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Abstract

This paper is concerned with properties of permutation matrices and alternating sign
matrices (ASMs). An ASM is a square (0, =1)-matrix such that, ignoring 0’s, the 1’s
and —1’s in each row and column alternate, beginning and ending with a 1. We study
extensions of permutation matrices into ASMs by changing some zeros to +1 or —1.
Furthermore, several properties concerning the term rank and line covering of ASMs
are shown. An ASM A is determined by a sum-matrix X'(A) whose entries are the
sums of the entries of its leading submatrices (so determined by the entries of A). We
show that those sums corresponding to the nonzero entries of a permutation matrix
determine all the entries of the sum-matrix and investigate some of the properties of
the resulting sequence of numbers. Finally, we investigate the lattice-properties of the
set of ASMs (of order n), where the partial order comes from the Bruhat order for
permutation matrices.

Keywords Permutation matrix - Alternating sign matrix - Term rank - Line covering -
Bruhat order

1 Introduction

An alternating sign matrix, abbreviated to ASM, is an n x n (0, &1)-matrix such
that, ignoring 0’s, the 1’s and —1’s in each row and column alternate, beginning and
ending witha 1. Ann x n ASM A can be regarded as the adjacency matrix of a signed
bipartite graph B whose vertices in each set of its bipartition have a specified order
(to account for the alternating sign property). Thus, B has a vertex for each row and
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column of the matrix A = [q;;], and an edge between a row vertex i and a column
vertex j when the corresponding entry a;; is nonzero, and associated to that edge
is the sign of the entry g;;. The set of n x n ASMs is denoted by .4,,. Permutation
matrices are the ASMs without any —1’s. We denote by P, the set of n x n permutation
matrices corresponding to the set S, of permutations of {1, 2, ..., n}. Thus P, C A,.
If 1 = (7, m2, ..., y) € Sy, the corresponding permutation matrix has its ones in
positions (i, ;) (i < n). We will also use the shorter notation & = (w72 ...7T,).
Some recent developments concerning ASMs, related objects and generalizations may
be found in [4-6].

There is a partial order defined on the set S, (and so on P,) called the Bruhat
order and denoted by <p. If 0,7 € S,, then 0 <p t (read as, o precedes T in the
Bruhat order) provided o can be obtained from 7 by a sequence of transpositions
(k, 1) (interchanging k and [ in a permutation) each of which decreases the number
of inversions. The cover relation in this partial order results when one transposition is
applied and it decreases the number of inversions by exactly one. The unique minimal
permutation in the partially ordered set (S,;, <pg) is the identity permutation, denoted
as t, = (1,2,...,n), and the unique maximal permutation is the so-called anti-
identity permutation, denoted as {, = (n,n — 1,...,1). If 0 <p 7,and o and 7
have corresponding permutation matrices P and Q, then we also write P <p Q. The
minimal permutation matrix and maximal permutation matrix are, respectively, the
n X n identity matrix /,, and n X n anti-identity matrix (with 1’s on the anti-diagonal)
L,,. For more on the Bruhat order, and the so-called Bruhat shadow of a permutation
matrix, see [3].

There is an equivalent, and computationally efficient, way to determine whether
or not two permutations are related in the Bruhat order, best described in terms of
their corresponding permutation matrices. It requires only the comparison of (n — 1)?
pairs of integers, after having computed certain sum-matrices, as defined next. For any
m x n matrix A = [a;;], define the sum-matrix of A, denoted ¥ (A) = [o;;] to be the
m X n matrix where

0ij :Uij(A):ZZakl (I<si=m, 1=j=n),

k<i I<j
the sum of the entries in the leading i x j submatrix of A.If P is an n x n permutation
matrix, then the entries in the last row and last column of X' (A) are 1,2,...,n in
that order. Note that if P is a permutation matrix, then Pl = PT 5o Z‘(P_l) =
X (PT)y = ¥(P)T. Let the entrywise ordering of two matrices A and B be written as
A < B.Let X(P,) := {¥(P) : P € P,}. The characterization of Bruhat order in
terms of sum-matrices is stated next (see [1] for a proof).

Lemmal Let P, Q € P,. Then P <p Q if and only if
2(P) = X(0),
that is, X (P) dominates X (Q) entrywise.
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The Bruhat order on P, can be extended to a Bruhat order on alternating sign matri-
cesusing sum-matrices: For Ay, A € A,,then A| <p Ajprovided ¥ (A}) > X (Aj).
In the next theorem we summarize some of the results of Lascoux and Schiitzenberger
[12] which, in particular, contain a characterization of ASMs in terms of their sum-
matrices. Let X' (A,) :={X(A): A€ A,}.

Theorem 1 The partially ordered set (A, <p) is a lattice and is the smallest lattice

extending the partially ordered set (P, <p), the MacNeille completion of (P,, <p).

The set X (Ay) consists of the set X, of all n X n nonnegative integral matrices

X = [x;j] satisfying the following properties for eachi =1,2,...,n:

(LS-a) The integers in row i and in column i are taken from the set {0, 1,...,1i},
beginning with a 0 or 1, and ending with i.

(LS-b) The integers in row i and in column i are nondecreasing.

(LS-c) Two consecutive entries in row i and in column i are equal or differ by 1.

There is a generalization of a permutation interchange that applies to n x n ASMs,
namely, adding an interchange-matrix T,"’ which is all zeros except for its 2 x 2
matrix determined by rows i and i + 1 and columns j and j 4 1 which equals

[f{ ;}] (<ij<n—1.

Then it follows from [12] (see also Lemma 2 in [8]) that if A;, Ay € A,, then
Al <Xp Ay if and only if A can be obtained from A, by sequentially adding matrices
of the form 7,/ where the result of each addition is also an ASM.

A matrix is uniquely determined by its sum-matrix since we can recover A = [a;;]
from X (A) = [o;;] as follows:

ajj = 0jj — Oi—1,j — 0 j—1+t0i-1,j-1
where o ; = o; for all i and j. Thus the mapping ¥ : A, — X, given by

A — X (A) is a bijection. The sum-matrices of the minimal and maximal n x n
ASMs have the special forms shown for n = 6:

111111 000001
122222 000012
123333 000123

2 =1 153444 ™ 2ULe)=]301234
123455 012345
123456 123456

Thus the sum-matrix of every n x n ASM lies entrywise between X' (L,) and X (1),
that is, each entry of X' (1), respectively, X' (L), is at least as large (at most as large)
as the corresponding entry of the sum-matrix of every A € A,.

Let m) be the convex hull of X'(A4,). From a proof in connection with the
notion of sum-majorization in [4] we get the following characterization of the polytope

—

2 (Ap).
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Theorem 2 The polytope E/(.A\n) equals the set of n x n real matrices S = [ojj]
satisfying
0<o0ij—o0i-1; =1 (=<i,j<n)
0<o0ij—o0;j-1<1(1=<i,j<n)
Oin =1 (I <i=<n)
On,j =] (1<j=n)

ey

—

where we define oy j = 0,0 = 0 for all i and j. The set of extreme points of X (A,)
equals the set X (A,) of sum-matrices of the n x n ASMs.

