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Abstract For bipartite graphs G, G», ..., Gy, the bipartite Ramsey number b(G1,
Ga, ..., Gy) is the least positive integer b so that any colouring of the edges of
Kp.» with k colours will result in a copy of G; in the ith colour for some i. In this
paper, we will consider the bipartite Ramsey number 6(C2,, Ca,, . . ., C24 ), Where
t;is aninteger and 2 < t; < 4, forall 1 < i < k. In particular, we will show that
b(Coy, Cotyy ooy Co) <k(ty +12+ -+t —k+1).

Keywords Bipartite graph - Ramsey - Cycle

1 Introduction

In this paper we will follow the basic graph theory terminology and notation as pre-
scribed by [3]. Specifically, let G = (V, E) be a graph of order n with vertex set V
and edge set E. Fora set S C V, the subgraph induced by S in G is denoted by (S)¢,
or just (S) if the context is clear. For bipartite graphs G1, G2, ..., Gg, the bipartite
Ramsey number b(G1, Ga, . . ., Gy) is the least positive integer b so that any colouring
of the edges of K} ,, with k colours will result in a copy of G; in the ith colour for some
i. The existence of all numbers b(G, Gy, ..., Gi) follows from a result of Erdos and
Rado [5].

If G is a bipartite graph, then R(G) and £(G) will denote the right and left partite
sets of G respectively, and if |R(G)| = |L(G)], then G is a balanced bipartite graph.
If Gi = Gjforalli,j € {1,...,k}, then the number b(G1, G2, ..., Gi) will be
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abbreviated as b;(G1). In [8], it is shown that bx(C4) < k% + k — 1. The result is
obtained by making use of the technique of bounding the edges of a C4-free balanced
bipartite graph, colouring the edges of a K, , with k colours, and then making sure
that n is large enough to yeild a monochromatic copy of Cy4. For any integer s > 2,
the problem of bounding the size of a Cos-free bipartite graph has been considered,
for example see [10]. For integers s,¢ > 2, where s # f, it is proved, in [11],
that b(Cpg, Co;) > s 4+t — 1. In this paper, our main focus will be geared towards
bounding the number b(Cy;,, Coy,, ..., C2y ), Where f; is an integer and 2 < f; < 4,
foralll <i <k.

The open neighborhood of avertex vin G istheset Ng(v) = {u € V |uv € E(G)},
and the closed neighborhood of v is defined as Ng[v] = {v} U N(v). The degree of
visdegs;(v) = [Ng(v)| (or deg(v), if the context is clear). If u is a vertex of a graph
G, then we will say that u is adjacent to an edge e = vw € E(G), if u is adjacent to
both v and w. If an edge e = vw of a graph G is coloured blue, then we will say that
v is a blue neighbor of w.

Let k > 0 be any integer. If k > 1, then a graph with k components, each of which
is isomorphic to C3, will be denoted by kC3. If k = 0, then the graph kC3 will denote
the graph with empty vertex and edge sets.

2 Known Result

The following well known extremal result will prove to be very useful.

Theorem 1 [6] Let G be a graph of order n with no path of length £. Then m <
(€ — 1)n/2, with equality if and only if G is the disjoint union of copies of K.

3 Main Result

Theorem 2 Letty, o, ..., ty be integers suchthat2 < t; <4, forall1 <i < k. Then
b(Coy, Cotyy oo, Cog) <kt +t02+ -+t —k+1).

The proof of Theorem 2 will rely on two lemmas. The proof of these lemmas will be
provided in the last section. Throughout the paper, if G is a balanced bipartite graph

we will let L(G) = {vy, va, ..., v,}. In the following lemma, if deg(v;) < 1, then we
set (")) = 0.

Lemma 3 Let s be an integer with 2 < s < 4, and let G be a balanced bipartite
graph where |L(G)| > s. If G is Cog-free then

" deg(v;) n
(") ze-n(3)

If G = K, , and we colour the edges of G with k colours, then, for each vertex v;, we
define deg j (v;) as the degree of v;, in the j’th colour. If deg j (vi) < 1, then, again,

we set (degf'z(vi)) =0.
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Lemma 4 If G = K, , and the edges of G are coloured with k colours, then

n k
2.2 (d‘*gf;””) > (0% — kn) /2K,

i=1 j=1

4 Proof of Theorem 2
Recall the statement of Theorem 2. For simplicity, let t = #; + 1 + --- + ;. Let us
pickn = k(t —k + 1), and note that n > ¢;, for all | <i < k. Colour the edges of

G = K, , with k colours. We may assume, that for any i, where 2 < i < k, there
exists no copy of Cy; in the i’th colour. Hence, from Lemma 3, it follows, for all

2 < j <k, that
 (deg; (v;)
L (") <0 -0()

i=1
From Lemma 4 we obtain the following inequality:
n

k
Z Z (deg]é(vi)> > (n3 _ knz)/Zk,

i=1 j=1

n n k
Z (deglz(vi)> S — k)2 — ZZ (degjé(vi))

i=1 i=1 j=2
n
d .
3 ( egl;””) > —kn?) )2k — (b + 13+ + 1k —k+ 1)(3).
i=1

Now a monochromatic copy of Cy;, will occur in the first colour, if, by Lemma 3, the
following inequality holds:

> <deg1(vi)) > (n® —kn®)/2%k — (ta+ 13+ + i —k + DG)

. 2
i=1
=@ —D("
b )<2>'

