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Abstract

This paper deals with the vertex connectivity of enhanced power graphs of finite
groups. We classify all abelian groups G such that the vertex connectivity of
enhanced power graph of G is 1. We derive an upper bound for the vertex con-
nectivity of the enhanced power graph of any general abelian group G. Also we
completely characterize all abelian groups G, such that the proper enhanced power
graph is connected. Moreover, we study some special class of non-abelian groups
G such that the proper enhanced power graph is connected and we find their vertex
connectivity.

Keywords Abelian group - Dominating vertex - Enhanced power graph - Vertex
connectivity
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1 Introduction

The exploration of graphs associated with algebraic structures is important, as
graphs like these enrich both algebra and graph theory. Besides, they have important
applications (see, for example, [2, 21]) and are related to automata theory [22].
During the last two decades, investigation of the interplay between the properties of
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an algebraic structure S and the graph-theoretic properties of I'(S), a graph
associated with S, has been an exciting topic of research. Different types of graphs,
specifically zero-divisor graph of a ring [3], semiring [5], semigroup [14], poset
[20], power graph of semigroup [12, 24], group [23], normal subgroup based power
graph of group [8], intersection power graph of group [6] etc. have been introduced
to study algebraic structures using graph theory. The concept of a power graph was
introduced in [23]. As explained in the survey [2], this definition also covered the
undirected graphs. Accordingly, the present paper follows Chakrabarty et al. and
uses the brief term “power graph” defined as follows.

Definition 1.1 ([2, 12, 23]) Let S be a semigroup, then the power graph P(S) of S,
is a simple graph, whose vertex set is S and two distinct vertices u and v are edge
connected if and only if either ™ = v or v' = u, where m,n € N.

Another well-studied graph, called commuting graph associated with a group G is
studied in [10] as a part of the classification of finite simple groups. For more
information about the commuting graph, see [4, 17].

Definition 1.2 ([10]) Let G be a group, then the commuting graph of G, denoted by
C(G), is the simple graph whose vertex set is a set of non-central elements of G and
two distinct vertices u and v are adjacent if and only if uv = vu.

Definition 1.3 ([1]) Given a group G, the enhanced power graph of G, denoted by
G.(G), is the graph with vertex set G, in which u and v are joined if and only if
there exists an element w € G such that both u and v are powers of w.

The authors Aalipour et al. [1] measure how close the power graph is to the
commuting graph by using the enhanced power graph. In fact, the enhanced power
graph contains the power graph and is a subgraph of the commuting graph. They
characterized the finite groups such that, for an arbitrary pair of these three graphs,
this pair of graphs are equal. Besides, Zahirovi¢ et al. [29], the researchers proved
that finite groups with isomorphic enhanced power graphs have isomorphic directed
power graphs. They showed that any isomorphism between the undirected power
graphs of finite groups is an isomorphism between enhanced power graphs of these
group. Ma and She [25] derived the metric dimension of enhanced power graphs of
finite groups where as Hamzeh et al. [19] derived the automorphism groups of
enhanced power graphs of finite groups. Recently Panda et al. [26] have studied
independence number, vertex covering number and some other graph invariants of
enhanced power graphs.

