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Abstract

Let G be a graph on even number of vertices. A perfect matching of G is a set
of independent edges which cover each vertex of G. For an integer t > 1, G is
t-extendable if G has a perfect matching, and for any ¢ independent edges, G has
a perfect matching which contains these given t edges. The graph G is bi-critical
if for any two vertices u and v, the graph G — {u, v} contains a perfect matching.
Let G be a connected k-regular graph. In this paper, we obtain two sharp sufficient
eigenvalue conditions for a connected k-regular graph to be 1-extendable and bi-
critical, respectively. Our results are in term of the second largest eigenvalue of the
adjacency matrix of G. We also give examples that show that there is no good spectral
characterization (in term of the second largest eigenvalue of the adjacency matrix) for
2-extendability of regular graphs in general. Also, for any integer 1 < £ < %, we
obtain an eigenvalue condition for G to be (£ 4+ 1)-connected.
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1 Introduction

All graphs considered are finite, undirected and simple in this paper. Let G be a graph.
The vertex set and the edge set of G are denoted by V (G) and E(G) respectively. Let
B and E be a subset of V(G) and a subset of E(G) respectively. The graph G — B
is derived from G by deleting the vertices of B and the edges incident with a vertex
of B.If B = {u}, we denote G — B by G — u for convenience. The graph G[B] is
the subgraph induced by B. We also denote G[B] by B if no ambiguity arises. The
graph G — E is defined with vertex set V(G — E) = V(G) and edge set E(G) — E.
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Let S and T be two non-empty disjoint subsets of V(G) (or subgraphs of G). Define
E(S, T) to be the set of edges of which one end vertex is in § and the other end vertex
is in T. The connectivity of a connected graph G is the minimum size of a subset S
of V(G) such that G — § is disconnected or singleton. If the connectivity of G is not
less than ¢, we say that G is £-connected.

A matching M of G is a set of independent edges of G. If M covers each vertex of
G, then M is called a perfect matching or a one-factor. Theorem 2.1 is a fundamental
result in matching theory [1,16]. Let G be a graph on even number of vertices. For
an integer + > 1, if G has a perfect matching, and for any ¢ independent edges of
G, G has a perfect matching which contains these given ¢ edges, then G is called
t-extendable. If for any two vertices x and y of G the graph G — {x, y} has a perfect
matching, then G is called bi-critical. For more studies of bi-critical graphs, one
may refer to [13,14]. Matching plays an important role in graph theory and is widely
applied in economics and chemistry. In the book [12], There is an extensive research
on matching in combination. In the papers [2,5], the authors studied matchings of
regular graphs by interlacing technique (see Theorem 2.2). For matching extensions
of strongly regular graphs and distance-regular graphs, one may refer to [7,11] and
[6] respectively. There is a conjecture in [7] that primitive strongly regular graphs of
valency k have extendability at least k/2 — 1. It is still open.

Let G be a graph with vertices 1,2, ...,n = |V(G)|. The adjacency matrix A of
G is a square matrix indexed by the vertices of G, where a;; = 1 if the vertex i and
the vertex j are adjacent in graph G, and a;; = 0 otherwise. The eigenvalues of G
are the eigenvalues of its adjacency matrix A. In the current paper, we always denote
the eigenvalues of a graph G by A1(G) > X2 (G) > --- > X,(G). As well known,
X1(G) is the spectral radius of G and its multiplicity is one if the graph G is connected
by Perron-Frobenius Theorem. For a (vertex) partition Vi, V, ...V, of V(G), the
corresponding quotient matrix of the partition is an m X m matrix and the element
in (i, j) is |27”", where X;; = |E(V;, V;)| forany i # j, and X;; = 2|E(G[V;])| for
1 < i < m. The partition is equitable if each vertex in V; has the same number of
neighbors in V; forany i # j, and G[V;]is regular forany 1 <i < m.

For a graph G on n vertices, let s; denote the sum of k largest eigenvalues of G,

where k > 2. It showed that s, < <% + ,/%) nin [8] and s < % (ﬁ+ 1) n in

[15], respectively. For a connected k-regular graph G on even number of vertices,
in [2] the authors obtained a sufficient eigenvalue condition for G to have a perfect
matching, and constructed a k-regular graph Hj on even number of vertices with no
perfect matchings, which shows that the condition is tight. Later, in [5] the authors
showed that G has a perfect matching if A3(G) < A3(Hy).

In this paper, we consider a connected regular graph G of degree k > 3. We
first construct a k-regular graph Hy which is not 1-extendable, and a k-regular graph
Ny which is not bi-critical, respectively. Then we show that G is 1-extendable when
M (G) < Aa(Hy),and G is bi-critical when G is non-bipartite and A2 (G) < A2(Ng).In
Theorem 2.5, we also obtain a sufficient eigenvalue condition involving the number of
vertices of G for G to be 1-extendable. Our proofs are mainly based on Theorem 2.1
(Tutte Theorem) and Theorem 2.2 (Interlacing Technique). In the Remark 2.5, we
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also give examples that show that there is no good spectral characterization (in term of

the second largest eigenvalue of the adjacency matrix) for 2-extendability of regular
k+2

graphs in general. For any integer 1 < £ < 3=, we show that G is (¢ + 1)-connected
ifAx(G) < k— % k—]zﬁ For any terminology used but not defined here, one may refer
to [3,12].

2 1-Extendable Regular Graphs from Eigenvalues

Let S be a subset of V(G). The number of odd components of G — § is denoted by
0o(G — S). Tutte [16] (or [1]) proved the following fundamental result in matching
theory.

Theorem 2.1 (Tutte Theorem) A graph G contains a perfect matching if and only if
o(G — S) < |S| for any subset S of V(G).

The following Theorem 2.2 is the generalized form of (eigenvalue) interlacing
technique, referring to [3] (Chapter 2 and Chapter 3) or [10]. For more studies of
interlacing technique, one may refer to [2,4,5].

Theorem 2.2 (Interlacing Technique) Let G be a graph of order n and Q be the m x m
quotient matrix of G for a partition Vi, Va, ...Vy,. Then we have the followings.

(1) The eigenvalues of Q interlace those of G. In other words, Li(G) > Xi(Q) >
Aitn—m(G) forany 1 <i < m.
(ii) If the partition is equitable, then each eigenvalue (with multiplicity) of Q is also
an eigenvalue of G.
(iii) If the interlacing is tight, which means that there is an integer h > 0 such that
2i(Q) =2i(G) forl <i <hand ’i(Q) = Aixpn—m(G) forh +1 <i < m, then
the partition is equitable.