Hence,

(3 — kn®) /2% — (24 + 15 —k + 1)(3) - (1 — 1)(;>,

(n® —kn)/2k — (t —k)(n — 1)/2 > 0.
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The roots of the parabola f(x) = % - kx)/2k — (t — k)(x — 1)/2 can easily be
1
determined as x = k(t —k+1)/2+k (((t — k + 1)/2)> — (t — k)/k)*. Observe that
1

the inequality (((t —k+ 1)/2)2 —(t - k)/k)7 < (t — k + 1)/2 holds. Our choice
of n = k(t —k + 1) yields f(n) > 0, and so the above inequality is satisfied. This
completes the proof of Theorem 2. O

5 Proof of Lemmas

Proof of Lemma 4 Let G = K, , and colour the edges of G with k colours. Let us

consider the vertex v; = v. Observe that 21;21 deg ; (v)=n.In order to simplify matters
we will denote deg; (v) by d;. Hence,

)

=+ - +d)di+--+d —1)/2

k k
=D did;i -+ | 4 /2.
j=1

i=1 i

Now if we let f(di,da, ..., d)="r_,(d; > j+idj), then f is a function with k
variables and we can, using Lagrange multipliers, maximize f subject to the constraint
Z];=] dj=n.Defineg(di, d>, ..., dy) = Zﬁ:l deg ; (v)—n. Taking partial derivatives,
we obtain the following equations to be solved:

Ja(dv,da, ..., dy) = Aga (d1,da, ..., dy),
Ja(dv,da, ..., dy) = Aga, (d1, do, . .., dy),

faldv, da, ..., dy) = Aga (d1, da, ..., dp),
gldi,da, ..., dy) =0,

where A is a constant, and, for all i, g4, (d, da, ..., dy) = 1 and fy,(d1, d>, ..., dy)
=2) j#i dj- Solving yields d; = n/k, for all i. So the extreme value occurs in
the point P(n/k, ..., n/k), and is (k — 1)n?/k. We can check, using some algebra,
that this is a maximum value, by letting the point Q(n/k + €1, ...,n/k + €;), where
€; € N for all 7, lie on the surfaces f(dy,d>,...,dr) and g(dy,d>, ..., dy) =0, and
showing that f(n/k+e€1,...,n/k+ex) < (k— l)nz/k. Hence, to conclude, we have
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Z( >+(k Hn2/2k

v

Zd(d —1)+Z d; Yy d; /2
i=1 J#i
n
_<2).

We can do this for every single vertex v; and summing over all vertices in £L(G), we

obtain
k <deg]( )) 3 <n>
E +(k—1)n/2k2n2.

i=1 j=1

n

Hence,
n k
2.2 (deg" ("")> > (n — kn) 2k,
i=1j=1 2
This concludes the proof of Lemma 4. O

Proof of Lemma 3 Recall the statement of Lemma 3. Before we continue, observe
that the sum 37, (“&") counts each pair of vertices in R(G) zero or more times.
Consider first the case where s = 2. Now in the C4-free balanced bipartite graph
G, every pair of vertices in R(G) is counted at most once in the sum ) ;_, (degz(”" )),

since otherwise G will contain a C4. Hence, Y I, (degz(vi )) < (3). We may assume,
henceforth, that s = 3 or s = 4.

We will prove, by contradiction, that the stated inequality holds. So let us assume
that G is Cos-free and ) 7, (degz(vi )) > (s — 1)(;) + 1. Now construct a graph G’
from the vertices in R(G) as follows: For each pair of vertices u and v in R(G), join
u and v with a red edge if there are at most s — 1 vertices in £(G) adjacent to both
u and v. If there are at least s vertices in £(G) adjacent to both u and v, join u and
v with a blue edge. Let B (R, respectively) denote the set of blue (red, respectively)
edges in G, whence E(G’) = BU R and V(G') = R(G).

Define the weight of an edge e = uv of G’ as the exact number of vertices in L(G)
adjacent to both u and v. Denote it by W(e). Let E(G") = {e}, ..., e,} and define
TW(B) = 28;63 W(e;) and TW(R) = Ze;eR W(e)). O

Claim A: B # (.
Proof 1f each edge of G’ is coloured red, then each pair of vertices in R(G) is counted

atmosts— 1 times inthe sum ) _7_, (degz(v")), whence (s —1) (g) +1 <> (deg(”' ) <
(s — 1)(';). This is clearly a contradiction. O
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Since G’ has at least one blue edge, we have, by Claim A, that TW(B) > s > 3.
Claim B: TW(B) + TW(R) > (s — 1)(5)+1.

Proof Let us consider any pair of vertices u, v € R(G). Suppose the pair {u, v} is
counted exactly i > 0 times in the sum ) /_, (degév-f )). This happens if and only if
{u, v} occurs in the open neighborhoods of exactly i distinct vertices in £(G). Hence,
the edge uv in G’ has weight i, and so the pair {u, v} is counted i times in the sum
TW(B)+TW(R), whence TW(B)+ TW(R) = ¥I_; (*“4") = s —(}) + 1.0

A contradiction will be obtained as follows: We will pick a vertex v in £(G), such
that v is adjacent to 7 blue edges in G', and 7 is as large as possible. Let T W (B) > p,
where p > 0 is an integer. Observe that T W (B) counts the total number of vertices
adjacent to blue edges. The pigeonhole principle implies that there exists a vertex
v/ € L(G), such that v’ is adjacent to at least [ p/n] blue edges. We will show that
the integer p can be chosen such that [p/n] > ¢ + 1, and so v’ is adjacent to at least
t + 1 blue edges, which contradicts our choice of v.