1.1 Basic Definitions, Notations and Main Results

For the convenience of the reader and also for later use, we recall some basic
definitions and notations about graphs. Let I' = (V, F) be a graph where V is the set
of vertices and E is the set of edges. Two elements u and v are said to be adjacent if
(u,v) € E. The standard distance between two vertices u and v in a connected graph
I' is denoted by d(u, v). Clearly, if u and v are adjacent, then d(u,v) = 1. For a
graph I, its diameter is defined as diam(I") = max,, ey d(u,v). That is, the diameter
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of graph is the largest possible distance between pair of vertices of a graph. A path
of length [ between two vertices vy and vy is an alternating sequence of vertices and
edges vo, €9, V1, €1, V2, . . ., Vk—1, €1, Vk, Where the vis are distinct (except possibly
the first and last vertices) and e; is the edge (v;,vi11). A graph T is said to be
connected if for any pair of vertices u and v, there exists a path between u and v. I'
is said to be complete if any two distinct vertices are adjacent. A vertex of a graph
I' = (V,E) is called a dominating vertex if it is adjacent to every other vertex. For a
graph I', let Dom(I") denote the set of all dominating vertices in I'. The vertex
connectivity of a graph I', denoted by r(I') is the minimum number of vertices
which need to be removed from the vertex set I" so that the induced subgraph of I
on the remaining vertices is disconnected. The complete graph with n vertices has
connectivity n — 1. For more on graph theory we refer [9, 18, 28]. The enhanced
power graph is called dominatable if it has a dominating vertex other than identity.

Throughout this paper we consider G as a finite group. |Gl denotes the cardinality
of the set G. For a prime p, a group G is said to be a p-group if |G| = p", r € N. For
any element g € G,0(g) denotes the order of the element g € G. Let G be a group
and a € G, then Gen(a) is the set of all generators of the cyclic group {a). Let m and
n be any two positive integers, then the greatest common divisor of m and 7 is
denoted by gcd(m,n). The Euler’s phi function ¢(n) is the number of integers k in
the range 1<k <n for which the gcd(n, k) is equal to 1. The set {1,2,...,n} is
denoted by [n]. Throughout this paper, the group operation of any abelian group is
taken to be additive.

In this paper, our focus is on the vertex connectivity of enhanced power graphs of
finite abelian groups. If G is a non-cyclic non-generalized quaternion p-group, then
we determine the exact value of the vertex connectivity of G.(G).

Theorem 1.1 Let G be a finite p-group such that G is neither cyclic nor generalized
quaternion group. Then k(G.(G)) = 1.

Our next result classifies all non-cyclic abelian groups G such that k(G,(G)) = 1.

Theorem 1.2 Let G be a finite non-cyclic abelian group. Then 1(G.(G)) is equal to
1 if and only if G is a p-group.

The authors Aalipour et al. [1][Question 40] asked about the connectivity of
power graphs when all the dominating vertices are removed. Recently, Cameron and
Jafari [11] answered this question for power graphs. In this paper, we investigate the
same question for enhanced power graphs. To seek the answer of this question,
define the following graph:

Definition 1.4 Given a group G, the proper enhanced power graph of G, denoted
by G.*(G), is the graph obtained by deleting all the dominating vertices from the
enhanced power graph G.(G). Moreover, by G, (G) we denote the graph obtained by
deleting only the identity element of G and this is called deleted enhanced power
graph of G. Note that if there is no such dominating vertex other than identity, then

9.(G) = G,7(G).
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Bera et al. [7] characterized all abelian groups G, such that |Dom(G,.(G))| > 1.
In fact, they proved the folllowing:

Theorem 1.3 ([7]) Let G be a finite abelian group. Then G.(G) is dominatable if
and only if G has a cyclic Sylow subgroup.

So, from Theorem 1.3, |Dom(G,(G))| > 1 if and only if G = G; x Z,,, where
gcd(|G1],n) = 1 and Gy has no cyclic sylow subgroup. Then one natural question is
which are the dominatable vertices of G.(G). The next theorem gives the complete
list of the dominating vertices of G.(G).

Theorem 1.4 Let G| be a non-cyclic abelian group such that G| has no cyclic
sylow subgroup. If n € N, and ged(|Gi|,n) =1, then Dom(G.(G| x Z,)) =
{(e,x), where x is any element of Z, and e is the identity of G,}.