It is worth mentioning that when Q is a principle submatrix of the adjacency matrix
of G, the conclusion (i) of Theorem 2.2 is also satisfied. This is the original form of
(eigenvalue) interlacing technique. In the followings, when we say Theorem 2.2, we
admit that the original form is involved.

Let K, and C, denote a complete graph and a cycle on n vertices respectively. If
n is an even integer, let M), denote a perfect matching on n vertices. For a graph H,
let H be the complement of H. For two (vertex) disjoint graphs G1 and G, the joint
of G| and G, which is denoted by G| + G2, is the graph formed by adding an edge
between each vertex of G| and each vertex of G,.

For an even integer k > 4,let A = K7, B = m (a set of k — 2 isolated vertices),
C = Ki_1 and D = K3 + My_», respectively. Define a new graph Hj with the four
parts A, B, C and D by adding an edge from each vertex in A | B to each vertex in
C, and also adding a perfect matching between the vertices in B and the vertices of
degree k — 1 in D. Thus H is a k-regular graph on 3k vertices.

For an odd integer k > 5,let A = K5, B = K_»,C = K;_jand D = C4+ C_»,
respectively. Define a new graph Hj with the four parts A, B, C and D by adding
an edge from each vertex in A |J B to each vertex in C, and also adding a perfect
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matching between the vertices in B and the vertices of degree k — 1 in D. Thus Hj is
a k-regular graph on 3k + 1 vertices.

Theorem 2.3 Let Hy be the graph defined above for k > 4. Then Hy, is not 1-extendable
and we also have the followings.

(1) Ifk = 4 is an even integer, then Ay (Hy) is the largest root of polynomial fi(\) =
k4 + 23— (k2 =2k —|— 5))»2 (Sk — 7)k + k2 — k. Moreover, we have k — % +
s < M(Hp) <k — 2 + + 8k(k ) Jork > 8, /12 < Ay(Hs) < ~/13 and
V27 < Ay (Hg) < +/28.

(ii) Ifk > 5 is an odd integer, then o (Hy) is the largest root of polynomial fi(A) =
A 4203 — (k2 — 2k + 6)A% — (k% + 4k — )\ + 2k? — 4k + 2. Moreover, we have
k=343 < 2(H) < k=3 + 5 — gy fork = 11, V19 < ha(Hs) < V20,
38 < Mo (H7) < +/39 and /64 < Ay(Hy) < +/65.

Proof For k > 4, the part A is an edge and it is easy to see that H; — A has no perfect
matching by Theorem 2.1 as o(Hy — A — B) = k > |B| = k — 2. Thus Hy is not
1-extendable.

(i) Let £ > 4 be an even integer. Partition V (Hy) into five parts V| = A, V, =
B,V3 =C,Vs = My_> and V5 = K3 (Notice that D = K3 4+ Mj_3), respectively.
It is easy to see that this partition is equitable. Thus the eigenvalues of the quotient
matrix B corresponding to the partition are also the eigenvalues of Hy by Theorem 2.2.
It is easy to see that B is equal to

1 0 k—1 0 0
0 0 k—1 1 0
2 k-2 0 0 0
0 1 0 k—4 3
0 0 0 k=2 2

By a routine computing, the characteristic polynomial of B is (A — k) frx(X). Let pi
be the largest root of fy(A). For k > 8, set A = k — + Y, where 0 < y <

3. Then we have fr(A) = (2y - 3K+ (105 Sy)k + (5y? =3y -2 +

—13y24-8L 3
Y — Y4 A 1:24y 5} + k4 (*) by a routlne computing. The sum of first two

terms of (x) is nonnegatlve fory > + 8(k 4) Also, the sum of the following two

22
31261) + M of (x) is positive for y > 4 and the sum of

the last three terms of (*) is positive for y > 0. Therefore fr (k - 3 %) > 0 for
y > % + 8(1314)’ which 1mphes pr < k — 2 + 8k + 8k(k 4) for k > 8. Similarly,
it can be checked that f (k -3 3 4 8k) < 0 by letting y = == in (), which implies
pk>k—3+ 3 fork > 8.

It is easy to see that V12 < M(Hy) < /13 and V27 < M (Hg) < /28 by
computation.

As well known, each eigenvector corresponding to the eigenvalue of B can be
lifted to be an eigenvector of H corresponding to the same eigenvalue, such that the

terms (5y% — 3y —
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components (of each lifted eigenvector of Hy) in each part of the equitable partition
are the same (see [10]). Let W be the space spanned by the five characteristic vectors
of the five parts V1, Vo, ..., Vs. (Here, for a subset A of the vertex set of a graph G,
the characteristic vector of A is a vector x indexed by V (G), such that the component
x, = 1 if the vertex u is in A, and the component x,, = 0 otherwise.) Obviously,
the space W has dimension 5. Since the five lifted eigenvectors of Hj corresponding
to the five eigenvectors of B are linear independent and in W, thus these five lifted
eigenvectors also span the space W. Therefore, any other eigenvalue of Hy with an
eigenvector orthogonal to W is also an eigenvalue of the graph HIL derived from Hj
by deleting all the edges between any two distinct parts (of the five parts) when each
vertex of one part is adjacent to each vertex of the other part in Hy. Since the maximal
degree in the graph H,; is at most k — 3, which is less than pg, thus py is the second
largest eigenvalue of H.

(i1) Let & > 5 be an odd integer. Partition V (Hy) into five parts V1 = A, V, =
B, V3 =C, V4= Cir_and Vs = C4 (Notice that D = C4 + Cx_2), respectively. It is
easy to see that this partition is equitable. Thus the eigenvalues of the quotient matrix
B corresponding to the partition are also the eigenvalues of Hy by Theorem 2.2. It is
easy to see that B is equal to

1 0 k—1 0 0
0 0 k—1 1 0
2 k-2 0 0 0
0 1 0 k=5 4
0 0 0 k—2 2

By a routine computing, the characteristic polynomial of B is (A — k) fx(A). Let px
be the largest root of fi(A). Fork > 11,setA =k — 3 + 2, where0 < y < % Then

—10y>425y
we;h?ve i =2y -2+ (8 —6y)k+(5y — 13y — 379)4—%4—
ael _ziy 4]37 + }4 (*x) by a routine computing. For y > 4—1 . m, it is easy to
check that not only the sum of first two terms of (:x) is nonnegatlve, but also the sum

of the following two terms of () is nonnegative. Also, the sum of the last three terms

of (xx) is positive for y > 1. Therefore, fi (k - % + %) > 0 fory > % - ﬁ,

which implies py < k — % + % — Sk(]? 3) for k > 11. Similarly, it can be checked
that fi (k — 3 4+ 22) < O by letting y = 3 in (+), which implies py > k — 3 + 2
fork > 11.

