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Abstract A dominator coloring of a graph G is a proper coloring of G with the
additional property that every vertex dominates an entire color class. The dominator
chromatic number x;(G) of G is the minimum number of colors among all dominator
colorings of G. In this paper, we determine the dominator chromatic numbers of
Cartesian product graphs P, 1P, and P,JC,,.
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1 Introduction

All graphs considered in this paper are finite, undirected and simple. Let G = (V, E)
be a graph with vertex set V and edge set E. The open neighborhood of a vertexv € V
is N(v) = {u € V|uv € E} and the closed neighborhood of v is N[v] = {v} U N (v).
Any vertex of G is said to dominate itself and all its neighbors. A subset D of V is
a dominating set if every vertex not in D is adjacent to at least one vertex in D. The
domination number y (G) is the minimum cardinality of a dominating set of G.

A proper coloring of G is amapping f : V(G) — {1, 2, ..., k} such that adjacent
vertices receive distinct colors. The chromatic number x (G) of G is the minimum
number of colors needed for a proper coloring of G. A color class is the set consisting
of all those vertices assigned the same color. If there is only one vertex in some color
class, we call it a singleton color class.
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A dominator coloring of G is a proper coloring such that every vertex of G dom-
inates all vertices of at least one color class (possibly its own class). The dominator
chromatic number, denoted by x4(G), of G is the minimum number of colors needed
for a dominator coloring of G. Obviously, x (G) < x4(G). For a nonegative integer k,
a k-dominator coloring is a proper dominator coloring using at most k colors. The def-
inition of dominator coloring was first introduced by Gera et al. [3]. She also proved
that computing the dominator chromatic number of a graph is NP-hard for general
graphs. In [4], Gera showed that every graph satisfies:

max{y (G), x(G)} = xa(G) = y(G) + x(G). ey

For more results on dominator coloring, we refer the reader to [1,2,5,7].

The Cartesian product graph P,[JP, has vertex set V(P,LP,) = {v, v2, ..., vp;
uy,ug, ..., u,}andedge set E(P,0OP,) = {vjviy1: 1 <i <n—1}U{ujujpr: 1 <
i <n-—1}U{yjv:1 <i < n}. If we add two edges viv, and uju, to P,LJP,,
the resulting graph is denoted by P>[JC,. The purpose of this paper is to study the
dominator colorings for P,[1P, and P,[1C,. More precisely, We prove that

2 ifn=2;
Theorem 1 Forn > 2, xg(P,0P,) = 1 4 ifn=4;
n/2]+3 ifn=3andn >>5.

3 ifn =3;
2ln/4]4+2 ifn=0 (mod 4);
2ln/4]+3 ifn=1 (mod 4);
2|n/4]4+4 ifn=2,3 (mod 4).

Theorem 2 Forn > 3, x4(P,0C,) =

2 Preliminaries

A clique in a graph G is a complete subgraph of G. Let f be a proper coloring of G
and S C V.If color a appears on no other vertices but S, then we say that S consumes
color a.

Gera [4] pointed out that given a graph G and a subgraph H, the dominator coloring
numbers x4 (H) can be smaller or larger than x;(G). Next, we present a sufficient
condition to guarantee that x;(H) < x4(G). For any subset S C V, G\S is the graph
obtained from G by removing S and all edges incident with vertices in S. Let G[S]
denote the subgraph induced by S in G.

Lemmal Let G = (V,E) be a graph and S C V. Write V' = {v;lv; €
VAS and N (v;) N S # @}. If G[V'] is a clique, then x3(G\S) < xq(G).

Proof Let f be a x4-dominator coloring of G. Suppose that the restriction of f to
G\ S is not a dominator coloring of G\ S, then it must be the case that the dominated
color class of some vertex v € V' is totally contained in S. Now recolor v by this
color. Then {v} is a singleton color class. If there exist at least two vertices in V' that
dominate the same color class in S, then arbitrarily choose one vertex among them and
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recolor it by that color. Obviously, the resulting coloring is a yz-dominator coloring
of G\S. O

If we take S = {u;41, ..., Un; Vs, - .., Uy} in Po0JP,, then the following is an
easy consequence of Lemma 1.

Corollary 1 Ifn > m, then xq(P,0P,) > xq(P2UP,).

Lemma 2 Let f be a x4-dominator coloring of P,UP,. If there is no singleton color
class under f, then the color classes of P,LJP, must be in the form of {v;, ujy+1} or
{ui, viy1}, wherei =1,2,...,n— 1.

