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Abstract

We study finite groups G having a non-trivial, proper subgroup H and D C G\H, DN
D~! = ¢, such that the multiset {xy~! : x, y € D} has every non-identity element
occur the same number of times (such a D is called a difference set). We show that
|G| = |H|?, and that [D N Hg| = |H|/2 for all g ¢ H. We show that H is contained
in every normal subgroup of index 2, and other properties. We give a 2-parameter
family of examples of such groups. We show that such groups have Schur rings with
four principal sets, and that, further, these difference sets determine DRADs.
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1 Introduction

For a group G we will identify a finite subset X C G with theelement ) .y x € QG
of the group algebra. We also let X! = {x~! : x € X}. Also, write C, for the cyclic
group of order n. All groups considered herein will be assumed finite.

A (v, k, 1) difference setis asubset D C G, |D| = k, where G is a group such that
every element 1 # g € G occurs A times in the multiset {xy~! : x, y € D}. Further,
|G| = v.
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It is well-known that if D C G is a difference set, then gD = {gd : d € D}
and (D) are also difference sets, for any g € G, @ € Aut(G). Thus in some sense,
difference sets are spread out evenly over the group G. In this paper we seek to restrict
the types of difference sets considered by imposing the following conditions:

We assume that D C G is a (v, k, 1) difference set where there is a subgroup
1 # H < G and m > 0 such that

() DND ' =HgiU---UHgpy;
(2) G\(DUD"Y=HUHg|U---UHg,,.

Here H, Hgi, ..., Hgn, Hg}, ..., Hg,, are distinct cosets of H. Let
h=|H|, u=IG:H|

Then we have & > 1. Following Webster [22], who considers the m = 0 case, a group
having a difference set of the above type will be called a (v, k, A),, DRAD difference
set group (with difference set D and subgroup H). See also [5,14,15] for more on
DRAD:s.

Recall that a group G has a skew Hadamard difference set if it has a difference set
D where G = DU D! U {1} and D N D~ = @. Such groups have been studied in
[2-5,7-10,12].

Theorem 1.1 Let G be a (v, k, L), DRAD difference set group with subgroup H and
difference set D. Then

(i) m=0,h =uiseven, v=|G| = h? and
A= lh(h 2), k= 1h(h 1);
- 4 bl - 2 b

(i1) each non-trivial coset Hg # H meets D in h/2 points;
(iii)) H contains the normal subgroup generated by all the involutions in G.

Examples of such groups are given in §8. We conjecture that G is always a 2-group
and that H is always a normal subgroup.

We note that Davis and Polhill [5] consider such difference sets, however, they are
mostly concerned with the abelian case. They also note (ii) of Theorem 1.1.

Let ®(G) be the Frattini subgroup of G, the intersection of all the maximal sub-
groups of G. We have the following result concerning maximal subgroups of G:

Theorem 1.2 Let G be a (v, k, 1)9 DRAD difference set group with subgroup H and
difference set D. Then

(@ IfK <G,|G:K|=2,then H<K and |K N D| = A.
(b) Now assume that G is also a 2-group. Then H < ®(G). Further, D meets each
maximal subgroup of G in exactly A points.
(©) I1fhl((h<])G’ |G : K| = p, where p is an odd prime, then H < K and |K N D| =
-p

2 p
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Our original motivation for studying (v, k, 1)o DRAD difference set groups was to
produce examples of Schur rings with a small number of principal sets.

A subring & of the group algebra CG is called a Schur ring (or S-ring) [19,20,23,24]
if there is a partition X' = {C;};_, of G such that the following hold:

1. {1(;} ek
2. foreachC e K,C~! e K;
3.Ci - Cj = Zk Ai,jkCrsforalli, j <r.

The C; are called the principal sets of G. Then, as in [5, Theorem 3.3], we have:
Theorem 1.3 Let G be a (v, k, L)g DRAD difference set group with difference set D
and subgroup H. Then

{1}, H\{1}, D, D7,

are the principal sets of a commutative Schur-ring over G.

Theorem 1.3 allows us to show

Theorem 1.4 Let G be a (v, k, X)o DRAD difference set group with difference set D
and subgroup H. Then the minimal polynomial for D is

B h\ (5 h*
/L(D)—(X—k)(X-FE)(X +Z>

Further, the eigenvalues k, —h/2,ih/2, —ih/2 have multiplicities
I, h—1, h(h—1)/2, ,h(h —1)/2 (respectively).
We next give examples of families of non-abelian (v, k, 1)g DRAD difference set

groups. Let n > 2,0 < k < n — 1 and define the following bi-infinite family of
groups:

Burx={ai,...,an, b1, ..., bn|ai2 = bj4+k, 1 <i < n, (indices taken mod n),
a a a
ay' = asby, a3 = azby, . .. ’akﬂrl = ajy1by,
(a1, ax+2) = (a1, ag43) = - = (a1, ay) = 1,
(aj,aj) =1, for1 <i, j <n, and by, ..., b, are central involutions).
We will show:

Theorem 1.5 Forn > 2,0 < k < n — 1, the group &, is a DRAD difference set
group with H = (b1, ..., by).