This paper is organized as follows. In Sect. 2 we study extensions of permutation
matrices to ASMs obtained by changing some zeros (possibly none) into +1 or —1.
Konig properties of ASMs are studied in Sect. 3 where, by this, we mean the term
rank and the structure of minimum line coverings of such matrices. In Sect. 4, we
investigate in more detail sum-matrices and show that in the case of n x n permutation
matrices, at most n entries of the sum-matrix are needed to recover the permutation
matrix from its sum-matrix. In Sect. 5 we investigate certain lattice properties of the
Bruhat order.

2 ASM-Extensions

Let P be an n x n permutation matrix. Let o, (P) denote the number of ASM-extensions
of P, defined to be n x n ASMs obtained from P by replacing some 0’s (possibly
none) by +1 or —1. In such an ASM-extension of P, the number of new +1’s equals
the number of new —1’s. It is natural to ask for

o) = max{a,(P): P € Py}

and those n x n permutation matrices P that satisfy o, (P) = o)f.
If n = 3, there is only one non-permutation ASM and it does not contain 1’s in a
permutation set of places. So a3 = 1. The 4 x 4 permutation matrices

and

—
—_—

have ASM-extensions with two —1°s:

and
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(As usual, empty positions are assumed to contain a 0.) It is straightforward to verify
that of = 2 and that the above two 4 x 4 permutation matrices are the only ones
achieving equality.

Consider the special n x n permutation matrix

0, = Q(%] @ QLgJ,

where Q,, is the m x m permutation matrix with 1’s on its anti-diagonal running from
the lower left to the upper right. For instance, for n = 5 and 6 we have

—

Il
—_

05 and Qf =

—_

—

There is a ‘canonical’ symmetric ASM-extension A} of Q} as illustrated below for
n=7andn = &:

ol ol ol 11 ol olo7 TOL o[ o 1| of of ofo
ol o 1]=1 10 0] 0] 1)— 1)0
ST 5 o 1= 1o
1 [ [ | [+ SR
) 1 —1[1 |’
0 1 —11 0 1 ~1 1[0
0] 1 —1] 1j0 o[ 1 - 0[0
LO] O] O 0 001 |0 o[ of of 1 o] ofo

where the 0’s that are explicitly displayed are required in any extension of Q% to an
ASM. In these canonical extensions, the —1’s are in the positions of the 1’s of a Q,’;_z.
In addition, the middle (n — 2) x (n — 2) principal submatrix contains all 1’s on its
anti-diagonal. The sum-matrices of A7 and Ag are given by

000l L1 F0001[[11117
o11lil233 0111[[1233
1111|2344

DA = |TR[B44 | ad SU)=|5maas| @
112131445 11234456
12314456 1234|4567
[ 123]|4]]567 ] | 1234|5678 ]
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Let A, (Q3,,) denote the set of n xn ASM-extensions of Q3 , thatis, ASMs containing
I’s in those positions that are 1 in Q7 . Then a matrix in A, (Q3,,) has the form

"X
— m m
A—[Ym Q;;,]

where Q;, and Q) have 1’s wherever Q,, has 1’s. It is straightforward to check that
0/, must have all zeros above its anti-diagonal and Q] must have all zeros below its
anti-diagonal. We conjecture that o)y = o, (Q}). We remark that in [6] completions of
certain (0, —1)-matrices to ASMs are considered where the matrices Q' also occur,
and there is a related conjecture.

Let F,,, be the so-called 2m x 2m diamond ASM, the ASM with the largest number
of nonzeros [7]. Then F,, € A,(Q3,,). For instance, with m = 4,

_ | _
1=1] 1
1—1] 1]—1] 1
=1 1]=1] 1]=1] 1
Fy = —1 1=1] 1]=11

— 1=
1—1] 1

L 1 i

Let F2(,1n) be the (0, 1)-matrix with m(m — 1) 1’s, obtained from F»,, by replacing
all its —1’s with 0’s. Then Q;m < FZ(rIn) and it is straightforward to check that no

other permutation matrix P satisfies P < FZ(r]n) . Indeed, it is easily seen that, after
permutations of rows and columns,

W _ | T Op
F2m _|:0m Tm]

where T, is the m x m matrix with 1’s on and below its main diagonal and 0’s
elsewhere; the 1’s on the main diagonal of T,, are those corresponding to the 1’s of
Q7%,,- In particular, the permutation matrix Q3 is the only permutation matrix of
which F,, is an ASM-extension. Since the matrix F3,, has the maximum number of
nonzeros among all matrices in Ay, Fa, is the unique ASM-extension of Q3 with
the maximum number of nonzeros.
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The matrix X' (F3,;,) has a special form which is illustrated for X' (Fg) below with
X (AY) — Y (Fy) also given:

[ ololo|1|[1]1]1]1] [ ]

olol1[1][2[212]2 1

0111212333 1
str - | I2EIBEEA SO0 — 2R = NN

¥ = I T2RBIB4EE5 | 8 8= 1

1121313[[4[45]6 1

112[3/4/4(5]6]7

11213(4([5/6]7(8

Thus X (Q3) > X(FY), and hence Fg <p Qg. (We remark that the odd case is
different, since we have X' (A7) £ X (F7) and X' (F7) £ X (A%): see (2) for X' (A7).)

Example T We calculate that

0[0[0[1|[1{1|1]1
0[0[1]2([2]2(2/|2
0[1]2(3(|3[3|3|3
(0% = 12(3]4(|4]4|4|4
87 | 1[2[3]4][4[44]5
1]2(3]4(|4]4(5/6
112(3]4||4|5|6|7
| 1)2(3]4/|5]6]7|8 |
Using our calculation of X'(Ag), we get

111
1]2]|12]1
S(0%) — S(AY) = 12(3}]2/1
8 O RTPIPIIE

1{1]1

In general, we have

« | C1l| C
E(Q2m)—|:m:|,

where C1 is am x m matrix with 0’s above the anti-diagonal, 1’s on the anti-diagonal,
and 2’s, 3’s, . .. on the diagonals below it, C7 is an m x m matrix whose row i contains
alli’s (1 <i <m), and J,, is the m x m all-ones matrix. O
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Lemma2 Let A be ann x n ASM withn = 2m. Then A € Az, (Q3,) if and only if
Q5 <8 A =p A3,
that is, if and only if
Y(A3,) < X(A) < X(03,),

a certain interval in the Bruhat order on the permutations in Sy,,.

Proof We first show that if A € A, (Q2x), then X' (A) < X(Q3 ). But this is clear
from the form of ¥'(Q3, ) given in Example 1. The reason is that any ASM-completion
of Q3, has only 0’s above the anti-diagonal in its leading m x m submatrix and the
other entries in the upper m x 2m submatrix are as large as they can be in any such
ASM. A similar conclusion holds for the lower m x 2m submatrix.

