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1 Introduction

Throughout this paper graphs are assumed to be finite and simple.

A k-regular graph on n vertices is called a strongly regular graph with parameters
(n, k, A, ), denoted by SRG(n, k, 1, 1), if any two adjacent vertices have A common
neighbours and any two non-adjacent vertices have  common neighbours. We refer
the reader to [3,4] for many beautiful properties of strongly regular graphs.

Erickson et al. [5] and Golightly et al. [8] generalized the concept of strongly
regular graphs from distinct perspectives, which are Deza graphs and quasi-strongly
regular graphs, respectively. A Deza graph with parameters (n, k, a, b) is a k-regular
graph on n vertices and any two distinct vertices have a or b common neighbours.
Note that the number of common neighbours of any two distinct vertices does not
necessarily depend on the adjacency of the two vertices, which is the only difference
between a Deza graph and a strongly regular graph. A quasi-strongly regular graph
with parameters (n, k, a; c1, ¢2, . .., ¢p) is ak-regular graph on n vertices such that any
two adjacent vertices have a common neighbours and any two non-adjacent vertices
have ¢; common neighbours for some 1 < i < p. Thus, a quasi-strongly regular graph
with ¢y = ¢2 = --- = ¢, is strongly regular. In [7], Goldberg studied quasi-strongly
regular graphs and explored the properties of those with p = 2.

In this paper we consider a new generalization of strongly regular graphs, general-
ized strongly regular graph, which was proposed by Huo and Zhang [10] (one of the
authors of this paper). Huo et al. [10] showed that some subconstituents of a family
of finite geometric graphs are exactly generalized strongly regular graphs. Here, we
will present several families of generalized strongly regular graphs based on other
combinatorial objects.

For 1 <i < p, letg;, ¢; be non-negative integers, and a; # aj, ¢; # cjifi # j
(1 <i,j < p). Ak-regular graph on n vertices is called a generalized strongly regular
graph with parameters (n, k; a1, az, ..., ap; c1,¢2, ..., cp), denoted by GSRG(n, k;
ai, az,...,ap; C1,C2,...,Cp), if

(i) Any two adjacent vertices have @; common neighbours and any two non-adjacent
vertices have ¢; common neighbours for some 1 <i < p;

(i) For each 1 < i < p, there exist two adjacent vertices and two non-adjacent
vertices which have exactly a; and ¢; common neighbours, respectively.

A generalized strongly regular graph can be represented in terms of its adjacency
matrix. We denote the all-ones matrix by J, the zero matrix by O, and the identity
matrix by /. Let G be a k-regular graph on n vertices with adjacency matrix M. Then
G is a generalized strongly regular graph if and only if for some distinct integers a;’s
and distinct integers ¢;’s (i = 1, ..., p),

M? =kl +aiAr+aAr+---+apA,+ciBr+cBy+ -+ cpBp, (1)
where A;, B; are (0,1)-matrices, A; # O, B; # O foralll <i < p,A1+Ax+---+
Ap=Mand B +By+--+B,=J—-M—1.

It is straightforward to show that the complement of a GSRG(n, k; a;, as, ...,
ap; €1,€2,...,Cp) is also a generalized strongly regular graph with parameters
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(n,k;ay,az,...,ap; ¢y, ¢2, ..., Cp), where
z:}’l—k_ly

¢ci=n—2k+a (1 <i<p).

Therefore, for a GSRG(n, k; ay, az, ..., ap; c1,c2, ..., Cp), the parameters satisfy
2k —n <a; <k,2k+2—n<c¢; <k.

Note that the number of common neighbours of both two adjacent vertices and
two non-adjacent vertices takes on p distinct values in a generalized strongly regular
graph. We call p the grade of a generalized strongly regular graph. It is easy to
see that a generalized strongly regular graph of grade 1 is strongly regular. In this
paper, we specially focus on the generalized strongly regular graphs of grade 2. In
particular, we call a GSRG(n, k; a, a+q; c, c+q) a semi-strongly regular graph with
parameters (n, k; a, c; g). Obviously, if a semi-strongly regular graph with parameters
(n, k; a, c; q) exists, then ¢ is an integer and satisfies

max {2k —n—a,2k+2—-—n—c,—a,—c} <qg <min {k —1—a,k —c}.

By saying a semi-strongly regular graph with parameters (n, k; a, ¢; g) we mean that
q # 0. In particular, semi-strongly regular graphs with parameters (n, k; a, ¢; q) are
Deza graphs with parameters (n, k, a,a + q) ifa = c.