We note that in [5, Theorem 1.6] the authors show a similar result for abelian
groups containing a C5 subgroup. The main point of [5] is to construct Doubly Regular
Asymmetric Digraphs (DRADs), and they show that a difference set D determines a
DRAD if 16 ¢ D; and (ii) D N D~! = @. Thus any DRAD difference set group will
determine a DRAD. Thus Theorem 1.5 gives examples of DRADs that come from
non-abelian groups.
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Theorem 1.6 (i) Any abelian group that is a DRAD difference set group is a 2-group.
(ii) Let G be an abelian DRAD difference set group of order h*. Then the exponent of
G is at most h.

We note results of Kraemer, Jedwab, and Turyn [16,18,21] that say that a group of
order 2%¢*2 with a difference set must have exponent no more than 242, Thus the
above bound for DRAD difference set groups is smaller than their general bound.

We note that the difference sets that we study satisfy the parameter condition given
by Kesava Menon in [17], and so (in this case, their complements) are examples of what
are known as Menon difference sets. Thus the groups &,  determine a 2-parameter
family of non-abelian Menon difference sets.

2 Results Concerning the Parameters

In this section we prove Theorem 1.1 (i).
Let

A=HgU---UHg,, B=Hg/U---UHg,,
and D=A+ D;,D~' = A+ D!, where AN D = . Thus we have
|A| = |B| =hm, |D|=k=hm+ |D|.
Then from (1) and (2) of §1 we obtain G = H + B + D +A+Df1.Thus we have
v=|G|=h+hm+|Di|+hm+|D{'| = h+2hm +2|Dy| = h + 2k.

Solving v = hu, k(k — 1) = A(v — 1), v = h + 2k gives A = %W’# € N.
Then §u=PUh=2) ¢ N implies that e=1==Dul-wrD) ¢ N, which

gives x = Z;:ll € N. Thus x(hu — 1) = u*> — 1, which implies x = 1 mod u. But
1<x= Zi:ll <j7+l<u+l,andsox =1 mod u gives x = 1, and so h = u.
Then A = %W = %h(h —2), so that / is even.

Itfollows that there are u—1 = h—1 non-trivial rightcosets Hg1, Hga, ..., Hgn—1.
Letd; :=|DNHgi|,1 <i < h.Then

h—1 h—1
h(h —1 ld h
Y di=k= hth =1 implies that Lz i _ -
g 2 h—1 2
Also
h—1 h—1
h2 Zi:l d[2

h
Zdizzx(|H|—l)+k:(h—1)Z implies that =7

i=1

h—1
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Then using well-known facts about quadratic and arithmetic means we conclude that
di = h/2,1 <i < h.In particular, D N D! cannot contain a coset of H; this gives
m = 0. This concludes the proof of Theorem 1.1 (i), (ii).

3 Basic Relations

Let D be the difference set where G = DUD'UH, H < G, DNH = DND~ ! = ¢.
Let g1 = 1, g2, ..., gn be coset representatives for G/H. Order the elements of G
according to the cosets Hg1, Hga, ..., Hgj.

Then thinking of D, H and G as matrices via the regular representation (relative
to the above order of G) we have

G=D+D'+H, D-D'=2G+k-1)-1. 3.1

Note that the fact that D! is also a difference set [11, p. 57], together with the last
equation of (3.1), gives DD~! = D™ D.

Now solving for D~! from the first equation of (3.1), and using DG = kG, the
second equation gives

(k—2)(G —1)= D>+ DH. (3.2)

However (since D! is also a difference set) we can interchange D and D~! so as to
obtain

k—2M(G—-1)={DHY?+D'H. (3.3)
Now taking the inverse of Eq. (3.2) we have
(k-G -1 =D H? +HD™". (3.4)

Thus from Egs. (3.3) and (3.4) we must have D-'H=HD™!; taking inverses gives
DH = HD.

Thus from the above, D, G, H, D~ ! all commute, and D! = DT shows that
D, D! are normal matrices. Clearly H is a normal matrix. Thus we have

Lemma 3.1 The matrices D, H, G are commuting normal matrices and are simulta-
neously diagonalizable. O

Now |[DN Hg| = % forall g ¢ H, and so gives

DH:HD:%(G—H). (3.5)

For Theorem 1.1 (iii) we note that if g € G is an involution that is not in H, then
g € DN D!, acontradiction. This now concludes the proof of Theorem 1.1. O
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4 H and Subgroups of Index p

We prove Theorem 1.2 (a).