We next verify that if A € Ay, (Q3, ), then X (A3 ) < X (A). Partition A} into
m X m matrices as

* *
A%, = [Ai Az]
A% A

The matrix A’]" has all 0’s above the anti-diagonal, all 1’s on the anti-diagonal, and all
—1’s on the diagonal immediately below the anti-diagonal. These —1’s occur as early
as possible in rows 2,3, ..., m of Aﬁm. The matrix A; has 1’s on its anti-diagonal
except for a O in its upper right corner. These 1’s occur as late as possible in rows
2,3,...,mof A;m. It follows from this that 0;; (A2p+) < 0;;(A) for 1 <i < m and
1 < j <2m and, similarly, for | <i <2m and 1 < j < m. Since an ASM remains
an ASM under a 180° rotation (that is, reading an ASM from the lower right corner
from leftwards and upwards also gives an ASM), the theorem now follows. O

Corollary 1 Let n = 2m. Then the cardinality of A(Q%,) equals the number of n x n
nonnegative integral matrices X with X (A} ) < X < X(Q3, ) (entrywise) satisfying
(LS-a), (LS-b), and (LS-c). O

We now consider n x n permutation matrices P satisfying o, (P) = 1, that is,
permutation matrices having no ASM-completions other than itself. We call such
permutation matrices isolated. For instance, the following permutation matrix P is

isolated:
1

p=|l . 3)

1

Let P = [p;;] be a permutation matrix. Assume that i} < ip < i3 < i4 and
Jj1 < Ja < J3 < ja be such that either

(1) P has I’s in each of the positions (i1, j3), (i2, ja), (i3, j1), (ia, j2),
or
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(i) P has 1’s in each of the positions (i1, j2), (i2, j1), (i3, ja), (i4, j3).

If (1) or (ii) holds, we say that P has an open square.

Lemma 3 Let P be a permutation matrix. Assume that P has an open square. Then
an(P) > 1.

Proof Assume that case (i) above holds. Let the matrix A be obtained from P by
changing the two entries in positions (iz, j3) and (i3, j») (from 0) into —1, and also
changing the two entries in positions (i2, j2) and (i3, j3) (from 0) into 1. Then A is an
ASM, and it is an ASM completion of P. Thus, P has at least two ASM completions,
s0 &, (P) > 1. The proof in case (ii) is similar. O

Note that having an open square is equivalent to saying that either (i) the permuta-
tiono of {1, 2, ..., n} corresponding to the permutation matrix P contains the pattern
3,4, 1, 2 (corresponding to j3, j4, j1, j2) or (ii) the permutation o of {1, 2, ..., n} cor-
responding to the permutation matrix P contains the pattern 2, 1, 4, 3 (corresponding
to j2, j1, j4, j3)- Thus, P not having an open square is equivalent to the corresponding
permutation in S, being a 3412-avoiding and 2143-avoiding permutation. Note that
2143 and 3412 are reverses of one another, and so the number of 3412-avoiding per-
mutations equals the number of 2143-avoiding permutations. It follows from results
on pattern-avoidance permutations (see e.g. page 154 of [2]) that the number of 2143-
avoiding (resp. 3412-avoiding) permutations of {1, 2, . .., n} is the same as the number
of 1234-avoiding permutations, that is, that do not contain an increasing subsequence
of length 4. By a theorem of Gessel (see page 176 of [2]), this number equals

1 "2k (n+1\[(n+2
(n+1)2(n+2)kg(k)<k+1>(k+1)' @

Example 2 The following permutation matrix P, corresponding to the permutation
(3,5, 1,2, 4), contains an open square, shown with the corresponding ASM extension
A.With 3,5, 1, 2, it is not 3412-avoiding.

s[x| |1 11— 1
P = 1| |* , A= 1{—1
1 1
1 1
Note that the matrix P is obtained from the matrix in (3) by a transposition. O

Theorem 3 Let P be an n X n permutation matrix corresponding to a permutation
o € S,. Then o, (P) = 1, that is, P is an isolated permutation matrix, if and only if
P does not have an open square, that is, if and only if o is both a 3412-avoiding and
2143-avoiding permutation.

Proof This follows directly from Lemma 3 and Corollary 6.2 of [7]. O
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Since a permutation can be both 3412-avoiding and 2143-avoiding, we can only say
that the number of n x n permutation matrices P that have only one ASM-completion
is bounded above by twice the number in (4).

Consider again the n x n permutation matrix Q) = Q ray @ 0 14]- Then Q

contains (rgw)(ng) open squares. If e.g. n = 2m is even, then Q7 corresponds to the
permutation

oom=mm-1,...,2,1,2m,2m —1,... m+2,m+1).

We believe that o7, contains the largest number of patterns 2143, namely (';')Zand
thus has the largest number of completions to an ASM with two —1’s, but this does
not yet mean that o, (Q}) is maximum, although we expect it is.

3 Konig Properties of a Class of ASMs

Consider again the question of extensions of a permutation matrix P to ASMs A where
A has 1’s where P has 1’s. A “dual” viewpoint is to ask, for a given ASM A, if there
exists a permutation matrix P such that P has all its 1’s where A has a 1. This leads to
a related question concerning term ranks. The term rank of ASMs was studied in [7].
We now consider the term rank of the nonnegative part of ASMs. For a real matrix A,
let AT denote the matrix max{A, O} in which all negative entries are replaced with
0’s; we call AT the nonnegative part of A. Let p(B) denote the term rank of a matrix
B, i.e., the largest number of nonzeros in B with no two of these in the same row or
column.

The maximum of p(A™) among all ASMs of order # is clearly n, and it is attained
for permutation matrices.

The next result determines the minimum of p(A™) among all ASMs of order 7.

Theorem 4 The minimum of p(A™") among ASMs of order n is [24/n + 1 — 2].

Proof Let A be an ASM of order n and let t = p(A™). By Kénig’s theorem there are
t lines that cover (contain) all 1s in A, say e rows and f columns, where e + f = t.
Permute rows such that these e rows become first, and permute columns such that
these f columns become first. Note that this affects the ASM property of the £1’s
alternating. Then the permuted A has the form

| A1 Az
A_|:A3 A4i| (®)]

where A1 has size e x f. The matrix A4 contains only —1’s and 0’s. Let p; and n;
(resp.) be the number of 1’s and —1°s in the submatrix A; (i < 4). So, ps = 0. Then,
as line sums are not changed by the permutations,

(p1 —n1) +(p2—n2) =e, (pr—n1)+(p3—n3)=f.
p3—hn3—ng=n-—e, pr—ny—ng=n-—f.
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Thus
n—pir=(@P2—n)—e=n+n—f—e=nyg+n-—t.

But n; — pj is at most the number of nonzeros in Ay, son; — p; < ef < (t/2)2 as
e + f =t. Therefore,

n—t<ng+n—t=n —p <t’/4
so that £ 4+ 4t > 4n and (¢ 4 2)? > 4n + 4. This implies that
t>2Vn+1-2].
It follows that
min{p(AT): A e A,} > 2Vn+1—2].
On the other hand, Corollary 4.2 in [7] shows that
min{p(A): A € Ay} = [2v/n + 1 —2]

where p(A) denotes the term rank of A. Clearly p(A) > p(A™) for any matrix A, so
it follows that min{p(A™") : A € A,} = [2v/n + 1 —2]. m]

The previous theorem and its proof show the surprising fact that the minimum
term rank among n x n ASMs is the same as the minimum term rank of the matrices
obtained by replacing all negative entries with zeros. In [7], for each n, an ASM A is
given which attains the minimum term rank in 4, and therefore also the minimum
rank of A™ in that class.

We now study the term rank and line covers of certain ASMs. In a matrix A a line
coveris a set of lines (rows and columns) that contain all nonzeros of A. The minimum
number of lines in a line cover of A is called the line cover number and it is denoted
by 7(A). A classical theorem of Konig says that t(A) = p(A), i.e., that the line cover
number equals the term rank of A.