So pick v € L(G), such that v is adjacent to exactly 7 blue edges in G’, and  is as
large as possible. Define X = {u € R(G)|For some blue edge e that is adjacent to v,
u is incident with e} and Y = R(G) — X, and set | X| = «. Observe that by Claim A,
|X| > 2. Furthermore, for any edge ¢ of G', let A(e) = {u € L(G)| u is adjacent to
e}. We will refer to a path P in G’ as a blue (red, respectively) path, if the edges on P
are all blue (red, respectively). Let X’ (Y’, respectively) denote the graph with vertex
set X (Y, respectively) and edge set consisting of all the blue and red edges that have
both ends in X (Y, respectively). For the remainder of the paper we set (";“) =0if
n—oa<1l.

Case A: 5 = 3.

Claim 1: There exists no path P of length two in X', with one edge of P being blue,
and the other edge of P having weight at least 2.

Proof Suppose, to the contrary, that P : x, x, x3 isapathin X’, withedges e; = xjx
and e; = xpx3, such that W(e1) > 2 and e is blue. Recall that v is adjacent to every
vertex on P. As W(ez) > 3 and W (e;) > 2, we can choose, without loss of generality,
vertices v; € A(ey) — {v} and vy € A(ep) — {v, v1}. The vertices v, x1, vy, X2, V2, X3
form a Cg in G, a contradiction. |

Claim 2: For every red edge e of X', we have that W (e) = 1.

Proof Suppose, to the contrary, that for some red edge ¢ = x1x; of X/, W(e) = 2.
Now since each vertex in X is incident with a blue edge which is adjacent to v, we
have that there exists a vertex x3 in X — {x1, x2}, such that e; = xpx3 is a blue edge in
X'. Obviously, the path P : xp, x2, x3 has the forbidden property described in Claim
1, and P lies in X’. By Claim 1, we obtain a contradiction. O

By Claim 2 we have, for every red edge e of X', that A(e) = {v}.

Claim 3: Let y € Y and, for distinct vertices x1, xo € X, consider the edges e; = yx|
and ey = yxp. If W(ey) > 2, then W(ep) < 1.
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Proof We consider the edge e3 = x1x2,in X’. Assume that W (e;) > 2and W(ep) > 2.

Case 1: ¢3 is blue.

As W{(ey) = 2, let, with no loss of generality, v € A(e1) — {v}. As W(ez) > 2,
let v| € A(ez) — {v}. If v] # vy, then the vertices v, x1, v1, y, v}, x2 forma Cg in G.
Hence, v} = vy and so A(ez) = {v, v1}. As W(e3) > 3, welet vy € A(e3) — {v, v1}.
The vertices v, x1, v2, X2, v1, y form a Cg.

Case 2: e3 is red.

Since every vertex in X is incident with a blue edge in X', there exists a vertex
x3 € X such that the edge e4 = x1x3 is blue, and e4 is adjacent to v. Pick v; €
A(e1) — {v} and v] € A(e2) — {v}. If v| # v}, then, we have, once again, that the
vertices v, x1, vy, Y, v’l, xp form a Cg in G. Hence, v| = 1/l and so A(ex) = {v, v1}.
Let vy € A(eq) — {v, v1}. The vertices v, x3, vz, X1, v1, y form a Cs. O

Now, by our Claims, we have that the blue edges in X’ form a perfect matching in
X'. Furthermore, for each red edge ¢ in X', W(e) = 1. Thus, « = 2¢. Now each red
edge in Y’ can have a weight of at most 2. So the total weight of red edges in Y is
at most 2(”;“). The total weight of red edges in X’ is at most (22’) — t. Consider an
arbitrary vertex y € Y, and all the edges between y and the vertices in X. By Claim 3,
at most one of these edges can have weight at least two. Hence, the total weight of the
red edges that have one end in X and the other end in Y, is at most (2 + 1)(n — «).
Hence, TW(R) < (§) — 1+ (2t + 1)(n — 21) + 2("*'). Note that 27 < n. Thus,

TW(B) > 2(';) +1-TW(R),

n—2t 2t
=2(( 5 )—l— (2)+2t(n—2t))+l—TW(R),

>+ n+n(it—-2)—tQ2t —2)+1,
>tn+1.

Note that if we set p = tn + 1, we have [p/n] =t + 1, and so the desired result
is obtained. O

Case B: s = 4.

Claim 1: There exists no path P of length three in X', where exactly two edges of P
are blue, and the remaining edge has weight at least two.

Proof Let P : x1, x3, ..., x4 be a path within X', with edges e; = x1x2, ez = x2x3
and e3 = x3x4. Assume first, to the contrary, that e; is blue, W(ez) > 2 and e3 is
blue. As the weight of each blue edge on P is at least four, we can, without loss of
generality, let vy € A(ey) — {v}, v1 € A(e1) — {v, v2} and v3 € A(e3) — {v, vy, v2}.
Hence, the vertices v, x1, v, X2, V2, X3, v3, X4 forma Cg in G.

Let us now assume, to the contrary, and without loss of generality, that e; is red,
and that both e, and e3 are blue. Let v; € A(e;) — {v}, v € A(ep) — {v, v1} and
v3 € A(e3z) — {v, vy, va}. The vertices x4, v3, X3, V2, X2, V1, X1, v form a Cg in G, a
contradiction. O
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Claim 2: There exists no path P of length two in X', such that each edge of P is red
and has weight at least two.

Proof Assume, to the contrary, that P : x1, x, x3 is a path of length two in X', with
el = x1x2, e = x2x3, W(ey) > 2 and W(ep) > 2.

Case 1: The edge e3 = xx3 is blue.