From Theorem 1.1 we know that |G| = 2k = h(hgl),k = h(h472). LetM <G
be a subgroup of index 2 and let 7 : G — G /M = (t : t* = 1) be the quotient map.
Let  DNM|=d;,|HNM|=hy, sothat

n(D)=d -1+ k—d)t, n(H)="hy-1+ (h—h)t.
Letd, =k —dy, ho = h — h;. Then we have the equations
di+dy=k, hi+hy=h, k=h(h—1)/2, rAx=hh-2)/4. 4.1)

Now from Egs. (3.2) and (3.5) we deduce that D? = \G + %H — (k — A)1. Taking
the image of this under 77, and using the fact that 7 (D) = d;1 + d,t, we obtain two
equations (by looking at the coefficients of 1 and 7):

d? +d3 = 224+ hhy /2 +r —k; 2didy = AR? )2 4 hhayj2.  (4.2)
Now D + D~! = G — H gives (by acting by )
2d) +2dyt = 1 /2(1 + 1) — (h1 + hat),
which gives
2dy = h*)2 — hy, 2dy =h>)2 — hs. (4.3)
Solving Egs. (4.1), (4.2), (4.3) we find that
hi=h, hy=0, di=x, do=k—Ax.

Thus D meets M in A points, and all of H isin M.

If G is a 2-group then any maximal subgroup M has index 2, and we see that H is
contained in M, and thus is in the Frattini subgroup. This gives Theorem 1.2 (b).

Let N < G be of index p, an odd prime. Letw : G — Q = G/N =C, = (t) be
the quotient map. We let

p-l p-l
7(D) =) xit', w(H)=) it
— —

where x;, y; € ZZ° and Zf;ol x; =k, Z?’fol y; = h.

=
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We may represent elements of Q as matrices where the generator ¢ corresponds to
010 0...0
001 O ...

0
the px pmatrix U := | : : *. . (| .Then we cansimultaneously diagonalize
000 ...01
100 ...00
7(D), (DY), n(G), m(H) using the matrix R = (¢~DU=D) (see [6]), where
¢ =exp2mi/p:

R™'7(G)R = diag(h*, 0,0, ...,0):

p—1 p—1 p—1
R7'm(H)R = diag [ Yy, > wid', Yy, ...,
i=0 i=0 =0
p—1 p—1
Z)’ii(l(p_z), Z yig“’(p_l) :
i =0 i =0

p—1 p—1 p—1
R_lr[(D)R = diag Zx,-, ing", le[z", o,
=0

i=0 i=0

p—1 p—1
DI TN PP T
i=0 i=0

p—1 p—1 p—1
R_ln(D_l)R = diag in, ing_i, ing“_Zi, AU
i=0

i=0 i=0

p—1 p—1
Z xi;(—t(p—Z)’ le_g—z(p—l)
i=0 i=0

From H? = hH we see that the minimal polynomial of H is x (x — h), and so the
minimal polynomial of 7 (H) is a divisor of x(x — h). In particular, the eigenvalues
of w(H) are either 0 or 4. Now we know that le:—ol vi=h,andforl < j<p-1
we must also have

p—1
> vic e {0, h}. (4.4)
i=0
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We rewrite Eq. (4.4) as

1 1 1 ... 1 Yo h
L ¢ ¢? o ! Y1 Oorh
Lo S » Oorh

y3 | = |0orh

| p.—l 2(2—1) 3.(1.7.—1) . (p—1)? : :
1¢ ¢ ¢ e Voo 0orh

4.5)

Let T denote the matrix in (4.5). Now, since p is an odd prime, the minimal polynomial
for ¢ is Zf:_()l x'and yo, ..., yp—1 € Q. Thus it follows from Eq. (4.5) that either (a)

yo=yi=y=-=yp,-1 #Z00ord)yy=y=--=y,~1 =0.
If we have (b), then yo = h, y1 = y» = --- = y,—1 = 0 and we are done. We now
show that (a) is not possible. Assuming (a)wegetyg = y1 = y2 =--- = y,-1 = h/p.

Thus H = %J,,, so that 7 (H) = diag(h, 0,0, ..., 0).
Now from 7 (D) (D~ ") = A7 (G) + (k — 1) we get

2

p—1 p—1 p—1
diag in s in{'l iné'il e,
i=0 i=0 i=0

p—1 p—1
Rl | DIS T
i=0 i=0

= A x diag(h%,0,0,...,0) + (k — A) x diag(1, 1,..., 1).

