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Abstract Given bipartite graphs G and H, the bipartite rainbow Ramsey number
BRR(G; H) is the minimum integer N such that any edge-coloring of Ky y with
any number of colors contains either a monochromatic copy of G or a rainbow copy
of H. It is known that BRR(G; H) exists if and only if G is a star or H is a forest
consisting of stars. For fixed ¢t > 3, s > (¢t — 1)! 4+ 1 and large n, we shall show
that BRR(K;s; K1,,) = ©(n') and BRR(K1,; K;;) = ©(n). We also improve
the known bounds for BRR(C2p; K1,n), BRR(K1,; Com), BRR(Bs;; K1,,) and
BRR(K1 ; Bs.1), where By is a broom consisting of s 4 ¢ edges obtained by identi-
fying the center of star K ; with an end-vertex of a path Pj,. Particularly, we have
BRR(Cop; K1) = (1 —o(1))n™/ =D for m = 2,3, 5 and large n.

Keywords Bipartite rainbow Ramsey number - Edge-coloring - Even cycle - Broom

1 Introduction

Let G be a graph. A monochromatic coloring of G is an edge-coloring of G by a
single color, and a rainbow coloring of G is an edge-coloring of G whose edges have
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pairwise distinct colors. The Ramsey number R;(G) is the smallest integer N such
that in any k-coloring of the edges of K, there is a monochromatic copy of G.

For graphs G and H, the rainbow Ramsey number RR(G; H) is defined to be the
minimum integer N such that any edge-coloring of Ky using any number of colors
contains either a monochromatic copy of G or a rainbow copy of H, see Eroh [5].
Jamison et al. [9] proved that RR(G; H) exists if and only if G is a star or H is a forest
consisting of stars. Results for bounding RR(G; H) with various types of parameters
can be found in literature, see [2,8,10,13].

Given two bipartite graphs G and H, the bipartite rainbow Ramsey number
BRR(G; H) is the minimum integer N such that any edge-coloring of K n with any
number of colors contains either a monochromatic copy of G or a rainbow copy of H.
For an extended survey regarding bounds for rainbow Ramsey numbers and bipartite
rainbow Ramsey numbers, see [7].

The following two bounds were obtained by Eroh and Oellermann [6].

Lemma 1 [6] Let G and H be connected bipartite graphs. Then BRR(G; H) exists
if and only if G or H is a star.

Lemma 2 [6] Let G, and By, be bipartite graphs such that G, is connected and
has n vertices in the larger part, and B, has m edges. If BRR(G; B,,) exists, then
BRR(Gp; By) = (n—1)(m—1)+ 1.

Moreover, they proved that 3n —2 < BRR(K1 ,; C4) < 6n — 8, where K, is
a star with n edges and Cy4 is a 4-cycle. Later, Balister et al. [3] restated the bipar-
tite rainbow Ramsey number in terms of matrices. By a construction, they found
BRR(K|,,; C4) = 3n — 2, verifying that the lower bound is the exact value. We shall
consider BRR(K; s; K1,,) and BRR(K 1 ,; K;1).

We need another definition in the proofs. Given graphs G and H, Erdés et al. [4]
defined the anti-Ramsey number AR(G; H) to be the maximum number k of colors
such that there exists an edge-coloring of G with exactly k colors in which every copy
of H in G is not rainbow colored. Let Py, be a path with ¢ edges, and By ; a broom
consisting of s 4 ¢ edges obtained by identifying the center of a star K ; with an
end-vertex of Pj,.Jiang and West [11] derived bounds for AR(K;; By ).

In Sect. 2, we show BRR(K; 5; K1 ,) = ©(n') forfixedr > 3,5 > (t —1)!+1 and
large n. And in Sect. 3, we give 1>(n — 1) +1 < BRR(K ,; K,;) < t?(n—1)+1—1
forn > t > 3.1In last two sections, we consider BRR(Cy; K1), BRR(K1,n; Com),
BRR(Bs;; K1) and BRR(K ;; By,;). Particularly, we have BRR(Coy; K1,n) >
(1 —o(1))n™ =D for m = 2,3, 5 and large n.

2 Bounding BRR(K; s; K1,,)

To prove the existence of BRR(K;;; K1 ), Eroh and Oellermann [6] showed that for
any positive integers ¢ and n,

(t=1D(n—1)+1<BRR(K;;; Ki,») < (t — D(n— DD 4 (1)

We shall improve Eq. (1) as follows.
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Theorem 1 For fixed integers t and s witht > 3,5 > (t — 1)! + 1,
BRR(K:; Ki.,) = O(n").

