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Abstract

We study finite groups G having a subgroup H and D C G\ H such that (i) the
multiset {xy~! : x, y € D} has every element that is not in H occur the same number
of times (such a D is called a relative difference set); (ii) G = D U D™V U H; (iii)
D N DY = @ We show that |H| = 2, that H is central and that G is a group
with a single involution. We also show that G cannot be abelian. We give infinitely
many examples of such groups, including certain dicyclic groups, by using results of
Schmidt and Ito.
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1 Introduction

Here G will always be a finite group. We identify X € G with theelement )~ v x €
QG, and let XV = (x~! : x € X}. We write C, for the cyclic group of order n. Let
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H < Gandh = |H|. Thena (v, k, )-relative difference set (relative to H) is a subset
D C G\H, |D| =k,v = |G|, such that DD~V = \(G — H) 4+ k, so that g € G\H
occurs A times in the multiset {xy~! : x, y € D}.

We now further assume

(1) bn DY =g,
(2) G = DU DD U H (disjoint union).

A group having a difference set of the above type will be called a (v, k, A)-skew
relative Hadamard difference set group (with difference set D and subgroup H); or
a (v, k, A)-SRHDS group. Recall the following related concept: a group G is a skew
Hadamard difference set if it has a difference set D where G = D U D™D U {1} and
D N D&Y = ¢. Such groups have been studied in [1-8].

In this paper we find infinitely many examples of such SRHDS groups. We also
find groups that cannot be SRHDS groups, but which satisfy certain properties of a
SRHDS group, as given in:

Theorem 1.1 For a (v, k, A) SRHDS group G with difference set D and subgroup H
we have:

@ |H| =2;
(i) H<G;
(iii) G is a group having a single involution;
(iv) v =0mod 8;
(v) G is not abelian.
(vi) A Sylow 2-subgroup is a generalized quaternion group.

For part (vi), suppose that G is a finite group with a unique involution. Then a Sylow
2-subgroup of G also has a unique involution. Now 2-groups with unique involution
were determined by Burnside (see [9, Theorems 6.11, 6.12] and [10, 11]); they are
cyclic or generalized quaternion groups. Corollary 4.5 shows they cannot be cyclic.

Groups with a single involution are studied in [12-14]. Dicyclic groups Dic, are
examples of such groups and we show that each Dicg,, 1 < p < 9 is an SRHDS
group. However, we show that Dic7; has no SRHDS (Proposition 8.1).

We now establish a connection between SRHDS groups and Hadamard groups.
Recall that a Hadamard group is a group G containing H < Z(G) of order 2 such
that there is an H-transversal D, |D| = v/2, that is a relative difference set relative
to H (so that DDV = A(G — H) + |D|and HD = G).

We show that if D C G is a SRHDS, then G is also a Hadamard group (where
E = D + 1 is the relative difference set); see Proposition 2.5. Thus it is natural to try
to obtain results for SRHDS groups that are similar to the results of Schmidt and Ito
[15, 16] from the Hadamard group situation. For example Schmidt and Ito show that
if4p — 1 or 2p — 1 is a prime power, then the groups Dicg), or Dicy4, (respectively)
are Hadamard groups. For dicyclic SRHDS groups we show:

Theorem 1.2 If p € Nand 4p — 1 is a prime power, then Dicg,, is a SRHDS group.

There is no analogous result when 2p — 1 is prime. Now Ito [16] determines a
‘doubling process’ that takes a Hadamard difference set for Dic, and produces a
Hadamard difference set for Dic;,. For us this doubling process gives:
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Theorem 1.3 If p € Nand 4p — 1 is a prime power, then Dicigp is a SRHDS group.

We note that this doubling process does not work in general in the context of a
SRHDS, however in our next paper we will show that it does work for a SRHDS
under an additional hypothesis that we call doubly symmetric that is satisfied in the
situation of Theorem 1.2, so that in this case we obtain an SRHDS in Dici¢. This will
allow us to prove, in the next paper, among other things:

Theorem 1.4 Let G = Dicg.ou be a generalized quaternion group for some u € Zx.
Then G contains a doubly symmetric SRHDS if and only if 2“*' — 1 is either prime
or 1.

Lastly, the following is a consequence of Proposition 8.2.

Theorem 1.5 Let G = Cj, x Dicg, with p > 2 prime and n odd. Then G is not a
SRHDS group.

2 |H| = 2 and Normality of H
Recall that for p > 2 the dicyclic group of order 4p is
Dicyp = (x, ylx?? =y, y* = L,x¥ =x7").

A generalized quaternion group, Qsa, is the dicyclic group Dicoa, a > 3.

Proposition 2.1 Let G be a SRHDS group with subgroup H. Then G has a single
involution t, and H = (t). In particular h =2, H < Z(G) and H < G.

Proof Let D C G be a SRHDS. Now D has no involutions since D N D&V = .
Since G — (D + D™V) = H all involutions are contained in H.

Ifdi €e D,h;j € H,i = 1,2, with hjdy = hody € Hdy N Hd,, then h;lhl =
drd;" € H,sothat hy'hy = dad;' = 1 (since DDV = (G — H) + k implies
that the only element of H of the form dzdl_1 is 1). Thus di = dp and h| = h».

