u# and the other to the neighborhood
of v. It does not matter which set we assign to which neighborhood, because in both
cases we obtain the same graph, and it is G. O

A k-regular graph is a Deza graph (generalizing strongly regular graphs) if the
number of common neighbors of two distinct vertices takes two possible values, a or b
(see http://alg.imm.uran.ru/dezagraphs/info.html). A referee observed that essentially
the same argument as above proves 2-reconstructibility of Deza graphs in which a and
b are not consecutive.

3 Proof of Theorem 4

The proof of Theorem 3 applies to all connected strongly regular graphs. In particular,
we allow the possibility u = 1. For the more general class of weakly distance-regular
graphs, we need to work harder, and the proof does not apply to the case ' = 1. We
restrict to /' > 2.
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Proof As in the proof of Theorem 3, we may exclude disjoint unions of complete
graphs, we know the degree list, and we thus can recognize both that G is k-regular
and whether the missing vertices in any card are adjacent in G. The number of common
neighbors of the two missing vertices in a card is the number of vertices having degree
k — 2 in the card. To recognize that G is in the specified class, we check that these
numbers all equal A when the missing vertices are adjacent and equal /' when the
missing vertices are nonadjacent and the number is positive. When the number is O the
distance between the missing vertices in G exceeds 2. Hence we can recognize that
G is weakly distance-regular with parameters (k, A, u’) (including when ' = 1).

Again choose a card C whose missing vertices u and v are not adjacent, and let S
be the set of vertices adjacent to exactly one of {u, v}. Again S is the set of vertices
having degree k — 1 in C. Let x and y be two vertices in S. We see in C whether x
and y are adjacent. If so, then they have A common neighbors in G. Their number of
common neighbors in C is then A or A — 1, which tells us whether they have the same
neighbor in {u, v}.

Since u’ > 2, when x and y are nonadjacent in G we see a common neighbor of x
and y in C if and only if the distance between x and y in G is 2. Hence for the pairs
of vertices in § separated by distance 2, we can again tell whether their neighbors in
{u, v} are the same or different. The pairs of vertices in S that are separated by distance
more than 2 in G are those having no common neighbor in C. They must have distinct
neighbors in {u, v}.

With these arguments, we know for all pairs of vertices in S whether their neighbors
in {u, v} are the same or different. Hence again we have two equivalence classes
and assign one class to the neighborhood of each of these vertices to complete the
reconstruction of G. O
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