We need a relationship between Ramsey numbers and bipartite rainbow Ramsey num-
bers.

Lemma 3 Let G be a complete bipartite graph with order |G| > 3. Then for any
integer n > 4,

Ry, —2(G) < BRR(G; Ky ).

Proof Let N = R,_»(G)—1and Ky be acomplete graph with vertex set{ay, ..., ay}.
Then there is an edge-coloring of K with n — 2 colors containing no monochromatic
copy of G. Consider Ky y on bipartition U = {uy,...,uy}and V = {vy, ..., vn}.

For i # j, color the edge u;v; in Ky n by the color of g;a; in K. Color the edges
{ujv; | 1 <i < N} by a new color, which form a monochromatic matching of N
edges. Since the total number of colors is n — 1, there is no rainbow copy of K , in
KN,N~

Suppose that G = K;  and there is a monochromatic G in Ky n. Let
{p,,....up,, Vg, ..., vy} be the vertex set of G in Ky y. Since |G| > 3, then
G # Ki,1. And G is a monochromatic copy of K; ;, we see that p; # g; for any
l<i<tandl <] Ss.Thentheedgeset{amaql_ |1 <i<t,1<j<s}formsa
monochromatic copy of K; s in K, yielding a contradiction. O

The following was obtained by Alon et al. [1].

Lemmad4 Lett >2ands > (t — 1)! + 1 be fixed integers. Then
R, (Kt,s) = @(nt)

Given positive integers ¢, s, n and b, define a; ;(n; b) to be the smallest integer a
such that in any b x a matrix A either there is a f X s sub-matrix B whose elements are
all the same or there are at least n distinct elements in some row or column. Observe
that for b < (n — 1)(t — 1), a; s(n; b) is undefined: consider any number of columns,
each filled with at most n — 1 symbols repeated at most ¢ — 1 times(using the same
n — 1 symbols in distinct columns).

For positive integers b, t and n with b > (n — 1)(r — 1), given a b-tuple z =
(z1,...,2p), let g(z, t) be the number of subsets T C {1, ..., b} with |T| = ¢ such
that all the elements z;, i € T, are the same. Set g(n, b, t) to be the minimum value
of g(z, t) over all b-tuples z for which the distinct elements of z are less than 7 in z.
Iftb =pmn—-1)+r,0 <r <n— 1, then an optimal b-tuple z contains n —r — 1
entries repeated p times and r entries repeated p + 1 times. So we get

g b 1) = —r— 1)(?) —|—r(pj_1>.
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Lemma 5 For positive integers t, s, n and b withb > (n — 1)(t — 1),

b
ars(n;b) <1+ <t>(n —D(s — 1)m~

Proof Assume that A is a b x a extremal matrix with a = a; s(n; b) — 1 such that A
has no ¢ x s sub-matrix whose elements are all the same and the number of the distinct
elements in each row or column are less than n.

Every column of A has at least g (n, b, t) t-tuples of the same elements, so A has
at least g(n, b, t)a t-tuples of the same elements in its columns. Therefore at least
q(n,b,t)a/ (lt’) of these 7-tuples are placed along the same set of # rows. Since A has
no ¢t x s submatrix whose elements are all the same and the distinct elements in each
row are less than n, we obtain

q(”l,b, t)a/<?) S (”l - 1)(S - 1)’

implying the required inequality. O
Now we consider the bounds for BRR(K; s; K1.n)-

Proof of Theorem 1 The lower bound follows from Lemmas 3 and 4.
For the upper bound, assume that A is a b x a matrix with a = a, ;(n; b). Set
b= (s —1)(n —1)'. Then

(s — D(n— 1)“)

q(n,b,t):(n—l)( ;

By Lemma 5, we obtain that for large n, a; s(n; b) is at most

_ . (s=h(n-1)"
1+ <b)(n o g4 22 DG 1_)1( . )
t q(n,b,t) (n— 1)((»V )('; ) )

(6 =10 =1 x (6= D= D = 1) x oo (6= D=1 =1 +1)) /!
((s D =D x (=D —-D""=1)x--x(s—Dn—D~'—r+ 1))/;!