This paper is organized as follows. In Sect. 2, we study the structure of generalized
strongly regular graphs of grade 2, and obtain a relation between the parameters of
semi-strongly regular graphs. We also obtain some inequalities for the eigenvalues
of generalized strongly regular graphs of grade 2. In Sect. 3, generalized strongly
regular graphs of arbitrary grade are derived from a Cayley graph. The constructions of
generalized strongly regular graphs based on some operations of graphs and association
schemes are presented in Sects. 4 and 5, respectively.

2 Generalized Strongly Regular Graphs of Grade 2

In this section, we will restrict our attention to generalized strongly regular graphs of
grade 2. Let G be a GSRG(n, k; ay, az; c1, c2). Without loss of generality, we assume
that a; > ap,c1 > cp. Let u be a vertex of G, s;(u) denote the number of vertices
that are adjacent to u and share @; common neighbours with u, and #; () denote the
number of vertices that are non-adjacent to # and share ¢; common neighbours with
u, fori = 1,2. Since G is k-regular, the vertex u has k neighbours, and n — k — 1
non-neighbours.

We will count the total number of edges between the neighbours and non-neighbours
of u in two ways. Each of the k neighbours of u is adjacent to u itself, to either a; or
ay neighbours of u, and thus to either k — a; — 1 or k — a> — 1 non-neighbours of u.
Thus we have a total of s;(u)(k —ay — 1) + sp(u)(k — ax — 1) edges. On the other
hand, each non-neighbour of u is adjacent to either ¢; or ¢, neighbours of u. Hence
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Fig. 1 GSRG (8,5:3.2:5,4) °1
7

A
X /

we have a total of ¢t (1) + cat2(u) edges. Therefore, we obtain the following linear
system of equations.

s1(u) +s2(u) =k
) +nw)=n—k—1 (2)
stw)k —ay — 1) +s2w)(k —ax — 1) = c1t1(u) + c2t2(u).

By elementary transformations of (2), we obtain

st(u) +s2(u) =k
W) +nw)=n—k—1 (3)
(a2 —ap)s2(u) + (2 —cr(w) =ktk —a; — 1) —ci(n —k —1).

From (2) or (3), we can not determine the values of s;(u), s2(u), t; (1) and t> (u).
Indeed, these numbers may depend on the vertex u. For example, the graph G shown
in Fig. 1 is a GSRG(8,5;3,2;5,4), that is, a semi-strongly regular graph with parameters
(8,5;3,5; —1). We can easily find that for vertices 1, 2,51 (1) = 2, 52(1) =3, 1 (1) =
0,0(1) =2,and s1(2) = 0,5(2) =5,11(2) = 2, (2) = 0, which implies that the
numbers 51, 52, 11 and t, are not constant on the vertices of Gy. However the numbers
s1 + t1 and 52 + £ in Gy are independent of the choice of the vertex, and satisfy
S|+t =2,5+1tH=>5.

Let G4 be a semi-strongly regular graph with parameters (n, k; a, c; g). Without
loss of generality, we suppose that g < 0. The following theorem shows that both the
number 51 + #; and the number s, + , are constant on the vertices of a semi-strongly
regular graph .

Theorem 1 Let G be a semi-strongly regular graph with parameters (n, k; a, c; q),
where g < 0. Then the numbers

ktk—a—1)—cn—k—1)
q

s2(u) +12(u) =
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and

m—D(c+q)—ktk—a+c—1)
q

stw) +1(w) =n—1—(s2(u) +2(u)) =

do not depend on the choice of u.

The theorem follows immediately from (2) or (3).

Obviously, both s; + #; and s2 + , must be positive integers. Therefore, The-
orem 1 provides some constraints on the parameters of a semi-strongly regular
graph. For example, there exist no semi-strongly regular graphs with parameters
(16, 8; 5, 6; — 3). If otherwise, then s; 4 f, = 26/3, which is impossible.

From Theorem 1, it follows that in a semi-strongly regular graph with parameters
(n, k; a, a; q), which is a Deza graph, the numbers

-1 _ 1 - .
S1(u)+t1(u):(n )a+q) —k(k )7 sz(u)—i-zz(u):k(k Yy—am —1)

q

are independent of the choice of u. In fact, Erickson et al. [5] show that in a Deza graph
with parameters (n, k, ay, a2), the number of vertices that share a; (or a;) common
neighbours with a vertex u# does not depend on u.

Specially, the numbers s1, 52, 71 and #, in some generalized strongly regular graphs
of grade 2 are independent of the choice of the vertex, such as the semi-strongly
regular graph with parameters (9, 4; 1, 3; — 1) shown in Fig. 2, the semi-strongly
regular graph with parameters (24, 12; 4, 12; — 4) derived from Theorem 8 in Sect.
4, the semi-strongly regular graph with parameters (64, 41; 30,26; —6) and the
GSRG(64,21;20,2;12,0) derived from Example 1 in Sect. 5.