Theorem 1.2 completely characterizes the connectivity of G,(G) for any finite
abelian p-group G. Now if G is a non-cyclic abelian non p-group such that G has no
cyclic sylow subgroup, then by Theorem 1.3, G has no dominating vertex other than
the identity. So, in this case we care about the connectivity of G."(G) = G, (G) and
by Theorem 1.2, G;(G) is connected. Therefore when the graph G (G) has a
dominating vertex other than identity, the connectivity of G,(G) is a more
interesting question. In this paper, we characterize for which finite abelian groups,
the proper enhanced power graphs G.*(G) are connected and for which they are not.
Our contributions on this paper in this theme is the following:

Theorem 1.5 Let G be a non-cyclic abelian non p-group such that G = G X
Z,,gcd(|Gi|,n) =1 and G; has no cylcic sylow subgroup. Then G."(G) is
disconnected if and only if G| is a p-group.

Therefore, from Theorem 1.5, when G; is not a p-group, G,"(G) remains
connected. Thus, the number of additional vertices required to make it disconnected
is an interesting question. On this theme, our next result is the following:

Theorem 1.6 Let G be a non-cyclic abelian group such that
G = prln X prllz X Zp’lm X oo X Zp’]lkl X ZP’ZZI X Zp’zzz X oo

X ZP;ZkZ X X Zp:rl X Zp’rrZ X oo X Zp’rrkr7
where ki >1 and 1 <t <tp < --- <ty for all i € [r]. Then

K(Ge(G)) <pi'p3 ---pit — o' PF - p}).

When G is a p-group, the following result gives the exact value of the vertex
connectivity of G.(G).

Theorem 1.7 Let G be a non-cyclic abelian non-p-group such that G = Gy %
Z,,gcd(|Gi|,n) =1 and Gy is a p-group with no cyclic sylow subgroup. Then
k(G.(G)) = n.
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2 Preliminaries

We first recall some earlier known results on enhanced power graphs which we need
throughout the paper. Bera et al. [7], studied about the completeness, dominatability
and many other properties of enhanced power graph of finite group. In fact, they
proved the following:

Lemma 2.1 (Theorem 2.4, [7]) The enhanced power graph G.(G) of the group G is
complete if and only if G is cyclic.

Lemma 2.2 (Theorem 3.3, [7]) Let G be a non-abelian 2-group. Then the enhanced
power graph G.(G) is dominatable if and only if G is generalized quarternion

group.

Lemma 2.3 (Theorem 3.1, [7]) Let G be a finite group and n e N. If
gcd(|G|,n) = 1, then the enhanced power graph G.(G x Z,) is dominatable.

Lemma 2.4 (Lemma 2.1, [7]) Let a,b € G with o(a) = o(b) and {(a) # (b). Then x
is not adjacent with y for every x € Gen(a) and y € Gen(D).

We next prove some important lemmas which are used to prove our main
theorems.

Lemma 25 Let G be a finite group and x,y € G\ {e} be such that
ged(o(x),0(y)) = 1 and xy = yx. Then, x~y in G,(G).

Proof Let o(a) =m and o(b) =n. Now ged(m,n) =1 implies that n®(") =

mk + 1,k € N, ( by Euler’s theorem ). Again, ab = ba implies that (ab)"W] =
a”" b = ™" = g™+ = g, As a result, a € (ab). Similarly we can prove that

b € (ab). Consequently, a ~b in G*(G). O

Lemma 2.6 Let G be a p-group. Let a, b be two elements of G of order p,p'(i > 1)
respectively. If there is a path between a and b in G,(G), then {(a) C (b). In
particular, if both a and b have order p, then, {a) = (D).

Proof Leta=aj;~ay~ --- ~a, = bbe apath between a and b. Now a = a; ~a,
implies that there exists x € G such that a;,a, € (x). As a result, a; € (ay) (since a
cyclic group has a unique subgroup corresponding to each divisor of the order of the
cyclic group). Now, a; ~az and G is a p-group, then either a; € (a3) or a3 € {(az).
Clearly for both of the cases a; € {a3). Continuing this process we can conclude
that a € (b). O

Lemma 2.7 Let G be any non-cyclic group. For any dominating vertex v(# e) of G
there exists a prime p dividing o(v) such that G has a unique subgroup of order p.