(s—Dn—1) ! (n—1) '
SlJ’(s_l)((sfl)(nfl)ffl7t+1) SIHS_D(("—U"—T{) '

=1+G-D

t—1
8(n—1) €n=D"" 4nd we obtain that

Lets = % and € = Then we have § =

(n—1)-1-§" n—1+e
i) <14+ (s—1 (n = 1) t
a;s(n;b) <14 (s —1) n—D1—s
t
IR R Y3
=l4+(¢-=1 ( - De( —D! )
o= 1yt
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n—1
1 €

T n—l+e

t
:1+(s—1)( )=1+(s—1)(n—1+e)’,

which implies that a, ;(n; b) < (s — 1)n’ for large n.

Then we obtain that for large n, in any edge-coloring of K (s—1y(u—1y,(s—1)nr With
any number of colors, either there is a monochromatic copy of K; s, or there is a
rainbow copy of K ;. Since K (s_1yn—1y,(s—1)nt 18 a subgraph of Ks_ 1yt (s—1)n?» WE
have in any edge-coloring of K_ 1)t (s—1),+ With any number of colors, either there
is a monochromatic copy of K, s, or there is a rainbow copy of K ,, which implies
BRR(K;5; K1) < (s — l)nt~ O

3 Bounding BRR(K1,n; K¢,1)

To prove the existence of BRR(K 1 ,; K; ), Eroh and Oellermann [6] showed that for
integersn > 2 and f > 1,

(n—1)@>—1)+1<BRR(K|,; K, ;) < (%ﬂ(r —Dtn+n—1t-3)+2]. 2

For t+ = 2, Balister et al. [3] proved the lower bound is the exact value. We shall
improve the upper bound in Eq. (2) as follows with similar proof from Balister et al.

[3].

Theorem 2 For any integer n > 4,
BRR(K|.n: K33) < 17n — 15. 3)
And for integers n and t withn >t > 3,
BRR(Ky 5 Kip) <3 —1)+1— 1. 4

For the proofs, we need some definitions. Given positive integers n, t and b, define
ay(t, t; b) be the smallest integer a such that in any b x a matrix either some entry
is repeated at least n times in some row or column or there is a ¢ X ¢ sub-matrix
with distinct elements. Observe that for b < (n — 1)(t — 1), a,(¢, t; b) is undefined:
consider any number of columns, each filled with # — 1 symbols repeated n — 1
times(using distinct symbols in distinct columns). For positive integers b, n and ¢ with
b> (n—1)(t—1),givenz = (z1, ..., 2p), let p(z, t) be the number of ¢-tuple subsets
T C {1, ---,b}suchthatthe r elements z;,i € T, are all distinct. Let p(n, b, t) be the
minimum value of p(z, t) over all b-tuples z for which every element of z is repeated
less than n times in z. It is well known thatif b =qg(n — 1) +r,0 <r <n — 1, then
z contains ¢ entries repeated n — 1 times and one entry repeated r times. Hence

_ (4 Y q N
p(n,b,t)—<t>(n 1)+<t_1)(n D7
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The following was obtained by Balister et al. [3].
Lemma 6 For positive integers n,t and b withb > (n — 1)(t — 1),

1

an(t,t,b)fl—l—(t)(t t+ 1) — D l)p(n,b,t)'

Proof of the upper bound (3) Assume that A is a b x a matrix with a = a,(3, 3; b).
Then A has either some entry repeated at least n times in some row or column, or a
3 x 3 sub-matrix with distinct elements. Set » = 17(n — 1) + 2. Then

b,3) = 17 3 217 1)?
p(n, b, )—(3)(n— )+ <2)(n— )7,

By Lemma 6, we obtain

' 1701 —1) 42 o
an(3.3:b) < 1+ 14( ; >(”— D b3

11902 — 1) + 14
<l — T 7= 1)+ 1) < 170 — 15.
= oo rag - DD = 1m

Thenwehavea, (3, 3; 17n—15) < 17n—15.Hence BRR (K ; K33) < 17n—15.