Thus the cosets Hd, d € D, aredisjointand so |Ugep Hd| = |H|-|D| = hk. Since
Hd C G—H ford € D,weseethat hk = |Ugep Hd| < |G\H| = |D+DV| = 2k.
Thus h <2 and so h = 2 as h > 1. The rest of the result follows. O

This proves (i), (ii) and (iii) of Theorem 1.1. In what follows we will let H = (¢),
where t € Z(G) has order 2. Then:

G=D+D"YV4+H, D-DV=xMG-H) +k-1. 2.1

These equations give: v = 2k + 2, k> = k + A(v — 2), and solving gives (i) of

Lemma22 (i) v=2k+2, A= (k—1)/2=—4)/4and4|v.
(i) DH=HD=D"YH =HD"D =G - H.
(i) G, D, DD H all commute.
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Proof From D C G — Hwehave DHNH =@, and DH C G — H;but |G — H| =
2k = |DH|, so that

DH=HD=G-H=(G-H"™Y=p"Vg =Hp-D,

giving (ii).
Since DY = G — D — H and H < Z(G) it now follows that D and DV
commute. This shows that G, D, DD, H all commute. O

Lemma 2.3 Let G be a SRHDS group with difference set D and subgroup H = (t).
Then D™V = tD.

Proof Wehave D+ Dt = (1+1)D=HD =G —H =D+ DV, O

We now define Schur rings [17-20]. A subring & of ZG is a Schur ring (or S-ring)
if there is a partition X’ = {C;}/_, of G such that:

1. (g} € K;
2. foreach C e K, C-D e K;
3.Ci - Cj = Zk Ai,jkCr;foralli, j <r.

The C; are called the principal sets of G. Then we have:

Lemma 2.4 {1}, {t}, D, DY are the principal sets of a commutative Schur ring.

Proof Now {1}, {t}, D, DD partition G and DD = tp DD = D2 =
1,DYD = DDV = MG -~ H) +k =MD+ DY) +k, D*> =tDDD =
t(A(D + D™D) + k). This concludes the proof. m]

Proposition 2.5 If D C G is a SRHDS, then G is a Hadamard group.

Proof Now DDV = A(G — H)+k.Let E =D+ 1,sothat EECD = pp-D 4
D+DV 41 =MG—-H)+k+(G—H)=(+1)(G—H)+k+1, as required.
O

3 Intersection Numbers

Let N < G and let g1, g2, ..., g be coset representatives for G/N. Then for each
l <i<rthereisl <i’ <rsuchthatg;g; € Niee. Ng;-Ngiy = NinG/N.If G is
a SRHDS group with difference set D, then the numbers n; = |D N Ng;| are called
the intersection numbers. Standard techniques give (see Section 7.1 of [21]):

Lemma 3.1 Let D C G be a SRHDS with subgroup H = (t), 1> = 1. Let N < G have
order s and index r in G. Let g1 = 1, g2, ..., g be coset representatives for G/ N
andletn; = |DNNgi|,1 <i <r.Then
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r r
Y oni=k. > nj=AN\H|+k,
i=1

i=1

.
> ning = AN+ (+1) - [HNN|—k.
i=1

Lemma 3.2 Let N <G where D C G is a SRHDS with subgroup H and HNN = {1}.
Let Ng3, - -+, Ng, be the cosets that don’t meet H, and let n; = |D N Ng;|. Suppose
that we have distinct i, i’ > 2 where g;gi» € N. Then n; + ny = |N|.

Proof We have n; = [D N Ng;| = DV N Ng ' = D™D N Ngy|. If i > 3, then
Ngi € G\H = D + DD 5o that

INI=1(D+ D" D)NNgy| =|DNNgi| + 1DV N Ngi| = nyr +ny.
O

The next result concerns intersection numbers for subgroups that are not necessarily
normal:

Proposition 3.3 Let G be a SRHDS group with difference set D and subgroup H. Let
K < G be any subgroup wheret € K. Letb = |G : K| andlet go =1, g1, ..., 8b—1
be coset representatives for K < G. Let k; = |[D N Kg;|,0 <i < b. Then kg =
|K|/2—1andk; =|K|/2, 0 <i <b.

Let D; =DNKg,i=0,....,b—1.Then Y"2) D;D™" = A(K — H) + k.

Proof We have D™D = ¢D. Let D; = D N Kg;; then tD; = t(D N Kg;) =
(tD)NtKgi =DV NKg; sothat DNtD =@ andi > 0 gives

Di+tD; =(DNKg)+ D "Vnkg)=(D+D"Y)nKg,
=(G-H)NKgi=GNKgi =Kgi.

Taking cardinalities, again using D N ¢tD = {J, gives 2k; = |K|, for i > 0. Then
Zﬁ:& ki = k now gives

ko+ (b —DIK|2=k=v/2—1;

but v = b - | K|, from which we obtain kg = |K|/2 — 1.

Now from DDV = (G — H)+kand D = Y0~} D;g; we get Y020 D; D" +
- = MG — H) + k, so that Y220 D; D" C A(K — H) + k. The last part will
follow if we can show that both sides of this equation have the same size.

From b = v/| K| and the first part, the size of the left hand side is

b—1
DD = (IKI/2=1)* + (b= DIK /4 =2p|K| — |K| + 1
i=0
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and (since H C K) the number of elements of the right hand side is A(|K| —2) +k =
2p|K| — |K|+ 1, and we are done. O

4 Direct Products and G is not Abelian

Let ¢, = exp2mi/n, n € N. We first show

Theorem 4.1 Suppose that N 1 G, G/N = Cyp,a > 2, andt ¢ N. Assume that
k = |G|/2 — 1 is not a perfect square. Then G is not a SRHDS group.