Proof Withoutloss of generality, we assume that f(v;) = 1. Since there is no singleton
color class, then v; dominates color class {u1, v2}. So f(u1) = f(vy). Assume that
f(u1) = f(v2) = 2. By exchanging the roles of u; and vi, we have that f(v;) =
f(uz) = 1 and u; dominates color class {vy, uz}. Now, colors 1 and 2 cannot be
used on other vertex any more. Using a similar argument, we can get that all the color
classes are in the form of {v;, u; 41} and {u;, vj+1}. O

Corollary 2 Let f be a xg-dominator coloring of P,OP,. If there is no singleton
color class under f, then n is even.

We close this section with some known results.

[n/31, ifn=4
Lemma 3 (/4]) For the cycle C,,, we have xq(Cy) = § [n/31+ 1, ifn=275;
[n/3] 42, otherwise.

Lemma 4 (/6]) Forn > 1, y(P,OP,) = [(n +2)/2].

[(n+1)/2], ifnisnotamultiple of 4,

Lemma 5 (/8]) Forn = 3,y (P10Cy) = [ n/2 if n is a multiple of 4.

3 Dominator Colorings for P,[1P,

In this section, we determine x4 (P>[JP,) for all n > 2. We first consider the cases for
n<4.

Lemma 6 Forn < 4, we have xq(P,OP,)= [i’ Z ; §4
Proof Since P>U1P; is isomorphic to Cy4, the result follows from Lemma 3. If n = 3,
then by Lemma 4 and the right side of inequality (1), we have y;(P,0P3) <242 = 4.
Next, we show that y,;(P,[1P3) > 4.

Assume to the contrary that f is a dominator coloring of P,[JP3 using at most three
colors. It follows from Corollary 2 that there is at least one singleton color class under
f. By symmetry, we distinguish the following two cases.
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Fig. 1 A 4-dominator coloring 3 1 2 4
of P[Py

Case 1. {v1} is a singleton color class.

Without loss of generality, we assume that f(vy) = 1. If f(u1) # f(v2), then us
cannot be properly colored. So assume f(u1) = f(v2) = 2. Then we have f(up) = 3,
f(u3) =2and f(v3) = 3. However, in this case v3 does not dominate any color class,
a contradiction.

Case 2. {vy} is a singleton color class.

Assume that f(v2) = 1. If f(v1) # f(u2), then u; cannot be properly colored. So
assume that f(vy) = f(up) = 2. It follows that f(u1) = f(u3) =3 and f(v3) = 2.
However, in this case u#3 does not dominate any color class, a contradiction.

By Corollary 1, we have x;(P,0Ps) > xqa(P,0P3) = 4. On the other hand, a
4-dominator coloring is shown in Fig. 1. Hence x4(P>1P4) = 4. This completes the
proof. O

The rest of this section is devoted to proving Theorem 1 forn > 5. By Lemma 4 and
the right side of inequality (1), wehave that x; (P,UP,) < [(n+2)/2]+2 = [n/2]+3.
Hence, it suffices to show x4(P200P,) > |n/2] + 3 in the sequel. In our proof, we
will use the following claim. First, we give one more notation: for k < n, define Gy
to be the subgraph of P,[1P, induced by {uy, ..., ug; vy, ..., vg}.

Claim Let G = P,0JP, and let f be a dominator coloring of G. If {uy} or {vi} is a
singleton color class for some k < n, then the restriction of f to Gy is a dominator
coloring of Gy.

Proof By symmetry, we assume that {u} is a singleton color class. Then both u; and
vx dominate color class {u} in Gg, and for vertex v € V (Gy)\{ug, vr}, v dominates
the same color class as that in G. Thus the claim follows. O

Lemma 7 For the path Ps, we have x;(P>[JPs) > 5.

Proof Suppose to the contrary that f is a dominator coloring of P>[]P5 using at most
four colors. By Corollary 2, there is at least one singleton color class under f. Let k
be the smallest integer such that {uy } or {vy} is a singleton color class of P,[1Ps. Then
by our claim, the restriction of f on Gy is a dominator coloring of G;. By symmetry,
we distinguish among three cases.

Case 1. k = 3.

By Lemma 6, at least four colors appear on G3. So f(vs), f(us5) and f(ua) are
reused colors in G3, which implies that s does not dominate any color class, a
contradiction.
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Case 2. k = 4.