In the rest of this section we study the eigenvalues of generalized strongly regular
graphs of grade 2. Let G be a connected GSRG(n, k; a1, az; c1, ¢2). Let M be the
adjacency matrix of G. Then M is real symmetric. Since G is k-regular, it follows that
k is a simple eigenvalue of G with eigenvector 1. Thus any other eigenvectors of G are
orthogonal to 1. Let 6 be an eigenvalue of G and 6 # k. We obtain two inequalities
for 6 in the following theorem.

Theorem 2 Let G be aconnected GSRG(n, k; ay, ay; ca, ¢p), whereay > a», c1 > c».
Let 0 # k be an eigenvalue of G. Then

6 < (ay —c2)0 +k(ag —ar + 1) +c1(n —k — 1) — ca(n — k), 4
02 > (a1 —c))0 —k(ag—ar— 1) +co(n—k — 1) —c1(n — k). 5)

Proof Let M be the adjacency matrix of G. Then from (1), we obtain
M? = kI +a1A; +az Ay + ¢1 By + c2Ba,
where the (i, j) entry of A,,(B,,) form = 1,2 1s 1 if the vertices i and j are adjacent

(non-adjacent) and share a;, (c¢;;) common neighbours, and 0, otherwise. Hence A1 +
Ap=Mand Bi+By=J —M— 1.
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Therefore, we have

M? =kl +aiA +a(M — A}) +c1By +c2(J — M — I — By), (6)
M? =kl +a1(M — As) + arAs +¢c1(J — M — I — By) + ¢2Bs. @)

Suppose that a column vector v is a unit eigenvector of M with eigenvalue 6 # k,
and v’ is the transpose of v. From (6) and (7), it follows that

0% =k +av' A1v + a0 —arv' Ajv + c1v' Bjv — ¢260 — ¢ — cov' Byv
= (a2 — )0 +k —c2+ (a1 —ax)v' Ajv + (¢ — c2)v' Bv 3

and

0% =k + a10 — ajv' Asv + axav' Azv — €10 — ¢ — ¢1v' Bov + v Bov
= (a1 —c1)0 + k —c1 — (a1 — a2)v' Ayv — (c1 — 2)V' Byv. 9)

Since the Rayleigh—Ritz and the Perron—Frobenius theorems,

VALY < p(Ap) < p(M) =k,
V'Buv < p(Bp) <p(J—M—-1)=n—k—1. (10)

Substituting (10) into (8) and (9), respectively, we have

02 < (a2 — 2)0 +k —c2 + (a1 — a)k + (c1 — c2)(n —k — 1),
02 > (a1 —c1)0 +k — 1 — (a1 —apk — (c1 — c2)(n —k — 1).

The proof is completed. O

Notice that sometimes the inequality (5) is trivial, and provides no new information.
For example, let A be an eigenvalue of G shown in Fig. 1 and A # 5. It follows from
(5) that A2 4+ 2 + 7 > 0. But this holds for every real number A. From (4), we have
A +2L—8<0,50—4<i<2.

Recall that the numbers s; 4 #; and s2 + #» do not depend on the choice of the
vertex in a semi-strongly regular graph. It is valuable that we consider the eigenvalues
of semi-strongly regular graphs.

Theorem 3 Let G be a connected semi-strongly regular graph with parameters
(n,k;a,c;q), where g < 0. Let 0 # k be an eigenvalue of Gs. Then

0> <(@—c)0+k(k—a+c)—(c+q)n, (1)
0% > (a — )0 +k(k —a +c) — cn. (12)

Proof We follow the conventions in the proof of Theorem 2. The graph Gy is a
GSRG(n, k;a,a+q;c,c+q),where g < 0. Sincea; =a,a; =a+¢q,c; =cand
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¢y = ¢ + g, it follows that (8) and (9) can be replaced respectively by
0> =(a— )0 +k—(c+q)+ (=@ (A + By)v (13)
and
0> =(a—c)0+k—c—(—q)v' (A2 + Bo)v. (14)
From Theorem 1, the Rayleigh—Ritz and the Perron-Frobenius theorems, we have

V(A1 + B)v < p(A + B) = (= Detq) _qk(k e 1)’ (15)

ktk—a—1)—cn—k—-1)
7 .