Proof Let v # e be a dominating vertex and o(v) = m. Let p be a prime divisor of
m and m = rp. We claim that H = (V") is the unique subgroup of order p in G.
Consider x € G such that o(x) = p. Since v is dominating vertex, we have x~v.
Thus, there exists a cyclic subgroup A such that x,v € A. Then o(x) = p implies that
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x € (v). If x = v, by division algorithm it can be shown that ¢ has to be a multiple
of r and thus x € H. This completes the proof. O

We next move on to the most important result of this section.

Theorem 2.8 For any group G, the graph P*(G) is connected if and only if the
graph G, (G) is connected.

Proof The forward implication is easy. That is, if P*(G) is connected then G (G) is
of course connected. We prove the other direction. Let, Q:(G) be connected and
a,b € P*(G). As G,(G) is connected, there exists a patha =a;~ay~ --- ~a, =
b. Now, a; ~a;iy1 in G,(G)=> there exist b; € G such that both a; and a;;; € (b;). In
that case, a; ~ b; ~a;,1. Therefore, we have a = a; ~b; ~ay~by~az--- ~a,, =
b in P*(G). This completes the proof. O

Therefore, for any graph G, the information about the connectivity of one of the
two graphs P*(G) and G, (G) gives information about the connectivity of the other
one.

3 Proofs of Main Results About Vertex Connectivity of G.(G) When
G is Abelian

Proof of Theorem 1.1 First suppose that G is non-cyclic abelian p-group. Clearly G
has at least two distinct cyclic subgroups H; = {(a) and H, = (b) of order p. Now by
Lemma 2.6, there is no path joining a and b in G, (G), otherwise H; = H,. The proof
is complete. O

Proof of Theorem 1.2 G is non-cyclic abelian p-group. Therefore, by Theorem 1.1,
k(G.(G)) = 1.

For the converse part, let G be a finite abelian group which is not a p-group. Let,
P1,P2, . . -, Pk be the prime factors of IGl. Let, a,b € G and o(a) = py'p5’ - - - p;* and
o(b) = pi'py - -pi'. We consider the following two cases:

Case 1: There exists distinct i and j with r; # 0 and s; # 0. Then the elements

o Tio1 pTit Tk S1 .52 Sji=1_,Sj+1 Sk Ti Si
pi'py opitipiy o opga and pypy - -pliply - oo pib are of order p;' and p;

Fie1 . lit1

respectively. ~ Thus, by Lemma 2.5, pi'py---pi=ipiil...pfa and

pipy - p;’: ip;ﬁ:i - pi*b are adjacent. Therefore we have

arpypy - pimipit - praspyYpy P - pikb ~ b
That is, there exists a path of length <3 between a and b. We observe that this case
takes care of everything except when both o(a) and o(b) are power of the same
prime py for some 1 </ <k which we consider next.
Case 2: o(a) = p;’ and o(b) = p;’. Let, ¢ be an element of order p; in G with
i # (. Then by Lemma 2.5, we have a~c~b. Thus, G,(G) is connected. This
completes the proof. O

By Theorem 2.8, we immediately get the following corollary on the connectivity
of the power graphs.
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Corollary 1 Let G be a finite non-cyclic abelian group. Then k(P(G)) is equal to 1
if and only if G is a p-group.

Proof of Theorem 1.4 We show that (e, x) is a dominating vertex, where e is the
identity element of the group G and x is a any element of the group Z,. Consider an
arbitrary vertex (g, y) of the graph G,.(G x Z,,).

Case 1: Let g =e. Let a be a generator of the cyclic group Z,. Now y € Z,
implies that (e, y), (e,x) € ((e,a)) and so (e,x) ~ (e,y).