The equation (D) + 7(D~!) = n(G) — 7 (H) gives

p—1 p—1 p—1
diag [2) " x. Y xi(@ +¢7), Y x@ 47,
i=0 i=0 i=0
p—1
in(gi(P*I) + g—*i(P*])
i=0

=diag(h2—h,0,0,...,0)
From the (2, 2) entry of (4.7) we get

2x0 + (X1 +xp—)(€ + T + (o +x,m0) (7
F o W2+ X2 @ PV 1m0y =0,

@ Springer

(4.6)

4.7)

(4.8)



Graphs and Combinatorics (2019) 35:579-597 587

Again using the fact that the minimal polynomial for ¢ is Zfz_ol x' we see that
2xo =x1+Xp-1 =X2+Xp2 =" =X(p-1)/2 T X(p+1)/2.
Since Y77 x; = k this gives

1
xo = —k.
p

Now by taking traces of the left and right hand sides of (4.6) we easily see that
p—1 1
Trace(r(D)w (D) = p [ o7 | = 20> + pk —3) = o (h2 —2h+ p) .
i=0
4.9)

Now the x; € Z and so from the (2, 2) entry of (4.6) we have (taking the real part)
Y oxf=k—n (4.10)

Using (4.9) and (4.10) gives }Thz (h2 —2h+ p) = p(k — A), which simplifies to
s (h—2)=0
4 - 9

a contradiction. Thus (a) is not possible.
Now, assuming (b) again, the analogue of (4.8) is

2x0 + (1 +xp-)(C + 7D + 2+ xp2) (¢ 177
+ o @2 F X)) PV 4 0T UR =

Thus
2x0+h = x1 FXp_1 =X+ Xp2 =" =Xp-1)/2 T X(p+1)/2- 4.11)

Since Z{:ol x; = k Eq. (4.11) gives pxo + %(p — 1) = k. Solving we obtain xg =

%M. This completes the proof of Theorem 1.2. O
P

5 The Schur Ring and Minimal Polynomials

Wehave (G—H) '=G—H,(H—1)""'=H —1,(D~1)~! = D, and so we just
need to show that D, D~', H —1, 1 commute and span the ring that they generate. We
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have already seen in Lemma 3.1 that they commute. We have H - G = hG,D - G =
kG = D~'. G. Using Egs. (3.2) and (3.5) we get

h
D*=(k—1(G—1)— (G — H).
We collect together the rest of the products that we need:

h
HD =DH = —(G — H); H?=hH,
2
h h
D? = (k — 2)(G — D= 2G—H) =(k—k—§)(D+D_1)+(k—A)(H— 1),
D-D'=D ' D=XG+*k—-M)1=AD+AD"" +A(H — 1) + k1.
Sincek =h(h—1)/2,A=hh—-2)/4,k—A = h2/4 € Z, one can check that all the

coefficients in the above sums are non-negative integers. This proves that D, D™, H —
1, 1 commute and span the ring that they generate. Theorem 1.3 follows. O

For a matrix or an element M of an algebra we let (M) denote the minimal
polynomial of M. To help us find (D) we have the equations

h
G=D+D'4+H, DD '=1G+ k-2, DH = 2(G = H),

D™'H=2(G~H)., D*=k=-1)(G~1)~(G~H).

Using these one can show that

h? 1 3 1
D=—D 'y (=hn*—Zn+-n*)G;
4 + (8 s Ty
1 1 3 1 1
D= —n— -’ +=n*— -G+ —h*.
<16 2"y 4 16

Using these relations one finds that D satisfies the polynomial (x — k) (x + %)
(x2 + %) Thus (D) divides this polynomial.

We note that %D is a stochastic matrix, and since D? = (k—1)(G — 1) — %(G —H)
it follows that

Lemma 5.1 The matrix %D is an irreducible doubly stochastic matrix. O

Further, we know that (D) factors as a product of distinct linear factors (x — «),
where « is an eigenvalue (since D is diagonalizable by Lemma 3.1).

Next we note that k is an eigenvalue of D, since each row sum and column sum of D
is k. Next we show that —A /2 is an eigenvalue of D: for g ¢ H wehave H — Hg # 0
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and
h
D-(H—Hg)ZDH(l—g)ZE(G—H)(l—g)

h h
=G —H =G+ Hg)=—-(H — Hg).

Thus —% is an eigenvalue for D.