It is easy to see that V19 < M (Hs) < V20, /38 < M (H7) < V39 and /64 <
12(Hog) < +/65 by computation.

Similar to the proof of case (i), we can show that py is the second largest eigenvalue
of Hy, where k > 5 is an odd integer. We complete the proof. O

Theorem 2.4 Let G be a connected regular graph of degree k > 19 on even number
n of vertices. If \y(G) < Ay (Hy), then G is 1-extendable.

Proof Let R be an odd subset of V(G). By |E(R, R)| + 2|E(G[R])| = k|R| we have
that |E(R, R)| has the same parity with k, where R = V(G) — R. If P is a subset of
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V(G) with | P| < k, then |E(P, P)| = (k — |P| + 1)|P| > k. (We will use these two
facts many times in the following proof.)

We prove the conclusion by contradiction. Assume that G is not 1-extendable.
Then there is an edge e = xy of G such that G — x — y has no perfect matching. By
Theorem 2.1, there is a subset Sg of V(G —x — y) such that o(G —x —y — Sp) > [So],
and thus o(G —x — y — Sp) > |So| + 2 by parity. Let S = So | {x, y}. Then G[S]
contains an edge and o(G — S) > |S]|. We choose the maximal S such that G[S]
contains an edge and o(G — S) > |S|. By the choice of S, there is no even component
inG — S.If o(G — §) > |S] and thus o(G — S) > |S| + 2 by parity, then there exist
two odd components, say P and Q, such that |[E(P, S)| <k —2,|E(Q,S)| <k—-2
and thus | P|, |Q| > k+ 1 by regularity and parity. By Theorem 2.2, we have A, (G) >
min{ii(P), 21 (Q)} > k— ﬁ > Ao (Hy) for k > 19, a contradiction. Therefore, we
have o(G — §) = |S].

(i) Suppose that £ > 19 is an odd integer. There exists an odd component of G — S,
say Pp, suchthat |E(P1, S)| < k by regularity, since G[S] contains an edge. It follows
that |E(Py, S)| < k—2 and thus | P;| > k + 2 by parity (see the first paragraph of this
proof).

Suppose that there are at least two odd components of G — S which are not singleton
components. Then there exist two non-singleton components, say P and Q, such that
|[E(P,S)| < |E(Q,S)|and [E(P, S)| + |E(Q, S)| < 2k — 2 by regularity as G[S]
contains an edge. It is easy to see that |E(P, S)| < k — 2 and thus |P| > k + 2. If
|Q| < k—2,then|E(Q, S)| > (k+1—]0])|Q| = 3k—6 > 2k—2, whichis impossible.
It implies |Q| > k. Set |[E(P, S)| = a < k — 2. By Theorem 2.2, we have A,(G) >

min (1 (P), 71(Q)) = min {k — g5,k — %2=2 ] = k — %2=_ Parition V(G)

into two parts P and P, respectively. The quotient matrix of this partition is easy to
compute, and by Theorem 2.2 we have A»(G) > k — k+2 kaﬂ as |P|,|P| > k+2.

Therefore, we have A»(G) > max {k — % k — ko — Hl+ak=8

a____a { >
k+2 k2| = 3k2+8k+4

YOtak—8 o 4 3 43
3k2+-8k+4 — 2 1 8k 8k (k—3)
if and only if 4k* — 67k> — 42k* + 508k + 504 > 0. It is satisfied for k > 17 and thus
A2(G) > Ay(Hy) for k > 19, a contradiction.

Now we can suppose that there is precisely one non-singleton odd component, say
P.Thuso(G—S) = |S| = kandn > 3k+1,since |E(P, S)| < kandthus |P| > k+2.
Set|E(P,S)| =a.lfa < k—2andthusa < k —4 by parity, partition V(G) into two

(when a= %) By aroutine computing, k —

parts P and P respectively. By Theorem 2.2 we have 12(G) > k — Pl PI - “l P =
k—% =T 1 as|P| > k+2 n—|P| > k+2andn > 3k+1. By aroutine computing,

k=153 — 3T = k=3 + & — sri—y if and only if 42k — 235k 4436k —252 > 0.
It is satisfied for k& > 7 and thus A>(G) > Ar(Hy) for k > 19, a contradiction. Now
let |[E(P,S)|=a=k—2.

Ifn =3k +1,then |P| =k + 2 and |S| = k. Since |E(P, §)| = k — 2, thus there
exist four vertices uy, uz, uz and u4 of degree k in G[P]. Set VS/ = {uy, uz, uz, us}
(compared with Vs in Hy). Let Vl/ be the two ends of the only edge in S, V2, =5— Vl/ s
V3/ =V(G)—P—Sand V‘{ =P - VS/, respectively. Thus G has a partition which

contains five parts (compared with Hy). It is easy to see that |E (G[VS/])| =4+,
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where ¢ = 0, 1 or 2. The quotient matrix C of this partition of G is equal to

10 k-1 0 0
0 0 k-1 1 0
2 k=2 0 0 0

2 2
0 1 0 k-5+& 4-2
0 0 0  k-2-% 2+%

Let the characteristic polynomial of matrix C be (A — k) g(k) By adding the first
four columns to the last column, we have g(1) — fr(A) = 2(k 2) »——<h(L), where h(A) =
(k + 2))»3 — 452 — (k3 + 2k — A + K —2k2 —k+2. By a routine computing,
we have ((k + 2)A + 2k 4+ 8)h(r) — (k +2)% fi (L) = F(A), where F(A) = 8kA> +
(4k% — 20k + 8)1 — 12k% + 4k + 8. Since A2 (Hy) > 4 for k > 5, thus F (A2 (Hy)) >
4k% + 52k + 40 > 0, which implies A (Ay(Hy)) > 0 and thus g(A2(Hg)) < O for
k > 5. By Theorem 2.2, we have A2(G) > Ay (Hy) for k > 19, a contradiction.
Suppose n = 3k +3.If |S| = k, then | P| = k +4 Partltlon V(G) into two parts P
and P, respectively. By Theorem 2.2, 1,(G) > k — k=2 > k=2 k=2