Since every vertex of X’ is incident with a blue edge in X', we have that there
exists a vertex x4 € X, such that the edge e4 = xpx4 is blue in X’. But then the path
P : x1, x3, x2, x4 has the forbidden property described in Claim 1, a contradiction.

Case 2: The edge e3 = xx3 is red.

As the vertices x1, xp and x3 are incident with blue edges in X', we can find vertices
x4, x5 and xg, such that e4 = x1x4, s = xpx5 and eg = x3x¢ are edges of X’ that
are blue. If x4 # x5 then we contradict Claim 1. Hence, x4 = x5 and, by symmetry,
x5 = xg. Let vy € A(ez) — {v}, v2 € A(eq) — {v, v1} and v3 € A(es) — {v, v1, V2}.
The vertices v, x1, va, x4, V3, X2, V1, x3 form a Cg in G, which is a contradiction. 0O

Claim 3: The total weight of the red edges of X' is at most a /2 + (‘;)

Proof Note that since each vertex in X is incident with a blue edge of X’, the number
of blue edges in X’ is at least [a/2]. Thus, in X', there are at most (3) — /2 red edges
and each red edge has weight at least one, because of v. By Claim 2, there can exist no
red path of length two in X', where both edges on the path have weight at least two.
By Theorem 1, it follows that the number of red edges with weight at least two in
X’ is at most /2, since otherwise a red path of length two will exist, with each edge
on the path having weight at least two. Furthermore, each one of the red edges of X’
with weight at least two, can possibly carry a weight of three. Hence, the total weight
of the red edges in X’ is at most 2a/2 + (g) — /2. O

Before we continue, we need to prove some important lemmas.

Lemma 5 Let x1,x2,x3 € X, y1, 2 € Y and x € {x1, x3}. Define the edges e; =
X2y1, €2 = xy2,e3 = y1y2andes = x1x2. If W(e1) > 3, W(eq) > 4and W(ez) > 2,
then W(e3) < 1.

Proof Let x1,x2,x3 € X, y1,y2 € Y and x € {x1, x3}. Define the edges e; = x2y1,
ey = xyp, e3 = y1y2 and e4 = x1x2. Assume that W(ey) > 3, W(es) > 4 and
W (e2) > 2. Suppose, to the contrary, that W (e3) > 2. Since e and e, both have high
enough weight, we can let v; € A(ex) — {v} and v € A(e1) — {v, v1}.

Let us first assume that x = x;. Now pick a vertex vj € A(e3) — {v}. If v} ¢
{v1, v2}, then the vertices v, x1, vy, y2, 1/2, y1, v2, x2 form a Cg. We may assume that
A(e3) € {v, vy, 12}

Case 1: v € A(ez).

If vop € A(es), then let v3 € A(es) — {v,v1,v} and so the vertices
Y2, V2, ¥1, U, X2, U3, X1, v1 form a Cg. If v1 € A(e3), thenlet vz € A(es) — {v, v1, v2}
and so the vertices v, x1, v3, X2, V2, Y1, V1, y2 form a Cg.
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Case2: v ¢ A(e3).

As W(e3z) > 2, we have that A(e3) = {v1, v2}. Now let us consider the edge
ey and let v] € A(ep) — {v}. Suppose first that v| ¢ {vo,vi}. Then the ver-
tices v, x2, V2, y1, V1, y2, v}, x1 form a Cg. It immediately follows that A(ey) <
{v, v1, v2}. Now if v € A(ey), then let vz € A(es) — {v, vy, v2}, and so the ver-
tices v, y2, v1, y1, V2, X2, v3, x] form a Cg. It follows that A(e2) = {v1, va}. Now let
v € A(er) — {v2, v}. If v} ¢ {v, v1, v2}, then the vertices v, x2, V), y1, v2, Y2, V1, X
form a Cg, whence A(e1) = {v, vi, v12}. Let v3 € A(eq) — {v, v1, v2}. The vertices
2, V2, ¥1, U, X1, U3, X2, v1 form a Cg.

We may assume now that x = x3. Let v3 € A(esq) — {v, v1, v2}. Suppose first that
v1 € A(e3). The vertices v, x1, v3, X2, V2, y1, V1, X3 form a Cg. Hence, v; ¢ A(e3). If
there exists a vertex v} € A(e3) — {v, v2}, then the vertices y», v}, y1, v2, X2, v, X3,
form a Cg, a contradiction. It follows that A(e3) = {v, v2}, and so the vertices
v, X1, V3, X2, V2, ¥2, U1, x3 form a Cg, a contradiction. O

Lemma 6 Let x1,x2, x3 € X, y1 € Y and define the edges ey = x1y1, e2 = x2y1 and
ez = x3y1. If W(ey) =2 and W (ez) > 2, then W(e3) < 1.

Proof Let x1,x2,x3 € X, y; € Y and define the edges e; = x1y1, e2 = x2y; and
e3 = x3Yy1. Assume, to the contrary, that W(e;) > 2, W(ez) > 2 and W(e3) > 2.

Case 1. There exists a vertex x4 € X — {x1, x2, x3}, such that the edge e4 = x4x7 is
blue.

Let vi € A(e1) — {v}. Suppose there is a v € A(ez) — {v,v1}. Let v3 €
A(eq) — {v, vy, v2} and so the vertices v, x4, v3, X2, V2, ¥1, V1, X] form a Cg. So
A(ez) = {v,v1}. Suppose that there is a vertex v3 € A(e3) — {v,v1}. Let
vg € A(eq) — {v, v1, v3}, and so the vertices v, x4, v4, X2, V1, V1, V3, X3 form a Cg,
whence A(ez) = {v,v;}. Let us assume now that v, € A(e;) — {v, v} and let
v3 € A(eq) — {v, vy, v2}, whence the vertices v, x4, v3, X2, V1, V1, U2, X] form a Cg.
It follows that A(e1) = {v, v1}. Now let es = x3x5 be any blue edge in X’.