V(A2 + Bo)v < p(A2 + Bo) = (16)

Substituting (15) into (13), and (16) into (14) yields the assertion of the theorem. The
proof is completed. O

For an eigenvalue A (A # 5) of Gy, according to (11), we have —3 < A < 1,
which is a better bound than that from (4). In fact, — 3 is the smallest eigenvalue of
Gy. Likewise, according to the inequality (11), it follows that 4 is an upper bound
on the eigenvalues 6 (0 # 12) of the semi-strongly regular graph with parameters
(24,12; 4, 12; — 4) derived from Theorem 8 in Sect. 4. Indeed, the second largest
eigenvalue of this graph is 4.

If the numbers s1, 52, #1 and f; in a connected GSRG(n, k; a;, as; c1, ¢2) are inde-
pendent of the choice of the vertex, then (10) can be replaced by

VAV < p(A) =51, VA < p(A2) = s,
V'Biv < p(B1) =t1, v By < p(By) =ta.

Thus we have

Theorem 4 Let G’ be a connected GSRG(n, k; ay, ax; ¢a, ¢2), where a1 > az, ¢1 >
¢, and 0 # k be an eigenvalue of G'. If the numbers s1, 52, t1, ty in G’ are independent
of the choice of the vertex, then

0% < (a2 — )0 +k — c2 + (a1 — az)s1 + (c1 — e, (17)
02 > (a1 — c1)0 +k —c1 — (a1 — az)s2 — (c1 — ). (18)

There really exist connected generalized strongly regular graphs of grade 2 such
that some of their eigenvalues meet the equality in (17). For instance, in the connected
GSRG(64,21;20,2;12,0), denoted by G6, derived from Example 1 in Sect. 5, we have
s1 = 1,85 =20, =30 and t, = 12. Thus from (17), the smallest eigenvalue of G6
is at least — 19. In fact, according to the character table of Hamming scheme [2], it
follows that — 19 is the smallest eigenvalue of G,.
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3 Generalized Strongly Regular Graphs from Cayley Graphs

We start this section by providing a brief description of Cayley graphs. Let K be a
group and C be a subset of K that is closed under taking inverse and does not contain
the identity. The Cayley graph X (K, C) is the graph with vertex set K and two vertices
x,y € K is adjacent if and only if yx~! € C. For a general overview of this subject,
we refer the reader to [6].

Let Z4s+1 = {0, 1,2, ..., 4t} be the ring of integers modulo 47 4 1, and
C={4h+2,4h+3h=0,1,2,...,t — 1} C Zasy1.

Then the Cayley graph X (Za;+1, C) is undirect and of degree 2¢. The following result
shows that X (Z4;+1, C) is a generalized strongly regular graph of grade ¢.

Theorem 5 X (Z4;41, C) is a generalized strongly regular graph of grade t with
parametersn =4t + 1, k =2t, and fori = 1,2,...,¢t,

a =t—1i; ¢ =2t—1.
Proof For any two adjacent vertices x, y, without loss of generality, we assume that
y=x+4h;+2forsomehy € H=1{0,1,2,...,t—1},becauseif y = x +4h +3,
then x = y + 4h’ + 2 for some A’ € H. Now we calculate the number of vertices
7 € Z4y+1 adjacent to both x and y.
Ifz=x44h,+2=y+ 4h3 + 2 (mod 4t + 1) for some hy, h3 € H, then
4(h3 +hy —hy) +2 =0(mod 4t + 1).
Hence there exists an integer g such that
4Chz +hy —hy) +2 =g+ 1). (19)
Since hy, ho, h3 € H, it follows that
— 4t +4<4(h3+h; —hy) <8 —8, (20)
which implies that g = 0ift = 1and g =0 or 1 if r > 1. However for both g = 0
and g = 1| and for any i € H, there exist no integers h», h3 satisfying (19).
Ifz=x4+4h, +2 =y + 4h3 + 3 (mod 4t + 1) for some hy, h3 € H, then
4(h3 +hy —h2) +3 =0(mod 4t + 1).

It follows from (20) that there exist integers g, where g = 0ift = land g =0or 1
if r > 1, satisfying

4(hs +hy —hy) +3 =gt +1). 21
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But the Eq. (21) has no integer solutions for /5, h3 forboth g =0 and g = 1.
A similar argument indicates that there exist no vertices z € Zg;41 such that z =
x +4hy +3 =y+4h3 + 3 (mod 4 + 1) for some hj, h3 € H.
Ifz=x+4+4hy +3=y+4h3+ 2 (mod 4t + 1), then
4(hs +hy — hy) +1 =0(mod 4t + 1).