Case 2: Let g # ¢ and y = 0. [Here 0 actually means the additive identity of the
group Z,]. We show that (g,0), (e,x) € {(g,a)). First we show that (e,a) € ((g,a)).
Let o(g) = m. Now ged(|G|,n) = 1 implies that gcd(m,n) = 1. Then by Euler’s
theorem  m®") =nl + 1,0 € N.  Therefore, (g,a)mwn) = (g a""") =
(e,a™*") = (e,a). Hence, (e,a) € ((g,a)). Now we show that (g,0) € {(g,a)). It
is given that gcd(m,n) = 1. So, by the Euler’s theorem, n®"™) = mk + 1,k € N.
Hence (g,a)"" = (g""",0) = (¢+1,0) = (g,0). Consequently, (g,0) € {(g,a)).

Case 3: Let g # e and y # 0. We show that (g,y), (e,x) € {(g,a)). Already we
have proved that (g,0),(e,x) € ((g,a)). Since a is a generator of Z,, (e,y) €

((e,a)) C {(g,a)). Hence (g,y) = (g,0)(e,) € ((g,a)).
To finish the proof we have to show that if (g, z) is a dominating vertex, then g

must be the identity of G. Let
G= sz]“ X Zprllz X Zp’;g X oo X Zprllk, X Zp?l X Zplzzz X o

X Zpr;kz Xoooo X L X L Xeee X Zpr,,k,.,

where k; >2 and 7;; <tp < --- <ty, for all i € [r]. Let

Vv = (xpf]n ,sz]lz yo 'xpfllkl ,xpfzﬂ g -7xp’22k2 P ~,xpfrlr7xp:‘2,, .. .,)Cprr,k,. s Z)

be a dominating vertex. We will prove that, for each i € [r] and j € [ki],xu =

Xpjn = =Xy = 0. [Here O actually means the additive identity of the group

Zpr,:,-]. Consider the element

/

Vv = (O, 07 .. '70>gp’lk] ,0,0, .. .,gp%,O, .. .,O,gpr,k,,zl)7
1 2 r

where 8 is a generator of the cyclic group Zp’ik, for each i € [r] and 7 is a

generator of Z,. As v is a dominating vertex of the graph G.(G), we have v~ in

G.(G). Clearly, V' is an element of maximum ordered. So, we have v € (/). As a

result, for each i € [r] and j € [k; — 1},xp;,»1 =Xy ==Xy = 0, ie.,
v=1(0,0,.. "O’Xp'l‘*l ,0,0,. .., O,xpr;kz 0,0, O’Xp',’k"’z)'

Now we show that X = 0, for all i € [r]. Suppose at least one of the X i is non-

zero. Without any loss of generality we assume that x », # 0. Consider v; =
Py
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(x,0,0,...,0,0,0), (last zero is the identity of cyclic group Z,) where x € Zpr,k]
1

with o(x) = py. Then p; divides o(v). If v~ v, then there exists a cyclic subgroup
C of G X Z, such that v,v; € C. Then o(v;) = p; and p; divides o(v). This implies
that v; € (v), which contradicts that x # 0. This completes the proof. O

We next consider the connectivity of the proper enhanced power graph G.*(G),
when G is abelian.

Proof of Theorem 1.5 First we show that if Gy is a p-group, then G."(G) is
disconnected. By Theorem 1.4, order of each element of G, (G) is divisible by p. So
applying the proof of the lemma 2.6, we get that for two elements a = (x,0) and
b= (x,y") of G*(G), with o((x,0)) = p and x’ # e, if there exists any path joining
aand b, then ((x,0)) is contained in or equal to ((x’,y’)). In particular, if both a and
b have order p, then the existence of a path joining @ and b implies that (a) = (b).
Since, G, is noncyclic abelian p-group, there exist two elements a and b of order p
such that (a) # (b). So by our previous observation, a is not path connected to b.

Conversely, suppose that Gy is non-p-group. Then we show that G*(G) is
connected. Here we have two cases.