Proof Note thata > 2 means that k is odd. Now assume that G is a SRHDS group and
that G/N = (rN) = Cpa,r € G.For g € G we have g = rib,0<i<2%beN.
Then there is a linear character x' : G/N — C*, x'(r N) = (o« that induces x :
G — C*, x(r'b) = x’(*'N). Here N = ker x. Then we can write

201
D= Z rfNj, where N; C N.
j=0

Sincet ¢ N wehave x (t) = —1 andso x (H) = 0. We certainly have x (G) = 0. From
G = D+DV 4+ Hweget x(D)+x (DY) = 0,and from DDV = A(G—H)+k
we get x (D) x (D™V) = k. These give x(D)> = —k, and so x (D) = ++/—k. But

291 2¢—1
tivk=x(D)=x [ D riN; | =D ()N, 4.1)
j=0 j=0

which gives vk € Q(i, £2a) = Q(£24), sincea > 2. But the Galois group of Q(¢2«)/Q
is C2 X Cya—2. These groups have at most three subgroups of index 2. The Galois
correspondence tells us that Q(£2«) contains at most three quadratic extensions, the

only possibilities being Q(i)/Q, Q(+/2)/Q and Q(+/—2)/Q. But the hypothesis says
that k is not a perfect integer square, so that Jk ¢ 7. Now k > 1 is also odd, and so

Vk ¢ Q(), Q(v/2), Q(+/=2). This contradiction gives Theorem4.1. o

Corollary 4.2 Suppose that N < G, G/N = Cya,a > 3, andt ¢ N. Then G is not a
SRHDS group.

Proof Since 2¢ > 8 we see that k = (|G| — 2)/2 satisfies k = 3 mod 4, and so the
result follows from Theorem4.1. O

Corollary 4.3 If G is abelian with |G| = 0mod 8, then G is not a SRHDS group.

Proof Let G be an abelian SRHDS group, and write G = A x N where A is a Sylow
2-subgroup, and N is a subgroup of odd order. Since G has a single involution, we see
that A is cyclic, say of order 2¢. The results now follow from Corollary 4.2. O

Corollary 4.4 If G is a SRHDS group, then v = |G| = Omod 8.
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Proof Assume that G is a SRHDS group with subgroup H = (t) and difference set
D. Then we know that 4|v by Lemma?2.2, so suppose that |G| = 4n where n is odd.
Then a Sylow 2-subgroup of G must be C4 = (r) and t = r2. Burnside’s theorem [9,
Theorem 5.13] shows that (r) has a complement N < G, |[N| =n,G = N x (r). So
we can write D = D0+D1r+D2r2+D3r3, Dic NNowD+D"D =G-H =
N + Nr + Nr? 4+ Nr3 — H then gives

73 r2

Do+DyV=N-1, Di+(Dy") =N, Dy+ (DY) =N -1
D3+ (D{V) = N.

Next, DD =¢D gives

72

-1 -1 -1 -y’
DV =tDo, (D\V) =1Ds, (D) =tDy, (D{V)" =1Dy.
3 3
Using D + (Dg_l))r = N and (Dé_l))r = tDy we get Di(1 +t) = N. However
D1 (1+ t) has an even number of elements (counting multiplicities), while | N| is odd.
This contradiction gives the result. O

Corollaries 4.3 and 4.4 now prove Theorem 1.1 (iv) and (v).
Corollary 4.5 If G is a SRHDS group, then a Sylow 2-subgroup of G is not cyclic.

Proof Assume G is a SRHDS group with cyclic Sylow 2-subgroup (r). By Corol-
lary4.4, |(r)| > 8. Again, Burnside’s theorem [9, Theorem 5.13] shows that (r) has a
complement N <G, G = N x (r). This now contradicts Corollary 4.2. O

This concludes the proof of Theorem 1.1.

5 Construction of Some SRHDS Groups

We need the following set-up: For prime power ¢ = 4p — 1, p € N, we let Fyn be
the finite field of order ¢". Let tr : F > — F4, B > B? be the trace function. Let
a € Fpo satisfy tr(@) = 0. Let F}, = (z). Let Q = {u® - u € Fy,u # 0}. Then
—1 ¢ Q since ¢ = 3mod 4. Now choose D € F,\(Q U {0}). Then any 8 € qu has
the form 8 = a + b\/B, for some ¢, d € Fy and t7(c + d\/B) = ¢ — d~/D. Write
o = a + bx/D. Then tr(a) = 0if and only if a = 0, so we can choose & = J/D.

LetU < ]FZ2 be the subgroup of order (¢ — 1)/2, and let 7 : IE‘Z2 - W= IF‘ZZ/U
be the natural map.

Theorem 5.1 Suppose that 4p — 1 is a prime power. Then Dicg,, contains a SRHDS.

Proof We follow [15, Theorem 3.3].
Let g = 4p — 1 and assume the above set-up. Let g := 7 (z) be a generator for W
and note that |[W| =2(¢g+1) =8p.LetR = {n(x) : x € ]Fzz, tr(ax) € Q}. Then by
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[22, Thm 2.2.12], R is arelative (g + 1, 2, q, (¢ — 1)/2) difference set in W relative
to the subgroup H := (g*”) of order 2.

Define R;, R, C W, = (gz) by R = R; + R»g. Since R is a relative (¢ +
1,2,q, (g — 1)/2) difference set, RRV = %(W — H) + g from which we get

_ _ -1
RiRY 4+ RyRSTY =q—|—qT(W2—H).
Ifd e IF‘Z2 has order dividing ¢ + 1, then d = d~! and so

tred) = ad +a9d? = ad —ad™" = —tr(ad™").

Thus if tr(ad) € Q, then tr(wd~') € —Q. But ¢ = 3mod 4 tells us that g*? = —1 ¢
Q, sothattr(eg*?d~") € Q. Thus g*?d~! € R;.Now the order of g*?d~! is a divisor
of 2(q + 1) = |W/|. This gives a bijection, Ud < Ug*?d~!, between the elements of
R{ C W, which then gives R%_l) = g*’Ry.