]

Proof of the upper bound (4) Assume that A is a b x a matrix with a = a,(¢, t; b).
Seth=13(n— 1)+t — 1. Since n > 1, then we have

3 3
p(n,b,1) = <t>(n - D'+ (- 1)<t B 1>(n - L

By Lemma 6, we obtain that

. Ba-D+r-1\ , 1
an(t,t;b) < 1+< . )(z —t+ 1) —Dn— l)m

(t3(n “Dtr— 1)’_2 R —t+Da -1

<t3(n )41 72)

R P T T B 7 B Y STy 33
Bai—1,, @—t+he-Dr-1) (5 _

L e L7 S Ty T (t n—1)+1 2).
. 3 3., t—2

Set functions g(¢) = % h(t) = (;;j_é) , and we have a,(t, t; b) <

h@) (.3
1+m(t (n—1)+1-2).
Fort > 3,

_ <e B-t+2
B —142 -

2% —3 \'2 t=2)1-3)
h(t) = (1 + )
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t—2)2t —3) et —2)>2%Q2r—3)?2
=1+ P_112 2 @B-1122
2 2

<1+(t—2)(2t—3) (r —2)2(2t — 3)

- B—r+2 (3 —1+2)?
Then we have
B —r+1 (t—2)(2t —3) (t —2)2(2t — 3)?
g(t) —h(t) > -1- -2
t—D@E2—t+1) B3 —t42 3 —t+2)2
. 8t — 2413 + 3512 - 271 + 10 (t —2)2(2t — 3)?
T =t 4+ =22 4+2t 1) 3 —1t42)2
- 8t — 2413 + 352 — 27t + 10 = 2)2(2t — 3)2
- (3 —1+42)? (13 —1+2)?
. 3213 — 11142 + 1411 — 62
- (13 —1+2)2
So g(t) = h(r) fort > 3. And hence a,(t,1;b) <t3(n —1) +1 — 1. o

4 BRR(Cy5 K1,,) and BRR(Kq ;5 Co2m)
Here we shall show the lower bound for BRR(C2;,; K1 ) as follows.
Theorem 3 Form = 2,3,5, ifn — oo, then

BRR(Ca: K1,0) = (1 = o(1))n™/ =D

Let m > 2 be an integer and ¢ > m be a prime power. Let F(g) be the Galois field
of ¢ elements, and both X and Y be copies of the Cartesian product F" (g). Denote
by N the number ¢” = |X| = |Y|. We shall use vectors in F~!(g) as colors to
color the complete bipartite graph Ky y on partite sets X and Y such that there is no
monochromatic copy of Cy,,, for m = 2, 3, 5. For vertices A € X and B € Y with

al by

an b2
A= . and B = . ,

am b

color the edge AB with color S € F"~!(g) when

ay + by aj
ay+ by as

S = . +bm
Am—1 + bu_1 am
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Let us denote by Hg(m, q) the subgraph induced by all edges in the color S.
The following was obtained by Li and Lih [12].

Lemma 7 Let S € F"~'(q) and ¢ > m > 2. Then Hg(m, q) contains no monochro-
matic Cyy, form = 2,3, 5.

Proof of Theorem 3 Let p and p; be consecutive primes such that p'l”_1 <n—1<
Py ~!. From the Prime Number Theorem, we know p1 ~ p2 and hence pT_l ~ n as
n — oo. By the definition of Hg(m, p1), we use p?"_l < n — 1 colors to color Ky v,
N = p!", such that it contains neither a rainbow copy of K , nor a monochromatic
copy of Cy;; by Lemma 7. Thus, BRR(C2y; K1) is at least N = pi' > (1 —

o(1))n™/(m=1) o

For fixed m, BRR(C2m; K1.,) is nonlinear on n. However, BRR(K| »; Com) 18
linear on n. Especially, for m = 2, BRR(K1,,; C4) = BRR(K1,; K22) = 3n —
2 which is determined completely, see [3]. By borrowing the method of Eroh and
Oellermann [6], we obtain the bounds for BRR(K1 ,; Com).

Theorem 4 For any integers n,m > 2,
Cm—1Dm—1)+1=<BRR(K\u; Cop) <4mn —2) +m@m — 1)(n — 1) + 2.

Furthermore, for m odd, the lower bound can be improved to 2m(n — 1) 4 1.

Proof For the lower bound, by Lemma 2, BRR(K 1 ,; Com) > 2m —1)(n — 1) + 1.

For m odd, let M = 2m(n — 1). Consider a Ky, 2, on bipartition U =
{ug, uy, ..., uzp—1} and V.= {vg, vy, ..., v2;u—1}. We define the color C(e) of each
edge e in Ko, 2m as follows. For any i, j € {0,1,...,2m — 1}, let C(u;v;) =
i + j (mod2m). We claim that any pair of adjacent edges are in different colors.
If not, suppose C(u;vj,) = C(u;vj,) with ji # jo, then j; = j» (mod2m). Since
Jj1, j2 € {0, 1,...,2m — 1}, we have j; = j, for a contradiction. Now replace each
u; and each v; with n — 1 new vertices to produce a copy of Ky, ». Thus, there is no
monochromatic copy of K .