Case I: Let (x1,0) and (x,,0) be two elements of Gy X Z, such that x; # e and
X, # e. Then by same argument as in proof of converse part of Theorem 1.2, (x1,0)
and (x2,0) are path connected in G."(G).

Case 2: Let (x1,y1),(x2,y2) € V(G.*(G)). Clearly, (x1,y1)~ (x1,0) and
(x2,0) ~ (x2,y2). Again there is a path between (x;,0) and (x»,0) in G.*(G) by
Case 1. Therefore, (x1,y1) and (x2,y2) are path connected in G."(G). Hence the
graph G.*(G) is connected. This completes the proof. O

Proof of Theorem 1.6 Let H = (a) be a cyclic subgroup of G, where a =
(@11,0;...,0,a21,0,..,a1,0...,0), and @y € Zu such that o(an) = pj!, for i =
1,2,...,r. H is maximal cyclic subgroup of G.

Now we show that for any b € G\ H, there is no edge between b and any
element in Gen(a). If possible there exists x € Gen(a) such that b~ x in G.(G). Then
there exists a cyclic subgroup K of G such that b,x € K. Again H is a maximal
cyclic subgroup of G which is also generated by x. Therefore, K = (a) = H. Hence
a contradiction as b € G\ H. Clearly, if we remove the identity and non-identity
non-generators elements from the cyclic subgroup H, then the graph will be
disconnected and the number of deleted vertices is p|'p5'...p" — ¢(p}'p5'. . .p'n).
Hence the result. O

From Theorem 1.6, we immediately have the following corollary on the vertex
connectivity of power graphs of any non-cyclic abelian group.

Corollary 2 Let G be a non-cyclic abelian group such that
G = Zpl]” X Zplllz X prllj; X - X Zpll]kl X Zpl221 X Zplzzz

X o ><Zp:22k2 Xoooo X L X L X - szi’k”

where ki > 1 and 1 <t <tp < --- <ty, for all i € [r]. Then
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K(P(G)) <piip2 - pin — p(pip2 - pi).

Proof of Theorem 1.7 Proof of this theorem follows from Theorems 1.4 and 1.5. O

3.1 The Number of Components of G, (G) When it is Disconnected

So far, we have characterized the abelian groups for which the proper enhanced
power graph is disconnected. In this context, the natural question that comes to our
mind is the number of connected components of the subgraph G.*(G). By
Theorem 1.5, the proper enhanced power graph G.*(G) for a finite abelian group G
is disconnected when G is either a non-cyclic p-group or G = G| x Z, where G is
an p-group and ged(p, n) = 1. Here, we explicitly count the number of components
for those G.

Theorem 3.1 Let G be a finite abelian p-group. Suppose that
G=2Zn XZyy X+ X Zpr.

where r>2 and t) <t < --- <t,. Then, the number of components of G,"(G) is
p—1

=1

Proof 1t is easy to show that there are p” — 1 elements of order p. For any element a
of order p, the p — 1 non-zero scalar multiples of a must be in the same component.
Moreover, by Lemma 2.6, if any two elements of order p are connected by a path,
then one of them must be the multiple of another. Henceforth, there are exactly
p — 1 members of order p in any component. Thus, the number of connected

components of G (G) is 'ﬁ .

It is quite interesting to note that the number of components of the proper
enhanced power graph of a finite abelian non-cyclic p-group is independent of the
exponent #;’s. In the next result, we prove that this phenomenon is observed also in
the case when G = Gy x Z, where G; is an p-group and gcd(p,n) = 1. Let
C(G.)"(G)) be the set of connected components of the proper enhanced power graph

9.’ (G).