IP\ I Ry = Sy o e
|P| > k+4 n—IPI > k+4andn = 3k+3. By aroutine computing, k — ﬁ__zkk_% >

k— 7 + @ — m if and only if 26k3 — 359k2 + 1046k — 504 > 0. It is satisfied
for k > 11 and thus A>(G) > Ay (Hy) for k > 19, a contradiction. If |S| = k + 1, then
|P| = k + 2. Partition V(G) into three parts P, S and V(G) — P — S, respectively.
The quotient matrix of this partition is easy to compute, and by Theorem 2.2 and

A/ 4KO+16k54+29k4 +26k3+13k2+36k+36— k2+3k+6

a routine computing, we have A>(G) > G DR
Since v/4k0 + 16k5 4 29k* 4 26k3 + 13k2 + 36k + 36 > 2k> +4k> + 14—3k fork >0
b . o thus o (G) > 243K+ Fh+6 r 3 h

y aroutine computing, thus A>(G) > GG = _7+8_k_m whenever

k3 —21k> 438k +63 > 0.1tis satisfied when k > 19, which implies A>(G) > A2 (Hj)
for k > 19, a contradiction. o
Suppose n > 3k + 5. Partition V(G) into two parts P and P, respectively. By

Theorem 2.2 we have A2(G) > k — k\P|2 — nk—;\zm > k — % — % as |P| >

k+2,n—|P|>k+2andn > 3k + 5. By aroutine computing, k — % — % >
k=3 + & — sty if and only if 10> — 159k + 180k + 756 > 0. It is satisfied
for k > 15 and thus A2 (G) > Ay (Hy) for k > 19, a contradiction. Now we complete
the proof of case (7).

(ii) Suppose that k > 20 is an even integer. There exists an odd component of G — S,
say Pjp, such that |E(Py, S)| < k. It follows that |[E(P, S)| < k — 2 by parity and
thus |P;| > k + 1.

If there exist at least two odd components of G — S which are not singleton com-
ponents, then we can choose two non-singleton odd components, say P and Q, such
that [E(P, S)| < |E(Q, S)| and |[E(P, S)| + |E(Q, S)| < 2k — 2 by regularity as
G[S] contains an edge. It is easy to see that |E(P, S)| < k — 2 and thus |P| > k + 1.
If |Q] < k—1,then [E(Q,S)| = (k+1—|0D|Q| = 2k — 2, which is impos-
sible. It implies |Q| > k + 1. Set |[E(P, S)| = a < k — 2. By Theorem 2.2, we

have A2(G) > min {A1(P), 21(Q)} > min {k e M} =k — 22

_a_
k+1° k+1
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Partition V(G) into two parts P and P, respectively. By Theorem 2.2 we have

M(G) = k — g5 — L3 as |P| > k + 1,|P| > k + 3. Therefore, A>(G) >
2k—2— 4k 44k —8 _ 2k>44k—6
max {k— o L — k+1 ka?} > k — —3k2+10k+7 (Whena =357 ) By
4% +4k—8

a routine computing, k — o0k = k— 5 3 4 Sk + m if and only if
4k* — 27k — 347k + 739% + 735 > 0. It is satisfied for k > 14, and thus
M (G) > Aa(Hy) for k > 20, which is contradictive to the hypothesis.

Now we can suppose that there is precisely one non-singleton odd component, say
P.Thus o(G — S) = |S| = kand n > 3k, since |E(P, S)| < k and thus |P| > k + 1.
Set |[E(P,S)| = a.Ifa < k—2,thena < k — 4 as a has the same parity with
k. Partition V(G) into two parts P and P, respectively. By Theorem 2.2 we have
2(G) = k= — i = k— 151 — 3y as [P >k—|—1 n—|P| > k + 1 and
n > 3k. By aroutine computing, k — ],;ﬁ 2"](; >k—3 343 2 3 4 Sk(k 5 if and only
if 42k3 — 267k + 186k — 105 > 0. It is satisfied for k > 6, and thus A»(G) > A2 (Hy)
for k > 20, a contradiction. Now we can suppose |E(P, S)| =a =k — 2.

If n = 3k, then |P| =k + 1 and | S| = k. Let VS/ be the set of any three vertices of
degree k in G[P] (compared with the set V5 K3 in the partition of Hy), Vl/ be the
two ends of the only edge in S, Vz/ =95- Vl, V3 V(G)— P — S and Véi =P - VS/,
respectively. Thus G has a partition which contains five parts (compared with Hy). It
is easy to see that the quotient matrices of G and Hj are the same. By Theorem 2.2,
we have A2 (G) > Ay (Hy), a contradiction.

Suppose n = 3k + 2. If |S| = k, then |P| = k + 3. Partition V(G) into two

parts P and P respectively. By Theorem 2.2 we have A»(G) > k — | PI — nk_ll%’l
k—% 2k Tas|P| > k+3, n—|P| > k+3 andn = 3k+2. By aroutine computing,

k—t=2— 2",{}1 > k—3+ 3+ 52y ifand only if 26k —291k2+496k—315 > 0.Itis

satisfied fork > 10, and thus A»(G) > Ay (Hy) fork > 20, acontradiction. If | S| = k+

1,then | P| = k+1.Partition V (G) into three parts P, S and V (G)— P —S, respectively.

The quotient matrix of this partition is easy to compute, and by Theorem 2.2 we have
\/7

12(G) = Y8R 10—kt Qince /4kF + OkZ — 8k + 16 > 2k>+5 — 2 fork > 1

2k? k44
by aroutine computing, thus A, (G) > % >k— 5 343 7 34 21 8k(k ) whenever

4k> — 84k + 137 > 0. It is satisfied for k > 20, which implies A2(G) > A (Hy) for
k > 20, a contradiction. .
Suppose n > 3k + 4. Partition V(G) into two parts P and P, respectively. By

Theorem 2.2 we have A (G) > k — \PI —f%é,l zk—%—%as |P| >
k+l n— |P| > k+ 1 and n > 3k + 4. By a routine computing, k — ’,iﬁ 2",;23 >

k — 2 + + 8k(k 5 if and only if 10k3 — 159k% + 26k + 315 > 0. It is satisfied
for k > 16 and thus A2(G) > A2 (Hy) for k > 20, a contradiction. We complete the
proof. O

Remark 2.1 Let Gy, = Ki_» + Ck, where k > 4. It is not difficult to show that
the spectrum of G is k, 2 — k, 0k=3. 2 cos 27", 2 cos 47”, ...,2co0s z(k_% It implies
M (Gr) = 2cos 27” But Gy is not 2-extendable, since any two independent edges in
the part Cy of G are not contained in a perfect matching of G. Thus there is no good
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spectral characterization (in term of the second largest eigenvalue of the adjacency
matrix) like Theorem 2.4 for 2-extendability of regular graphs in general.

