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Abstract

A clique of a graph G is a set of pairwise adjacent vertices of G. A clique-coloring
of G is an assignment of colors to the vertices of G in such a way that no inclusion-
wise maximal clique of size at least two of G is monochromatic. An
equitable clique-coloring of G is a clique-coloring such that any two color classes
differ in size by at most one. Bacsé and Tuza proved that connected claw-free
graphs with maximum degree at most four, other than chordless odd cycles of order
greater than three, are 2-clique-colorable and a 2-clique-coloring can be found in
O(n?) Bacs6 and Tuza (Discrete Math Theor Comput Sci 11(2):15-24, 2009). In
this paper we prove that every connected claw-free graph with maximum degree at
most four, not a chordless odd cycle of order greater than three, has an
equitable 2-clique-coloring. In addition we improve the algorithm described in the
paper mentioned by giving an equitable 2-clique-coloring in linear time for this
class of graphs.

Keywords Equitable clique-coloring - Claw-free graph - Linear time
algorithm

Mathematics Subject Classification 05C15 - 05C69

This research was partially supported by National Nature Science Foundation of China (Nos. 11601262
and 11801361) and Shanghai Nature Science Foundation of China (No. 18ZR1416300).

DX Zuosong Liang
liangzuosong @ 126.com

School of Management, Qufu Normal University, Rizhao 276800, China

School of Statistics and Information, Shanghai University of International Business and
Economics, Shanghai 201620, China

Wuxi City College of Vocational Technology, Wuxi 214153, China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00373-020-02253-x&amp;domain=pdf
https://doi.org/10.1007/s00373-020-02253-x

446 Graphs and Combinatorics (2021) 37:445-454

1 Introduction

All graphs considered here are finite, simple and nonempty. Let G = (V,E) be a
graph with vertex set V and edge set E. For a vertex v € V, the open neighborhood
N(v) of v is defined as the set of vertices adjacent to v, i.e., N(v) = {u | uv € E}.
The degree of v is equal to IN(v)l, denoted by dg(v) or simply d(v). By 6(G) and
A(G), we denote the minimum degree and the maximum degree of the graph G
respectively. For a subset S C V, the subgraph of G induced by S is denoted by
G[S].

A clique of a graph G is a set of pairwise adjacent vertices of G. A clique on m
vertices is called an m-clique of G. To simplify notation, we often denote a clique
{V1,V2, ey Vi } simply by [vivy...v,]. A clique-coloring, also called weak coloring in
the literature, of G is an assignment of colors to the vertices of G in such a way that
no inclusion-wise maximal clique of size at least two of G is monochromatic. A k-
clique-coloring of G is a clique-coloring ¢: V — {1,2,...,k} of G. If G has a k-
clique-coloring, we say that G is k-clique-colorable. The clique-chromatic number
of G, denoted by y-(G), is the smallest integer k such that G is k-clique-colorable.
Clearly, every proper vertex coloring of G is also a clique-coloring, and so
%c(G) < 7(G). Furthermore, if a graph G is triangle-free, then clique-colorings of G
coincide with proper vertex colorings of G. This implies that there are triangle-free
graphs of arbitrarily large clique-chromatic number since there are triangle-free
graphs of arbitrarily large chromatic number [12]. In general, clique-coloring can be
a very different problem from ordinary vertex coloring. The most notable difference
is that clique-coloring is not a hereditary property: it is possible that a graph is k-
clique-colorable, but has an induced subgraph that is not [1]. For example, let G be a
graph with y(G) > 2 and G’ be obtained from G by adding a vertex adjacent to all
vertices of G. Clearly, x(G’) =2 while y-(G) > 2. Another difference is that a
large clique is not an obstruction for k-clique-colorability: even 2-clique-colorable
graphs can contain arbitrarily large cliques. For example, a complete graph is 2-
clique-colorable. Determining y(G) is hard: to decide if y- = 2 is NP-complete on
3-chromatic perfect graphs [16], graphs with maximum degree 3 [1] and even (K4,
diamond)-free perfect graphs [8]. Clique-coloring has received considerable
attention ( [4-6, 9, 11, 17-22]).