Suppose that there is a rainbow copy of Cy,, with the edge set {u;, v}, , vj ui,, i, v}y,

ooy Wi V), Vj, iy ). Divide the set into E = {u;,vj,, uij,vj,, ..., u;,vj,} and E' =
{vjlul-z, vjzu,-3, ey vjmflu,'m, vjmu,-l}.
Then we have
> Cle)= ) C(¢) (mod2m). 5)
ecE e'eE’

Since the coloring of K,y uses 2m colors and Cy,, is rainbow, the edges of Cap,

exactly use all the colors of {0, 1, ...,2m — 1}.
Then
2m—1
Y@+ Y ceh= > i
ecE e'eE’ i=0
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2m—1
However, » i = m(2m — 1). For m odd, » "C(e) + Y _ C(¢') is odd, which
i=0 ecE e¢'eE’

contradicts Eq. (5). Hence, this coloring of Ky y contains no rainbow copy of Co,,.

For the upper bound, let N = 4m(n — 2) + m(m — 1)(n — 1) + 2. Consider any
edge-coloring of K v x that contains no monochromatic copy of K . Then each color
appears at most n — 1 times at each vertex. Denote by N (Cy;,,) the number of C»,, in
K.y and N'(Cay,) the number of Cyy, that are not rainbow colored in Ky _y.

Then we have
N\ (N (m!)?
v = (V) ()22 0
m)\m) 4m

We now estimate the value of N'(Ca,,). If C2,, is not rainbow colored, there are at
least two edges in the same color. Let N { (Cam) be the number of Cy,,, containing two
adjacent edges in the same color and Né(CZm) be the number of C»,, containing two
nonadjacent edges in the same color.

We have

N/(CZm) = N{(CZm) + Né(CZm)«

Suppose the two edges uv and uw are adjacent with the same color. There are 2N
choices for u and then N choices for v, in the other partite set. Since at most n — 1
edges are incident with u in the same color, there are at most n — 2 choices for w. Since
the edge uw might have been chosen first, we have counted each pair of adjacent edges
in the same color twice. This makes a total of at most N2(n — 2) choices for {u, v, w}.
There are (Z:ll) (nN;;) ways to choose the remaining vertices from Ky y. Along with
uv and uw, the chosen 2m — 3 vertices can construct at most (m — 1)!(m — 2)! even
cycles Copy in Ky i

Then

, 5 N—1\/N-2
Ni(Com) <= N“(n —2)<m 3 1>(m _2)(m — D!(m —2). @)

Suppose the two edges uv and xy are nonadjacent with the same color. We may
assume that u, x are in the same partite set and v, y are in the other partite set. There
are N choices for u, N choices for v, and then N — 1 choices for x. Since at most
n — 1 edges are incident with x in the same color as edge uv, there are at most n — 1
choices for y. Since the edge xy might have been chosen first, we have counted each
pair of nonadjacent edges in the same color twice. This makes a total of at most
IN%(N — 1)(n — 1) choices for {u, v, x, y}. There are (Z:g) (Z:g) ways to choose
the remaining vertices from Ky y. Along with uv and xy, the chosen 2m — 4 vertices
can construct at most (’”_z—rzn)'m' even cycles Cop, in Ky .
Then

Nj(Con) = ZN*(V = 1) — 1)<N B 2) (N B 2)(m “im -1 ®)

m—2)\m—2
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By Egs. (6), (7) and (8), we obtain that

m—1 -2

1N2(N - 1)(n—1)(N 2) (N B 2>(m—2)!(m—1)!
—2)\m -2

2 _
N><N)’" (o )< —2)(m = Dlm —2)!
m m

N{(Cam) + N5(Cam) < N2(n —2) (N - 1) (N - 2) (n — Dl — 2!

_|_
i N

mZm — 12
+1(N)<N> (m D = 1ym — D)im — )1
4\m)\m N —1
_ (N) <N)( ')Zn 2+ 1 gm—1)(n—1)
m) \m N —1
_ (N\(N —24fm—Dn -1
_<m>< ) 4m(n—2)+m(m—1)(n—l)+l

< = N(Cop).
m)\m) 4m

So N'(Ca) < N(Cap) and thus there is a rainbow copy of Cp, in Ky n. O

S BRR(Bs,s; K1,,) and BRR(K1,,5 Bs,¢)

In the section, we consider the bounds for bipartite rainbow Ramsey numbers of two
graphs where one is a broom and the other is a star. We shall bound the bipartite
rainbow Ramsey number BRR(B; ;; K1.,) and BRR(K | ,; Bs.1).