Let D3 denote the unique ASM of order 3 with a single —1, so

Dy = | 1]=1[1
1

Consider an ASM A of order n. Let B be a matrix obtained from A by identifying a
single +1 of A, say in position (i, j), with a single +1 of D3 and inserting two new
rows and two new columns such that D3 is embedded in the resulting matrix. These
new rows, and the new columns, may not be consecutive, but they must retain the
same relative order as in D3 and maintain the alternating sign property. We call the
mentioned position (i, j) the insertion position. Such a matrix is an ASM and will be
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denoted by A * D3 and called an D3-extension of A. A row of a matrix with a unique
nonzero (which must be 1) will be called a unit row, otherwise it is called a non-unit
row. We define a unit column and a non-unit column similarly.

We now consider two specific types of such D3-extensions B where, as above, the
insertion position is (i, j):

(*a) Row i is a non-unit row of A. Moreover, the —1 of the inserted D3 is in the
corresponding row of B. A similar type is obtained when column j is a non-unit
row and the inserted —1 is in the corresponding column.

(xb) Row i is a unit row with its nonzero (a +1) in column j. Moreover, the —1 of
the inserted Ds is in row i. A similar type is obtained by interchanging the roles
of rows and columns in the previous sentence.

For instance, Dj itself is a D3-extension of J; = [1] of type (xb). Let A* denote the
class of ASMs that may be obtained from J; using a finite number of D3z-extensions of
type (xa) or (xb). Observe that every matrix except J; in A* has the property that every
+1 is in a non-unit row or column. This is seen from the structure of the extension.

Example 3 The matrix B below is obtained by a D3-extension of type (xa) of D3,
using column 2 and insertion position (3, 2). B, is a D3-extension of type (xb) of D3,
using column 3 and insertion position (2, 3).

+ +
+ +| =]+ +|—=|+
Dy=|+|—|+ |, B = + , By = +
+ 4+ = |+ + —|+
+ +

O

For an ASM A letn,” (A) (resp. n (A)) denote the number of rows (resp. columns)
of A that contain at least one negative entry, i.e., the number of non-unit rows (resp.
columns).

Lemma4 Let A be an ASM which is not the direct sum of a permutation matrix and
a smaller ASM. Then

p(A) < ny (A) +ng (A).
Proof Let L be the set of lines in A that contain at least one —1. So, |[L| = n, (A) +
n_ (A). Moreover, by assumption, there is no 1 in A that lies both in a unit row and
a unit column (because then A would be the direct sum of [1] and a smaller ASM).
Therefore L covers all the ones in A, and clearly all the —1’s. So, L is a line cover,

and

p(A) =1(A) < |L| =n,(A) +n.(A).
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The next result gives a simple expression for the term rank of each matrix in A%,
namely that it is equal to the upper bound established in Lemma 4.

Theorem 5 Let A be an ASM in A* of order n > 3. Then
p(A) = p(A") = n; (A) + ng (A). (6)

Moreover, a minimum line cover of A consists of all rows and columns that contain at
least one entry equal to —1, and the corresponding set of lines in AT is a minimum
line cover of A™.

Proof We prove the result by induction on the number k of D3z-extensions. If k = 1,
then A = D3, and the result trivially holds. Assume that the theorem holds for up
to k D3-extensions, for some k. Let A be obtained from J; by k + 1 successive D3-
extensions, and let A’ be the matrix obtained by the first k of these D3-extensions.
Then

t(A") = p(A) = p((A)T) = n; (A) +n_ (A).
So, A is obtained by a D3-extension of A’. Moreover,
(AN +1<t(AN) <7t(A)+2 (7

as the added nonzeros (in A) can be covered by at most two lines, and at least one line
is needed. There are two possible cases. Let the insertion position be (i, j).

Case 1 : The extension is of type (xa). Assume the extension is as described in the
first part of (:a); the other case is similar. Then

no(A)=n;(A), and n;(A)=n;(A)+1.

Consider the minimum line cover of A’ consisting of all rows and columns of A’
that contain a —1. The corresponding lines in A™ cover all 1’s of A™ except two +1
entries in the same column (that were added in producing A). Therefore, by adding
this column, one gets a line cover of A™ with T(A’) + 1 lines, and, by (7), that must be
a minimum line cover of A*. The corresponding lines in A also cover all the negative
entries, so it is a minimum line cover of A. Thus,

p(AT) =1(AT) =1(A) =1(A) + 1 = (n; (A) +n_ (A) + 1 = n; (A) +n_ (A).
as desired.
Case 2 : The extension is of type (xb). Assume the extension is as described in the

first sentence of (xb); the other situation is treated similarly. (See the matrix A; in
Example 3 where (i, j) = (2, 3).) Then

no(A)=n (A)+1, and n.(A)=n_(A)+1.
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Let p = 1(A™), so there is a set S of p positions of 1’s in A” such that no pair of these
positions in S are in the same line. Then S corresponds to a matching in the bipartite
graph G corresponding to A™.

Assume first that (i, j) ¢ S. Then S together with two of the 4-1’s that were added
in the construction of A is a matching of size p 4+ 2 in G. Otherwise, S contains (i, j).
Then AT contains another 1 in either row i or column j, but not both, such that this 1
is in a unit row or column. Let §” be obtained from S by adding the position of such a
1 and removing position (i, j). Thus, S’ is also a matching in G and |S’| = |S|. Then
we can proceed as just described and add two positions and obtain a matching of size
p + 2 in G. Therefore

P(AT) = T(A) +2 = (n; (A) + 1 (A) +2 = n; (A) +n; (A)

as desired. Moreover, we obtain a line cover of size equal to p(A™) by taking the line
cover of A’ and add the two lines containing the added —1 of A. By induction, this
line cover consists of all rows and columns that contain a —1 in A. The theorem now
follows. O

In Example 3, a minimum line cover for B; consists of rows 2 and 4, and column 3.
A minimum line cover for B; consists of rows 2 and 4, and columns 3 and 4. Matchings
of corresponding sizes are easy to find.

We remark that the result above also holds for some more general D3-extensions
than those specified in (xb).

The ASM class A* studied above has the special property that

p(A) = p(AT)
forevery A € A*. In other words, covering the negative entries as well does not require

any more lines than just covering the positive entries. We now give an example which
shows that this property does not hold for all ASMs.

Example 4 Let k be a positive integer, and consider the matrix B*) given by

V1

B® = -1+
V4 +

v3

where each v; is a vector with p = 2k components; here v and v4 are row vectors
while vy and v3 are column vectors. The components of each v; alternate between
+1 and —1 such that (i) the rows in B®) corresponding to v, and vy are alternating,
starting and ending with 41, and (ii) the columns in B®) corresponding to vy and v3
are alternating, starting and ending with +1. Now we extend B%®) into an ASM A%
by adding rows and columns containing a single nonzero, a +1, in suitable positions.
For instance, for every —1 in v, we introduce two new rows, one on top and one
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at the bottom of the present matrix, and containing a +1 in the same column as the
mentioned —1.