Now let G = Dicg), = (a, bla®? = b*,b* = 1,a® = a~') and identify (a) with
W, so that a <> g2. From Rﬁ_l) = g* Ry we see that if y € R N Rf_l), then
g e RlRi_l), a contradiction to R being a relative difference set relative to H. It
follows that R; N RYI) =@.Nowl,—1=g* ¢ Rjastr(al) =0 ¢ Q, and so

Ri+R™V=w,—H. 5.1
Then (5.1) and er) = g*P R gives
W —H=Ri(1+g")=RH,

so that we have the first part of

Lemma5.2 (i) Ry + 1 is a transversal for W/ H.
(i) Ry is a transversal for Wo /H.

Proof (ii) We first show that R+1 is a transversal for W/H.

If u € W, then tr(oeu) € Q, and it follows that tr(ag*’u) = —tr(au) ¢ Q. This
sets up a bijection u <> g*”u of W — H where the orbits of this bijection are the
non-trivial H-cosets and a transversal corresponds to the elements of Q.

Since R+1 is a transversal for W/H and R 4 1 is a transversal for W,/ H it follows
that R» is a transversal for W>/H. This concludes the proof. O

Nowifa = +/D, 8 = a+b/D,thentr(ef) = 2bD € Qifandonlyif2b € F}\ Q.
Define S := a?’R| + Rb. First we show that SSCD = A (G — H) + k where
k=w=2)/2,r=(k—-1)/2:

SSD = @®P Ry + Rob) (a®P RV + 57 1RSTY)
= RlRffl) + RzRgl) + RiRy(1 + a*P)b
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= RiRY + RaRSY 4+ Ry Ry HD
= RiRV 4+ RaRSY + Ry Wi

—1
=q+qT<Wz—H)+|R1|W2b

=k+1(Wr—H)+AWsb
—k4+A(Wad Wab—H)=+(G — H) +k, (5.2)

as desired. Next we need

Lemma 5.3 For S as above we have S N S¢D = @.

Proof So assume that r € SN SV, § = 42P R| 4+ R,b. Then there are two cases.

(a) Firstassume that 7 € (a). Then there are x', x/ € R| where r = a*Pa’ = a*Pa~/
so we have i = —j. Since a corresponds to g the elements g%, g~2/ satisfy
tr(agZi), tr(ag_2j) € Q. Let gi = ¢ + bv/D. Then tr(agZi), tr(ag_zj) e Q0
(respectively) gives 4bcD € Q, _(c24—bb;21)1))2 € Q (respectively), which in turn
gives —1 € Q, a contradiction.

(b) Next assume that r € (a)b. Then there are i, j such that r = a'b = (alb)~1 =
a/12Pp, where a',a’ € Ry. Thus i = j + 2p. As in the first case this
gives tr(ag?th), tr(ag? ) = tr(ag?*"*1) e Q. Since tr(ag¥~*rt!) =
—tr(arg?*1), this gives —1 € Q, a contradiction.

From SNSD =@ =SNH weget G =S+ ST + H and so Eq. (5.2) shows
that S is a SRHDS, giving Theorem5.1. O

We next wish to show that we can double these examples (see Sect. 6 for the
definition of this doubling process), and we will need the following symmetry results:
Symmetry proof for R;. Now S = a?’R; + Robandifa’ € a’’ Ry, theni =2p+ j
where tr(az?/) € Q. We note that z, the generator of FZZ’ has order g> — 1, and so
(z9)? = z, showing that the non-trivial Galois automorphism is given by z + z7.

So from tr(az?) € Q we get tr(a9z?/9) € Q. Buta? = —a = ocz(qz_l)/z. Thus

. . 2 . 2
tr(adz279) = tr(az29T@ =012y = p (@20t =Dy ¢ 0.

This if j' = (jg + (¢*> — 1)/4), then a*Pti’ € ¢?P Ry, and so Jj > j’ determines a
function Ry — R; that one can show is an involution.

One can then check that j = p +r is sentto j' = p —r (recalling that j is defined
mod 4 p). This gives a ‘reflective’ symmetry for Rj.
Symmetry proof for R,. We now do a similar thing for R,. So leta’b € R;b, so that
tr(az?*1) € Q. Then acting by the Galois automorphism we get

1r(a9z7HDT) = (@7 BFVIF@=D/2) _ (g7 200+@=D/A+Cr= )+ ¢ o
This similarly gives the involutive map
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i ig+(@>—1/4+Q2p—1)=—i— 1mod4p. (5.3)

O
6 The Doubling Process

Lemmaé6.1 Let D C G = Dic, = (x,y),v = 4n,k = 2n— 1, = n — 1. Let
K= {x),ky=n—1,kp =nandlet D= D)+ Dy, D; C K, ki = |D;|. Then the
requirement that D = Dy + Dy is a SRHDS is equivalent to (a)—(d):

(@ DIH=K —H, (b) D\"" =1Dy, (¢) D:H =K,
d) MK —H)+k=D;D{"" + DDV,

Proof One checks that D = Dy + D,y is a SRHDS is equivalent to the conditions

(1) Dy U{l}and D; are transversals for K /H (this comes from looking at G — H =
D+ DY = Dy + Dyy + (DU 4 (Day) D).
(i) AD\H +k = DDV + D,D{Y;
(ili) AKy = DaDyy + D1 Dyy~! (from DDV = \(G — H) + k);
Gv) D\"V =Dy and D} = D7,

1
Now (iii) is equivalent to D1 D>(1 +t) = AK or D1K = AK. But D1 K = AK
follows directly from D; C K, and |D;| = A. Thus (ii) and (iii) are equivalent to
ADiH +k=DD\"" + DyD{V, O

Write D = Do + D1y. We construct the set £ C Dicyg) as
E := Eo + E1y with Eg := Do+ Dix and E;:= D\ Vx~'r 4 D{™V 4 1.