Again by Lemma 6, four colors all appear on G4. Assume without loss of generality
that {u4} is a singleton color class. Since f (u5) and f (vs) are reused colors in P[Py,
then either vs dominates color class {us, v4} or {v4} is a singleton color class. In both
cases, we only have two remaining colors to color G4. It is easy to check that in this
case u1 does not dominate any color class.

Case 3.k = 1.

By symmetry we may assume without loss of generality that {u;} is a singleton
color class. Then neither us nor vs is a singleton color class, otherwise u#3 can not
dominate any color class. Combining the above two cases, we obtain that there is
no singleton color class in the form of {uy} or {vi} for k = 2, 3,4, 5. By the same
argument as in the proof of Lemma 2 , we have that {us, v4}, {vs, ua}, {u3, v2} and
{v3, un} are four color classes. Then there is no color that can be assigned to vertices
v and u, a contradiction. O

Lemma 8 For the path Pg, we have x;(P>[1Pg) > 6.

Proof Suppose to the contrary that f is a dominator coloring of P»[]Ps using at most
five colors. If there is no singleton color class under f, then by Lemma 2, six colors
are needed for f, a contradiction. So there is at least one singleton color class. Let
k be the smallest integer such that {uy} or {vi} is a singleton color class of P>[1Ps.
Then by our claim, the restriction of f on Gy is a proper dominator coloring of G.
By symmetry, we distinguish among three cases.

Case 1.k = 5.

Without loss of generality, we assume that {vs} is a singleton color class, say
f(vs) = 5. Then by our claim the restriction of f on Gs is a dominator coloring of
G's. According to Lemma 7, five colors all appear on Gs. Then f(ug) and f(ve) both
are reused colors on Gs. Therefore, either {u5} is a singleton color class, or {us, ve}
consists a color class dominated by ug.

Subcase 1.1. {us} is a singleton color class, say f(us) = 4. Since N[u>] con-
sumes at least one color, we have at most two colors to color the vertices in set
{v3, v4, us, ve, ug}. Without loss of generality, let f(v3) = f(u4) = 1 and f(v4) = 2.
As {f(ve), f(ue)} = {1, 2}, v3 does not dominate color class {f_l(l)} or {f_1(2)}.
So {v2, uz} consumes color 3. This implies that { f («1), f(u2), f(v1)} = {1, 2}. How-
ever, in this case #| does not dominate any color class, a contradiction.

Subcase 1.2. {us, ve} consists a color class, say f(us5) = f(ve) = 4. Since N[u4]
consumes at least one color, we only have two remaining colors to color the vertices
in set {u1, uz, v1, v2, v3}. Then we can see that 1 does not dominate any color class,
a contradiction.

Case 2. k = 3.

Now the restriction of f on G3 is a proper dominator coloring of G3. By Lemma 6,
there are at least four colors on G3. If {u¢} is a singleton color, then f(v4), f(vs), f(vs)
and f (us) are reused colors on G3. This implies that vs does not dominate any color
class, a contradiction. So f(ue) is areused colorin P,[JPs. Using a similarly argument,
we can prove that f(us) is also a reused color in P>,[JPgs. By symmetry, we have that
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f(vs) and f(ve) both are reused colors in P,L1Pgs. Then {vs, ue} and {vg, us} are two
new color classes, a contradiction.

Combining Cases 1 and 2, we know that there is no singleton color class in the
form of {uy} or {v;} fork =2,3,4,5.

Case3.k = 1.

Suppose {u1} is a singleton color class. If neither {u¢} nor {vg} is a singleton color
class, we know that {us, ve}, {vs, ue}, {u3, va} and {v3, us} are four color classes.
Then there is no color that can be assigned to vertices vy and v, a contradiction.
So at least one of {ug} and {ve} is singleton. If {ug} is singleton, then since N[vs]
consume at least one color class, we only have two colors to color the vertices in set
{v1, v2, v3, U, u3, ua}. It is easy to check that in this case u3 does not dominate any
color class, a contradiction. The same result holds when {vg} is singleton. O

Lemma9 Forn > 7, we have xq(P,LP,) > |n/2] + 3.

Proof Our proof proceeds by induction on n. For n = 7, by Corollary 1 and Lemma 8,
we have xq (P,[1P7) > 6.

So the lemma holds for n = 7. Assume that x4, (P,0L0P,) > |n/2] + 3 holds for
n<k.

When n = k, if n = 2t + 1 is odd, then x4 (P.U0P,) > xqa(P0OP,—1) = [(n —
1)/2]+3=[n/2] +3.