It follows from (20) that there exist integers g, where g = 0ift = land g =0 or 1
if t > 1, satisfying

4Chs+hy —h) +1=g@r+1). (22)
The Eq. (22) has no integer solutions for 5, h3if g = 0.1f g = 1, thenhz+h;—hy = t.
Leth; =ifori =0,1,2,...,¢t — 1. Then the number of pairs (h2, h3) satisfying
h3—hy =t—iisifori =0,1,2,...,¢t— 1. Thus the number of common neighbours
of two adjacent vertices is i for some i € H.
For two non-adjacent vertices x, y, we assume that y = x + 4r where r €
{1,2,...,t}. Let z € Za;+1 be a common neighbour of x and y.
Ifz=x44h;+2=y+4hy + 2 (mod 4t 4 1) for some h1, hy, € H, then
4(r +hy — h;) =0 (mod 47 + 1). (23)
Sincel <r <t,0<hy,hy) <t—1,wehave
—4t4+4 <4 +hy —hy) <8t —4. (24)
Thus there exist integers g, where g = 0ifr = 1 and g =0 or 1 if # > 1, such that
4(r+hy —hy) = gt +1). (25)
There are no integers hy, ho € H satisfying (25) if g = 1. For g = 0, we have
r+hy —hy; = 0. Letr =i, then the number of pairs (hy, hy) satisfying hy — hy =i
ist—ifori=1,2,...,t.
Ifz=x4+4h14+2=y+4hy 4+ 3 (mod 4¢ + 1) for some hy, hy € H, then
4(r +hy —h)) +1=0(mod 4t + 1).
Since (24), there exist integers g = 0 or 1 such that
4r4+hy —h)+1=g@t+1). (26)
If ¢ = 0, then there are no integers ki, hy € H satisfying (26). If g = 1, then we have

r + hyp — hy = t. Suppose that r = i fori = 1,2, ..., t. Then the number of pairs
(h1, hy) satisfying h) —hy =t —iisi.
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Fig. 2 A semi-strongly regular ®0
graph with parameters
9,41,3, -1

Ifz=x44h;+3=y+4hy + 2 (mod 4t + 1) for some h, hy € H, then
4(r +hy — h)) — 1 =0(mod 4t + 1). 27)

The inequality (24) implies that there exist no integers hy, iy € H satisfying (27) for
anyr € {1,2,...,1}.

Ifz=x+4+4h;+3 =y+4hy + 3 (mod 4t + 1) for some k1, ho € H, then (23)
holds. By a similar argument, for » = i, the number of pairs (A1, &) satisfying (23)
st —1i.

Therefore, the number of common neighbours of two non-adjacent vertices is 2¢ —i
forsome 1 <i <t. |

In particular, if + = 1, then X(Zs, {2,3}) is strongly regular. For t = 2,
X (Z9,{2, 3, 6, 7}) is the semi-strongly regular graph with parameters (9, 4; 1, 3; — 1)
shown in Fig. 2.

4 Constructions from Graph Operations
We first introduce some operations of graphs. Let G| = (Vq, E1) and G, = (V3, E»)
be graphs. The composition G1[G3] of G| and G is a graph with vertex set V| x Va,
and
(ul, uz) ~ (vl, vz) iff uyp ~ vy or (u1 = V] and uy ~ vz).
Define the product G| x G, as a graph with vertex set V| x V;, and
(uy1,up) ~ (v1,vp) iff either u; ~ vy or up ~ vy.
The join of G and G is defined as a graph with vertex set V| U V, and edge set

EitUE,U{uv:ueVy, ve Wl
Refer to [9] for the above operations of graphs.
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Based on the above operations, we can obtain new generalized strongly regular
graphs from old ones.

Theorem 6 Let G| be a GSRG(ny, ki; Ay, Az, ..., Aps 1, U2, - .., p), Where A; <
ky — land p; < ky <ny —1forl <i < p. Let G be a GSRG(n2, ka; 1}, M),
e A;; JTATE M;), where 0 < ky < ny — 1. Then the composition G1[G3]
is a generalized strongly regular graph of grade p + q with parameters n = niny,
k=kiny + ky, and

a; = Ainp +2ky for 1 <i < p, ap+j=A/J»+k1n2 for 1 <j <gq;

cj:klnz—i—u’j for 1 <j<gq, cg4i=pinyfor1<i <p.

Proof Letu = (uy, uz), v = (vi, v2) € V(G1[G2]). Let N,, denote the set of neigh-
bours of u, and N,, denote the set of common neighbours of u and v. Since the
adjacency of G1[G2], we have |N,| = kiny + ky foreachu € V(G 1[G3]).

For any two vertices u, v, and u ~ v, we have

Nyl = INuyoi 11G2l + [ Nuy | + [Ny, | ifug ~ vy,
“w [Nusvy | + [Ny, 11G2| ifuy =vyandus ~ vs.