Theorem 2.5 Let G be a connected regular graph of degree k > 3 on even number n
of vertices. Then we have the following conclusions.

(1) Foroddintegerk > 3,ifn < 2k+2, then G is 1-extendable; if 2k+4 <n < 3k—1

and (G) <k —1+ ﬁ, then G is 1-extendable; if n > 3k + 1 and Ar(G) <

; 3 4 k—1 k=2 .

min {k -1+ e k—1+ Yl vy v Sl e } then G is 1-extendable.

(ii) For even integer k > 4, if n < 2k + 2, then G is 1-extendable; if 2k + 4 <

n < 3k —2and }2(G) < k — 1 + 25, then G is l-extendable; if n > 3k

and 32(G) < min [k =1+ 2p.k =1+ 2y = 75— — 522, then G is

1-extendable.

Proof We prove the conclusion by contradiction. Assume that G is not 1-extendable.
Similar to Theorem 2.4, by Theorem 2.1 there is a subset S of V (G) such that G[S]
contains an edge and o(G — S) > |S|. We choose the maximal S such that G[S]
contains an edge and o(G — S) > |S|. By the choice of S, there is no even component
inG —S.

(i) Suppose that k > 3 is an odd integer. There exists an odd component of G — S,
say Py, suchthat |E(P1, S)| < k by regularity, since G[S] contains an edge. It follows
that | E(P1, S)| < k—2and thus | P;| > k+2 by parity. Therefore, we have n > 2k+4,
since | Py| > k + 2.

Suppose that there are at least two odd components of G — S which are not singleton
components. Then there exist two non-singleton components, say P and Q, such that
|[E(P,S)| < |E(Q,S)|and [E(P, S)| + |E(Q, S)| < 2k — 2 by regularity as G[S]
contains an edge. It is easy to see that |E(P, S)| < k — 2 and thus [P| > k + 2. If
|Q| <k —1,then |[E(Q, S)| = (k+1—|0Q]|Q| = 2k — 2, which is impossible. It
implies |Q| > k.Set |[E(P,S)|=a <k—2,|P|=p > k+2,|E(Q,5)|=0b,|0| =
q > k,n— p—q =r > 2. Partition V(G) into three parts P, V(G) — P — Q, O
respectively. The corresponding quotient matrix B is

a

k— 4 a
p

_ atb
k r

| s ©

S xIR
ESY SN
»
IS

It is easy to check that the characteristic polynomial of B is fi(B) = (A —

2 _ —_a_b_ath _a —b)y _(r—a)b_(rp—2L)a
k) [’\ (2k P g )“r(k P) (k q) (k p)r (k q)r]'By
Theorem 2.2 and a routine computing, we have 12(G) > k+

2 2
a_b a=b(a_b atb\"_(a_ b atb
\/<P q) +25 (P q)*( v ) (erq+ r )

2

. . a b 2 a b 2
Now consider the function g(x) = (— — —) + 2x(a — b) (; — ;1) + ((a + b)x)~—

P q

, (a+b)2x+(a—b)( L -t
(a+b)x,wherex = % < %.Itiseasytocheckthatg (x) = <p q) —

\/(%—g)zﬂx(a—b)(%—§)+((a+b)x)2

@ Springer



102 Graphs and Combinatorics (2020) 36:93-108

(@ + b) < 0 whenever (a — b)? (% - S) < (a + b)? (% — f;) It is obvi-
ously satisfied and thus g(x) is decreasing for x > 0. Then M (G) > k +

J(5=2) by (2- 2+(a;b) ~(2+b4egt)

2
Now consider the function A (x) = \/(ax — s) + (a —b) (ax — f;) + (#)2 -

1 . , 2a (ax—b)+a(a—b)
ax, where x = > It is easy to check that i (x) = —

2\/(@61) +(a— b)(ax,q)Jr(#)z

a < Owhenever (a—b)? < (a+b)?.Itis obviously satisfied, and thus we have that the

\/1— +(a=b) +( 42 +byafd

expression k + (p ) ( ) ( : ) ( ) is increasing with respect

to p and also to g, since the two pairs (a p) and (b, g) are symmetric in the expression.
\/ B —t) +a-b) (s -2)+( L) - (e +i+45t

Therefore, we have A>(G) > k + (Hz k) <k+2 kz) ( : ) (Hz L ),

since p > k+ 2,9 > k. Since (a — b) <k — %) > 0 (Notice that a < b), we

atb a+b
have 12(G) > k + ( : ) ( AR ) > k — 2k+2) 2k—2-a 2 ¢ (Notice that
a+ b < 2k — 2). Partition V(G) into two parts P and V(G) — P respectively.
By Theorem 2.2, we have A(G) > k — f}
k + 2, thus we have A (G) > k — k+2 — k+2 Therefore we have kz(G) >

max{k—L Zk2-a p _ 2”’}_k—l—i—Tﬂ(whena:w).&nce

,since r > 2.

2042 T T 2%k k+2 2k+1
A2(G) is an algebraic integer, thus A2 (G) > k — 1 + ﬁ, a contradiction.

Now we can suppose that there is precisely one non-singleton odd component, say
P. By regularity, we have o(G — §) = |S| > k. Thenn > 3k+1, since |[E(P, S)| < k
and thus |P| > k + 2. Set |E(P, S)| = a < k — 2 as a has the same parity with &,
|S|=s >kand |P|=p >k+2.Thenn = p + 2s — 1. Partition V (G) into three
parts P, S, V(G) — P — S, respectively. The corresponding quotient matrix C is

k—4 4 0
o’ r_a Pk =1k
s N N N
0 k 0
It is easy to check that the characteristic polynomial of C is f;,(C) = (A —

k) [AZ — <k —4_a_ w) A— (k — %) W] By Theorem 2.2 and a routine

P s s
2
=Dk l)k (s—Dk 2a (k
e o e Lo A O )

computing, we have A2 (G) > 5
Setm = k—% + =Dk l)k .Itis easy to see thatm > 2k —2. Since 2% (]f — % — 2“—3) <
k,ﬁ,ﬁ,w+ﬁ
2a (k _ a k P s s i 2 _
(8~ 4) <% <1, we have 2,(G) > 3 . Since vVm2 — 1 >
_g_g_(s—l)k+,n_ 2k—22
—m s gy 22 ps s 20k-2)2-1
m— iy Z M= e ey We have A,(G) > 5
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_a _a _ __ k=1 g a | a _ a@s+p) _ _a@m+l) (k—2)(n+1)
k=% =3 — gmoapo Sinee § + 55 = 75,7 = Sar-p = GD0-E-D
(Notice thata < k —2andk+2 < p=n+1—-2s < n+1— 2k), we have

&—2)(n+1) k=1 4 k=1 [
22(6) > k= @imo—t—n — 22k—272—1 — k=1+em— 8k—1)2—1  n—k—1>acon-

tradiction. (Notice that for 2k +4 < n < 3k — 1 we must have | S| = 2, which implies
that we need only to consider the case in which G — S has only two non-singleton
components.) We now complete the proof of (7).

