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Abstract

Let t;; be the coefficient of x'y/ in the Tutte polynomial T(G; x, y) of a connected
bridgeless and loopless graph G with order v and size e. It is trivial that tp ., = 1
and #,_; o = 1. In this paper, we obtain expressions for another six extreme coef-
ficients #;;’s with (i,j) = (0,e —v),(0,e —v —1),(v —2,0),(v —3,0),(1,e — v) and
(v—2,1) in terms of small substructures of G. We also discuss their duality
properties and their specializations to extreme coefficients of the Jones polynomial.
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1 Introduction

Let G = (V, E) be a graph with vertex set V and edge set E. The order, the size and
the number of connected components of G are denoted by v = v(G), ¢ = ¢(G) and
¢ = ¢(G), respectively. For A C E, we denote by G / A the graph obtained from
G by contracting all edges in A, G — A the graph obtained from G by deleting edges
in A and G|, the restriction of G to A, namely G|, = G — (E\A).

The Tutte polynomial 7(G; x, y) of a graph G = (V, E), introduced in [10], is a
two-variable polynomial which can be recursively defined as:
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1 if E=10,
T(G;x,y) = xT(G/f;x,y) if f is a bridge,
o YI(G — fix,y) if 7 is a loop,

T(G/f;x,y) + T(G —f;x,y) if f is neither a loop nor a bridge.

It is independent of the order of edges selected for deletion and contraction in the
reduction process to the empty graph. One way of seeing this is through the rank-
nullity expansion of the Tutte polynomial. Let A C E. We identify A with the
spanning subgraph (V, A) of G, i.e. G|,, temporarily for the sake of simplicity. Let
r(A) denote the rank v — ¢(A) and n(A) denote the nullity |A| — v + ¢(A). Then

T(Gsx,y) =Y (x— 1) Wy — 1)@,
ACE

Moreover, the Tutte polynomial has a spanning forest expansion [10], i.e.
T(Gix,y) = )ty
ij

where #;; is the number of spanning forests of G with internal activity i and external
activity j.

Without loss of generality we always assume that G = (V,E) is a connected
bridgeless and loopless graph. It is trivial that foo =0 if e >0, fy,—,+1 =1 and
t,—1,0 = 1. It is basic in graph theory to establish relations between the coefficients
of graph polynomials and subgraph structures in the graph. See, for example, [1] for
similar results on the characteristic polynomial and the chromatic polynomial. The
purpose of this paper is to establish a relation between several extreme coefficients
of the Tutte polynomial and subgraph structures of the graph. To state our results,
we need some additional definitions and notation.

Let G be a connected bridgeless and loopless graph. A parallel class of G is a
maximal subset of E sharing the same endvertices. Let C C E. Then C is said to be a
series class if ¢(G — C) = |C| and G — C is bridgeless. A series class is shown in
Fig. 1. A parallel (resp. series) class is called trivial if it contains only one edge. In

Fig. 1 A series class

C ={ey,ez,...,e}: each G; is
connected and bridgeless for
i=1,2,..,k
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case that G is disconnected, its parallel (resp. series) classes will be defined to be the
union of parallel (resp. series) classes of connected components of G. It is obvious
that parallel classes partition the edge set E. Series classes also partition the edge set
E, i.e. each edge of G is contained in a unique series class of G. See [3] for details.
Let p = p(G) (resp. s = s(G)) and p’ = p/'(G) (resp. s = 5'(G)) be the number of
parallel (resp. series) classes and non-trivial parallel (resp. series) classes of G,
respectively.

Let A = A(G) be the number of triangles of G, the graph obtained from G by
replacing each parallel class by a single edge. If C CE satisfies: (1)
C=C,UC,UC;, where C; C E is a series class and |C;| = k; for i = 1,2,3, (2)
G has the structure as shown in Fig. 2, where G — C = G, UGy U - - - U Gy 4y +k5—1
and each G; is connected and bridgeless for i = 1,2,...,k; + ky + k3 — 1, then we
say C is a ® class of G. The total number of ® classes of G is denoted by
0 =0(G).

Theorem 1 Let G = (V,E) be a loopless and bridgeless connected graph. Then
(D) toev=s5—(e—v+1),

@ toev1 = (5) — (e —v)s+ (3) — ©,

(3) thoo=p—(v—1),

@ ta0=(3)-0-2p+ () -A

Theorem 2 Let G = (V,E) be a loopless and bridgeless connected graph. Then

() ey = S,,
2 tpy=p.