Letvy € A(es) — {v, v1} and vz € A(eq) — {v, vy, v2}. Assume first that x5 = x4.
The vertices vs, x2, v1, y1, U, X3, U2, x4 form a Cg. Consider now the case where
x5 € X — {x2, x3, x4}. The vertices v, x5, v, X3, V1, X2, V3, x4 form a Cg, a contra-
diction. We may assume, without loss of generality, that x5 = x>, and so the vertices
v, X4, V3, X2, V2, X3, V1, y1 form a Cg which is a contradiction.

Case 2. There exists no vertex x4 € X — {xy, x2, x3}, such that the edge e4 = x4x3 is
blue.

Since every vertex in X is incident with a blue edge of X', we may assume, without
loss of generality and by symmetry, that the edges es = x2x3 and es = x1x» are
blue. Let vi € A(ey) — {v}, v2 € A(eq) — {v, v1} and v3 € A(e5) — {v, v(, v2}. If
vq € A(ez) — {v, vy, v2, v3}, then the vertices v, x1, v, y1, V4, X2, v2, x3 form a Cg,
whence A(er) C {v, vi, v2, v3}.

Assume first that v € A(ez). Then v is adjacent to y; and so the vertices
v, X3, U2, X2, U3, X1, V1, y1 form a Cg, whence v ¢ A(ez). If v; € A(ez) then
the vertices v, x3, v2, y1, V1, X1, V3, X2 form a Cg. If v3 € A(ez), then the vertices
v, X3, V2, X2, U3, V1, V1, X1 form a Cg. Hence, A(e;) = {v1} and this contradicts the
fact that W(ep) > 2. m|
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Lemma 7 Let x1,x3 € X and y1, y» € Y. Define the edges ey = x2y1, e2 = X1y2,
ez =y1yoandes = x1x2. If W(ey) > 3, W(eq) = 4and W(ez) > 1, then W(e3) < 2.

Proof Let x1,x2 € X, y1,y2 € Y and define the edges e = x2y1, e2 = x1y2,
e3 = y1yz and e4 = x1x7. Suppose, to the contrary, that W(e;) > 3, W(ez) > 1 and
W (e3) > 3. Now choose v; € A(e1) — {v} and vy € A(e3) — {v, v1}.

If, without loss of generality, v3 € A(e2) — {v, v, vz}, then the vertices
v, X2, V1, Y1, V2, Y2, U3, x1 form a Cg. We may assume that A(e2) < {v, v1, v2}.

Let us assume first that v € A(ez). Let vg € A(eq) — {v, v1, v2}, and so the vertices
v, X1, V4, X2, V1, V1, U2, y2 form a Cg.

Now consider the case where v; € A(ep). If there exists a vertex say vs €
A(er)—{v, v1, v2}, then the vertices v, x2, vs, Y1, V2, y2, V1, X] forma Cg. So A(e1) =
{v, v1, v2}. Letvg € A(eq) —{v, v, v2}, and so the vertices v, yi, v2, Y2, V1, X2, Ve, X1
form a Cg which is a contradiction.

Lastly, we treat the case where v, € A(ez). Now, if, without loss of generality,
v; € A(e3z) — {v, vy, v2}, then the vertices v, x», vy, y1, v7, Y2, V2, X1 form a Cg,
whence A(e3) = {v, vi, v2}. By letting vg € A(es) — {v, v1, v2}, we see that the
vertices v, x1, vg, X2, V1, y1, V2, y2 form a Cg. O

Lemma 8 Let x1, x3,x3 € X and y1 € Y. Define the edges ey = x1x3, e2 = x1X2,
e3 = x2x3, e4 = y1x1 and es = y1xa. If the edges ey, ex and ez are blue, and
W(es) = 2, then W(es) = 0.

Proof Assume that the edges e, e; and e3 are blue, and that W(es) > 2 and W (es5) >
1. Without loss of generality, let v; € A(es) — {v}. We consider first the case where
v is adjacent to yj. Let vo € A(e2) — {v, v1} and v3 € A(e3) — {v, v1, v2}, and so the
vertices v, x3, V3, X2, V2, X1, v1, ¥1 form a Cg. We may assume that v is not adjacent
toyiandsov ¢ A(es) and v ¢ A(es).

Let us assume first that there is a vertex, say vy, such that v, € A(es) — {v1}.
Also observe that v # vy. Without loss of generality, let v3 € A(e3) — {v, v1, v2}.
The vertices v, x3, v3, X2, V2, ¥1, V1, X] form a Cg. Hence, A(es) = {v;}. The fact
that W(es) > 2 and v is not adjacent y;, implies that we may let v € A(es) —
{v1}. By letting v3 € A(e3) — {v, v1, v2}, the vertices v, x1, v2, 1, V1, X2, V3, X3 form
a Cg. O

Lemma9 Let x1,x2,x3 € X, y1, 2 € Y and x € {x1, x3}. Define the edges e; =
Y1X2, €2 = Xy2, €3 = y1y2 and e4 = x1x2. If the edge ey is blue, W(e1) > 2 and
W(ep) = 2, then W(e3) < 2.