Let C denote the column of A® containing vi. Moreover, let S be the set of
positions of the nonzeros in C as well as the 4-1’s in the rows of the —1’s in column C.
Let L be a line cover of A% In particular, L covers S and there are two possibilities:

Case 1: L contains C. Then the set S may be covered by column C and one row
for each —1 in vy, so k + 1 lines all together, and this is the minimum number of lines
to cover S.

Case 2: L does not contain C. Then the set S can not be covered by less than 2k 4 1
lines, and this minimum is attained when we use the 2k + 1 rows that contain the
nonzeros of column C.

It follows that any minimum line cover L of A% must contain the column C.
Similarly, one shows that L must contain the column corresponding to v3 and each of
the rows corresponding to v; and v;. It follows from this that

L] =4k +1)+1=4k+5.

Here the additional 1 is due to the fact that we must cover the —1 in the center of B®).
Thus, p(A®)) = 4k + 5. It also follows from this discussion that there is a line cover
of (A of cardinality 4k + 4, because we do not need to cover the —1 in the center
of B® _1In fact,

p(AYT) =4k +4 < 4k +5 = p(AP).

Thus we have a class of ASMs A for which p(A™T) < p(A). O

4 Sum-matrices and primary sum-sequences of permutations

Let P be an n x n permutation matrix. Then clearly each row of X ( P) contains exactly
one increase in a column that did not contain an increase in a previous row, and this
increase determines where the 1 in a row occurs (in P). For example, consider the
permutation (5, 2, 7, 4, 1, 6, 3) with corresponding 7 x 7 permutation matrix P given
below:

1] 7 70[0[0/OfM 1]1 T
1 ol 1[1]2[2]2
1 o[1/1]T
pP= 1 -~ X(P)=|0[1]1
1 212
1 11212
1 | 12Bl4

:

| BB W
~
[}

®)

3
3

where we have shaded the cells where an increase first occurs and then those above it.
As we see from (8), the set of shaded columns form a nested sequence of subsets of
{1,2,3,4,5, 6,7}, from the top row down to the corresponding positions of the 1’s of
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001
Ly=|010]|:(3,21),[1,1,1]
100

[010] [001]
(2,3,1),[1,2,1]: {00 1 1001 :(3,1,2),[1,1,2]
100 ] [010]

(0107 [100]
(2,1,3),[1,1,3]: [100 001]|:(1,3,2),[1,2,2]
1001 [010]

100
Is=1010/:(1,23),[1,23
001

Fig. 1 Hasse diagram of (S3, <p) with primary sum-sequences in brackets

W=XoC X CXpC---C X7where |[X¢|=kfork=1,2,...,7:
X1 =1{5},X,={2,5},X35=1{2,5,7}, X4 ={2,4,5,7}, X5 ={1,2,4,5,7},
X6 =1{1,2,4,5,6,7}, X7 ={1,2,3,4,5,6,7}.

This nested property holds in general. So the matrix X' (P) can be said to represent the
usual way in which a permutation of {1, 2, ..., n}isidentified as a saturated chain from
#to {1,2,...,n} in the lattice of subsets of {1, 2, ..., n} ordered by set-inclusion.
We define the nest N'(P) of the permutation matrix P to be this nested sequence
XoCX1CXpC---CX,={1,2,...,n} where | Xy| =k fork =0,1,...,n.
By the above discussion the k x k submatrix of P given by P[{1,2,...,k}, X;]isa
permutation matrix.

Let m = (my, m2, ..., m,) be a permutation of {1, 2, ..., n} with corresponding
n x n permutation matrix P. We define the primary sum-sequence x(P) = x ()
of P and & to be the sequence (c1, ¢2, ..., c;) Where ¢, equals the (k, i) entry of
the sum-matrix X' (P) for k = 1,2, ..., n. Thus ¢; equals the number of 1’s of P in
its leading k x m; submatrix (which therefore contains a 1 in its lower right corner),
equivalently, the rank of this submatrix. In terms of the permutation 7,

ck =i <k:m <m}l

Thus we have a mapping x, : Pn — C, where C, is the set of all sequences of
length n with entries in {1, 2, ..., n}. We have x(t,) = x(I,) = (1,2,...,n) and
X&) =x(Ly) =, 1,...,1)wheret, =(1,2,...,n)and {, = (n,n —1,...,1)
with corresponding permutation matrix L,. In Fig. 1 we give the Hasse diagram of
(83, <p) with the primary sum-sequences given in brackets.
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Example5 Letn =9 andletw = (3,7,2,4,9, 1, 8,5, 6). Then computation shows
that the primary sum-sequence of 7 is x (7)) = (1,2, 1,3,5,1,6,5,6). O

Theorem 6 Let n be a positive integer. The mapping x, : P, — C, is injective, that
is, a permutation (matrix) is determined by its primary sum-sequence.

Proof Let P be an n x n permutation matrix and let x (P) = (cy,¢2,...,cn). The
following recursive algorithm shows how to reconstruct P from x (P).

— Begin with an n x n array X in which every position is empty.

— Consider c¢,. This is computed from the 1 in the last row of P. Thus ¢, determines
which column the 1 in row n of P is located, namely column ¢,,. Put a 1 in position
(n, ¢) of X and a 0 in all other positions of row n.

— Now consider ¢, 1. Ignoring column ¢, and using the fact that the (n—1) remaining
columns of P containa 1l inrows 1,2, ...,n — 1, ¢, determines which column
tthe I inrow (n — 1) is. Puta 1 inrow n — 1 of X in this column ¢ and a O in all
other positions of X in row n — 1.

— Continue like this to construct a unique (0, 1)-matrix, and this matrix is P.

O

The proof above implies that when x(w) = (c1,¢2,...,¢p), then 1 =
(mq, 72, ..., m,) may be expressed in terms of (cy, ¢2, ..., c,) as follows

mp=min{s :s>cr+|{{>k:c<c}l, sZmIA>k)} *k=<n). 9

Theorem 6 also follows from the facts: (i) there is a bijection between the set of
n X n permutation matrices and the set X (PP,) of their corresponding sum-matrices,
and (ii) these sum-matrices are uniquely determined by their increases in rows that
are not increases in previous rows. Thus the primary sum-sequence determines the
permutation matrix.

Example6 Let ¢ = (1,2,1,4,2). Then using the procedure in Theorem 6, or the
expression (9), we get

— — |1 —
1 1
1 1 1
1
1 1

1 — |1

1 1

1 1
Thus ¢ = (1, 2, 1, 4, 2) is the primary sum-sequence of a permutation matrix. O
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It follows from Theorem 6 that if P is an n x n permutation matrix corresponding to
apermutationw = (7q, 72, . .., 7,), then the sum-matrix X (P) = [o;;]is determined
by its values at the positions corresponding to the positions of the 1’s of P, that is,
by the sequence (0, ; : | <i < n). Now consider two n X n permutation matrices
P and Q corresponding to permutations 7 and 7 with primary sum-sequences x (P)
and x (Q), respectively.

Example 7 Let n = 4 and consider the two permutations 7; = (2,4, 1, 3) and np, =
(2,4,3,1) where m; <p m>. Then x (7)) = (1,2,1,3) and x(m2) = (1,2,2,1). O

Lemma5 Let Pi and P> be two n X n permutation matrices such that Py covers Py in
the Bruhat order. Then there exists k and I with 1 < k < I < n and a nonnegative inte-
ger r such that x (P2) = (b1, ba, ..., by) is obtained from x (P) = (a1,az, ..., an)
by decreasing by by r and increasing b; by r + 1.