Since D is a matrix with real entries it follows that the eigenspaces for eigenvalues
+ih /2 have the same dimension, and that either (D) = (x —k)(x +h/2) or u(D) =
(x—k)(x+h/2) (x4 g). If u(D) = (x—k)(x+h/2),then, since D is diagonalizable,
Lemma 5.1 and the Perron Frobenius theorem show that D has eigenvalue k with
multiplicity one, and —k /2 with multiplicity 4> — 1. Now, since D N H = {J, we see
that D has trace zero. Thus we must have

k+ (h* = 1)(=h/2) =0,

but the lefthand side of this expression is —h?(h — 1), which gives a contradiction.
Thus w(D) = (x — k)(x + h/2)(x2 + Z—z) and it easily follows from Trace(D) = 0
that the eigenvalue —//2 has multiplicity & — 1. It then follows that i/ /2 have
multiplicity k/2 (since they have the same multiplicity). This proves Theorem 1.4. O

6 Examples of DRAD Difference Set Groups

The groups &, ; have been defined in the introduction. We now show that they are
DRAD difference set groups with H = (b1, ba, ..., b,). Now a transversal for H
in G is the set of products a;,a;, - - - a;,, where these are indexed by the sequences
i1 <ip<---<i,of1,2,...,n, or in other words, indexed by the subsets X =
{i1,i2, ..., iy of {1,2,...,n}. We let axy = a;,a;, - - a;, denote the corresponding
element of G. Here ay = 1. We may also employ a similar notation for the elements
by = bilbiz .. ~b,'u.
We note that for any g € G we have g? € H. We define the hypothesis

(H1): there is a set of distinct maximal subgroups M1, ..., M»_ of H,and an ordering
S1, ..., Son_1 of the non-empty subsets of {1, ..., n} so that a%i ¢ M;.

Proposition 6.1 The groups &, i satisfy (HI).

Proof We first show that the squares of the coset representatives as, S C {1, 2, ..., n},
are distinct. We note that the subgroup J = (a3, a3, ..., a) is isomorphic to Cfffl.
We also have J < &, x,sothat &,y = J X {a1) = J X C4.
IfSC{l1,2,...,n}andm € Z welet S +m be the set {u +m : u € S}, where we
take numbers mod n so that S +m C {1,2, ..., n}.
Now for a coset representative as, S = {i1,i2,...,iy} € {2,...,n}, we have
as € J and so from the relations in &, ; we have

2
ag = bi yibiy ik - biyrk = bs .
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We note that in this situation, since 1 ¢ S, wehave | +k ¢ S + k.

Now for a coset representative ag thatisnotin J wecanwrite S = {1, i1, i2, ..., iy},
where ag\(1) € J. Soif we let K = S\{1}, then ag = ajak.

Now write K = K| U K5, where the elements a,,, m € K,, commute with a;, and
those a,,, m € Ky, do not. Note that

KiC{2,....k+1}, KiNK,=9, S={1}UK;UKo.

Then from the relations in &, ; we have: a?gz = ag,, a?l = ag,bg,—1. Thus we
have

2 2 2 a 2 2
ag = (a1ak,ak,)” = ajdy ak,dg, = biyk - ag bk, -1 - ak, - ax,
= biykbg, 1Dk 1 kbKyk = bk, —1bs1k- (6.1

We next show that by has non-zero exponent in (6.1). But from the above we
know that K1 € {2,3,...,k+1},sothat 1 +k ¢ K1 —1.If l+k € K;+k,i = 1,2,
then 1 € K;, a contradiction. This shows that bj 4, has non-zero exponent in (6.1).

Note that in the above we have also shown (i) of

Lemma 6.2 With the above definitions we have:

(1) the element b1y occurs with non-zero coefficient in a% ifand only if 1 € S.
(i) The squares ag, S C{l,2,...,n}, where 1 € S, are distinct.

Proof (ii) We need to show that the map S + bk, _1bs+« is injective.

We represent S as a (column) vector vg € V = ), where the ith coordinate of vg
is 1 if and only if i € S. Then the action on V of replacing S by S + 1 is determined
by the n x n permutation matrix

00...01
10...00
p=]01...00
00...10
Thus for any i € Z we have

Vi = Pivg.