Chkrtkz+1 Ek r+kotks

~~ -
- . —
_———— —_— -

Fig. 2 A O class C={ej,es,...,€1k+k}: each G; is connected and bridgeless for
i=12,.. ki +k+ks—1
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In fact, four extreme coefficients in Theorem 1 can be obtained from extreme
coefficients of the chromatic polynomial and flow polynomials, which will be seen
from the proof of Theorem 1 in Sect. 3, but we have not found them in the literature.
Theorem 2 is completely new as far as we know. In Sect. 5, we discuss the duality
in Theorems 1 and 2. In the final section several consequences on extreme
coefficients of chromatic, flow and Jones polynomials are derived.

2 Mobius Function, The Chromatic and Flow Polynomials

To prove Theorem 1, we need two results that express the chromatic and flow
polynomials of graphs as characteristic polynomials of two lattices related to
graphs, which was proven by Rota in the 1960s [9].

Let P be a poset. The unique minimum element and unique maximum element in
P, if they exist, are denoted by 0= 6p, 1= Tp, respectively. A segment [x, y], for
X,y € P, is the set of all elements z between x and y, i.e. {z]x <z <y}. Note that the
segment [x, y] endowed with the induced order structure is a poset in its own right

and 6[“,] =X, T[x_y] =y. An element y covers an element x when the segment
[x, y] contains two elements. A poset is locally finite if every segment is finite.

Let P be a locally finite poset. Then the Mobius function of P is an integer-valued
function defined on the Cartesian set P x P such that

ulx,y) =1if x=y,
u(x,y) =0 if xgy,
Z ulx,z) =0 if x<y.

x<z<y

If P has the minimum element, then

~

p(0,x) ==> u(0,y) if x>0.

y<x

A finite poset P is ranked (or graded) if for every x € P every maximal chain with
x as top element has the same length, denoted rk(x). Here the length of a chain with
k elements is k — 1. If P is ranked, the function rk called the rank function, is zero
for minimal elements of P and rk(y) = rk(x) + 1 if x,y € P and y covers x.

Let P be a ranked poset with maximum and minimum elements and 7 be a
variable. Then the characteristic polynomial of P is defined by

q(P;t) = Z,u(a,x)trk(l)_rk(x).

xeP

Let G be a graph. We denote by P(G;4) and F(G;A) the chromatic and flow
polynomials of G, respectively.

Let G = (V,E) be a loopless graph. A flat of G is a spanning subgraph H C G
such that each connected component of H is a vertex-induced subgraph of G. Then
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the set L(G) consisting of all flats of G forms a graded lattice ordered by the
refinement relation on the set of partitions of V, that is, K € L(G) <H € L(G)
means that {V(Ky),...,V(K;)} is finer than {V(H,),...,V(H,)}, where K, ..., K;
are connected components of K and Hy,...,H, are connected components of
H. Note that the minimum element in L(G) is the empty graph E, with v = v(G)

vertices. Moreover, rk(H) = r(H) for H € L(G) and P(G; 1) = 29q(L(G); %).
Theorem 3 ([9]) Let G be a loopless graph. Then

P(G;2) = > w(Ey, H)AM™.
HEL(G)

Note that when G contains parallel edges, Theorem 3 is still valid if we take G in
place of G in L(G).

Let G = (V,E) be a bridgeless graph. The set L'(G) consisting of all spanning
subgraphs of G without bridges also forms a graded lattice with the partial order
defined by H,; < H, if E(H;) 2 E(H;). Note that the minimum element in L'(G) is
graph G itself. Moreover, rk(H) = n(G) — n(H) for H € L'(G).

Theorem 4 Let G be a bridgeless graph. Then

F(Gi2)= Y u(G H)M.
HeL'(G)

Proof Let H € L'(G) and AG be an abelian group of order A. Suppose N_(H) is the

function counting AG-flows of G such that 0 is assigned to an edge e if and only if
e € E\E(H), and N> (H) = . y N-(H') is the function counting AG-flows of

G such that 0 is assigned to each edge e of E\E(H). Note that N_(G) = F(G; 4).
By the Mobius Inversion Theorem,

N-(G)= 3 WG, H)N=(H).
HelL'(G)

It is not difficult to see that N~ (H) = "™ which completes the proof. [J

3 Proof of Theorem 1

It is well known that the Tutte polynomial contains as special cases the chromatic
polynomial P(G; x) and the flow polynomial F(G; y). More precisely,

P(G;x) = (—1)"9%OT(G; 1 - x,0), (1)
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F(G;y) = (-1)"9T(G;0,1 - y). (2)

n [6], Kook et al. obtained the following convolution formula for the Tutte
polynomial.