We show that if Dy satisfies the symmetry: x> € D; implies x*?~%~2 € Dy, then E
is a (v2, k2, A2)-SRHDS with v, = 16p, kp =8p — 1, and A, =4p — 1.

Theorem 6.2 Let Dicigp = (x,y | x =2 oyt = 1, %Y = x7h), 1 = Y2 We let
Dics, = (x?, y) < Dicigp. Let D be a (vy, k1, 21)-SRHDS in Dicg , with v| = 8p,
ki =4p —1, and Ay = 2p — 1. Then the unique involution t in Dicye, is the same as
the unique involution in Dicg.

Write D = Do + D1y, D; C (xz), and let E = Eg + E1y C Dicygp where:

Eo:= Do+ Dix and E;:=D{ "x 't + DV +1.

Assume that Dy satisfies the symmetry: x* € Dy implies x*P~%~2 € D|. Then E is
a (va, k2, A2)-SRHDS with vo = 16p, kp =8p — 1, and Ay = 4p — 1.

Proof We note that D™ = ¢ D implies that ECD = tE. We also observe that the
map x* — x*?72=2 i an involution. Using Lemma6.1, to show E is a SRHDS it
suffices to show that E satisfies
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(1) EUE“Y = Dicygp — (1);
) ENETY =g,
(3) EoEy "+ E1EVV = hn((x) — (1) + ko

This is sufficient because conditions (1) and (2) along with ECD = tE imply
conditions (a) and (c¢) of Lemma 6.1. First we note that £ does not contain ¢ or the
identity, as this would imply that Dy contains these. We now show (2), which will
imply (1). We split condition (2) into cases by considering the intersection of E with
each coset of (x2), all of which cosets are their own inverses. There are four such
cosets: (x2), (x2)x, (x%)y, and (x?)xy.

(x?) : For E N (x?) = Dy, we know that x> € Dy implies x =% ¢ Dq since Dy N
pih .

(x%)x : We have E N (x2)x = Dix. We show Dix N (Dx)™D = @.

2i

(2l e D, X422 ¢ p

4p—2i—

€ Dix < x
2 4p—2i-2
= x ye Dy < tx y ¢ D1y
— x¥72¢ D x% ¢ Dyx. (6.1)

Here we used the symmetry and the fact that (Dyy) N (D1y)™D = @ where
(D1y)™Y =1Dyy.

(x?)y : Here we have E N (x?)y = D((fl)y + y. First we check that D(()fl)y doesn’t
contain any of its inverses:

x72iy c D(()_l)y : (xle'y)fl — tx72iy ¢ D(()_l)y

We also check the additional y doesn’t have an inverse in D((f]) y:

—1 - —1
I¢D(())<:>y1=ty¢D(() )y.
(xz)xy : Here we have £ N (xz)xy = Di_l)x_lty, and

Y% e D < ix* ¢ D

2i

x 2y e Df_l)xflty = x

— x4 ¢ Di_l) = x 71y = txfzixflty ¢ Dﬁ_l)xflty.

Thus E N ECY = . This concludes (2) and implies (1), since both E and E =D
don’t intersect (¢) and |E| =k = 8p — 1.
Now we prove (3): we have
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EoES "+ EvE{ = (Do + Dix) (D" + D Va7
+(D{ x4+ DY 4 1) (D1t + Do+ 1)
=20yD{ " +2D,D{V
+ 1 +0DeD{ "x7 + (1 + Dy DfVx
+Dixt 4+ Do+ D\ Vx e+ DY 4 1. (6.2)

For E to be a SRHDS we need (6.2) to be equal to A ({x) — (t)) 4+ k». Looking at just
the even powers of x, we need

2DoD{" 420DV + Dy + DSV + 1

to be equal to A ((x2) — (1)) + kp. We note that Dy + D(()_l) = (x2) — (¢), and

DOD(()_I) + DlDi_l) = A1 ((x2) — (t)) + ky since D is a SRHDS for (x2, y). Since

% = Ay, we have

20D + DDy + (Do + DY) 1
=200 ((x%) — () + k) + (&2 — (1) + 1
= QA1+ D) = (1) + Qk1 + 1) = a2 ((x?) — (1) + k2,
as desired. We now look at the odd powers of x in (6.2), which must equal Ao (x2)x.
We see that
(A 4+0DeD\ Vx4 (1 +1)D D Vx + Dixt + DU Vx" s
=A+0DDo+ 1DV 4 (1 +1) (Do + 1)V Dyx
— (D)"Y + Dyx. (6.3)

Looking at the first two terms of (6.3), Dy + 1 is a transversal of (¢) in (x2), so
14+1)(Do+1) = (xz) and (1+1) (Do + 1)(’1) = (xz). So we can reduce (6.3) to

(xz)Di*l)x_1 + (x*)D1x — (D1x)Y + Dyx.

To evaluate the last two terms of (6.3), we note that (6.1) gives us: if x% e Dy,
then x %2 ¢ D;. Thus D and (D1x2)(7]) are disjoint, so their sum is (x2) since
IDy| = 4p. Thus (D1x)" D + Dyx = ((Dl)ﬂ)(‘” + D1) x = (x%)x. So the sum
of the odd powered terms is

() (D) x4 () Dix — (xF)x = DTV ()T 4 (D — D(xP)x
= ID11(x*)x + (ID1] = D(x)x = Ap(x7)x

as desired. Therefore we have shown (3), and E is a SRHDS. O
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Corollary 6.3 The set E = Eog + E|y as deﬁned above is an SRHDS in Dicygp if
D = Dgy + D1y is an SRHDS in Dicg,, and x¥ e D; implies x"%-2 ¢ py.