Proof Suppose that the edge es is blue, W(e;) > 2 and W(ez) > 2. Assume, to
the contrary, that W(e3) > 3. Let v; € A(e1) — {v} and vy € A(e3) — {v, v1}. If
v3 € A(ez) — {v, vy, 12}, then the vertices v, x», vy, y1, V2, Y2, v3, x form a Cg, a
contradiction. Hence, A(e2) C {v, vy, v2}. Assume first that v € A(ep). Let, without
loss of generality, v4 € A(eq) — {v, v1, v2}. The vertices v, x1, v4, X2, V1, Y1, V2, V2
form a Cg, which is a contradiction.

It follows that A(ey) = {vy, v2}. Note that since vi € A(ez), we have that vy is
adjacent to y». Now, without loss of generality, suppose that there is a vertex v3 €
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A(e1) —{v, v, va}. The vertices v, x3, v3, y¥1, v2, y2, V1, x form a Cg, a contradiction.
So A(e1) C {v, vy, v2}. Let vz € A(eq) — {v, vy, v2}.

Now if v € A(ey), then the vertices v, x1, v3, X2, V1, Y2, v2, y1 form a Cg, a con-
tradiction. Hence, A(e1) = {vy, vo}.

Assume first that x = x3. Observe that x3 is adjacent to both vy and v,, since
A(ez) = {v1, v2}. The vertices x1, v3, x2, V2, ¥2, V1, X3, v form a Cg. Hence, x = x;.
Observe that x; is adjacent to both v; and v, since A(ez) = {v1, v2}. Assume first
that there is a vertex v4 € A(e3) —{v, v, v2}. The vertices v, x1, v2, y1, V4, ¥2, V1, X2
form a Cg. Hence A(ez) = {v, vi, va}, and the vertices v3, x1, v, y1, V2, ¥2, U1, X2
form a Cg, a contradiction. O

Lemmal0 r <o — 1.

Proof Let G” be the graph with vertex set X, and edge set comprising only of blue
edges. Observe that n(G”) = « and |E(G”)| = t. By Claim 1, X has no blue path
of length 3, and so, we have, by Theorem 1, that # < «. So let us assume that o« = 7.
Theorem 1 also implies, for some positive integer k > 0, that G = kC3. Let C be
any arbitrary C3 component of G”, with vertices labeled x|, xo and x3. If | X| > 3,
then let C" be a C3 component of G”, with vertices labeled x|, x} and x3, such that
C # C’.In addition, define the edges e; = x1x3, e2 = xpx3 and e3 = x1x3. Likewise,
lete; = xlfxl@r], fori € {1,2}, and €§ = x{x}.

Observation If [X| > 3, then (A(e;) — {v}) N (A(e]) — {v}) = 0.

Proof Suppose G” has two blue C3 components. We claim that (A(e;) — {v}) N
(A(e) — {v}) = ¥. Let v3 € (A(er) — {v}) N (A(e)) — {v}). Without loss
of generality, let vi € A(e;) — {v,v3} and vy € A(e}) — {v, vi, v3}. The ver-
tices v, x1, v1, X2, v3, X{, v2, X5 form a Cg, a contradiction. We may conclude that
(A(er) — {v) N (A(e]) — {v}) = 0. o

Our observation implies that no vertex in £(G) — {v} can be adjacent to two
blue edges that lie in different C3 components of G”. Hence, if |[X| > 3, then
(Ule A(ei)) N (U?=1 A(e;.)) — {v} = ¥. Furthermore, note that || J>_, A(e) — {v}‘
> 3. Let us assume first that « = n. If | X| > 3, then we can apply our observation
to any two arbitrary C3 components of G”, and, for each edge e € E(G”), count the
number of elements in A(e) — {v}, and deduce that |[£(G)| > n + 1, which is impos-
sible. By the same argument, if |X| = 3, then |[£(G)| > n + 1, which is impossible.
We may assume that < n — 1.

Let y; € Y. Now, by Lemma 8, the weight of all the red edges between the vertex
y1 and the vertices of C is at most three, and so the weight of all red edges between
X and Y is at most a(n — «). To avoid contradicting Claim 1, we have that the total
weight of a red edge between two vertices in X is exactly one (because of v), and so
the total weight of the red edges in X’ is at most (g) — a. Lastly, the total weight of
red edges in ¥ can be at most 3("5%). Hence, TW(R) < (5) —a +a(n—a) +3(",%)
and so the fact that « < n — 1, implies that
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TW(B) > 3(3) +1—TW(R),

—3 ((” ;“) n (Z) +amn —a)) +1-TW(R),

>a@—1)+2an—20>+1+a,
>2an —a(n —1) +1,
=tmn+1+a.

Note thatif we set p = tn + 1 +«, we have [p/n] > t + 1, and so the desired result
is obtained. O

Lemmall o« <n—2.

Proof Let G be the graph with vertex set X and edge set comprising only of blue
edges. Observe, once again, that n(G") = « and |E(G")| = 1.

Claim 4. If t = o — 1, then there exists integers k > 0 and £ > 1 such that
G" = kC3UK| ¢, and the total weight of all the red edges of X' is at most (5) —a+3.

Proof Assume that t = o — 1. We will first prove the first part of the claim. Suppose
that G” has a vertex w of degree at least 2. By Claim 1 we have that G” has no blue
Py, and so if deggr(w) > 3, then every neighbor of w must have degree one in G”'.
Assume now that deg;/(w) = 2, and let Ng»(w) = {x, y}. If degs»(x) > 2, then
to avoid contradicting Claim 1, we must have that deg;/(x) = 2, Ng»(x) = {w, y}
and Ng»(y) = {w, x}, whence w lies on a blue C3 component of G”. It follows that
degsr(x) = deggr(y) = 1. Hence since t = o — 1, there exists integers k > 0 and
£ > 1suchthat G = kC3 U K| 4.