T(Gsx,y) = Y T(G/A;x,0)T(Gly;0,7). (3)

ACE

We write X; =1 —x and Y; = 1 —y. Recall that G is a connected loopless and
bridgeless graph. By inserting Egs. (1) and (2) into Eq. (3), we obtain

T(Gsx,y) = Y (=1) O OWXTCp(GIA X F(Gla V).

ACE

Note that P(G;x) = 0 if G contains loops and F(G;y) = 0 if G contains bridges.
Hence, we only consider all sets A such that G / A is loopless and G|, is bridgeless
in the summation of Eq. (4).

Case 1. A = E. In this case, G/A = K;, an isolated vertex and G|, = G. By
Theorem 4, the corresponding contribution of A to the summation of Eq. (4) is

(71)nG n(G + Z G + Z n(G + )

Hel! (G) Hel! (G)
rk(H)=1 rk(H)=2

Case 2. A # E. In this case, if G / A does not contain loops, then v(G/A) >2 and
hence each term of the corresponding contribution of A to the summation of Eq. (4)
will contain x.

Thus, we have

-3 oy
HEL’G)
rk(H)=2
+ e
Let H=G—-A€lL(G). Then rk(H)=1 <= nH)=nG) -1
|A| = ¢(G —A). Hence,
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Y ouGm= Y (h= Y (1)=-s(G)

HeL! (G) ACE |A|=c(G-A) A isaseriesclass
rk(H)=1 G—A isbridgeless

If C C E satisfies: (1) C = C; U C,, where C; C E is a series class and |C;| = k; for
i=1,2, (2) G has the structure as shown in Fig. 3, where G — C =G, UG, U
-+ U Gy, +4,—1 and each G; is connected and bridgeless for i = 1,2, ...,k +ky — 1,
then we say C is an oo class of G. The total number of co classes of G is denoted by
0o(G).

Let H=G—-A €L(G). Thenrk(H) =2 <= |[A'| =c(G—-A")+ 1 <= A'is
either a @ class or an oo class. If A’ is a © class, then (G, H") = 2 and if A’ is an co

S(G)> —30(G). Thus

class, then u(G,H’) = 1. Note that co(G) = ( )

S wGH)=1x st)) _36(6)] +2x0OG) = (S(G)) ~ 0(G).

2
HeL'(G)
rk(H)=2
Theorem 1 (1) and (2) are thus established. Now we prove 1 (3) and (4) similarly.

Case 1. A =(. In this case, G/A =G and G|, = E,, the empty graph with
v vertices. By Theorem 3, the contribution of A to the summation of Eq. (4) is

Fig. 3 An oo class C={e,e,...,e4k): cach G; is connected and bridgeless for
i=1,2,.. ki +k —1
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)N+ ST wE XD ST B, H)X( O
i i

Case 2. A # (). In this case, if G|, does not contain bridges, then n(G|,) >1 and
hence each term of the corresponding contribution of A to the summation of Eq. (4)
will contain y.

Hence,
T(Gix,y) =X O + (~1)[r(G) + Y (B, H)x O
r:(&,()z)l
" (F(G))w(G)l) S uE H)
2 vV
HEL(G)
rk(H)=1
+ > u(EH) |92
r/f(EHL()(L—)Z
Clearly,

S W, H) = —p(G).
HEL(G)
rk(H)=1

Let G be the graph obtained from G by replacing each parallel class by a single
edge. Note that rk(H) =2 <= c¢(H)=v—-2 <= H=P;UE, 3 (but
G[V(P3)] # C3), P, UP, UE,_4 or C3 UE,_3, where P, (resp. P3) is a path with 2
(resp. 3) vertices and Cj (i.e. triangle) is a cycle with 3 vertices. The former two
have the Mobius function value 1 and the third one has the Mdbius function value 2.
Then

S (B H) =1 x K”(ZG)) —3A(G)} +2 % A(G) = (p(zG)> ~ AG).