Theorem 5 For any integers n, s, t > 2,

o e [5]- an-5([2] )

+1 < BRR(Bs;: Ki1p) = 25 +1=3)(n - 1).

Proof of the lower bound in Theorem 5 By Lemma 2 we know that BRR (B ;; K1)
>(n—1) (s + [%—‘ — 1) + 1 since By ; is a bipartite graph for the largest partite set has
s+ 5| vertices. Soit suffices to show that BRR(By;; K1,n) > 2(n—2) ([§] — 1)+1.

Let N = 2(n —2) ([4] — 1). We give a coloring of K,y that contains neither a
monochromatic copy of By ; nor a rainbow copy of K, as follows. Let V and V' be
the two partite sets of K»(,—2),2(s—2)- Then we divide the set V into two sets A and B
with A = {ay, a2, ...,a,—2}and B = {by, b>, ..., b,_>}, and divide the set V' into
two sets C and D with C = {cy,¢p,...,cp—2}and D = {d|,d>, ...,d,—»}. Fori,
1 <i <n—2,color all edges that join a¢; € A and a vertex in C with color i; color all
edges that join b; € B and a vertex in D with color i +n — 2; color all edges that join
¢; € C and a vertex in B with color i +2(n — 2); color all edges that joind; € D and a
vertex in A with color i + 3(n — 2). The bipartite graph K»(;,—2) 2(,—2) is colored with
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4(n — 2) colors, and each vertex is incident with exactly n — 1 different colors. Now
replace each vertex in Kp(,—2) 2(n—2) With [%—| — 1 new vertices to obtain a coloring
of Ky, n. Since there are also exactly n — 1 colors incident with each vertex in Ky v,
there is no rainbow copy of K ,. Each color induces a copy of Kri-1.51-Dm-2)-

However, By, is a bipartite graph with one partite set containing L%J + 1 vertices
and the other partite set containing s + |_%-| vertices. Hence, this coloring of Ky
contains no monochromatic copy of By ;. O

For the proof of the upper bound for BRR(Bs ;; K1), we establish the following
lemma by borrowing the method of Eroh and Oellermann [6].

Lemma 8 For any integers s,t > 2, if a bipartite graph G has average degree at
least 2s +t — 3, then G has By ; as a subgraph.

Proof Supposet = 2, and let G be a bipartite graph with average degree atleast 2s — 1.
Denote V the vertex set of degree at least 2s — 1. If there is no By 2 as a subgraph
in G, then for any v € V, the neighbors of vertex v do not have any neighbors other
than v in G. Thus, G consists of a star forest in which each star center vertex has at
least 25 — 1 neighbors and a subgraph with maximum degree at most 2s — 2. Then the
average degree of G is at most 2s — 2, which produces a contradiction. Hence there
is a copy of Bs 2 in G.

Now we proceed by induction on ¢. Suppose ¢t > 3, and let G be a bipartite graph
with average degree at least 2s + ¢ — 3. Let H be a minimal subgraph with average
degree at least 2s + ¢t — 3 in G in the sense that any proper subgraph in H has
average degree less than 2s + ¢ — 3. By the inductive hypothesis, we may assume that

H has a subgraph B, ;1 with the vertex set {uy, ua, ..., us, v1,v2, ..., v;} where
{ur,uz, ..., us,v1} is the vertex set of the star Ky ; with the center vertex v; and
{vy, v2, ..., v} is the vertex set of the path P; with endpoints vy and v;. If the vertex

v, is adjacent to any vertex not in the By ,_1, then it contains By ;. We may assume
that v; is not adjacent to any vertex except the vertices of the broom, so the degree of
vy is at most 7 /2 for ¢ even and at most s + (¢ — 1)/2 for ¢ odd.

Let A be the vertex set {v2, v3, ..., v/} on the path of the broom B ;_1, B be the
vertex set {vy, uy, u2, ..., s} which is the star of the broom By ;1 and C be the set
of remaining vertices in H. Thus, the vertex set V(H) = AU B U C. For two vertex
sets U and V, we denote |E(U, V)| the number of edges between U and V. Then we
prove the following two assertions.