Theorem 3.2 Let G be an abelian group such that G 2 Zyn X Zpyn X -+ X Ly X

Z,, where r >2 and gcd(p,n) = 1. Then, the number of components of G.*(G) is

p—1
p—1"

Proof Let, G| = Ly X Ly X -+ X L. By Theorem 3.1, the number of con-

nected components of G.*(Gy) is ’%. Let, Cy,Cy,...,Cy1 be the components of
p—1
C(G,7(G)). Define f : C(G,"(G1))—C(G,"(G1 x Z,)) by
f(C) =Ci x Z,.
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At first, we show that there is no path in between C; x Z, and C; x Z, for
1<i<j< ’%. Let, there exists an path between (aj,b;) and (a,,b) where

a; € G, a € G and bi,b, € 7,. If possible, let
(al,bl)N(Cl,dl)N(Cz,dz)N N(C,n_l,d,n_l)N(az,bz) in QZ*(G) where
€1,C2,..Cn_1 € Gy and d,,dp,...,d,_1 € Z,. Then cy,c3,...,cp_1 Must be non-

zero elements of G;. This proves that a; and a, are connected by a path in G,(G)
which contradicts the fact that C; and C; are distinct connected components of

G.*(Gy). Therefore, the number of components of G.*(G) is at least ’%.
Moreover, it is clear that the number of elements of order p in G is ’%. Any

element of order > p is adjacent to an element of order p. Therefore, the number of
components of G.*(G) should be exactly equal to ‘%. The proof is complete. [

4 Vertex Connectivity of Some Non-abelian Groups

In this section, we discuss the vertex connectivity of some interesting classes of
non-abelian groups. We start with the dihedral groups. We need the structures of
these groups to determine the vertex connectivity. For n > 2, the dihedral group of
order 2n is defined by the following presentation:

2

Dy = (r,s: 1" =5>=e,rs=sr").

We also consider the generalized quarternion groups Q.. Let x = (1,0) and y =

(0,1). Then Qx = (x,y), where

(1) x has order 2"~! and y has order 4,
(2) every element of QO can be written in the form x* or x%y for some a € Z,

3) =),
(4) for each g € Q%" such that g € (x), such that gxg~! = x~1.
For more information about D,,, and O, see [13, 16, 27].

Theorem 4.1 Let G be the dihedral group of order 2n. Then k(G.(G)) is equal to 1.
Moreover, the number of components of G.*(G) is n + 1.

Proof Consider the following n + 1 sets:
Sy ={rs}, S = {r's}, .., Su1 = {5}, 8, = {s}, 801 = {r, 7%, L

We observe that G \ {¢} = U?illSi and for 1 <i<j<n. Moreover, the power of any
element of S; must be in S; itself in G\ {e}. Therefore, there can be no edge
between S; and §; for distinct 7, j. This completes the proof. U

Theorem 4.2 For n>3, let Oy be the generalized quaternion group. Then the
vertex connectivity of G,(Qa) is 2. Moreover the number of components of G." (Qa»)
is 272 4 1.
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Proof (. is generalized quaternion group, so Q,« is a 2-group and it has a unique
minimal subgroup of order 2. Let g € O« such that o(g) = 2. Then by Lemma 2.2,
g and e are adjacent to all other vertices in G.(Qy+). For this reason to disconnect the
graph we have to delete the vertices e, g. Consequently, k(G.(Q)) > 2. Now we
show that after removing the vertices e and g from V(G,(Q2)), the graph G.*(Qan)
will be disconnected. Let x € Oy such that o(x) = 2"~ and H = (x). We will prove
that there is no edge between the vertices in H and Q \ H. If forany y € Qo \ H is
adjacent to a vertex of H, then y should belong to H, (since H is the only subgroup
of order 2"~! and there is no other subgroup of order > 2"!) a contradiction. So
the graph is disconnected. Moreover it is clear that there is no edge between the
vertices in Gen(y) and Gen(z), where y,z € Oy \ H such that o(y) = 4 = o(z) and
(v) # (z). Hence the number of components in G:*(Qa») is 2"~ + 1 (as the number
of 4-ordered element in Oy \ H is 2"~! and ¢(4) = 2). O

Corollary 3 Let Oy be the generalized quaternion group. Then the enhanced power
graph G,(Qa) is connected but the proper enhanced power graph G, (Qx) is
disconnected.