Let O, denote the k x m zero matrix, and let Oy = O . If k <O orm < 0, then O,
will be the empty matrix. Then, the map S +— K7, is determined by the n x n matrix

A = diag(01, Ix, Op—k—1),
so that vg, = Avs.
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Thus the map S — bk, —1bs1« is represented by the matrix P~ 'A + Pk and we
will be done if we can show that P! A + P* is a non-singular matrix in GL(2, F5).
But this is the same as showing that B := A + P**! is non-singular, where

04 01k O1n—i—1 O1,n—k—1 1 O1,%
B = Og,1 I Ogn—ik—1 ) + | Okn—k—1  Ox1 Iy . (6.2)
O0n—k—1,1 On—k—1.6 Op—s—1 In—k—1 Op—k—1,1 On—k—1,%

We note that since k < n — 1 the second matrix is not a diagonal matrix, and that the
submatrix 7 in the second matrix of Eq. (6.2) occurs to the right of the diagonal. (This
shows that A + P¥*1 is singular when k = n — 1.) Thus the I; in the second matrix of
Eq. (6.2) can be used to column-reduce the i in the first matrix to zero. This shows
that A + P**! column-reduces to P¥+!, which is non-singular, and we are done. 0O

Let V* = 4\{0}. Then non-empty subsets of S correspond bijectively to elements
of V*, as explained above. Further, maximal subgroups of H correspond to subspaces
of V of dimension n — 1, which, in turn, are determined by elements of V*: a vector
v € V* determines the subspace M, = {# € V|u - v = 0}, where - is the usual dot-
product on V taking values in [F,. Since V is a vector space over [F, the correspondence
v <> M, is bijective. Further, given a maximal subgroup (or subspace) M we let vy,
denote the corresponding vector.

Thus the correspondence of subsets with maximal subgroups that we require is
S < Mg where vg <> vy, wWith vy ¢ Mg ie. vs - vy, = 1. But this correspondence
determines a function

w: V> — V> where v, - vy = 1forallu e V*.

Conversely, such a function determines the correspondence that we want. We now
show how to construct such a function:

Lemma6.3 Foralln € N,V = I}, there is a function j : V> — V> such that
u-uw)=1forallu e V>*.

Proof We will show that there is a function u that is an involution i.e. where we have
u(u()) =vforallve V. For0 < k <n welet

(1,00 =(1,1,1,...,1,0,...,0) e VX,
where there are k 1s (so for kK = 0 we have the zero vector of V).
Write v € VX asv = (vi,v2,...,0,),0; € Fo. If 1 < k < n where vy = 1 and
vy =0fork +1 < m < n, then we let

u) = 1;_1,0) —v,

This satisfies w(v) - v = 1, as required. Further, since the same k works for @ (v), we
have

p(u()) = (Ik-1,0) = ((Ig=1,0) —v) =v.
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This defines a function yu that is an involution. m]
Lemma 6.3 determines the pairing for hypothesis (H1) for the groups &, &, and
concludes the proof of Proposition 6.1. O

We will next show

Proposition 6.4 The groups ®,,  are DRAD difference set groups.

Proof We first note that since by, ..., b, are central involutions, all the maximal sub-
groups of H are normal subgroups of G.

As usual, subsets S of G will correspond to elements ) _ ¢ s, of the group algebra.
We define D as follows:

2"—1

D= Z aSl.M,-.
i=1

Let a; = as;. We first show that (@;M)~' = a;(H — M;). But this is true if
and only if al._lMi = a;(H — M;) if and only if M; = al.z(H — M;) if and only if
M; = H — aizM,-. But this latter equation is true since ai2 € H and ai2 ¢ M;.

Thus we have:

2n—1
D! = Z as,(H — M;).

i=1

Let1 <i # j < 2" — 1; then, since M;, M; are distinct maximal subgroups of
H =}, wehave M;M; = 2"=2H g0 that for 1 < i # j < 2" — 1 we have

M;(H—M;)=2"""H -2"2H =2""2H.

We use this to obtain:

2"—1 2" —1
D-D7' =Y asMi| | D as(H— M)
i=1 i=1
21 21
= > asMas,(H—Mj)+ Y a5 M;(H— M,
1<i#j<n 1<i<n
2n—1 2" —1
=2""2 3" agasH+ Y a5 (2"'H-2""'M))
1<i#j<n I<i<n
21 2]
=2""7 3 asasH+2"" > a5 (H— M) 6.3)
1<i#j<n 1<i<n

Since |&,, x| = 22", h = |H| = 2" wehavek = 2"~1(2"—1), » = 2"~ 12"~ -1).
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Returning to Eq. (6.3), in particular looking at the first sum of Eq. (6.3), we see that
every non-trivial coset of H occurs 2" — 2 times in Eq. (6.3). Thus from Eq. (6.3) we
see that the coefficient in DD ™! of each element of that coset is

2)‘1—2(2}1 _ 2) — 2)’[—1(2}1—1 _ 1) — )\”
as we desire.