(i1) For even integer k > 4, the proof is very similar to case (i) and thus omitted,
since we need only to change slightly when we consider the parity of the subsets of
V(G) and k. We complete the proof. O

Remark 2.2 When k is large, the bound in Theorem 2.4 is convenient to use. When
k > 3 is small, the bound in Theorem 2.5 is good enough to use. Moreover, if n is
not down close to 3k (or 3k + 1), the bound in Theorem 2.5 is obviously better than
the bound in Theorem 2.4. (Checking the proofs of Theorems 2.4 and 2.5, we believe
that Theorem 2.4 is also true for 4 < k < 18, of which the strict proof contains much
more computing even by computer. For a cubic graph G, by Theorem 2.1 it is easy to
see that G is 1-extendable if and only if G has no cut edges. Let H be the cubic graph
obtained from two copies of K4 by putting one new vertex in an edge of each copy of
K4 and then connecting the two new vertices. In [4], it showed that H has the smallest
second largest eigenvalue among the cubic graphs with cut edges.)

3 Bi-critical Regular Graphs from Eigenvalues

Letk > 3 beanoddinteger. Let A = Ki, B =Ki_1and C = Ky, respectively. Define
a graph Nj with the three parts A, B and C by adding a perfect matching between A
and C, and also adding an edge between each vertex in A and each vertex in B . Thus
Ny is a k-regular graph on 3k — 1 vertices.

Let k > 4 be an even integer. Let A = Ki, B = Ky—; and C = My + Kj,
respectively. Define a graph Nj with the three parts A, B and C by adding a perfect
matching between A and the set of vertices of degree k — 1 in C, and also adding an
edge between each vertex in A and each vertex in B. Thus Ny is a k-regular graph on
3k vertices. (Notice that the polynomial fi(A) defined in the following is not the one
defined in Sect. 2.)

Theorem 3.1 Let Ny be the graph defined above for k > 3. Then Ny is not bi-critical
and we also have the followings.

12—
(1) Ifk = 3 is an odd integer, then we have k — % + Sl_k < M (Np) = w <

3 1 1
k=3 + &+ sta=n-
(i1) Ifk > 4 is an even integer, then Ay (Ny) is the largest root of polynomial fr(L) =
A3 4222 — (k% = 2k + DA — k% + k. Moreover, we have k — % + % < M (Np) <
3,09 3
Proof For any integer k > 3, since o(Ny — A) = k = |A|, thus for any two vertices

u, v in A the graph Ny — u — v has no perfect matching by Theorem 2.1. Therefore,
N is not bi-critical.
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(i) Let £ > 3 be an odd integer. Partition Hy into three parts V| = A, V, = B
and V3 = C, respectively. It is easy to see that this partition is equitable. The quotient
matrix is equal to

Similar to the proof of Theorem 2.3, we have the conclusion.

(ii) Let k > 4 be an even integer. Partition Hy into four parts V) = A, Vo = B, V3 =
M (Notice that C = My + K1) and V4 = C — V3, respectively. It is easy to see that
this partition is equitable. The quotient matrix is equal to

0 k

(e
SO —= O O

k 0
1 0 k—2
0 0

The characteristic polynomial of this matrix is equal to (A — k) fix(A). Let px be

the largest root of fy(A). Set A = k — % + %, where 0 < y < % Then we have

3y2—dy 3y 3 . . .
fiG) = Qy—Pk+ (%1 - 3y)+ % — Zk% + 5 (%) by aroutine computing. Itis
easy to check that the sum of first two terms of () is nonnegative for y > %+ % s
and the sum of the following two terms of (x * %) is positive for y > 1. Therefore,
fi(k =3+ 3) > Ofory > g+ g5, which implies p < k—3 + g + grz—s; for
k > 4. Tt can be directly checked that fj (k — % + %) < 0 for k > 4, which implies
Pk > k—%+% fork > 4. Therefore, wehavek—%—i—% < pr < k—%—}—%—}—m
for k > 4. Similar to the proof of Theorem 2.3, we can show that A2 (Ny) = pir. We
complete the proof. O

For a bipartite regular graph G with two parts X and Y, it is easy to see that
|X| = |Y]|. Since for any two vertices u, v in X the graph G — u — v has no perfect
matching by Theorem 2.1, thus G is not bi-critical. Then we need only to consider
non-bipartite regular graphs in the following discussion.

Theorem 3.2 Let G be a non-bipartite connected regular graph of degree k > 3 on
even number n of vertices. If \o(G) < Ay(Ny), then G is bi-critical.

Proof We prove the conclusion by contradiction. Suppose that G is not bi-critical.
Then there are two vertices x, y of G such that G — x — y has no perfect matching. By
Theorem 2.1, there is a subset So of V(G —x — y) such that o(G —x —y — Sp) > [So],
and thus o(G — x — y — So) > |So| + 2 by parity. Let S = So | {x, y}. Then
0o(G — S) > |S]. Choose the maximal S such that o(G — S) > |S|. By the choice of
S, there is no even component in G — S. Similar to the proof of Theorem 2.4, we can
show that o(G — §) = |S].

(i) Suppose that k£ > 3 is an odd integer. If there are at least two odd components of
G — S which are not singleton components, then there exist two non-singleton compo-
nents, say P and Q, suchthat |E(P, S)| < |E(Q, S)|and |[E(P, S)|+|E(Q, S)| < 2k
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by regularity. Thus |E(P, S)| < k and |P| > k. If |Q| < k and thus |Q| < k — 2,
then |E(Q,S)| > 3k — 6 as |Q| > 3. Since |E(P,S)| + |E(Q,S)| < 2k,
we have k = 5, |Q| = k — 2 = 3. It follows that |E(P,S)|] = 1 and thus
|P| > k + 2. Partition V(G) into two parts P and P, respectively. By Theorem 2.2
we have M (G) > k — ﬁ > k — % + ﬁ + m > A2(Np), a contradic-
tion. Therefore, |Q| > k. Set |E(P,S)| = a < k. By Theorem 2.2, we have
22(G) = min {1 (P), A (Q)} = min {k — &, k — 274} = k— 24 Partition V (G)

a

into two parts P and P, respectively. By Theorem 2.2 we have 1>(G) > k — f-

k+2°
2k— 4k+4
Therefore, we have A2(G) > max ik e k“ﬁ} > k — _31;4 (when
2k%-+4k : - 4h+4 1 1
a = 2435, By a routine computing, k — 35 > k — R sto= fork = 3.