Proof Let y = (i1, i2,...,I,) and T = (j1, jo2,--., Jn) be the permutations corre-
sponding to P and P,, respectively. Then 71 covers 7> in the Bruhat order so that 7
has exactly one more inversion than ;. Hence there exists k and / with k£ < [ such
that i;, > i; where foreachr withk <t < [,i; > ij ori; < i} and 7, is obtained from
1 by switching ji and j;. It is easy to check that x (P») is obtained from x (P;) by
decreasing a; by some nonnegative integer r and increasing ax by r + 1. O

Ifa = (a1,a2,...,a,) and b = (b1, by, ..., b,) are two arbitrary sequences of
nonnegative integers, then b is obtained from a by a pseudoswitch, denoted as a - b,
provided that there exists integers k < [ and a nonnegative integer » such that b is
obtained from a by decreasing a; by r and increasing a; by r 4 1. Denote the sum of
the entries of a vector x by o (x).If a - b, 0 (b) = o (a)+ 1. The level of a permutation
(matrix) in the Bruhat order is its number of inversions.

Theorem7 Let P and P> be two n X n permutation matrices where Py is at level k
and P; is a level l in the poset (P, <p) where0 <k <[ < (;) Then P <p P ifand
only if x (P1) can be obtained from x (P»>) by a sequence of (I — k) pseudoswitches.

Proof This theorem is an immediate consequence of Lemma 5 and the fact that if 7
and mp are two permutations of {1, 2, ..., n} such that 7, <p m, then 7, can be
obtained from 1 by a sequence of o (x (P)) — o (x(P2)) transforms each of which
increases the number of inversions by 1, that is, increases the level by 1 in (P,, <p).
O

Example 8 In the poset (S4, <p) we have the saturated chain of permutations (written
compactly)

1234, 1324, 3124, 3142, 3412, 4312, 4321,
with corresponding primary sum-sequences (also written compactly)

1234, 1133, 1124, 1132, 1212, 1112, 1111.

@ Springer



Graphs and Combinatorics (2020) 36:63-92 81

The next result characterizes the primary sum-sequences of permutation matrices.

Theorem 8 The set x (P,) of primary sum-sequences of n X n permutation matrices

P is the set of integral vectors ¢ = (c1, ¢2, - . ., Cyy) Satisfying

I<¢=<i @(@=n). (10)
Proof Assume first that (c1, ¢, ..., ¢;) = x (P) for some permutation matrix P with
corresponding permutation (ji, j2, - .., j,). By definition, for each k < n we have

cx > 1. Since the first k rows of P up to column j; contain at most k 1’s, we have that
ck < k.

We prove the converse by induction on n. Assume the result holds for smaller values
than n, and let ¢ = (cy, ¢2, . . ., ¢;) be an integral vector satisfying (10). Let k = ¢,.
So 1 < k < n. By induction there exists an (n — 1) x (n — 1) permutation matrix P’
such that

X(P/) = (617627 --~7cn71)-

Let P be the matrix obtained from P’ by adding a row, as row n, and a column, as
column &, and place a 1 in position (n, k) of P. Then, clearly, P is a permutation matrix
of order n. Moreover, (x(P)); = (x(P)); = c; fori <n —1,and (x(P)), = k
since the previous k — 1 columns each have a 1 in one of the first n — 1 rows. Thus,
x (P) = c, as desired. m]

We remark that Theorem 6 is also a consequence of Theorem 8, as the set of integral
vectors satisfying (10) has cardinality 1 -2 ---- - n = n!. Thus the map P — x(P) is
surjective between two sets of the same size, and it is therefore also injective.

Let P be an n x n permutation matrix with primary sum-sequence x(P) =
(c1,¢2, ..., cn). The corresponding n x n (0, 1)-matrix C(P) with exactly n 1’s where
these 1’s are in positions (k, cx) (1 < k < n) is called the primary sum-matrix of P.
Let C, be the set of primary sum-matrices of n x n permutation matrices. By The-
orem 8, C, is the set of all n x n (0, 1)-matrices with exactly n 1’s where, for each
k=1,2,...,n,the 1 in row k is in column i < k. The primary sum-matrix of the
identity ¢, is the identity matrix /,; the primary sum-matrix matrix of the anti-identity
permutation ¢, is the matrix whose first column is the all ones vector, and all other
columns are zero. It is easy to see that no other primary sum-matrix than the one
associated with ¢, is a permutation matrix.

Example 9 Let P be the 5 x 5 permutation matrix corresponding to the permutation
(3,5,2, 1,4). Then its primary sum-sequence equals (1,2, 1, 1,4) and its primary
sum-matrix is

—

cpP)=|1

—
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O

The column sum vector of a matrix A is denoted by S4. Let S be a nonnegative
integral vector of length n and define

Cu(S) ={C €Cy:Sc =S},
PH(S) = {P € Pn : C(P) € Cn(S)}

as the set of primary sum-matrices with column sum vector S and the corresponding
set of permutation matrices, respectively.

Theorem 9 Let S = (s1, 52, ..., Sp) be a nonnegative, integral vector. Then S = S¢
for some primary sum-matrix C if and only if

51> 1,
5i =20, 2=<i=<n) 1
Yok si sk, (L<k<n (b
n
2j=18j =n.
Proof Let C = [c¢;;] € C,. Then Sc = (s1, 82, ..., 8y) is clearly nonnegative. Each

row of C contains exactly one 1, so ¢;; = 1 and ) jsj=n. Moreover, C is lower
triangular, so the last k columns cannot contain more than k 1’s (again, as each row
has exactly one 1) which gives the final inequalities.

Conversely, assume that S satisfies (11). We shall construct a matrix C € C,(S).
Initially, let C be the matrix whose first column is all ones, and all other entries are
0. Then, if 5,, = 1 shift the bottommost 1 in the first column of C to column 7. Next,
in the updated C, shift the s, bottommost 1’s in the first column to column n — 1
(if s,—1 = 0, nothing is done). As s,_1 + 5, < 2, C will remain lower triangular. In
the k’th step, for the present C, shift the s, _41 bottommost 1’s in the first column to
columnn —k + 1. As Z?:nkarl sj < k, the new C will be lower triangular, and its
column sum vector is clearly S, so C € C(S). O

Note that the condition of the theorem is a sort of majorization condition on S.
We call the primary sum-matrix constructed in the proof of Theorem 9 the canonical
primary sum-matrix with column sum S, and it will be denoted by c (S). The (unique)
corresponding permutation matrix is denoted by P(S).

Example 10 Letn =7,and S = (2,1,0,2,0, 1, 1). Then

1 T B 1
1 1

C(S) = 1 , P(S) = 1
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Let L, denote the matrix backward identity matrix of order 2, so

01
Ly = .
We say that a (0, 1)-matrix has consecutive ones in columns if for every column its
ones (if any) occur consecutively.

Theorem 10 Assume that S satisfies the conditions of Theorem 9. Then the following
holds:

(i) The canonical matrix C (S) has consecutive ones in columns, and it does not
contain any submatrix equal to L.