The second sum of Eq. (6.3) gives the contributions to the trivial H-coset. We
rewrite it as

2n—1 2n—1
27NN A (H— M) =2""" Y (H — a3, My). 6.4)
1<i<n 1<i<n

But we are assuming that agi ¢ M;, so we must have H — agi M; = M;. Thus Eq.
(6.4)is

2"—1

pi Z M;. 6.5)

1<i<n

Now since the M; are distinct maximal subgroups, and there are 2" — 1 of them,
we see that every maximal subgroup of H = CJ is in the list My, ..., M:_, and so
one has

Y M= =114+ Q@"7 = D(H-1).

l<i<2n—1
Thus if »’ € H, k' # 1, then the coefficient of 2’ in Eq. (6.5) is
2t — 1) =4,
as required. The coefficient of 1in D - D! is then
K2 = A(| Bl — 1) = 2217201 _ y2 _n=ln=l 2 ),

which is equal to k, as required. Thus we have D - D~! = A(G — 1) + k - 1. O

7 Abelian Groups

Proof of Theorem 1.6 (i) So suppose that G is abelian, that / is not a power of 2 and let
p be an odd prime divisor of 4. Let g € H be an element of order p“, u > 1, where
(g) = Cpu, is a factor of the Sylow p-subgroup of H. Then H = Cp« x U, where U
is some subgroup of H. Here U # 1 since 2|h.

Let ¢ be a character of H that does not kill g, but where x (U) = 1. We then note
that ¥ (H) = 0.
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By [13, Corollary 5.5, p. 63] we can extend i to an irreducible character x of G
that take values in some Q(¢,v), v > u. Then we have x(H) = ¢ (H) = 0. Also
x(G) =0.Now we have G = D + D~ + H, so that

0=x(G)=x(D)+ x(D™") + x(H) = x(D) + x(D™").
Thus x (D) = —x(D~"). We also have x (D)x(D~') = AG + (k — 1), so that
—x(D)> =k — A = h%/4.

Thus x (D) = xih/2 € Q@i). But x(D) € Q(¢pv), and Q(¢pv) N Q) = Q, since p
is an odd prime, so that +ih /2 € QQ, a contradiction. O

Proposition 7.1 (i) If G is a semi-direct product of the form G = N x Ca, Cy = (t),
then G is not a DRAD difference set group.
(ii) Suppose that G = K x Cy, with subgroup H where Cyr < H. Then G is not a
DRAD difference set group with subgroup H.
(iii) Let p be anodd prime. Let G be a DRAD difference set group with subgroup H and
difference set D. Then G is not a semi-direct product, G = N >4C,,, C,, =(t) < H.

Proof (i) Suppose it is, with subgroup H and difference set D. Let x : G — C be the
linear character where x (1) = —1, x(N) = 1.

Since 12 = 1 we see that t € H, which then shows that x (H) = 0 = x(G). Since
D+ D7 '=G — H weget x(D)+ x(D™') =0, so that x(D~!) = —x (D). Thus
DD ' = AG+k—xgives x(D)x(D™') = k—x = h%/4. Thus x (D) = +ih/2. But
x (D) € Q, since D € ZG and yx takes values in {1}. This contradiction concludes
the proof of (i) and (ii), (iii) follow similarly. O

Proof of Theorem 1.6 (ii) Let the abelian DRAD difference set group G have difference
set D and subgroup H, |H| = h. We know from Theorem 1.6 (i) that G has to be a
2-group. So assume that the exponent of G is h2%, where u > 1. Since G is abelian
we may write G = Cpou X L, where Cpov = (t). Then we have |L| = h/2" < h/2.

If |HNL| = h/2, then we would have L < H, and so a generator of one of the
maximal cyclic subgroups of L would be in H. This would contradict Proposition 7.1
(ii). Thus we see that |H N L| < h/4.

Let K = (thzu/z), a subgroup of order 2. Then K < H and if H C KL, then
|H N L| = h/2, which is a contradiction. Thus H Q KL.Letaa =1t'gg € H\KL,
where go € L. Then ¢* has order 2V > 4. Leta’ := a2t = tszv/“ggv/“, where #52°/4
has order 4. Further, since « € H we have o/ = o2/t e H , but since 32"/4 has order
4 we also see that «2'/* ¢ K L. Thus we have o/ = tszv/4g6 where g, € L and $2°/4
has order 4. It follows that s2V /4 = h2" /4 or s2V /4 = 3h2" /4. By replacing o’ by its

. . u
inverse, if necessary, we can assume that o’ = 2"/ 4g6.

Define ¢ = exp % and define the character y by

x=¢  xL)=1
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Since o’ € H and is not in the kernel of y we see that y (H) = 0. Since G — H =
D + D~ it follows that x (D) = —x(D~"), and so from DD~! = AG + (k — 1) we
obtain x (D)?> = —h?/4, so that x (D) = %ih/2. Replacing D with D! as necessary
we may assume x (D) =ih/2.