In what follows, we deal with the case when 7 is even. First notice that by induction
assumption, x4(P,L0P,—3) > [(n —3)/2] +3 = [n/2] + 1 and xq(P20P,-1) >
xa(P2OP,_2) = |(n —2)/2] +3 = [n/2] + 2. Suppose to the contrary that
xa(P2OP,) < |n/2] + 2.

Case 1. Neither {u,_;} nor {v,_»} is a singleton color class.
Sothe restriction of f on G,_3 is a proper dominator coloring. By inductive hypoth-
esis, at least |n/2] + 1 colors are used to color the vertices of G,,_3.

1. If {u,} is a singleton color class, then f(v,—2), f(v,), f(v,—1) and f(u,—1) are
reused colors on G, _3. In this case v,_1 cannot dominate any color class, a con-
tradiction. By symmetry, we have that {v,} is not a singleton color class either.

2. If {u,—1} is a singleton color class, then f(u,), f(v,) and f(v,—1) are reused
colors on G, 3. In this case v, does not dominate any color class, a contradiction.
By symmetry, we have that {v,_1} is not a singleton color class either.

Combining (1) and (2), we have that v, dominates color class {u,, v,—1} and u,
dominates color class {v,,, u,—1}. Thatis, we need two more colors to color the vertices
outside G,_3, a contradiction.

Case 2. At least one of {u,_3} and {v,_>} is a singleton color class.

Then the restriction of f on G,_; is a dominator coloring. By inductive hypothesis,
atleast [n/2] + 2 colors appear on G,,—>. Then f (u,), f(v,) and f(u,—_1) are reused
colors on G, 5. This implies that u#,, does not dominate any color class, a contradiction.
This completes the proof. O
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4 Dominator Colorings for P,[1C,

In this section, we determine x4 (P,0C,) forall n > 3.
Lemma 10 For the cycle C3, we have xq(P>[JC3) = 3.

Proof A 3-dominator coloring of P,[JC3 is depicted in Fig.2. On the other hand,
xa(PUC3) = x (P,UC3) = 3. |

If n > 4 is even, then by Lemma 5 and the right side of inequality (1), it follows
that

2|ln/4]+2 ifn=0 (mod 4);
xa(PDC) =950 4144 ifn=2 (mod 4).

So to prove Theorem 2 when n is even, we only need to show the inverse direction.
First, we give an important observation, which is applied frequently in the following
proofs (see Figs. 3, 4).

Observation 1 Let f be a dominator coloring of P,UIC,. For each i, let T; =
{ui, wiv1, Uiso, Uis3, Vix1, Vi42, Vit3, Viya} (index mod n). We will show that there
are at least four colors in the restriction of f on T;. Indeed, if at most three colors
appear on T;, since N|[v;i13] consumes at least one color, at most two colors appear
on Nlujy1]. Without loss of generality, let f(ui+1) = 1 and f(ui) = f(uis2) =
fWix1) = 2. By a similar argument, there are at most two colors on N[v;4+3], one of
which must be 1 or 2. If color 2 appears on N[v;i3], then we have f(viy3) = 2
and fiy2) = f(uix3) = f(uiya) = 3. If color 1 appears on N|[viy3], then
either f(viy3) = 3 and f(viy2) = fWit3) = fita) = 1 or f(vig3) = 1
and f(viy2) = fuis3) = f(viya) = 3. It is easy to check that either u;4+> or vi4o
does not dominate any color class in these cases.

Fig. 2 A 3-dominator coloring
of P,C3 2 3 1

Fig.3 A 5-dominator coloring
of P» Oc 5 3 1 2 1 5
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Fig. 4 A 6-dominator coloring
of P,L1Cy 3 1 2 1 5 2

Lemma 11 Forn = 0 mod 4, we have xq(P,UCy,) > 2|n/4] + 2.

Proof By Observation 1, at least four colors appear on 771, and when n > 8, N[ug] U
N[vg] U N[uip]--- U N[v,] consume at least (n — 4)/2 colors. Hence at least (n —
4)/2 4+ 4 = 2|n/4] + 2 colors appear on P,0JC,. Then xz(P,0C,) > 2|n/4] + 2.

O

Lemma 12 Let f be a dominator coloring of P,LICy, n > 5. If there is no singleton
class under f, then f(uy) # f(u3).

Proof Assume to the contrary that f(u;) = f(u3) = a. Denote by f(uz) = b. If
f(v2) = a, then v3 does not dominate any color class; if f(v2) = ¢, since v; does not
dominate color class { f (@)}, it must be f (vy) = c. However, v3 does not dominate
{f~Y@a)} or {f~(c)}, a contradiction. O

Lemma 13 Forn = 1 mod 4, we have x4 (P,LIC,) = 2|n/4] + 3.