(iQ) é(S) =<p C for each matrix C € C,(S), ie., é(S) is the least element in the
poset (C(S), =)

Proof The construction of C (S) = [c; ;] implies that the ones in this matrix are con-
secutive in each column, and that C (S) has a staircase pattern. Therefore, it has no
submatrix equal to L».

Let C = [c¢;j] € Cu(S) and C # C‘(S). Let C be the (0, 1)-matrix whose first
column is the all ones vector, and all other entries are 0. Then C may be obtained from
C by suitable shifting of 1’s to the right in every row. If, fori =n,n—1,..., 1,the |
in row 7 is moved to the maximal column index j, then C would be equal to C (S), so
this is not possible. Therefore, there is an i, and j < k, such that ¢;; = 1 and ¢;x = 1,
and we choose i largest possible with this property. Since column & of both C(S) and
C have the same sum, there must exist i’ < i, such that c;/ = 1 and ¢;;x = 0. This
means that the submatrix of C consisting of rows i and i’ and columns j and k equals
Ly.

Let C’ be the matrix obtained from C by replacing the mentioned submatrix L,
by I. Then C' <p C. Now, if C' = C’(S), we are done. Otherwise, we repeat the
process above with C replaced by C’. It follows that C(S) is a least element in the
poset (C(S), <p). O

One may ask if part (ii) of Theorem 10 can be extended to a similar statement for
the Bruhat order on the corresponding permutation matrices. This is not the case, as
the next example shows.

Example 10 cont. Let againn = 7and S = (2, 1,0, 2,0, 1, 1). Another matrix C
in C(S) and the corresponding permutation matrix P are given by

1 1
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Then (¥ (P))12 = 1, (¥ (P))21 = 0 while (P12 =0, (Z(P(5)))21 = 1. So
P(S) £g P and P £p P(S). |

Remark 1 In [11] Fulton defined what he called the essential set of an x n permutation
matrix P corresponding to a permutation 7 of {1, 2, ..., n} as follows: Think of P as
an n x n array of squares with one dot in each row and column and all other squares
empty (corresponding to the 1’s and 0’s of P). For each dot in P shade all the squares
from the dot and eastwards and from the dot and southwards leaving the diagram of
unshaded squares of P. The essential set of P is the set of southeast corners of the
connected components of the unshaded squares of the diagram. For example, we have

where the essential set consists of the squares with a x which are then replaced by the
number of e’s in the northwest submatrix they determine (equivalently, its rank).

Fulton shows that a permutation matrix is determined by these rank numbers and
their locations, the ranked essential set and that, in general, none of these can be omit-
ted. Notice that these rank numbers are entries of the sum-matrix of the permutation
matrix P, corresponding to certain zeros of P. Thus these entries (with their locations)
determine the permutation matrix P.

In [10] an algorithm is given that determines its ranked essential set. In [10] it is
shown that a permutation matrix is determined by the rank function on a subset of its
essential set called its core where the core has size at most #. In [9] it is proved that
the average size of the essential set of an n X n permutation matrix is asymptotic to

n
36 O

We return to the notion of primary sum-sequence of a permutation matrix, and the
algorithm given in the proof of Theorem 6. The following example implies that there
may be no analogue of primary sum-sequence for ASMs.

Example 11 Consider the two 6 x 6 ASMs

1 1
1
=1 |1 1 =11
Ar=17 | ™ A= gD 1
1 1
1 1
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Their sum-matrices are

ololo[1]1]1 ololo[1]1]1
ojo[1212]2 00112122
011233 01121233
XAV = 1ahhEnRE | M X)) = Teh5EG
11213345 112[3)34]5
11213456 1123456

Thus the sum-matrices X (A1) and X' (A») differ only in the the (3, 3)-entry shaded
above. Hence if we try to mimic the algorithm given to determine a permutation matrix
from its primary sum-sequence (in which a row is determined by the rows below it),
it will fail when we transition from rows 6, 5, and 4 to row 3. O

The notion of nests can be generalized to ASMs but, because of the presence of
—1’s, the situation is more complicated.

Example 12 Consider the 8 x 8 ASM

1
=1 1
1
=1 1
A= =1
=1 1
1
L 1 i
where
roloft|1]1]1]1]17
o[T[1[1[112]2]2
0[1]12[213]3[3
1/1[2(3[3[4[4]4
2(A) =\ TBRBEsss |
112[3[3]4[5/6/6
112|3[3]4|5/6|7
| 1]2[3]4]5[6]7[8

and the increases in each row (here we use rows rather than columns as we did for
permutation matrices, and think of an initial column of all 0’s) are indicated again
by shading the corresponding cells. For any ASM A, let X' (A)* be the (0, 1)-matrix
obtained from X' (A) by replacing each positive entry with a 1. Thus each row of
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X (A)* records the columns in which an increase occurs. For this example we have

— 1 -

T(A) =

1)1
1|1

[y S R
[y S N S
—
el e el
it |t | | [t [t |

Let a1, an, ..., ag be the rows of X (A)* and define @9 = (0,0,0,0,0,0,0,0).

So fori = 1,2,...,8, o; has its ones in the columns of each increase. Define
ag = (0,0,...,0). Then o; — ;1 fori = 1,2,...,8 are the rows of the ASM
A. Moreover, o, oz, ..., og defines a saturated chain in the partially ordered set

defined by Terwilliger [13] who shows that the saturated chains are in a one-to-one
correspondence with the ASMs. This partially ordered set consists of all n-tuples of
0’s and 1’s with partial order defined by: (a1, az, ..., a,) < (b1, b2, ..., b,) if and
only if the difference sequence (b; —ai, b —az, ..., b, —ay) is a (0, £1)-sequence.
]

Example 13 Consider the diamond ASM D7:

>
~
Il
—
|
—| —
—
I
[
—_
|
—_
—

1—1] 1
where

O[0|0[1|1|1|17] B 1 ]
0[0[1(1|2]2]2 1] |1
0[1(1|2(2|3(3 1] (1] |1

X(D7)=| 1|112]23]3]4 | - X(D7)=| 1] |1 [1| |1
1121213(3|4|4 1] (1] |1
1(2/3|314|5|6 111 |1[1]1
| 1/12(3/4/5/6|7 | L 1111|111

Then D7 corresponds to the saturated chain

0,0,0,1,0,0,0),(0,0,1,0,1,0,0),(,1,0,1,0,1,0), (1,0, 1,0, 1,0, 1),
(1,1,0,1,0,1,0), (1,1, 1,0, 1, I, D), (1, 1, 1, I, I, 1, 1).
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5 Bruhat Lattice Properties of ASMs

If Ay and A; are two n x n ASMs, then GLB 4,{A1, A2} denotes the greatest lower
bound of Aj and A; in the lattice (A,, <p). This greatest lower bound is the ASM
whose sum matrix is the n x n matrix in which each entry equals the maximum of the
corresponding entries of Aj and A;. The next example shows that GLB 4,{A1, A2}
may be a permutation matrix even though neither A nor A, are permutation matrices.