An equitable vertex-coloring of G is a proper vertex-coloring such that any two
color classes differ in size by at most one. Equitable vertex-coloring of graphs is
widely researched in the literature [7, 10, 13—15]. An equitable clique-coloring of
G is a clique-coloring such that any two color classes differ in size by at most one. If
G has an equitable clique-coloring with k colors, we say that G is equitably k-clique-
colorable. Note that if a graph G is triangle-free, then equitable clique-colorings of
G coincide with equitable proper vertex colorings of G. Equitable clique-coloring of
graphs can also be considered an example of the equitable coloring of hypergraphs
proposed by Berge [3].

Note that, if G is 2-clique-colorable, it is not necessarily equitably 2-clique-
colorable. For example, the star graph K ; (k > 3) is 2-clique-colorable while it has
no equitable 2-clique-coloring. Bacs6 and Tuza proved that every connected claw-
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free graph with maximum degree at most four, other than an odd cycle of order
greater than three, is 2-clique-colorable and a 2-clique-coloring can be found in
O(n?) time [2]. In this paper we prove that every connected claw-free graph with
maximum degree at most four, other than an odd cycle greater than three, is also
equitably 2-clique-colorable. In addition we improve the algorithm from [2] by
giving an equitable 2-clique-coloring in linear time for this class of graphs.

2 Results and Proofs

In this section, we discuss equitable clique-coloring in claw-free graphs with
maximum degree at most 4. Given a graph F, a graph G is said to be F-free if no
induced subgraph of G is isomorphic to F. The claw is the complete bipartite graph
K 3 and the diamond 1is the graph obtained from the complete graph K4 by deleting
one edge. First, for claw-free and diamond-free graphs, we have the following
lemma.

Lemma 1 Let G be a (claw, diamond)-free graph, none of whose components is an
odd cycle of length greater than three. Then G is equitably 2-clique-colorable.

Proof We prove the lemma by induction on the order n of G. If G has at most three
vertices, the lemma is trivial. Now, fix n > 4, and assume inductively that the lemma
holds for graphs of order less than n. In the following, we will prove that G is
equitably 2-clique-colorable when the order of G is n. Suppose first that G is
disconnected. By the induction hypothesis, we can equitably clique-color each
component of G with colors r and g. After possibly permuting colors, we can obtain
an equitable clique-coloring of G. From now on, we assume that G is connected. Let
v be an arbitrary vertex of G. We have the following claims.

Claim 1 There are at most two maximal cliques containing v and any two maximal
cligues of G have at most one common vertex. We prove Claim 1 as follows. Since G
is connected and has at least four vertices, we know that N(v) # (. Since G is
diamond-free, G[N(v)] is P3-free, and it follows that N(v) can be partitioned into
(non-empty) cliques, with no edges between any two of them. Since G is claw-free,
the number of such cliques is at most two. Thus, there are at most two maximal
cliques containing v, and if there are exactly two such cliques, they have just one
vertex (namely v) in common. This proves Claim 1.
By Claim 1, we immediately get the following claim.

Claim 2 If C is an induced cycle of length greater than three in G, and x €
V(G) \ V(C) has a neighbor in V(C), then G|N(x) N V(C)] is isomorphic to either
K, or disconnected 2K,.

Claim 3 If G — v has an odd cycle of order greater than three as a component, then
G has an equitable 2-clique-coloring. We prove Claim 3 as follows. Since G is
connected, Claim 1 guarantees that G — v has at most two components. Let C =
uiuy...uju1 be a component of G — v that is an odd cycle of order greater than three.
If C is the unique component, then G = G[V(C) U {v}] and we can easily give an
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equitable 2-clique-coloring of G directly. If C is not the unique component,
G[N(v) N V(C)] is isomorphic to K,. Suppose not, by Claim 2, GIN(v) N V(C)] is
isomorphic to disconnected 2K, and there are already two maximal 3-cliques
containing v. Then C would be the unique component, a contradiction. Further, by
Claim 1, there exists exactly one maximal clique K containing v in G such that
KNV(C) =0 since C is not the unique component. If G — C — v is also an odd
cycle of order greater than three, by Claim 2, K is also a maximal 3-clique and we
can easily give an equitable 2-clique-coloring of G directly. If not, by induction,
G — C — v has an equitable 2-clique-coloring ¢ : V(G— C —v) — {r,g}. Let V,
and V, be the two color classes with r and g respectively. By symmetry, assume that
N(w)NV(C) = {ui,uj}. We can get an equitable 2-clique-coloring of G by
assigning v a different color from one vertex in K —v ( assume that ¢(v) = r),
o(u;) = g (if i is odd) and ¢(u;) = r (if i is even). This proves Claim 3.