If u ~ v, then

Nyl = [Nu 11G2| + INuyw, | ifuy = viand up < v,
v [Nuyov 1G2] ifuy; ~ vyandu; # vy.

It follows from A; < k1 — 1 and w; < ky that Ajnpy + 2ky # )\’j + kiny and
kiny ~|—u’j # uinpy forany 1 <i < p,1 < j < gq.Notice thatboth0 < k; <nj — 1
and 0 < k» < ny — 1 hold, which suggest that for each g; and ¢;, 1 <i < p + ¢,
there exist two adjacent vertices and two non-adjacent vertices which have exactly a;
and ¢; common neighbours, respectively. Therefore, G1[G>] is a generalized strongly
regular graph. O

In particular, the composition of a SRG(ny, ki, A, u), where L < k; — 1 and u <
k1 < ny—1,and aSRG(ny, ko, A/, ') with 0 < kp < npy — 1 is a generalized strongly
regular graph of grade 2. In what follows we consider the join of a generalized strongly
regular graph and an empty graph.

Theorem 7 Let Gy be a GSRG(ny, ki; At, Ao, ..., Ap; p1, U2, ..., bp), where ny +
M #2kyand pi < ki <ny—1jforl <i < p.Let Gy be a?nl_kl (the graph on
ny — ki vertices with no edges). Then the join of G| and G, is a generalized strongly
regular graph of grade p + 1 with parameters n = 2ny| — k1, k = n1, and

ai =Xxi+ny—k for 1 <i<p, apy1 =ki;

c¢i=pi+ny—ky for 1 <i<p, cpy1 =n.

Proof The proof is straightforward. O
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The graph G in Fig. 1 is the join of Cs and K 3. Next, by the product of two strongly
regular graphs, we obtain a class of generalized strongly regular graphs.

Theorem 8 Ler G be a strongly regular graph with parameters (ny, k1, A1, 1), and
G be a strongly regular graph with parameters (na, ko, A2, |12), where 0 < k; <
nj — 1 for j = 1,2. Then the product G\ x Gy is a k-regular graph on n = nin;
vertices, where k = (kiny + kany — 2k1ky), and the number of common neighbours
of two adjacent vertices in V(G| x Gp) is

ay = Any + kany — 2kiko,

ay = Any — 4riky + 4k o + nipa — 4kipa + 2kika,
azy = iong + kinp — 2kiko, or

a4 = Aany — 4hoky +4hopy + nopy — dkopy + 2kiko;

the number of common neighbours of two non-adjacent vertices is

c1 = Angy —4Ahiky +4hidy — 4k + Aony + 2k1ka,
¢y = pany + naky — 2kika,

c3 = puiny + niky — 2k1ky, or

¢4 = piny +nyuo + 2kiky — 4paka — 4poky + 4.

For 1 <i <4, ifboth a;’s and c;’s take on p’ < 4 distinct values, then G| x G; is
a GSRG(n, k;ay, ...,apy;cy,...,cy), where for I < j' < p', ajy = a; for some
i€{l,2,3,4}, and cjr = c; for somei € {1,2,3,4}.

Proof 1Ttis easy to show that G| x G is k1 (n2> — k2) + ka(n1 — k1)-regular according
to the adjacency of G x G,. Now we determine a; and ¢; fori = 1,2, 3, 4.

Letu = (u1,u2), v = (v, 12) € V(G x G3). Then u ~ v if and only if either (i)
uyp ~ vy and uy ~ vy or (ii) u; = vy and uy ~ vs.

For (i), if up = vy, then let

S1 = {(w1, wo)|wy ~ ur, wi ~ vy, wy »* Uy =v2}, and

S = {(wy, wo)|wy = ug, wy = vy, wy ~ up = v},

Clearly, the common neighbours of # and v are exactly the vertices in S; U S». There-
fore,

ar = |81+ 182 = M(n2 — ko) + kao(ny — 2ky + A1) = Ana + kony — 2kiks.
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If up # vr, and w = (wy, wy) is a common neighbour of u and v, then w must
belong to one of the following four sets:

Wi = {(wr, w2) € V(G x Go)|wy ~ uy, wy ~ vy, wa »* Uz, wp » v3},
W2 = {(w1, wp) € V(G x G2)|wy » uy, wy » vy, wa ~ U, w2 ~ v2},
W3 = {(w1, w2) € V(G1 x Ga)|wi ~ uy, wi » vy, w2 » Uz, wr ~ v},

Wy = {(w, w2) € V(G x Go)|wy »~ uy, wy ~ vy, wa ~ Uz, wp » v3}.
Hence, we have

ay = |Wi| + |Wa| + W3] + [W4|
= Ay — 2k + p2) + (n1 — 2k + A pz + 2(ky — Ap) (ko — p2)
= Anp —4hiky +4hpup + o — dkipo + 2kik;.