HEL(G)
rk(H)=2

This completes the proof of Theorem 1. [

4 Proof of Theorem 2
We shall prove by induction on the number of edges of G. The base case is the

double edge, whose Tutte polynomials is x + y, Theorem 2 (1) and (2) are both
satisfied. Now we assume that Theorem 2 holds for connected loopless and

@ Springer



Graphs and Combinatorics (2020) 36:445-457 453

bridgeless graphs H with e(H) <k. Let G be a connected loopless and bridgeless
graph with e(G) = k. Take an edge f of G, then G / fand G — f are both connected,
G / fis bridgeless but may have loops and G — f is loopless but may have bridges.

(1) Note that t; ,,(G) = t1,—(G/f) + t1.—v(G — f). Let v(f) be the number of
edges of the series class that f belongs to.

Case 1. v(f) = 1. In this case, G — f has no bridges. Thus G — f is a loopless and
bridgeless connected graph and hence t1, (G —f) = t| (e—1)—v4+1(G —f) = 0.
Thus, tl,e—v<G) = llﬁg,v<G/f).

Subcase 1.1. G/ f is loopless. In this subcase, s'(G/f) = s'(G). By induction
hypothesis, 11 .—,(G/f) = s'(G/f). Hence t ._,(G) = 5'(G).

Subcase 1.2. G / f has loops. Suppose that {e, ez, ..., e} are all loops of G /

/- Then G/f —e; —e; — - -+ — ¢ is connected, loopless and bridgeless, and
T(G/f;x,y) =YT(G/f —e1 —es — -+~ —ex; X, y).
Thus, t1 ., (G/f) =5 (G/f —e1 —ex — -+ — ex) = §'(G). Hence t; ., (G) = 5'(G).

Case 2. v(f) = 2. In this case, G — f has exactly one single bridge f’ and {f,f’}
consists of a series class of G. T(G —f;x,y) =xT(G —f/f';x,y) and hence
tlvg,V(G —f) =1.

Subcase 2.1. G / fis loopless. In this subcase, s'(G/f) = 5'(G) — 1. By induction
hypothesis,  t1,,(G/f) =5 (G/f). Hence t1,,(G) =1t1,-(G—f)+ t1cy
(G/f) =1+ (5(G) = 1) =5(G).

Subcase 2.2. G / fhas loops. In this subcase, the loop is exactly the edge f” which
is both parallel and series to f. Then

T(G/fix,y) = yT(G/f —f;x,y).

Thus t,.-,(G/f) =5 (G/f —f") =5 (G) — 1. Hence t1,_,(G)=1,-.(G—f)+
fe s(Glf) = 1+ (£(G)— 1) = #(G).

Case 3. v(f) > 3. In this case, G —f has has more than 2 bridges and hence
11e—v(G—f)=0. Thus t1,,(G) =t .-,(G/f). Note that G/ f is loopless. By
induction hypothesis, #;._,(G/f) = s'(G/f). Note that s'(G/f) = s'(G) and hence
11 .—v(G) = §'(G). This completes the proof of Theorem 2 (1).

(2) Note that t,_51(G) = t,—21(G/f) + t,—21(G — f). Let u(f) be the number of
edges of the parallel class that f belongs to.

Case 1. u(f) = 1. In this case, G / f has no loops. Thus G / f is a loopless and
bridgeless ~ connected  graph  and  hence  f,,,1(G/f) =0. Thus
ty—21(G) = t,_21(G —f).

Subcase 1.1. G —f is bridgeless. In this subcase, p'(G —f) = p'(G). By
induction hypothesis, #,_,1(G — f) = p'(G — f). Hence ,_,,(G) = p'(G).

Subcase 1.2. G — f has bridges. Suppose that {e,es, ..., e} are all bridges of
G —f. Then G —f/e;/es/ - - - [ex is connected, loopless and bridgeless, and

T(G— eix,y) = ¥T(G—flerfex] -+ fexs,).
Thus tv72,l(G —f) :pl(G —f/el/eg/ s /é‘k) :pl(G). Hence t‘772v1(G) :p/(G).
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Case 2. u(f) = 2. In this case, G / e has exactly a single loop f* which is parallel
to fin G. T(G/f;x,y) = yT(G/f — f';x,y) and hence t,_»(G/f) = 1.

Subcase 2.1. G —f is bridgeless. In this subcase, p'(G —f) = p'(G) — 1. By
induction hypothesis, tv21(G—f) =p'(G—Y). Hence
b21(G) = ty21(G/f) + 1 21(G—f) = 1 + (#/(G) — 1) = p/(G).

Subcase 2.2. G — f has bridges. In this subcase, the bridge is exactly the edge f’
parallel to f. Then

T(G = f;x,y) = xT(G = f/f';x,).