If there is no maximal 2-clique containing v, then by Claim 1, for every maximal
clique K of G through v, K — v is a maximal clique of size at least two in G — v. If
G —v has an odd cycle of order greater than three as a component, then, by
Claim 3, G has an equitable 2-clique-coloring. If not, by the induction hypothesis,
G — v has an equitable 2-clique-coloring ¢ : V —v — {r,g}. Let V, = {x | ¢(x) =
r} and Vy = {x | ¢(x) = g}. Assume by symmetry that |V,| <|V,| < |Vy| + 1. We
can get an equitable 2-clique-coloring by assigning ¢(v) = g.

If there is a maximal 2-clique containing v, let P = ujuy...u; be a maximal path
(not necessarily induced) containing v such that every edge on the path forms a
maximal 2-cliqgue of G. By Claim 1, we have that d(u;) =2 when 1<i<}.
Obviously, d(uy) > 1 and d(u;) > 1. If d(u) = d(u;) = 1, then G = P and we can
give an equitable 2-clique-coloring of G directly. Suppose now that d(u,) = 1 and
d(u;) > 2. Then the maximality of P guarantees that d(u;) > 3. If G — u; has an odd
cycle of order greater than three as a component, by Claim 3, G has an equitable 2-
clique-coloring. If G —u; has no odd cycle of order greater than three as a
component, then by induction the component G — P has an equitable 2-clique-
coloring. Note that N(u;) — V(P) is a maximal clique of G — P by Claim 1 and the
fact d(u;)>3. Then N(u;) — V(P) is not colored monochromatically in the
equitable 2-clique-coloring of G — P. Hence, we can easily give an equitable 2-
clique-coloring of G from the equitable 2-clique-coloring of G — P. So we may
assume that d(uy) >2 and d(u;) > 2 in the following.

If P is not an induced path in G, then u, is adjacent to u; and, by Claim 1, G itself
is an even cycle or both u, and u; are in a clique of order at least three. If G is an
even cycle, obviously, G is equitably 2-clique-colorable.

If both uy and u; are in a clique K of order at least three and C = ujuy...uju; is
an odd cycle, let t be a vertex in K — u; — u; and K' be the other maximal clique
containing t in G (if such a K' exists). At this time, we assume that G — t has no odd
cycle of order greater than three as a component by Claim 3. We consider the graph
G—C—t If G=C—1t has an odd cycle C' of order greater than three as a
component, we claim that K is a clique of order five as follows. Obviously,
{t,uy,uj} CK. If K={t,uy,u;}, then C' is also a component of G—1t, a
contradiction to our assumption. If K is a clique of order four (assume that
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K = [twup), then K N V(C") = {p}. A claw would occur at p, a contradiction. If K
is a clique of order no less than six, then one component of G — C — t contains a
triangle of K. Thus C' must be a component of G — t since G — C — t has at most
two components by Claim 1, a contradiction to our assumption. So K is a clique of
order five (assume that K = [tuyu;pq|) and pq is an edge of C'. Then G[V(C) U
V(C")] is a component of G —t. In this case, we can easily get an equitable 2-
clique-coloring of G from the equitable 2-clique-coloring of G —t. So we may
assume that G — C — t has no odd cycle of order greater than three as a component.
By induction, G— C —1t has an equitable 2-clique-coloring. Let ¢ :V(G) —
V(C) —t — {r,g} be an equitable 2-clique-coloring of G — C —t. Let V, = {x |
¢(x) =r} and V, = {x | ¢(x) = g}. No matter |V,| = |V,| or not, we can get an
equitable 2-clique-coloring of G by assigning t a color different from one vertex in
K —t, ¢(w;) # ¢(t) (if i is odd) and ¢(u;) = ¢(t) (if i is even).