Claim 1 Fortodd, |E(A,C)| > 5! (s + 52 —3) + L.

Suppose that |[E(A, C)| < % (s + % — 3). Based on the parity of ¢, |E(A)]| is
at most % for ¢ odd and # for ¢ even. |E(A, B)| is at most %(s + 1) fort
odd and 5(s 4 1) — s for t even.

Since the average degree of H

2(0E(BUO)|+ |E(A)| +|E(A, O)| + |E(A, B)])

d H =
D |V (H)|
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we have

dBUCHV(BUC) + 952 4 (¢ — 1)(s + 551 —3) + (1 — (s + 1)

d(H
() = IV (H))
Since d(H) > (2s +1t — 3), we have
[V(BUOQO)| [V (A)]
2 —3<dBUC)————— 2 -3 .
s+t <d( ) V)| +@Q2s+1 )|V(H)|

Since |V(H)| = |V(A)| + |V(B U C)|, we have d(B U C) > 2s +t — 3. Thus
we can obtain a proper subgraph of H with average degree at least 2s 4+ ¢t — 3, which
contradicts our choice of H, completing the proof of Claim 1.

Claim 2 Ifdy(v;) = s+ %for t odd, then we have a copy of Bs ; as a subgraph in
H.

Since dy (v;) = 5 + %, then v, is adjacent to {uy, ua, ..., us, V2, V4, ..., V—1}
fort odd. Let Ay = {va, v4,...,v:—1}and Ay = {v3, vs, ..., v:—0}. Forany v; € Ay,
if dc(v;) > s, v; and its neighbors can induce a copy of K in H. Along with the
path Pii1 = vi41Vi42...0UVIV2 ... Vi—], We can have a copy of By ;. Thus, we
may assume that dc(v;) < s — 1 for v; € Ay, then |[E(A1,C)| < (s — 1)%. Since
dc(v;) = 0, by Claim 1, we can find

_2\2

Case 11 > 5. Then there is at least one edge between A, and C. Assume that this
edge joins v;, € A tothe vertex w € C. Since iy is odd, the vertex v; must be adjacent
to v;,—1. Hence vivy ... vjj—10;U—1V;—2 . .. Vjp4+1V;,w forms a copy of P;y. Along
with the copy of K , in B, we again have a copy of By ;.

Case 2 + = 3. From Claim 1 and the previous case, we know that |[E(A, C)| =
dc(v2) = s — 1 for t = 3. However, dc(v2) < s — 1, otherwise we have a copy of
By 3. Thus, we may assume that dc(v2) = s — 1. Let the neighbors of vertex v in C
be wi, wa, ..., wg_1. Since vy is also adjacent to vy and v3, we have dy (v2) = s+ 1.

If dc(v1) = 1, let w be the vertex in C which is adjacent to v;. Then the vertex set
{vi, u2, u3, ..., us, w}caninduce acopy of K ;. Along with the path P4 = viujv3vy,
we have a copy of By 3. So we may assume that dc(vy) = 0.

If u; is adjacent to some vertex w’ in C\{wy, wa, ..., ws_1}, the vertex set
{v2, v3, w1, wa, ..., ws—1} induces a copy of Kj,. Along with the path P4 =
vavuw’, we again have a copy of By 3. Hence, we assume that dc (u1) < s — 1.

Let A’ denote the vertex set {u1, v, v2, v3}, B’ denote the vertex set {u», us, ..., us}.
Then we have

d(B'UC)|V(B'UC)|+2|E(A")| +2|E(A, C)| +2|E(A’, B)|

d(H
(H#) = V)
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Since d(H) > 2s, |E(A")| =4, |E(A',C)| <2s —2and |[E(A’, B')| = 25 — 2,
we have

[V(B'UO)| V(A"

2s <d(B'UC) s .
|V (H)| |V (H)|

Since |V(H)| = |V(A))| + |V(B" U C)|, we have d(B’ U C) > 2s. Then we can
obtain a proper subgraph of H with average degree at least 2s, which again contradicts
our choice of H, completing the proof of Claim 2.