To prove the second part let us consider any red edge in X’, and assume it has
weight at least two. If this red edge connects two components of G”, then we will
contradict Claim 1. Hence, the red edge must connect two vertices that lie on a single
component C of G”, where C is a blue K| ¢ and £ > 2. Let us consider the central
vertex w of C, and the red edge ¢’ = xy in C. If £ = 2, then ¢’ has weight at most 3
and so the total weight of the red edges of X’ is at most (g) — o+ 3.If£ > 3, then to
avoid contradicting Claim 1, we need the weight of any red edge connecting two blue
neighbors of w to be at most one. Hence, the total weight of the red edges of X’ is at
most (5) — a+1. ]

Case l.o = n.
By Claim 3, TW(R) < (‘;) + a/2. Hence,
o
TW(B) > 3<2> L 1—TW(R),
=a’ —3a/2+1,

=n(e—3/2) + 1.
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Ift <a—3/2,then TW(B) > nt+1.Bysetting p = tn+1, the desired contradiction
is obtained. It follows thatt = ¢ or t = o — 1. By Lemma 10, t = o — 1. By Claim
4TW(R) < (g) — o + 3, whence

TW(B) > 3(3) +1-TW(R),

=a2—2,

—n(t+1)—2.

By setting p = n(# + 1) — 2 and observing that n > 4, the desired contradiction is
obtained.

Case2.c =n — 1.

Let y € Y. Of all the red edges between the vertex y and the vertices of X, we have,
by Lemma 6, that at most two of these red edges can have weight at least two. It follows
that the weight of the red edges between X and Y is at most o(n — o) + 4(n — «).
Hence, TW(R) <n+3+ (”;]) + (n — 1)/2. 1t follows that

TW(B) > 3<Z> F1—TW(R) > n®—3n/2—5)2.

Ift <n—3, then TW(B) > n(t +3/2) — 5/2. So setting p = n(t +3/2) — 5/2
leads to the desired contradiction. Hence, ¢ = n — 2 and so, by Claim 4 and Lemma
6, we have that TW (R) < (";1) —(m—1 43+ (m+3), whence

TW(B) > 3<;> +1-TW(R),

> n2 - 75
>nt+2)—17.
So setting p = n(t + 2) — 7 leads to the desired contradiction. O

Let A and B be any two disjoint vertex sets of the graph G'. Let E(A, B) denote
the set of red edges with one end in A, and the other in B. We have, by Lemma 6, for
every yj € Y, that there can be at most two red edges, between y; and the vertices in
X, of weight at least 2. If an edge of G’ is blue then we will interpret it as having a
red weight of 0. We partition Y into the following three sets:

Y1 = {y € Y| Only two edges in E(X, {y}), say e; and e, have weight at least
two, with W(e1) = 3}.

Y> = {y € Y| Only one edge in E(X, {y}), say e1, has weight at least two, with
Wi(ep) = 3}.

Y3 = {y € Y| No edge in E(X, {y}) has weight three, and at most two edges in
E(X, {y}) have weight two}.

We will estimate the maximum weight of the red edgesin E(X, Y) andin E((Y) /).
This maximum value is attained if each red edge in E(X,Y) U E((Y)s/) carries
maximum possible weight. Let this total be denoted by ¢. Observe that if y; € Y1,
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then the total weight of the red edges in E({y;}, X) is at most o + 4. Likewise, for
yvi € Y;, where i € {2, 3}, the total weight of the red edges in E({y;}, X) is at most
a + 2. It follows that the red edges of E(X, Y) U E({Y)s/) have total weight that is
at most (a +4) |Y1| + (« + 2) [Ya2| + (& + 2) [¥3] + 3("5%).

Case 1. Y| # 0.

Let y; € Y1 be a fixed vertex. Lemma 11 implies that Y1 U Y> U Y3 — {y1} # 0,
and solet yo € Y1 U Y, U Y3 — {y1}. Define e3 = y;y>. Now let x, € X, such that the
edge e; = x2y; isred and W (ey) = 3. Since x> is incident with a blue edge in (X) s/ ,
we have that there exists a vertex x; € X — {x2}, such that e4 = x1x3 is blue.

Consider first the case where y, € Y> U Y3. Let ex = x1y2. If W(ep) > 1, then, by
Lemma 7, we have that W (e3) < 2. Hence if yo € Y» UY3, then observe the following:
Either the edge e3 is red and has weight at most 2, or the edge e3 is blue, or the edge
e is red and has weight zero.

Assume now that y; € Y1 — {y1}. Let x € X — {x»} and define the edge e» = xy».
Choose x such that ey has weight at least 2. This choice is possible because of how
Y] is defined. By Lemma 5, we have that W(e3) < 1. Hence if y» € Y; — {y1}, then
observe the following: Either the edge e3 is red and has weight at most one.

Case 1.1. |Y{| > 3.

Let us revisit the case where y, € Yo UY3. Let K = E(X, {y2}) U{y1y2}. Observe
that the maximum total weight of the red edges in K is o + 2 4 3. Applying the
observations mentioned in the two paragraphs before Case 1.1, we must have that the
total weight of the red edges in K must be at most « + 4.

Now revisit the case where y, € Y1 — {y1}, and define K = E(X, {y2}) U {y1)2}.
Observe that the maximum total weight of the red edges in K is o + 4 + 3. Applying
mentioned observations again, we have that the total weight of the red edges in K
must be at most o + 5.