If both u; and u; are in a clique K of order at least three and C = ujuy...uju; is
an even cycle, we consider the graph G — C. If G — C is an odd cycle C' of order
greater than three, then K is a clique of order four as follows. If K is a clique of
order three (assume that K = [tuyu;]), then K N V(C') = {t}. A claw would occur at
t, a contradiction. If K is a clique of order no less than five, then G — C contains a
triangle of K and thus has no odd cycle of order greater than three as a component
since G — C is connected by Claim 1. So K is a clique of order four (assume that
K = [uu;pq)) and pq is an edge of C'. Then G = G[V(C) U V(C')] and we can give
an equitable 2-clique-coloring of G directly. If G — C is not an odd cycle C' of order
greater than three, we can easily get an equitable 2-clique-coloring of G from the
equitable 2-clique-coloring of G — C.

If P is an induced path in G, let K| be the other maximal clique containing u,
such that the order of K| is at least three and K, be the other maximal clique
containing u; such that the order of K is at least three. Both K| and K, exist by our
assumption that d(u,) > 2 and d(u;) > 2. We consider the graph G — V(P). If G —
V(P) has a component isomorphic to an odd cycle C = hyhy...h,,hy of order greater
than three, obviously, the neighbors of C are in {uy,u;}. Not losing the generality,
assume that hy is adjacent to u;. Then we have that hy € K| and K| is a maximal
clique of order three by Claim 2 (assume that Ky = [hihyu)). If uy is the unique
neighbor of C, then C is also a component of G —u;. By Claim 3, G has an
equitable 2-clique-coloring. If u; is also a neighbor of C, then K, is also a maximal
clique of order three. Then G = G[V(C) U V(P)] and we can give an equitable 2-
clique-coloring of G directly. If G — V(P) has no component isomorphic to an odd
cycle of order greater than three, by induction, G — V(P) has an equitable 2-clique-
coloring ¢ : V—V(P) = {r, gt Let V, ={x| ¢(x) =r} and V, = {x | ¢(x) = g}.
Not losing the generality, we may assume that |V,.| < |V,| <|V,| 4+ 1. Note that both
Ki —uy and K, — u; are maximal cliques of size at least two in G — V(P) by
Claim 1. Then we can get an equitable 2-clique-coloring of G from ¢ by assigning
¢(uw;) =rifiis odd and ¢(u;) = g if i is even. O

Remark Based on the proofs of Lemma 1, we can easily design an algorithm in
linear time for the equitable 2-clique-coloring in (claw, diamond)-free graphs with
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maximum degree at most 4, none of whose components is an odd cycle of length
greater than three.

Theorem 2 Every claw-free graph with maximum degree at most four, none of
whose components is an odd cycle of length greater than three, is equitably
2-clique-colorable.

Proof We prove the theorem by the induction on the order of G. If G has at most
three vertices, the theorem is trivial. Now fix n >4 and assume inductively that the
theorem holds for graphs of order less than n. In the following, we will prove that G
is equitably 2-clique-colorable when the order of G is n. Suppose first that G is
disconnected. We then equitably clique-color each component of G with colors r
and g. After possibly permuting colors, we can obtain an equitable clique-coloring
of G. From now on, we assume that G is connected. If G has no diamond as an
induced subgraph, then G is equitably 2-clique-colorable by Lemma 1. If not, let D
be a diamond with vertex set {ci,c2,f1,/>}, where the only non-edge is fif>. By
symmetry, we give an equitable 2-clique-coloring in the following cases.

Case 1: d(cy) = d(c2) = 3.