Thus tv21 (G—f)=p(G—-f/f") =P (G) —1. Hence
b21(G) = tu 21 (GIf) + 1y 21(G—f) = 1+ ((G) — 1) = (G).

Case 3. u(f)>3. In this case, G /f has has more than 2 loops and hence
ty—21(G/f) = 0. Thus f,_21(G) = t,_21(G — f). Note that G — f is bridgeless. By
induction hypothesis, #,_21(G — f) = p'(G — f). Note that p'(G — f) = p/(G) and
hence #,_51(G) = p'(G). This completes the proof of Theorem 2 (2). [J

5 Duality

The readers have seen the duality in both theorems and their proofs. In this section,
we clarify it in the case of connected bridgeless and loopless plane graphs.
It is well known that if G is a plane graph and G* is the dual graph of G, then

T(G*;x,y) = T(G;y,x).

Let 7;; be the coefficient of x'y/ in the Tutte polynomial 7(G*;x,y), and we have
t;; =t;;. Loops and bridges, deletion and contraction will interchange by taking
dual of a plane graph. The dual of a bridgeless and loopless connected plane graph is
still a bridgeless and loopless connected plane graph. Let G be a bridgeless and
loopless connected plane graph and G* be the dual of G. Let v* and e* be the order
and size of G*, respectively. Then

Vi=e—v+2,
s(G") =p(G),
p(G") =s(G),
s'(G") =p'(G),
P'(G") =5(G),
O(G") =A(G),
A(G") =0(G)

Coefficients in Theorems 1 and 2 are dual in the case that G is a bridgeless and
loopless connected plane graph. Note that
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* 4%k . .
00-1 = le—yp1 = 1 = him10,

and
(D
tS.V—Z :tae*—v*
=" +s5(G") —e" — 1
=(e—v+2)+p(G)—e—1
=p(G) —v+1
=t,-20-
(2
t(;,v73 :tg,e*fv*fl
:(e U 1) — (e —v")s(G") + <S(G )> - 0O(G")
2 2
('3) - o200+ ("F)) - a0
=-30-
3)
t?v72 :tT,e*fv*
=s'(G")
=p'(G)
:tv72,1-

6 Several Consequences

In this section, we deduce the results on extreme coefficients of the Jones
polynomials of graphs [3] and extreme coefficients of the chromatic and flow
polynomials. In [3], Dong and Jin introduced the Jones polynomial of graphs. In the
case of plane graphs, it (up to a simple pre-factor) reduces to the Jones polynomial
of the alternating link constructed from the plane graph via the medial construction.
We denote by Jg(¢) the Jones polynomial of G. Then

Jo(t) = (=) e T (=1, 1Y),

Theorem 5 ([2, 3]) Let G = (V,E) be a connected bridgeless and loopless graph
with order v and size e. Then
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JG(I) =by+ b1t + b2l2 R be,2I6_2 + befll‘e_l + b,t°,
where (fl)efib,- is a non-negative integer for i = 0,1,2, ..., e and in particular,

=(-1)",
*( 1)’le —v+1-s(G),

by s — (P(G) ; v+ 2) +7(G) - AG)

befl =v-—1 _p(G)v
b, =1.

We can deduce Theorem 5 by using Theorems 1 and 2 and taking
x = —t,y = —t~!, and further obtain:

Corollary 6

by = (—1)° [(S(G) _26 * v) +5(G) — @(G)].

Proof

by :(_l)e[t(),e—v—l + tl,e—v]

- |(Ty ) e+ () - eier+ 56|
—(—1)¢ [(S(G> n " V) +5(G) - @(G)} .
O

We can also deduce extreme coefficients of chromatic and flow polynomials. We
list them as follows and omit the proofs.

Theorem 7 ([7, 8]) Let G be a loopless and bridgeless connected graph of order
v. Let P(G; 1) = apl” + a4+ 4 a,_ A Then

ap :17
ap :—P(G)7
@ :<p(2G)> —AG)

Theorem 8 Let G be a loopless and bridgeless connected graph of order v and size
e. Let F(G; A) = ol b 1V 4 - 4 Coyir. Then
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Co :17
1 =—s5(G),
e :(s 2G)> ~ 0(G).

Theorem 8 may be known but we have not found it in the literature. In [5],

Kauffman generalized the Tutte polynomials from graphs to signed graphs, which
includes the Jones polynomial [4] of both alternating and non-alternating links. It is
worth studying extreme coefficients of the signed Tutte polynomial.
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