Example 14 Let

1 1
1 =11
A1= =1 and Az: 1
1 1
Then
11]1]1 ol1]1]1
1122 1122
A= |7apE | ad YA)=|q5EE
11234 11234
We have
11]1]1
1122
T(GLB4, (A1, 42) = | bt |
1234

and hence the increases correspond to a nested sequence and give the permutation
matrix

—

1

A permutation matrix and an ASM which is not a permutation matrix may have a
greatest lower bound equal to a permutation matrix. For instance,

1 1

and

—

@ Springer



88 Graphs and Combinatorics (2020) 36:63-92

has GLB 4, equal to

—

O
Example 15 Letn = 4 and w1 = (2431), mp = (3241). Then the GLB{m;, mp} =7 =
(2341). We have
O[1]1(1 0[|0[11
0|1(1]2 0[12]2
X(m) = oihiz | 2(m) = o3 |
1(2|3(4 1(2|3(4
and
o111
0[1]2(2
2O =191
112|134
In this case, both 771 and 7> cover 7.
Another example is 71 = (3421), 7y = (4312) where the GLB{m, 1} = 7 =
(3412). We have
0[|0f1]1 0[0|0|1
0[0(1|2 0[0[1]2
o =1omnpE | ¥ = | 1ips
1(2|3(4 12|34
and
0[|0[1(1
0[0(1{2
2O =\
12|34
In this case, both 7r; and 7, also cover t. O
So, if we take two permutations 1 and 73 of {1, 2, ..., n}, and form the entrywise

maximum of the entries of X' (;r1) and X' (7;) to get a matrix M = X (1) V X (m12),
then M is the sum-matrix of the ASM GLB 4, {71, m2}. Then GLB 4, {71, 72} is not a
permutation matrix if and only if in some row of M, there are two or more increases
that were not increases in the previous row, see further discussion below.
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Now consider the two permutations 7; = (3241) and 7y, = (4132) with
GLB 4, {71, m2} = T = (3142). We have

olo[1]1 ololo|1
0122 1112
X(m) = o3 | XY (mp) = NPERE
11234 11234
and
olo|1]1
1122
2O = 911103
11234

In this case, neither 1 nor 72 covers 7. There is an ASM different from a permutation
between 71 and t (namely, the ASM corresponding to 13 in the Hasse diagram of
(A4, <p)), and another ASM different from a permutation between 7, and 7 (the
ASM corresponding to 42 in the Hasse diagram of (A4, <p)). (Note that e.g., 42
in the diagram denotes a 4 x 4 ASM with a 1 in position (4, 2) which is uniquely
completable to an ASM by using the only 3 x 3 ASM with a —1).

For small values of n we have enumerated all permutation matrices of order n,
and computed the GLB 4, of each pair of such matrices. The following table shows
how many pairs that have a GLB 4, which is a permutation matrix, and this number
is denoted by #P. The other pairs have a GLB 4, which is an ASM different from a
permutation matrix, and their number is denoted by #ASM.

n n! nl(n!—1)/2 #P #ASM
2 2 1 1 0

3 6 15 14 1

4 24 276 231 45

5 120 7140 5136 2004

6 720 258840 154385 104455

Next we characterize when the GLB 4, of a set of permutation matrices is a per-

mutation matrix. Let Py, P», ..., Py be permutation matrices of order n, and let
A = [a;;] = GLB4,(Py, Py, ..., P}. Define $(A) = [6;;] and Z(P;) = [ofj’)]

(t < k). Thus, c}ij = max; O’il(/t) foreach i, j. Also define for 1 <i,j <n

Kij={t <k: Ul-(jt) = Gij},
JG =1, p,.... 0 =1, P}

With this notation, we have the following result.
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Proposition 1 Let Py, P», ..., Py be permutation matrices of order n, and let A =
GLB 4, {P1, P2, ..., P}

Then A is a permutation matrix if and only if there is no position (i, j), with
1 < i, j < n, such that (a) for some s € K;_1 j—1 the matrix Py has a 1 in I(i, ),
butno lin J(i, j), (D) for somet € K;_1 j—1 the matrix P, has a 1 in J(i, j), but no
l1inI(i, j), and (c) no P; (I < k) has a 1 in position (i, j), ora 1 in both I and in I5.

Proof The matrix A = [a;;] is a permutation matrix if and only if there is no position
(i, j),with I < i, j < n, such that a;; = —1. Using the properties of X (A) = [6,-j],
i.e., that X' (A) is nondecreasing in rows and columns, and the increase is at most 1,
we see that a;; = —1 if and only if, for some integer m,

Oi—1,j—1 =m, 0j—1,j =0 j-1=0;;=m+ 1.

But these equations correspond precisely to the statements (a)—(c) in the proposition.
O

Example 16 Let n = 4 and let

1 1
P = 11 and P, = ! I
1 1
Then
O[1{1{1 0[0]0(1
0[1{1|2 111]1(2
PO =\gapE | @ (P =95
112(3|4 112(3|4
Then
O[1]1(1
111]1]2
X (GLB4,{P1, P}) = INERE
112134

whose corresponding ASM is

|
o
o[—[o]o
olol—|o

= k=l =

1

In view of Proposition 1 consider i = j = 2, and k = 2. Then K11 = {1, 2} (as
o611 = 0) and P, satisfies condition (a) as it has a 1 in 7(2,2) = {(2, 1)}, and P,
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satisfies condition (b) due to the 1 in 1(2,2) = {(1, 2)}. Moreover, condition (c)
holds, so the proposition also shows that GLB 4, { P1, P} is not a permutation matrix.
O

The next result determines when the greatest lower bound of a set of permutation
matrices is equal to the identity matrix /,,.

Theorem 11 Let Py, P, ..., Py be permutation matrices of order n, and let A =
GLB 4, {P1, P2, ..., P}. Then A = I, if and only if for each k = 1,2, ..., n — 1,
there exists at < k such that the leading k x k submatrix of P, is a permutation matrix.

Ww”ﬂEMﬁﬂ%hMZGD=b$ﬂﬁﬂ)&mmA=hTMmﬂm=
X (I) is symmetric and

Gij=i G<n, j=ii+1,....,n). (12)
Therefore
AL @& _ ()
L =0ii = I}]Salz(au = 0;;

for some s < t. So, the permutation matrix P has i ones in its leading i x i submatrix,
and therefore this submatrix must be a permutation matrix.

Conversely, assume that foreachk = 1,2, ..., n — 1 there exists a r < k such that
the leading k x k submatrix of P; is a permutation matrix. This implies that

A t . .
oji = max o = i (i <n).
1<k ii

Since rows and columns of ¥'(A) are nondecreasing and the last entry in row i, and
in column i, is i, it follows that X' (A) satisfies (12). So, A = I, as desired. O

Example 17 Let n = 4 and let

1 1

1 1

P = I and P, = I

1 1
Then

ol1]1]1 11]1]1
12122 1122
P = 19555 | @d X(P)=|1955
11232 1234
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Then

Y (GLB 4, {P1, P2}) =

—_| =] =] —_
DN N D] —
BR[| =

W[ W DN —

which gives GLB 4,{P1, P,} = I. The leading k x k submatrix of Pj is a permutation
matrix for k = 2, 3 (and 4), while the leading k x k submatrix of P, is a permutation
matrix for k = 1 (and 4). O

Another way to formulate Theorem 11 is:
Let Py, P>, ..., Py be permutation matrices of order n, and let

A =GLBy, {Pi, P2, ..., P}.

Then A = I, if and only if for eachk = 1,2, ...,n — 1 there exists at < k such that
the kth term in x (P;) equals k, that is, the kth term in x (I,).
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