Then [cicyfi] and [cicpf>] are maximal 3-cliques of G. Consider the graph
G' = G — ¢| — ¢». We can easily see that the maximal cliques of size at least two of
G’ are also maximal cliques of G. Furthermore, since G is claw-free, no component
of G’ is a cycle of length greater than three. By induction, G’ has an equitable 2-
clique-coloring ¢ with two colors r and g. We can easily get an equitable 2-clique-
coloring of G from ¢ together with ¢(cy) = r and ¢(c2) = g.

Case 2: d(c;) =3 and d(c;) = 4.

Let f;5 be the fourth neighbor of ¢,. By the claw-freeness of G, f; is adjacent to f;
or f5. If f3 is adjacent to both f; and f>, we consider d(f3). If d(f3) = 3, by the claw-
freeness, G is a 4-wheel and G is equitably 2-clique-colorable. If d(f;) = 4, let f4 be
the fourth neighbor of f5. Since G is claw-free, f4 is adjacent to at least one of fi, f>.
If f4 is adjacent to both fi and f>, G is graph with six vertices and G is equitably 2-
clique-colorable. If not, assume that f; is adjacent to f, and non-adjacent to f;. Then,
since G is claw-free and satisfies A(G)<4, the degree of f; is 3. Let
G' =G —{c1,¢2,f1}. Then G’ is connected and not an odd cycle of order greater
than three. By induction G’ has an equitable 2-clique-coloring ¢ with two colors r
andg. Let V., = {x | ¢(x) =r} and V, = {x | ¢(x) = g}. Assume by symmetry that
[Vo| <|Vi| <|V,| + 1. We can get an equitable 2-clique-coloring by considering
o(f2) and ¢(f). If ¢(f2) = ¢(f3) = r, we can get an equitable 2-clique-coloring by
assigning $(c2) = d(c1) = g and @(fi) = r. If () = $(fs) = g or $(2) # (1),
we can get an equitable 2-clique-coloring by assigning ¢(c;) =r and
P(f1) = ¢(c1) =g

If f; is not adjacent to fi, then f; is adjacent to f>. In addition, if d(f2) = 3, we
consider G' =G — {cy,f2}. Then G’ is connected. Then [fic;] and [f3c;] are
maximal 2-cliques in G'. If G’ is an odd cycle, we can give an equitable 2-clique-
coloring of G directly. If not, by the induction, G’ has an equitable 2-clique-coloring
¢. From ¢, we can easily give an equitable 2-clique-coloring of G together with
d(c1) # o(f2). If d(f>) = 4, let f4 be the fourth neighbor of f,. Then by the claw-
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freeness f4 is adjacent to f3. We consider G' = G — {c1,/2}. Then G’ is connected. If
G’ is an odd cycle, we can give an equitable 2-clique-coloring of G directly. If not,
by the induction, G’ has an equitable 2-clique-coloring ¢. Note that [c,f1] and [cof3]
form maximal 2-cliques of G’. From ¢, we can easily give an equitable 2-clique-
coloring of G together with ¢(f2) # ¢(f3) and p(c;) = d(f3).

Case 3: d(c;) = 4 and d(c3) = 4.

If ¢ and ¢, have a common neighbor (say u), by the claw-freeness, u is adjacent
to f1 or f>. If u is adjacent to both f; and f,, then [cjcofau] and [cicafiu] form two
maximal 4-cliques of G. Then G — {c;,c;} is an odd cycle or has an equitable 2-
clique-coloring ¢. If G — {cy, c;} is an odd cycle, we can easily give an equitable 2-
clique-coloring of G directly. If not, we can easily give an equitable 2-clique-
coloring of G from ¢ together with ¢(cz) # ¢(c1). If u is adjacent to only one
vertex in {f,f>}, assume that u is adjacent to f3, then [c|c,f>u] forms one maximal
4-clique of G. If G — {cy,c2} has an odd cycle C of length greater than three as a
component, by the limitation of degree and the claw-freeness, we may assume that
C = uhyhy...hifou. In this case, let G’ = G — C — ¢; — ¢;. Then G’ is connected and
has an equitable 2-clique-coloring ¢. Let V,={x|¢(x)=r} and
Ve ={x| ¢(x) =g}. Not losing the generality, assume by symmetry that
[Ve| <|Vi| <|Vg| + 1. From ¢, we can give an equitable 2-clique-coloring of G
by assigning ¢(c1) # d(c2), p(u) = ¢(fz) = g, ¢(h;) = r (if i is odd) and ¢(h;) =
g (if i is even). If G — {cy, 2} has no odd cycle of length greater than three as a
component, by induction, G — {c1, ¢, } has an equitable 2-clique-coloring ¢ and we
can easily get an equitable 2-clique-coloring from ¢ by assigning ¢(c1) # ¢(cz2). If
¢y and ¢, do not have a common neighbor, let u; be the fourth neighbor of ¢; and u,
be the fourth neighbor of c¢,. By the claw-freeness and the limitation of degree, we
just consider the following cases by symmetry.