Thus A2(G) > Ay(Ny) for k > 3, a contradiction.

Now we can suppose that there is precisely one non-singleton odd component, say
P, since G is not a bipartite graph. It follows that o(G — S) = |S| > kandn > 3k — 1,
since |E(P, S)| < kandthus |P| > k.Set |E(P, S)| =a.lfa < kandthusa < k—2
by parity, partition V(G) into two parts P and P, respectively. By Theorem 2.2 we

have A2(G) > k — (f — ;=571 = k — 522 - z’fk 21 as |P| = k,n — |P| > k and

n > 3k — 1. By a routine computing, k — kk2 2k 1 >k — 2 + @ + W—l) if and
only if 42k> — 59k + 16 > 0. It is satisfied for k > 3, and thus A2(G) > A2 (Ny) for
k > 3, a contradiction. Now suppose |E(P, S)| =a = k.

If n = 3k — 1, then | P| = k and |S| = k. Consequently, the graph G is isomorphic
to Ng, which is contradictive to the fact that A>(G) < A2 (Ny).

Suppose n > 3k + 1. Partition V(G) into two parts P and P, respectively. By

Theorem 2.2 wehave A»(G) > k— |P| nklP‘zk—%—#aS|P|zk,n—|P|zk
andn > 3k + 1. Itis easy to see that k — —Zkl‘ﬁzk—%jtgl—k%—ﬁforkzl

and thus A2 (G) > Ay (Ng) fork > 3, a contradiction.

(ii) Let k > 4 be an even integer. If there are at least two odd components of G — §
which are not singleton components, then there exist two non-singleton components,
say P and Q, such that |E(P, S)| < |E(Q, S)| and |E(P, S)| + |E(Q, S)| < 2k by
regularity. Thus |[E(P, S)| < kand |P| > k+1.1f |Q| < k+ 1 and thus |Q| <k —1,
then |E(Q, S)| = 2k — 2 as |Q| > 3. Since |E(P, S)| + |E(Q, S)| < 2k, we have
|Ql =k—1and|E(P, S)| = 2. Partition V(G) into two parts P and P, respectively.
By Theorem 2.2 we have 12(G) > k — k+] By a routine computing, k — % >
k—3+ g+ m@ A2(Ny)) if and only if 24k3 — 94k% + 63k 4+ 21 > 0. It is
satisfied for k > 4, a contradiction. Therefore, |Q| > k+1.Set |E(P, S)| = a < k.By

Theorem 2.2 we have A2(G) > min {11 (P), A1 (Q)} > min {k ok — 2
k — 2k—a

71 - Partition V(G) into two parts P and P, respectively. By Theorem 2.2 we
have A>(G) > k — k+1 L3 as |P| > k + 1 and |P| > k + 3. Therefore, we have

_ 2k—a a _ 4k*44k _ 2k>+6k
2(G) = max {k Tk e m} = k 3k2+10k+7 (When @ = ST )

: 4k>+4k
By a routine computing, k — ok 2 >k — 2 + Sk + 4k(2k 5 if and only if

8k* + 110k3 — 213k2 — 168k + 147 > 0. It is satisfied for k > 4, and thus A2(G) >
M (Ny) for k > 4, a contradiction.
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Now we can suppose that there is precisely one non-singleton odd component, say
P, since G is not a bipartite graph. It follows thato(G—S) = |S| > kandn > 3k, since
|[E(P,S)| <kandthus |P|>k+1.Set|E(P,S)|=a.lfa <kandthusa <k —2
by parity, partition V(G) into two parts P and F respectively. By Theorem 2.2 we
have 42(G) > k — {4 — 7471 = k — 51 — 2 as |P| >k+1 n—|P| >k+1
and n > 3k. By a routine computing, k — iﬁ 2",{—21 >k — 5 342 Sk + 4k(2k ) if and
only if 28k3 — 60k2 +25k —7 > 0. It is satisfied for k > 4, and thus 1»(G) > A2 (Ng)
for k > 4, a contradiction. Now suppose |E(P, S)| =a = k.

If n = 3k, then |P| =k + 1 and | S| = k. Let VA; be a vertex of degree k in G[P]
(compared with the set V4 = K in the partition of Ni). Similarly, G has a partition
which contains four parts (compared with Ni) such that the quotient matrices of G
and N are the same. By Theorem 2.2, we have A2(G) > A2 (Ng), a contradiction.

Suppose n = 3k + 2. If | S| = k, then | P| = k + 3. Partition the graph G into two

parts P and P, respectively. By Theorem 2.2 we have A2(G) > k — vl PI nl‘| P =

k—%—m as|P| > k+3 n—|P| > k+3andn = 3k+2. By aroutine computing,

k=5 — 51 = k=3 + 5t + iy if and only if 52k —252k% 4267k — 63 > 0.
It is satisfied for k > 4, and thus AZ(G) > Ap(Ny) for k > 4, a contradiction. If
|S| = k+1, then | P| = k + 1. Partition the graph G into three parts S, V(G) — S — P

and P, respectively. The quotient matrix is equal to

k2 k
0 =
k0 0
k k
w9 kg

Its characteristic polynomial is equal to (A —k)g (1), where g (L) = A%+ mk—i— @ +1)2

By a routine computing, we have (k + 1) fi (A) — [(k+ 131+ (k+2)(k+1)?]g(L) =
(k3 —k*> =3k —1)A+2k>+k > Ofork > 4and A > 0. It implies g(A2(Nx)) < 0 and
thus Ao (Ng) is less than the largest root of g(1). By Theorem 2.2 we have 1,(G) >
A2 (Ng), a contradiction.

Suppose n > 3k + 4. Partition V(G) into two parts P and P, respectively. By

Theorem 2.2 we have 1> (G) > k — IP\ n—k|P\ >k — kkﬁ — %H as |P| >

k+1,n—|P|>k+ 1andn > 3k 4+ 4. By a routine computing, k — kkﬁ — ZIJ{T >
k=3 + gt + ror—y if and only if 20&% — 60k? — 57k + 63 > 0. It is satisfied for
k > 4, and thus A(G) > Xa(Ng) for k > 4, a contradiction. We complete the proof.