We continue the proof of Lemma 8. From Claim 2, we may assume that dg (v;) <
s+ % — 1, including the case that ¢ is even. We have

20EH)| — (s + 51— 1) _ 20EH) — @s+1-3)

d(H\{v:}) =

|V(H)| -1 [V(H)| -1
L Qs =DV = Qs +t=3) 0
[V(H)| —1

Thus, we have a proper subgraph of H with average degree at least 25 + ¢ — 3,
which again contradicts our choice of H. There must be some subgraph By ; in H, so
in G. O

Proof of the upper bound in Theorem 5 Let N = (2s +t — 3)(n — 1). Consider any
edge-coloring of G = K n.Suppose this edge-coloring of Ky contains no rainbow
copy of K1,,. Let G, be the subgraph induced by all edges in color ¢, V. the set of
vertices incident with edges of color ¢, and C, the set of colors incident with vertex v.
We denote d,(v) the degree of vertex v in G.. Then for any v, we have |Cy| <n — 1,
and

dc
4G = 2t )
Vel
So
dc(v) d(v)
Zvch dc(v) 20:1;‘4 UEVZ(G) 2N2
> > = > =25 +1-3.
- [Vel A 3 e 2N@m=1D

c veV(G)

Thus, there must be some color ¢ such that d(G.) > 2s +¢ — 3. By Lemma 8, we can
obtain a copy of By, in G, and, hence we have a monochromatic copy of By ; in G.
O

Now we determine the bounds for BRR(K ; Bs;). Fort =1, By ; = K| 541 and
we know that BRR(K1 ,; Bs,1) = (n — 1)s + 1, see [6]. Now we show the value of
BRR(Kl,n; Bs,2)~
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Lemma 9 For any positive integers n and s,
BRR(Kip; Bs2)=(n—1D(s+1)+ 1.

Proof By Lemma 2, we know that BRR(K| ,; Bs2) > (n — 1)(s + 1) + 1. Let
N = (n — 1)(s + 1) 4+ 1. Consider an edge-coloring of Ky y with any number of
colors. If there is no monochromatic copy of K ,, then at least s + 2 colors are
present at each vertex. We can take a rainbow copy of K 541 from the coloring Ky n.
Let # and v denote the center vertex and any other vertex of this rainbow K 51,
respectively. Then there are at least s 4- 2 colors incident with v.

If at least s + 2 colors are incident with v in Ky n\{u}, there is at least one edge
incident with v in some color that does not yet appear in the rainbow K s41. If s 4+ 1
colors are incident with v in Ky_y\{u}, then the color of edge uv does not appear in
these s + 1 colors, so we can obtain at least one edge incident with v in some color that
does not yet appear in the rainbow K 41. Along with the K 511, we have a rainbow
B . O

The next theorem provides bounds for BRR(K ,; Bs.r)-
Theorem 6 For any positive integers n, s and t,

t+1
(n—1D(s+1—1)+1<BRR(Ki4: Byy) < (n— D)(s +1— 1)+s+%.

Proof The assertion is obvious for n = 1, so we assume n > 2. Since
BRR(K1,; Bs,1) = (n — 1)s + 1, the assertion is also trivial for t = 1. Then we
suppose t > 2.

The lower bound follows from Lemma 2. For the upper bound, let N = (n — 1) (s +
t—1)4+s+ (¢ +1)/2. For t =2, from Lemma 9 we know that BRR(K ,; Bs2) <
(n —1)(s + 1) + s + 1. We proceed by induction on ¢. Consider an edge-coloring of
K n_n that does not contain a monochromatic copy of K1 ,. We may assume that there
is a rainbow copy of Bs ;1. Let F be the rainbow copy of B, ;1 in Ky y and V (F)
be the vertex set of F. Denote u and v the center of K ; and the another endpoint of
path P; in F. To prove there is a rainbow copy of B ;, we consider the parity of ¢.

Case 1 If ¢ is even, u and v are in the different partite sets of K y. Then v has
N —t/2 neighbors in Ky n\V (F). Since there is no monochromatic copy of K ;,
there are at least

"(n—l)(s—i-t— l)+s+(t+l)/2—t/2—‘ > 54t
n—1

colors incident with v. There are s +¢ — 1 colors in F'. Thus, at least one edge incident
with v in some color does not yet appear in the rainbow F. We obtain a rainbow copy
of B, ; in Ky n by combining this edge and the broom F.

Case 2 If ¢ is odd, u and v are in the same partite set of Ky n. Thenvhas N —s —
(t — 1)/2 neighbors in K y\V (F). Since there is no monochromatic K ,, there are
at least
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[(n—1)(s+t—1)+s+(t+1)/2—s—(t—1)/2

—‘2s+t
n—1

colors incident with v, which gives a rainbow copy of By ; similarly. O
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