Proof This follows by applying the automorphism ¢ (x) = x, ¢(y) = x%Py to Dic 16p
in the preceding theorem. We have that D is a SRHDS for Dicg), if and only if ¢ (D)
is, and similarly E is a SRHDS for Dicye, if and only if ¢(E) is. The condition
x% € @(Dy) implies x "2 € @(Dy) is equivalent to the condition x% € Dy implies
x*P=2=2 ¢ p;. O

Many other equivalent symmetries can be obtained by using a different automorphism
that fixes (x). The one we have used is that obtained at the end of Theorem5.1. In
the SRHDS S = a?’ Ry + Ryb of Dicg), from Theorem 5.1, we showed that a’ € R,
impliesa™~! € Ry. See (5.3). As asubgroup of Dicjp, this is the necessary symmetry
condition for Corollary 6.3 to apply. Thus Dicy¢p, is a SRHDS group when 4p — 1 is
a prime power. This proves Theorem 1.3. O

7 D and Cosets of Qg

Let G be a SRHDS group with subgroup H and difference set D. Suppose that Q < G
has even order and that go = 1, ..., gp—1 is a transversal for Q < G. Then we can
write

D= Fygo+ Fig1 +---+ Fp-18p-1, Fi C Q. (7.1)

Lemma 7.1 Let Q < G be as above. For all subsets F C Q of size greater than |Q|/2,
the multiplicity of t in FF™V is greater than zero. O

Proof Now t € Q,s0 H < Q and if |F| > |Q|/2, then some coset of H < Q meets
F in two elements and so t € FF(D, O

Now DDD = A(G — H) + k and a part of the left hand side is Zf):_ol F; Fi(_l).
Thus | F;| < |Q]|/2 when D is written as in Eq. (7.1).
Now let f; = |Fi|,0 <i < p — 1, so that

1LY
2 2 2 P

p—1
S o=k 191=2 _d0lp=2) _ 10|
=0
Since f; < |Q|/2 we must have f; = |Q|/2forall 0 <i < p — 1 except one. To
see that fo = |Q]|/2 — 1 we just note that Q — H has | Q| — 2 elements that come in
inverse pairs. Thus fy = |0]/2 — 1.
Next note that DDD = A(G — H) + k and F; Fi(fl) C Q. We want to show

p—1
Y FF ™" =10~ H)+k (1.2)

i=0
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NOWU—Sp,k—gp_l’)L lQ‘p—landso)\(Q H)+khas(‘Q|p—

DAQI -2 + (Lp — 1) = 195 19| + 1 clements, while Y-/ F ™" has
2 2

(% - ) +(—=D <%> = #P — | Q| + 1 elements, so we must have Eq. (7.2).

For QO = Qg, considering those F; of size |Q]/2 = 4 a Magma [12] calculation

gives the following result by finding all those subsets F C Qg such that FF—D does
not contain #:

Lemma 7.2 Suppose that Q = Qg < G. Then each F; of size 4 is one of the following
16 sets:

{Lx,y,xyh (La,y, vk a2 22y, %y (Lxx?y, x3y)

(1,x3, %y, Syy (L3 v xy) (G x2 y, 3y (8 23,y Oyl

(e, x2, xy, 2yl 2 a3 xy, x2y) (o 3y vk {1, xy, X2y

(x2 22y (8 3, 22y, ) (e, xy, X2y} (L X3,y xy)o
Each of these is a relative difference set for Qg. Thus each F;,i > 0, is a relative

difference set for Qg. It follows then from Eq. (7.2) that Fy is a SRHDS for Qg. Thus
Fy is determined by

Lemma 7.3 The following sets are equal:

(1) The set of all SRHDS for Qg = (i, j, k).
(ii) The set of all conjugate (by elements of Qg)-translates (by elements of H) of

{i, j, Kk}
(iii) The set of all {a, b, c} C Qs\H where |{a,b,c}| =3 andt ¢ {uv=' 1 u,v e
{a, b, c}}. O

Call this common set S and note that |S| = 8.

Now any Fy must satisfy (iii), so Fp € S. Further, we can choose Fj to be any
element of S by applying the operations in (ii) to D, which still result in a SRHDS.

Assume that G = Dicg,, so that a transversal of Qg < Gis 1,x,..., xP~1. Now
we can write D = Fy + Fix + Fax2 4+ - - + Fp_le’_1 where F; C Qg and Fy € S.

Here each F;,i > 0, is one of the 16 subsets of Qg in Lemma7.2 and F; =
(1 4+ x?)(a + by) =a + by + xPa + xPby, where a, b € (x?).

Now DDt = D and so if F;x! C D, then #(F;x')™D = tx”'Fi(_l) C D. Here
Fi(f1> =a '+ bty+x"Pa~! + xPbty, and so

t(FixH) ) = 1x 1F( R “l@ '+ bty + xPa” + xPbry)
=ta 'x7 4 txPa x4+ byx' + xPbyx'.
Thus F; and #(Fjx')~ have byx! + xPbyx’ in common and so
Fix' Ut(Fix)Y = ax’ 4+ byx’ + xPax! + xPbyx' +ta™'x ' +txPa~"x7".

We denote this by J;(a, b), so that D is a union of Dy and some of the J;(a, b).
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Now J; (a, b) has four elements in Qgx’ and has two elements in Qgx . Since we
know that each non-trivial coset of Qg has to contain four elements of D we know
that D has to contain some J_; (¢, d) so that

a+xPa)x + @' +xPa Hix 7 =+xP)x T+ BN +xPh Hixl.