For (ii), there still need to consider the case u; = vy and u; # v, respectively.
The proof for as, a4 is similar to that for ay, a>, so will be omitted.

Foru = (uy,u2), v = (v1,v2) € V(G1 x G3), u ~ v if and only if the vertices u
and v satisfy one of the following four conditions:

(@) uy ~vyand upy ~ vy; (b) uy = vy and up ~ vo;

(©) uy » vy and up = vo; (d) uy » vy, Uy # v1, Uz »~ vy and uy # V7.

It follows from the adjacency that the set of common neighbours of u# and v is
Wi U WrU Wz U Wy,

For (a), we have

c1 = Wil + [Wa| + [W3]| + |Wy|
= A1(ng — 2k + A2) + (ny — 2ky + XA + 2(ky — A1) (ko — A2)
= Any —4hky +4r Ay — 4k Xy + Aong + 2k ks.

For (b), W3 = W4 = @, so we have
2 = |Wi| + W]
= ki(na — 2ko + p2) + pa(ny — ki)
= pony + naky — 2kiky.
For (¢), we conclude that W3 = Wy = ¢, and
c3 = |[Wi| + [W2|
= p1(n2 — kz) + ka(ny — 2ky + uy)

= uiny +niky — 2kiky.
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For (d), we have

cq = [Wi| + [Wa| + |W3] + | Wyl
= p1(n2 — 2k + p2) + (n1 — 2k + )z + 2(ky — p1) (ko — p2)
= piny +nypo + 2kiky — 4piks — dpoky +4pgpo.

Let u be a vertex of G| x G2, s; (1) denote the number of vertices that are adjacent
to u and share a¢; common neighbours with u, and #; (#) denote the number of vertices
that are non-adjacent to u and share ¢; common neighbours with # for 1 <i < 4.1t
is obvious that s1 = ki, so = ki(np —kp — 1), 83 = kyp and s4 = kp(n1 — k1 — 1).
It is also obvious that 1| = kjko, th = np — ko — 1,13 = n;y —k; — l and 14 =
(n1 —ki1 —1)(np — kp — 1). Note that k; satisfies 0 < k; < n;—1for j =1, 2, which
implies that both s;’s and #;’s are greater than O for 1 < i < 4. Thus for each g; and ¢;,
1 < i < 4, there exist two adjacent vertices and two non-adjacent vertices that have
a; and ¢; common neighbours, respectively. Hence G| x G is a generalized strongly
regular graph of grade p’ if both a;’s and ¢;’s take on p’ distinct values. O

For example, the product of a SRG(4,2,0,2) and a SRG(6,4,2,4) is a semi-strongly
regular graph with parameters (24, 12; 4, 12; — 4); the product of a SRG(5,2,0,1) and
a SRG(9,4,1,2) is a GSRG (45,22; 6,10,7;13,12,11); the product of a SRG(9,4,1,2)
and a SRG(10,3,0,1) is a GSRG (90,43;13,19,16,20;22,25, 23,21).

If Gy is a strongly regular graph with parameters (n1, k1, A, 1), G2 is a K,,,
then G1[G>] and G| x G are equivalent and are quasi-strongly regular graphs with
parameters (n1ny, kyna, Ano; kina, uny). Next we provide a similar result to Theorem
2.6 in [5]. We first introduce the following lemma in [7].

Lemma 1 [7] Let G be a quasi-strongly regular graph with parameters (n, k, a;
c1, ¢2). Let u be some vertex of G and let l; (u) denote the number of vertices that are
non-adjacent to u and share c; common neighbours with u fori = 1, 2. Then [ (u),
I>(u) do not depend on the choice of u and satisfy:

_ktk—a—-1)—c(n—k—1)

1 —C2

Iy

and

ciln—k—1)—kk—a—1)
1 — ¢ '

h=

By Lemma 1 and the same method as in the proof of Theorem 2.6 in [5], we obtain

Theorem 9 Let G be a quasi-strongly regular graph with parameters (n, k, a; c1, ¢2).
Thency = kiandonly if G is isomorphic to G1[G2], where G isa SRG(ny, ki, A, 1)
and G is a K, with parameters satisfying

k(tk —a) —cr(n —k)
k—c '

n=niny, k=cy =kny, a=»xny, co =puny and np =
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Proof Since the “if” part is clear, it is enough to prove the “only if”’ part. Assume that
G is a quasi-strongly regular graph with parameters (n, k, a; c1, ¢2), where ¢; = k.
We define an equivalence relation R on the vertex set as: (u, v) € R iff u and v share
c1 common neighbours. Then Lemma 1 implies that each equivalence class has the
same size [; + 1.