Case 3.1: {uifi, mifa, uaf1, usf>} C E(G). Then, no matter whether u; is adjacent
to up, G is a graph of six vertices by the claw-freeness and has an equitable 2-clique-
coloring.

Case 3.2: {uifi,uifo,uzf1} C E(G) and uyf> ¢ E(G). In addition, if d(u;) = 3,
then d(f,) = 3 by the limitation of degree and the fact that G is claw-free. In this
case, let G' = G — {c1,¢2,f1,/2,u1}. Then G’ is connected and (by claw-freeness)
not an odd cycle of order greater than three and so by the induction hypothesis, G’ is
equitably 2-clique-colorable. Let ¢ : V(G') — {r,g} be an equitable 2-clique-
coloring of G'. Let V, = {x|¢(x)=r} and V, = {x| ¢(x) =g}. Assume by
symmetry that |V,| <|V,| <|V,| + 1. We can get an equitable 2-clique-coloring by
assigning ¢(c;) = ¢(c2) =r and é(fi) = ¢(f) = ¢(u1) =g. If not, then
d(u;) = 4. Let w be the fourth neighbor of u;. If w = uy, then u; is adjacent to
uy. Since G is claw-free and connected, G is a graph of six vertices and G has an
equitable 2-clique-coloring. If w # u,, by the limitation of degree and claw-
freeness, w is adjacent to f>. In this case, let G' = G — {cy, ¢2,f1, /2, u1 }. Then since
G is claw-free, no component of G’ is an odd cycle of length greater than three, and
so by the induction hypothesis G’ is equitably 2-clique-colorable. Let ¢ : V(G') —
{r,g} be an equitable 2-clique-coloring of G'. Let V, = {x| ¢(x) =r} and
Ve = {x | ¢(x) = g}. Assume by symmetry that |V,| <|V,| < |V,| + 1. We can get
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an equitable 2-clique-coloring by assigning ¢(ci) = ¢(c2) = ¢p(u1) =g and
o(fi) = o(f2) =r.

Case 3.3: {uifi,uzf1} C E(G) and uifo, uof> € E(G).

If uy is adjacent to u, by the claw-freeness of G, G' = G — {cy, ¢z, fi,u1,uz } has
no odd cycle of order of greater than three as a component. By induction G’ has an
equitable 2-clique-coloring ¢ with two colors r and g. Let V, = {x | ¢(x) = r} and
Ve, ={x | ¢(x) = g}. Assume by symmetry that |V,| <|V,| <|V,| + 1. We can get
an equitable 2-clique-coloring by assigning ¢(c;) = ¢(fi) = ¢p(up) =g and
¢(c2) = ¢(uy) =r. If uy is not adjacent to up, let G' =G — {cy,c;}. Since
dg(fi) =4, [fiu1] and [fiuz] are two maximal 2-cliques of G’. If G’ has one odd cycle
C as a component, we may assume that C = ufiush;....hju; where j is even. In this
case, by induction, G” = G — C — ¢| — ¢; has an equitable 2-clique-coloring ¢ with
two colors r and g. Let V, = {x | ¢(x) =r} and V, = {x | ¢(x) = g}. Assume by
symmetry that |V,| <|V,| <|V,|+ 1. We can get an equitable 2-clique-coloring by
assigning @(u1) = 9(f1) = d(cz) = g d(c1) = dluz) = 1, B(hy) = g (if i s odd)
and ¢(h;) = r (if i is even). If G’ has no odd cycle as a component, we can easily get
an equitable 2-clique-coloring of G from an equitable 2-clique-coloring ¢ of G’ by
assigning ¢(c1) # d(c2).