This is true if and only if we have a +xPa = b~ 't +x"Pb 'tand (a '+ x"Pa=")r =
b + xPb. However these equations are equivalent and we note that for any choice of
a € (x?) there is a b € (x?) that solves the first equation.

Thus we now obtain eight element sets by taking the union of these two J's. We
denote these by L;(a, b, ¢):

(a+xPa)x’ + (@ ' +xPaHixT + (by + xPby)x’ + (cy + xPey)x”!
= +x")a+by)x' + (A +xP)xPa™ +cy)x.

We note that L;(a,b,c) = Lj(a’,b’,c) ifandonlyifi = j,a=d',b=b",c=c.
Forl <i<p-—1letl; ={Li(a,b,c):a,b,c e (xP)}. Then |L;| = 64.

8 Groups that are not SRHDS Groups

Proposition 8.1 The dicyclic group Dicy, is not a SRHDS group.

Proof Suppose it is and that D is the SRHDS. Let G = Dicy; = (x, y|x36 =1, y2 =
x18 xy = x’l). Then by the above section there are D; € L£;, 1 < i < 4, such that
D = Dy + Z?:l D;. There are 64 = |L;| choices for each D;, 1 < i < 4. Using
the standard irreducible representation p : Dic7, — GL(2,C) given by p(x) =
|:§36 91:| () = |:O _1:| , 036 = €71/36 we have p(G) = p(H) = 0. From D +
0 &3 10
DD = G — H we then have p(D)+p(DD) = 0. By DDV = \(G—H)+k we
have p(D)p(DV) = kI, = 351,. Therefore, 35, = p(D)p(D™Y) = —p(D)2.
A Magma calculation determines that of the 64* possibilites for D, only 648 have
,o(D)2 = —351,. Another Magma [23] calculation verifies that none of these 648 give
a SRHDS, completing the proof. O

Proposition 8.2 Let G be a group where Qg < G. Suppose that there is an epimor-
phismw : G — C, x Qg for p prime where w(Qg) = {1} x Qg and |ker 7| is odd.
Then G is not a SRHDS group.

Proof So suppose that G is a SRHDS group with difference set D and subgroup
H = (). Let Qg = (x, ylx* x2 = y2,x¥ = x71) < G,sothatt = x*, n(x) =
x,m(y) = y. First note that p must be odd since G has a unique involution. Let
N =kerm.PutC, = (m(r)),r € G, so that we can write

p—1 3 p—1 3
D= ">"rx/Doij+Y Y rixiyDy; ;. DiijCN.
i=0 j=0 i=0 j=0

@ Springer



67 Page 16 of 20 Graphs and Combinatorics (2023) 39:67

We note that |D; j x| < |N|.
Let pp = (p — 1)/2. We can also write D = le:_()l riD;, D; C (x,y, N) so that

3 3
Di=Y xIDo;j+Y x/yDi;,
j=0 =0

From DD = tD we get Dl.(fl)r_i = trp_iDp,i,O <1i < p,sothat D, ; =
tr‘p(Di(_l))r_'. Thus D = Do+ Y72, r'D; + r_it(Dl.(_l))’_'
Now let p : Qg — GL(2,Q()),i = +/—1, be an irreducible faithful unitary

representation of Qg where p(x) = |:(l) _Oli| ,p(y) = |:(1) 01i| Then the Q-span of

the image of p has basis

Bi = b, Bz:pm:[g g}, Bs=p<y>=[‘f _01] B4=p(xy)=[_0i ‘0’}

since p(x2) = —B;. We note from Lemma7.3 that we may assume Dy = {x, y, xy},

i —i—1
so p(Dg) = l—i —i = By + B3 + Ba.

Let w = exp2mi/p. Then 7, p and r +— wlp determine an irreducible unitary
representation of G that we also call p. Then p(r'D;) = & ijl a;jBj, where
a;j € Z, so that

p(r1(DIV) ) = 07 (D)) =~ p(D{V) = —w” Z"UB*

Here Bf = By, By = —B», B = —B3, B = —By.
This gives

. . P »

i=1
i —l—l 2o i « i
= 1 — ZZ(aiijw —a,-ija) ) (81)
i=1 j=I

We can write this as

. . 4
p(D) = [1 ’_i _’_7 1] + ZauBu, where a, € Z[w). (8.2)

u=1

From DDV = A(G — H) + k and D™D = tD we get D> = A(G — H) + kt.
Now if ,o(D)2 = (e;j), then from (¢;;) = ,0(D2) = p(MG — H) +tk) = —kI, and
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Eq. (8.2) we get

O0=e11 —exp =4dia(1 +a2), O0=¢e;p =2a1(i + 14 a3z +iaq),
0=ey =2a1(—1+i—a3z+iay).

Solving, we must have either

(i) a1 =0; or (ii) ap = —1, a3 =—1, a4 = —1.
Now we find ay, - - - , a4 in terms of the g;;. From (8.1) and (8.2) we have
4 p2 4
ZauBu = ZZaiijwl —aijB;ta)il
u=1 i=1 j=1
P2

= Za”B]wi —anBio™ + apBro’ + apBrw™
i=1
+ a;3 B3a)i + a;3 B3af" + a,-4B4a)" + ai4B4a)*i .

From this we get

P2 p2
ar=Y an@ —o); a=)Y an +o7);
i=1

i=1

P2 P2
a3 = Zalg(a)l +w™); ag = Zam(ml +w™).
i=1 i=1

Now if we have (i) a; = 0, then p > 2 is a prime means that the ' — w™,i =
1,2,---, py are linearly independent over QQ, so that we must than have a;; = 0 for
all i.