We define G| and G. Letny =1/ +1,and G, = fnz. The graph G is defined to
have the equivalence classes as its vertices, and two vertices C and C; are defined to
be adjacent if and only if there exists a vertex u € C; and a vertex v € C» such that
u and v are adjacent in G. It is easy to show that G is a strongly regular graph with
parameters (n1, k1, A, ), where ny =n/nz, k1 = k/na, A = a/ny and u = c2/ns.

Let the equivalence class C; be {v;1, vi2, ..., Vin,}, and let V(G2) = {uy, uz, ...,
Un,}. We next show that f given by f(C;,u;) = v;; is a graph isomorphism from
G1[G2] to G.

Clearly, f is a bijection. Let (C;, u;) and (Cy, u ;) be vertices of G1[G2]. Since
G has no edges, it follows that (C;, u;) ~ (C;s, u ;) if and only if C; ~ C;r in G1.
Thus we need to show that v;; ~ v;7j» in G if and only if C; is adjacent to C;s in G.
If i =1i’, then v; j and v;sj» share ¢; = k common neighbours. Since G has no loops,
we have v;; »~ v jr.

Suppose that i # i’. If vij ~ vjrjr, then C; ~ Cyr in Gy. Conversely, if C; ~ Cyr,
then there exists a vertex v;; € C; and a vertex vy € Cp such that vy; ~ vy in
G. Since v;; and v;; are in the same equivalence class, they share ¢; = k common
neighbours, which implies that v;; and v;; have the same neighbourhood. Thus we
have v;; ~ vyp. Similarly, v;; ~ v;sjs since v/ and v; ;- are in the same equivalence
class. Therefore, f is an isomorphism. O

5 Constructions Based on Association Schemes

In this section, we obtain a family of generalized strongly regular graphs from sym-
metric association schemes by merging some classes of an association scheme.
A d-class symmetric association scheme on a finite set §2 is a partition of £2 x 2

into sets Ro, Ry, ..., R4, whose adjacency matrices are Ag, A1, ..., Ag respectively,
such that:

(i) Ao =Ig;

(i) A; is symmetric fori =1,...,d;

(iii) none of the A;’s equals O, and Z?:o A =J;
(iv) foralli, jin {1,...,d}, AjA; = Zfzo pl’.‘jAk for some constants plkj (See [2]
or [1] for more details.)

Theorem 10 Let (£2, {Ro, R1, ..., Rg}) be a symmetric association scheme, and
A; be the adjacency matrix of R;, for 0 < i < d. Let E C {1,2,...,d},
F ={1,2,...,d}\E, andlet G be the graph with adjacency matrix y_; . A;. Then G
is a generalized strongly regular graph of grade p < |d /2] if and only ifZi,jeE pfj
take on p distinct values as e ranges over E, and Zi, jeE pifj take on p distinct values
as f ranges over F.
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Proof Foru,v € V(G), u ~ v if and only if (u, v) € R, for some e € E. Hence G
is regular of degree Y, p2,.

For two adjacent vertices u, v, if (4, v) € R,,; for some ¢; € E, then the number of
common neighbours of # and v is

— €
ai= ) P

J.keE

If u « v, then (u, v) € Ry, for some f; € F. Therefore, the number of common
neighbours of u and v is

Ci = Z P,j}(

Jj.keE

Since A; # O fori = 1,2,...,d, G is a generalized strongly regular graph of
grade p < |d/2] when both a;’s and ¢;’s take on p distinct values. O

We illustrate Theorem 10 by the following example, in which we obtain several
generalized strongly regular graphs from a Hamming scheme.

Example 1 For a Hamming scheme H(6,2), (£2, {Ro, R1, R2, R3, R4, Rs, Rg}), let
2 = F6, and for u,v € £, (u,v) € R; if u and v differ in exactly i positions,
where 0 < i < 6. Thus |2] = 64, and for each u € £2,0 < i < 6, we have
vl v) € R}l = (9).

From Theorem 10, we obtain:

a GSRG(64, 36; 30, 28, 10; 30, 12, 10) if E = {1,2,4}, F = {3, 5, 6};

a GSRG(64, 21;20,2; 12,0) if E = {3,6}, F = {1, 2,4, 5};

a semi-strongly regular graph with parameters (64,41;30,26; —6) if £ =
{2,3,5}, F ={1,4,6}.
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