Now let y € Y1 — {y1, y2}. Assume the edge yy» is red. Define K = {yy;}. The
maximum total weight of yy; is 3. Using similar arguments as before we can apply
Lemma 5, and so W(yy,) < 1. It is also possible for the edge yy, to be blue, in
which case it carries O red weight. Taking all of the above into account we get that g <
(@+4) [Y1|4+(@+2) V2|4 (@42) [V3]4+3(",%) =211 1= 1) =2(1Y1]|=2) = [Y2| = |Y3] .
From this it follows that ¢ < ( + D) (n — ) + 3(",%) + 3.

It now follows, by Claim 3, that the maximum weight of the red edges of (X)) is
atmost /2 + (3), whence TW(R) < a(n —a) +n —a +3(",%) + 3+ (3) + /2.
This fact, together with Lemmas 10 and 11 and the relation o > 2, implies that

TW(B) > 3(3) +1—TW(R),

=3((“ o 1—TW(R
= ((2)+< 5 >+a(n—oz)>+ — (R),

>n(e—1)+3a/2 -2,
>nt+1,

and so setting p = nt + 1 leads to the desired contradiction.
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Case 1.2. |Y;| = 2.

We can follow the exact same reasoning described in Case 1.1 and deduce that
g < (@+4) V1| + (@ +2) V2| + (@ +2) [¥3] +3("3%) =2 — V2| — |¥3], whence
g <(a+1DHn—a)+ 3(";“) + 4.

Assume first that « = 2. Then the total weight of the red edges in (X) s is 0 and
observe that 0 < /24 (5) — 1, whence TW(R) < a(n —a) +n—a+3(",%)+3+
(g) +a/2. It follows, using the same argument used in Case 1.1, that T W (B) > nt+1
and so setting p = nt + 1 leads to the desired contradiction.

We may assume that « > 3. It now follows, by Claim 3, that the maximum weight
of the red edges of (X) ¢ is at most or/2 + (3), whence TW(R) < a(n—a) +n—a +
3(",%) + 4+ (%) + /2. This fact, together with Lemmas 10 and 11 and the relation
o > 3, implies that

TW(B) > 3(’;) +1-TW(R),

=3((“ o 1—TW(R
= <<2>+< 5 >+a(n—a)>+ — (R),

>n(a — 1) 4+ 3a/2 — 3,
>nt + 1,

and so setting p = nt + 1 leads to the desired contradiction.

Case 1.3. Y| = 1.

Following the same reasoning as used earlier, we can deduce thatg < («+4) |Y{|+
(@+2) Y2+ (@+2) |¥3]+3(",%) = V2|~ V3] . ands0g < (@+1)(n—a)+3(",%)+3.
By Claim 3, the maximum weight of the red edges of (X)s/ is at most «/2 + (;)
whence TW(R) < a(n—a)+n—a+3(",*)+3+(3)+a/2. Hence TW(B) > ni+1,
and so setting p = nt + 1 leads to the desired contradiction.

We may assume that Y| = @.

Case 2. Y, # 0.

Let y; € Y>. By Lemma 11, we can pick a vertex y, € Y» U Y3 — {y1} and define
e3 = y1». Let xo € X, such that for the edge e; = x2y;, we have that W(e;) = 3.
Since x; is incident with a blue edge in (X)s/, we have that there exists a vertex
x1 € X — {x2}, such that e = x1x> is blue. Let e = x1y,. If W(ez) > 1, then, by
Lemma 7, we have that W(e3) < 2. Hence, observe the following: Either e, is red
and has weight 0, or e; is blue, or e3 is red and it has weight at most 2, or e3 is blue.

It now follows that ¢ < (a4 2) |Y2| + (@ 4+ 2) [¥3| +3("}%) — (1Y2| — 1) — |Y3],
andsoq < (¢ + 1)(n — o) +3(",%) + 1, whence TW(R) < a(n —a) +n —a +
3(";%) + 1+ (5) + /2. By Lemmas 10 and 11, we have that

TW(B) > 3(3) +1—TW(R),

—3 ((Z) n <”;°‘> +a(n —a)) +1-TW(R),
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v

n(oe — 1)+ 3a/2,
> nt + 3.

Setting p = nt + 3 leads to the desired contradiction.
We may assume that Y, = .

Case 3. Y3 # (.

By Lemma 11, choose yi, y» € Y3 and let e3 = y;y>. Let x» € X, and define
e = x2y1.

Assume first that W(ej) > 2. Since x» is incident with a blue edge in (X)g/, we
have that there exists a vertex x; € X, such that e4 = x{x7 is blue. Let x € X — {x7}
and define e; = xyp. If W(ez) > 2, then, by Lemma 9, we have that W(e3) < 2.
Hence either e; is red and has weight at most 1, or e; is blue, or e3 is red and has weight
at most 2, or e3 is blue. It now follows that ¢ < (a + 2) |Y3| 4+ 3("5%) — (IY3| — 1),
andsog < (a4 )(n —a) +3(",%) + 1.

We may assume that W(e;) < 1. Since y; and x, were chosen arbitrarily, we have,
for every y; € Y3, that no red edge in E({y;}, X) can have weight at least 2. It now
follows thatg < (a+2) |¥3|+3(",%)—=21Y3],andsog < (a+ D (n—a)+3(",*)+1.

Taking all the facts into account, we find that TW(R) < a(n —a) +n — o +
3("5“) + 1+ (g) + /2. By Lemmas 10 and 11, it can be deduced, once again, that
TW(B) > nt + 3, and so setting p = nt + 3 leads to the desired contradiction. 0O
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