Case 3.4: {u\f1,u2f>} C E(G) and u1f>, uofy € E(G).

If d(f;) =3, let G’ =G — {c,,f2}. At this time, by the claw-freeness and the
limitation of degree, no matter whether u; is adjacent to uy, G’ has no odd cycle of order
greater than three as a component. By induction, G’ has an equitable 2-clique-coloring
¢. Then we can get an equitable 2-clique-coloring of G by assigning ¢(cz) # ¢(c1)
and ¢(f2) = ¢(c1). If not, by symmetry, we assume that d(f>) = d(f;) = 4. Letw, and
wy be the fourth neighbors of f; and f, respectively (w; and w, are not necessarily
distinct). By the claw-freeness, wiu; and wou, are edges of G. If w; = w,, then Gisa
graph with seven vertices and G has an equitable 2-clique-coloring. If w; # w,, by the
claw-freeness and the limitation of degree, u; is not adjacent to u,. Let
G' =G —{c1,¢2,f1,/2}- Then G’ has no odd cycle of order greater than three as a
component. By induction, G’ has an equitable 2-clique-coloring ¢. Then we can get
an equitable 2-clique-coloring of G by assigning ¢(fi) # ¢(u1), ¢(c1) = ¢p(ur),
?(f2) # ¢(u2) and ¢(c2) = P (uz). O

Based on the proofs of Lemma | and Theorem 2, we design a linear time
algorithm to find an equitable 2-clique-coloring of this class of graphs as follows.
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Algorithm 1: Construction of an equitable 2-clique-coloring A(G)

Input: A claw-free graph G = (V, E) of maximum degree at most 4 none of whose
components is an odd cycle of length greater than three
Output: An equitable 2-clique-coloring of G
1 Find a diamond D of G. If G has no diamond, give an equitable 2-clique-coloring ¢ of
G (see Lemma 1). If not, turn to Step 2.
2 Construct a graph G’ with fewer vertices than G (see Theorem 2).
3 Give an equitable 2-clique-coloring ¢’ of G’ by running A(G’) or give an equitable
2-clique-coloring of G directly.
4 From ¢’ give an equitable 2-clique-coloring ¢ of G (see Theorem 2)
5 Return ¢

Theorem 3  Algorithm 1 is a linear time algorithm ( where the input size is the
number n of vertices).

Proof We prove the theorem by the induction on the order of G. Assume that it
holds when the order is less than n. In step 1, we can find a diamond or not by
checking every vertex. Since the maximum degree of G is at most 4, the time in step
1 is linear. If G has no diamond, we can give an equitable 2-clique-coloring ¢ of G
in linear time by the idea in Lemma 1. In step 2, we can construct a graph G’ in
linear time at most by the idea in Theorem 2. In step 3, by induction, we can give an
equitable 2-clique-coloring ¢' of G’ in O(|G'|). In step 4, the time is O(n) at most.
Thus the total time is also O(n). O

3 Conclusion

In this paper we prove that every connected claw-free graph with maximum degree
at most four, other than a chordless odd cycle of order greater than three, is also
equitably 2-clique-colorable. In addition we improve the algorithm in [2] by giving
an equitable 2-clique-coloring in linear time for this class of graphs. At last, we
propose the following problem.

Problem 4 Find the maximum integer k such that there is an equitable 2-clique-
coloring in claw-free graphs with maximum degree at most k none of whose
components is an odd cycle with order greater than three.

Note that k <7 in this problem. By the Ramsey number R(3,3) = 6, we have that
the line graph of K is not 2-clique-colorable. Since line graphs are claw-free and
L(Ks) is a graph with maximum degree 8, it follows that k <7.
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