Now define

X;=/LnD|, 0<j<2" -1

Then we clearly have X; < |L| < % Also x (D) = 2?2:0_1 X;¢l.

Now from x (D) = ih/2 we have
Xo+ X' + X202+ + Xhzu/4715h2u/4_1 + Xpouai + Xhzu/4+1§hzu/44rl
+-+ Xhzu/z—lé“hzu/zfl — Xnouy2 — Xhzu/2+1§1 - Xhzu/2+2§2

h2tja—1 h24 jA+1

.= X3h2“/4*]§ - X3h2“/4i - X3h2“/4+]§

— = X P = g2,

Using the fact that 1, ¢, £2, ..., ¢"*"/2= 1 is a basis for Q(¢)/Q, and by looking at the
coefficient of i in the above, we see that Xpou /4 — X3p00/4 = h/2. Thus

Xh2u/4=X3h2u/4+h/22h/2. (7.1)

Recall that Xjou/4 = |t"2/4L N D|. Here we note that o/ = t’12u/4g6 € H, and
since H N D = (@ we thus have o’ ¢ "2'/*L, N D and so does not contribute to the
sum that gives Xpou /4. It follows that Xpou/4 < h/2 contradicting Eq. (7.1). This
contradiction gives the result. O

Examples from [22, Theorem 9.3] show that the bound on the exponent given in
Theorem 1.6 is strict.

8 Examples

Here we give a number of examples of non-abelian DRAD difference set groups that
are not covered by the examples &, ;. We use notation for groups of small order from
Magma [1].

Example8.1 G = Ges3, H = Cyr x C4, G/H = Cy x C4. Here
G={(a,bcde fla=c,b>=d, > =e,d*>=f,¢* =1, f>=1,b" = be,
A =c,l’=c,d*=d,d" =d,d* =d, e =e,é’ =e,¢ =e, ¢ = e,

fo=f =0 === 1), H=(de),
D ={af,abcdef,abce,adf,aef,adef,abcd, abcf,bdf,bdef,bd, bce, bcdef,
bde, bcde, beef , ce, cef, cd, cdf,ace,acdef,abdf,ac,ab,acdf,abde, abef}.
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Example 8.2 G = Ge414, H = Cy x C4, G/H = Dg. Here

={a,b,c,d,e, fla>=d,b*> = f,* = f,d>=ef,* =1, f>=1,b" = bc,
c? = ce, cb =cf,d* =d, dbzdef d° =d, e =e,eb=e,e =e,ed:e,
f =ffP=F = =F =1, H=(d [),
= {abef, abf, bf, be, bd, ae, abc, ace, bcdf, acdf, abcef, abcde, bdef, bede, d,
ade,de,abce,bce,abcd, acef,cef,cf,aef,abcf,adef, bcf,acd}.

Example 8.3 G = Gea,15, H =Cy x C4, G/H = Dg.
Here

G=1(ab,c.de fla>=d,b> = f,* = f,d> =ef,e* =1, f>=1,b" = be,
¢t = ce, cb:cf d* =d, db:def d°=d, e =e,e® =e, e =e, e = e,
f = fP=f == =1, H=(de)
= {abef, bef, bf,cde, ae, bc, cdef , ace, abde, ce, bedf, bdef, ac, ad,
abcdef,bcdef,abce, bce,abcd, adf,ab,acef, cef,acf,aef,abcf,abdf,bdf}.

Example8.4 G = Geu.16, H = C2 x C4, G/H = Dg. Here

=(a,b,c,d,e, fla* =d,b* =ce,c* =e,d* = f,e* =1, f>=1,b" = bc,
@ =ce,c’ =c,d*=d,d" =d,d* =d,e" =e,e® =e, e =e,e? =e,
fO=f === =1, H=2Z(G)=(de)

= {bc, bcdf,bf, bce, bdf,bef,bdef,bcdef,abc,abf, abe, abcef, ce, cdef,
cde,cef,adf,acf,ace,ad,ac,acef,ae,aef,abdf,abcd, abcdef, abde}

Example 8.5 G = Ges 0, H = Cy x C2 x Cp, G/H = Dg. Here

=(a,b,c,d,e, fla?=d, > =e,c* = f,d* =1, =1, f>=1,b" = bc,
c* =cf, =cd"=d d’" =d,d° =d, e“:ef,ebze,ecze,edze,
f = fP=F ===, H=ZG) =.ef)
= {bdef,acde,abdef, bcde, b, abcde, acdef, bcdef, af, abcdef, bf, cf,
abc, bef,ad, bd, acd, abdf, cdf, acdf, ae, abe, abef, cef, ade, bcef, abcef, cde}

We have also found over 400 DRAD groups of order 256.
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