O

4 The Connectivity of Regular Graphs from Eigenvalues

It showed that the connectivity of a graph (which is not a complete graph) is not less
than its algebraic connectivity in [9]. Here, the algebraic connectivity of a k-regular
graph G is equal to k — A2(G). This result usually can not be improved. In fact, if
2¢ — 2 > k and kZ is even, then there exists a k-regular graph G such that both the
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connectivity and the algebraic connectivity of G are equal to £ (referring to [4]). For
thecasel < ¥ < w , we give the following result which is obviously an improvement

of the result in [9]

Theorem 4.1 Let G be a connected regular graph of degree k > 3. For any integer
1</t < ﬂ ,ifA(G) <k — 2k £+1’ then G is (£ + 1)-connected.

Proof Suppose that G is not (¢ + 1)-connected. Then there exists a subset A € V(G)
of size ¢ such that G — A is not connected. Let m be the number of edges in G[A].
Suppose that the components of G — A are Py, P, ..., Ps, respectively, where s > 2.
By regularity, |P;| >k — £+ 1 foreach 1 <i <s.

Let P = Pyand Q = P, PsJ---U Ps. Therefore, |P|,|Q| > k — £ + L.
Partition V (G) into three parts A, P, O, respectively. The quotient matrix is

| ~In

<R
OIS

k—2b
q

EIE S
=~
o

where p = |P|,q = |Q|,a = |E(P,A)| and b = |E(Q, A)|. The characteristic
polynomial of this quotient matrix is (A — k)(A% + (% + g —k - %> A+ 2’"1‘ +

2 2 . .
ab _ g"4Ima _ btl#b). By Theorem 2.2 and a routine computing, we have A (G) >

wm_a_b N2 (b a\i(b_a)?
H”l;q+ﬂk;ﬁzﬂhmg D) e

2 .
Let g(x) = —bx + \/( — 27’”) + %(b —a)(bx — %) + (bx — %)2. By a routine

. , 2b(b—a)+2b(bx—2)
computing we have g (x) = —b + L < 0 whenever

2
2\/(k—%) +3 (b—a)(bx—%)+(bx—%)?
2 2 . . .
(—bz“) < (k - —22") . It is obviously satisfied as a + b = kf — 2m.

2m _a_ b _2m 2p—a)(b_a b_a 2
It follows that the expression S \/(k ) i a)( )+(" ") is

strictly increasing with respect to ¢ and also to p, since the two pairs (a, p) and (b, q)
are symmetric in the expression. Since p = |P| > k—{+1landqg = |Q| > k— £+ 1,

2
2 e () (et .
thus 12(G) = G D= i ) NPV
k— %k—ﬁﬁ Moreover, if the equality is satisfied, then |P| = |Q| =k—€+1,m =0
anda =b = & .By regularity wehavek =2(k—¢+1)ord = %, a contradiction.

It follows that 1(G) > k — 2 = lz 7@ contradiction. We complete the proof. O

Remark 4.1 Let G be aregular graph of degree k > 3. At the end of reference [4], there
is a remark about A (G) < k — % implying that G is 2-connected. It is obviously true
by letting £ = 1 in Theorem 4.1. Moreover, this bound is always tight. For example,
if k = 4m for some positive integer m, let B = C = Kk+1_% + M_% and A = u
(an isolated vertex). Define a new graph G formed by joining the vertex u to each
vertex of degree k — 1 in B and in C respectively. Thus Gy is a k-regular graph with
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a cut vertex u. Obviously, G has an equitable partition which contains five parts. By
Theorem 2.2, it is not difficult to show that A>(Gy) < k — % + %, as required.

Acknowledgements The author would like to thank the editors and the anonymous referees for their helpful
comments on improving the representation of the paper.

References

—_

. Anderson, I.: Perfect matchings of a graph. J. Combinatorial Theory 10, 183-186 (1971)
2. Brouwer, A., Haemers, W.: Eigenvalues and perfect matchings. Linear Algebra Appl. 395, 155-162
(2005)
. Brouwer, A., Haemers, W.: Spectra of Graphs. Springer, New York (2012)
4. Cioaba, S.M.: Eigenvalues and edge-connectivity of regular graphs. Linear Algebra Appl. 432,458-470
(2010)
5. Cioaba, S.M., Gregory, D., Haemers, W.: Matchings in regular graphs from eigenvalues. J. Combina-
torial Theory, Ser. B 99, 287-297 (2009)
6. Cioaba, S.M., Koolen, J.H., Li, W.: Max-cut and extendability of matchings in distance-regular graphs.
Eur. J. Combinatorics 62, 232-244 (2017)
7. Cioabd, S.M.,Li, W.: The extendability of matchings in strongly regular graphs. Electr. J. Combinatorics
21(2), 23 (2014)
8. Ebrahimi, J., Mohar, B., Nikiforov, V., Ahmady, A.: On the sum of two largest eigenvalues of a
symmetric matrix. Linear Algebra Appl. 429, 2781-2787 (2008)
9. Fiedler, M.: Algebraic connectivity of graphs. Czechoslovak Math. J. 23, 298-305 (1973)
10. Haemers, W.: Interlacing eigenvalues and graphs. Linear Algebra Appl. 226, 593-616 (1995)
11. Holton, D.A., Lou, D.J.: Matching extensions of strongly regular graphs. Aust. J. Combinatorics 6,
187-208 (1992)
12. Lovasz, L., Plummer, M.: Matching Theory, Ann. Discrete Math (1986)
13. Lovész, L.: On the structure of factorizable graphs. Acta Mathematica Academiae Scientiarum Hun-
garicae 23, 179-195 (1972)
14. Lovasz, L., Plummer, M.: On a family of planar bicritical graphs. Proc. Lond. Math. Soc. 30, 160-176
(1974)
15. Mohar, B.: On the sum of & largest eigenvalues of graphs and symmetric matrices. J. Combinatorial
Theory Ser. B 99, 306-313 (2009)
16. Tutte, W.: The factorization of linear graphs. J. Lond. Math. Soc. 2, 107-111 (1947)

w

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Matching Extendability and Connectivity of Regular Graphs from Eigenvalues
	Abstract
	1 Introduction
	2  1-Extendable Regular Graphs from Eigenvalues
	3 Bi-critical Regular Graphs from Eigenvalues
	4 The Connectivity of Regular Graphs from Eigenvalues
	Acknowledgements
	References