We next consider the family of symmetric groups &,,. [16] is a good reference for
this. Recall from Sect. 1 that P(G) denotes the power graph of G. Let, P*(G)
denote the power graph of G after deleting the identity. Doostabadi et al. [15]
proved the following theorem on the vertex connectivity of power graphs [15].

Theorem 4.3 Let G = S, be a symmetric group with n> 3. Then

(1) If n>3 and neither n nor n — 1 is a prime, then P*(G) is connected.
(2) If nis such that either n or n — 1 is a prime, then P*(G) is disconnected.

We prove an analogous result corresponding to the enhanced power graph of S;,.
For this, we first prove that G,(€,,) has no dominating vertex.

Lemma 4.4 Forn >3, the enhanced power graph G.(S,) has no dominating vertex
other than identity. Therefore, for n>3, the graphs G,(S,) and G," (&) coincide.

Proof We first prove it when n is composite. Let a # e be a dominating vertex. By
Lemma 2.7, there exists a prime p dividing o(a) such that G has a unique subgroup
of order p. But we can take C; = ((1,2,...,p)) and C, = ((2,3,...,p+ 1)) and
arrive at a contradiction. We next consider the case when n is prime, say n = p. Let
a # e be a dominating vertex. Then, a~ ((1,2,...,p)). So, they are contained in a
cyclic subgroup, say A of G. Now, there cannot be a subgroup of G which properly
contains {(1,2,...,p)). Hence, a€ ((1,2,...,p)) and consequently (a)=
((1,2,...,p)). Again, since a is a dominating vertex, a~ (1,2). Now, applying
the similar argument as above, we see that (1,2) € (a), which is not possible. The
proof is complete. U

Theorem 4.5 For positive integers n >3, k(G.(S,)) = if and only if either n or
n — 1 is prime.
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Proof By Lemma 4.4, we have G,(S,) = G;"(Sy,). So, by Theorem 2.8, G.*(S,,) is
connected if and only if P*(S,) is connected. Now, the proof is complete using

Theorem 4.3. O

Let, A, C S, be the alternating group. The family of alternating groups is an
interesting subgroup of the set of even permutations in &,,. Doostabadi et al. proved
the following theorem on the vertex connectivity of power graphs [15].

Theorem 4.6 Let G = A, be the alternating group and n> 4. Then

() If n,n—1,n—2,n/2,(n—1)/2,(n—2)/2 are not primes, then P*(G) is
connected.

(2) If nissuch that any one of n,n — 1,n—2,n/2,(n —1)/2,(n — 2)/2 is prime,
then P*(G) is not connected.

We start with showing that G,(.A,) has no dominating vertex.

Lemma 4.7 Forn >4, the enhanced power graph G,(A,) has no dominating vertex
other than identity. Therefore, for n >4, the graphs G,(A,) and G,"(A,) coincide.

Proof Let, a # e be a dominating vertex. By Lemma 2.7, there exists a prime p
such that G has a unique subgroup of order p. If p >4, take C; = ((1,2,3,...,p))
and C; =((1,3,2,...,p)). If p=3, take C, =((1,2,3)) and C; = ((2,3,4)).
When p =2, let C; = ((1,2)(3,4)) and C, = ((1,3)(2,4)). Thus, in each case, we
can verify that both C; and C, are even permutations and this contradicts Lemma
2.7. This completes the proof. O

From Theorem 4.6 and Lemma 4.7, we prove the following theorem.

Theorem 4.8 For positive integers n>"1, 1(G.(A,)) =1 if and only if one of
nn—1ln—2n/2 (n—1)/2,(n—2)/2 is prime.

Proof By Lemma 4.7, we have G,(A,) =G,"(A,). Now, we are done using
Theorems 2.8 and 4.6. U
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