Observe from previous definitions that a;; = | Do ;0| —|Do,i 2|. From DD =¢p
and DUDD = G — (1) we have | Do i ol + [ Do.i.2| = [N|. So |Do.i.0l = |Do,i2l =
|N|/2. Thus |N| is even, which contradicts our assumption on ker 7.

So now assume (ii), so that

4
i —i—1
mmqu 4}+2m&
1=

i —i—1
=|:1_1 _ ]+alBl—Bz—B3—B4=a1[2.

But —p(D?) = p(DD'"V) = kI, then gives a} = —k. Here a; € Q[w]. Recall that

2mi
w = e 7 , so the Galois group of [Q(w) : Q] is cyclic of even order p — 1. By the
Galois correspondence, Q(w) has a unique quadratic subfield. In particular, we can
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verify that the subfield is exactly Q(,/p) if p = 1 (mod 4), and Q(\/—p) if p =3
(mod 4). This follows from the Gauss sum:

p—1 . 1

> (2> o | =D p

n=0 p
Note that k = 3 (mod 4) so k is not an integer square. Therefore af = —k implies
k= px2 for some x € Z. However, k = 4p|N| — 1 so we have a contradiction, as k
must be congruent to both 0 and —1 (mod p). O

9 Groups of Order Less Than or Equal to 72

Here are the non-dicyclic groups (using magma notation) of order at most 72 that meet
the following requirements: (i) they are not abelian; (ii) their Sylow 2-subgroups are
generalized quaternion groups; (iii) they have a single involution.

Go3, Goai1, Gaoir, Gagis, Gagpr, Gagos, G723,
G111, G724, G225, G7226, G7231, G72,38

We note that all of the dicyclic groups of order less than 72 and divisible by 8 are
SRHDS groups by Theorems 1.2 and 1.3, while Dic7; is not by Proposition 8.1.

We will determine whether the remaining groups have a SRHDS. If they have a
SRHDS then we give a SRHDS explicitly. If not, then we give a proof that the group
is not a SRHDS group.

In the cases of G723, G72.11, G72.24, G72.25, and G712 31, we use the following
process to show they are not SRHDS groups: Given one of the four groups G, we take
aright transversal go = 1, ..., gg for Qg < G. Assuming there is an SRHDS D, we
write D as in (7.1). We can assume Fy = {x, y, xy} by Lemma7.3. By Lemma 7.2,
there are 16 possibilities for each F;, and a Magma [23] calculation verifies that none
of these combinations give a SRHDS.

(1) Ga43 = SL(2,3) = (a,b,c,dla® = 1,b*> =d,c®> =d,d*, b* =c,c" =b

c, et = cd). Here D = {azcd, abed, acd, cd, a*bd, a*d, a*be, a, be, ab, b}.

(2) G24,11 = C3 x Qg. This is not a SRHDS group by Proposition 8.2.

(3) Gao.11 = Cs5 x Qg. This is not a SRHDS group by Proposition 8.2.

(4) Gug.18 = C3 x Dicig = (a,b,c,d,eld> =e* = 1,a> =b> = > =d, b* =

be,c® =cl =cd,d* =d? =d° =d,e* =%, e® = ¢ = ¢4 =e¢) and let D
be

{adez, dez, ae, e, abcez, abc, bcez, abdez, bdez, bce, acd, acdez, abd,

cdez, cd,acde, cde, bde, bcd, a,abcde, b, abe}.

(5) Gag 27 = C3xDicig. We show G4g 27 isnota SRHDS group. LetC3 = (r). Then
D = Do+ Dir+Dar?, D; C Dicig.Now DV = D gives D§ " = Dy and
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D, = th_l). Also Lemma 3.1 shows that the sizes of Dgy, D1, Dy are7, 8, 8 (in
some order). By replacing D by r! D if necessary we may assume that | Dy| = 7
and that Do+ 1, Dy, D; are transversals for G/ H . Using D(()_l) = t Dg one sees
that there are 64 possible Dgs and 256 possible Dis. Further, D; is determined
by D = thfl). There are thus 64 - 256 possibilities for D and one checks
that none of these give a SRHDS.

(6) Let Gygog = (a,b,c,d,elb®> = > = 1,a> = c?> =d*> = e,b* = b*, % =
d.c® =de,d* =c,d? =cd,d =de,e" = e = ¢ = ¢ = ¢). Here one D
is

{abzde, abzcde, bzcde, ce, abc, bzc, be,d, ade, abZCe, ac, abz, acd, cd,

b*d, be, abde, bde, bed, a, ab, abede, b}.

(7) Gra3 = Qg xCo = (i, j,bli* = j* =b° = 1,il =i71,i®> = j2i* =
j, j? = ij). The Magma search described at the beginning of this section
shows this is not an SRHDS group.

(8) G72.11 = C9 x Q3. The Magma search described at the beginning of this section
shows this is not an SRHDS group.

9) G724 = C3 % Qs = (a,b,i, jla’ = > =i* = j* = 1,ab = ba,i/ =
i~l %2 = j2, a = a b = b0l = a®, b/ = b). The Magma search
described at the beginning of this section shows this is not an SRHDS group.

(10) G72.25 = C3 x SL(2, 3). The Magma search described at the beginning of this
section shows this is not an SRHDS group.

(11) G72.26 = C3 x Dicpa. This is not an SRHDS group by Proposition 8.2.

(12) Gpo31 = C3 x Qg = (a,b,i, jla®> = b3 =i* = j* = l,ab = ba,i/ =
i~l %2 = j2, ad = a® b = b al = a b = b). The Magma search
described at the beginning of this section shows this is not an SRHDS group.

(13) Gn3s = C% x Qg. This is not an SRHDS group by Proposition 8.2.
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