Proof First suppose to the contrary that x4 (P,UC,) < 2|n/4] + 2.

Fact 1. There is no singleton color class.

Otherwise, by symmetry we assume that {u,} is a singleton color class, and when
n>9, Nlug] U N[vg] U --- U N[v,_1] consume at least (n — 5)/2 colors, then T}
only has three colors available, a contradiction.

Therefore, any vertex dominates the color class consisting of at least two of its
neighbors. By Lemma 12 and the above fact, we may assume that f(u2) = 1, f(v2) =
f(u3) =2and f(u1) = 3. Since uy dominates color class {va, u3}, color 2 cannot be
used on other vertices any more. Furthermore, since when n > 9, N[v4] U N[ue] U
N[vg]U---UNJ[v,_1] consume at least (n — 3)/2 colors, we have f(vi) = f(u,) =
1. However, by Fact 1 v, does not dominate any color class, a contradiction. So
xa(P2OC,) > 2|n/4] + 3.

On the other hand, we give a (2|n/4] + 3)-dominator coloring for P,[JC, as
follows.

fw)=21+3 fori=4/+1,1=0,1,...,[n/4],

f(u;) =2 foroddiexcepti =4+1,1=0,1,...,[n/4],

f(;)=1 foreveni,1 <i <n,

fj))=2+4 forj=41+3,1=0,1,...,[n/4] -1,

fy) =1 forodd j, j <n—2except j =4/ +3,1=0,1,...,|n/4] — 1,
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f;) =2 forevenj,1<j<n-3orj=n,
fp—1) =2 [n/4] +3.

Hence x4(P,LJC,) < 2|n/4] 4 3, and then x4 (P,LIC,) = 2|n/4] + 3. O
Lemma 14 Forn = 2 mod 4, we have x4 (P,CIC,) > 2|n/4] + 4.

Proof Suppose to the contrary that x;(P,LIC,) < 2|n/4] + 3.

Fact 2. There is no singleton color class.

Otherwise, by symmetry we assume that {u,, } is a singleton color class with f(u,) =
2|n/4] 4 3. By our observation, at least four colors appear on 77, and when n > 10,
Nlue] U N[vg] U N[uyg] - - - U N[v,—3] consume at least (n — 6)/2 colors. So f(v1),
f(vy)and f(u,—1) arereused colors. On the other hand, since N [u3]UN [vs]UN [u7]U
.-+ U N[v,—1] consume at least (n — 2)/2 colors, we only have two colors to color
vertices in set {u1, vy, v2}. Without loss of generality, let f (1) = f(v2) = 1 and
f(v1) = 2. Recall that f(vy) and f(v,) are reused colors, we have that v; dominates
color class {f_1 (1)}. Assume that N[vs] U N[u7] U --- U N[v,_1] consumes colors
4,5,---,2|n/4] + 2, we only have colors 2 and 3 to color N[u3]. It is easy to check
that v, does not dominate any color class, a contradiction.

Therefore, any vertex dominates the color class consisting of at least two of its
neighbors. By Lemma 12 and Fact 2, we may assume that f(up) = 1, f(v2) =
f(u3z) =2 and f(u;) = 3. In this case, v; does not dominate color class {f’l )},
so f(vy) = 3. When n > 10, N[v4] U N[ue] U N[vg]--- U N[v,—2] consume at
least (n — 4)/2 colors, say they are {4,5,...(n + 2)/2}, then we only have two
colors 1 and 2|n/4] + 3 to color vertices in {u,—_1, u,, v1}. So uz dominates color
class { f~1(4)}. Thatis f(v3) = f(us4) = 4. Since u4 does not dominate color class
{f’l(Z)}, we have f(vq4) = f(us) = 2|[n/4] + 3. So, if n = 6, then we have
f(vs) = f(ue) = f(v1) = 1. However us does not dominate any color class. If
n > 10, then u4 does not dominate any color class, since color 2|n /4] + 3 appears in
{uy_1, u,}, a contradiction. O

Lemma 15 Forn = 3 mod 4, we have x4(P,0C,) = 2|n/4] + 4.

Proof First suppose to the contrary that x4 (P,UJC,) < 2|n/4] + 3.

Fact 3. There is no singleton color class.

Assume to the contrary that {u, } is a singleton color class with f(u,) = 2|n/4]+3.
By our observation, at least four colors appear on 77, and when n > 11, N[ug] U
N[vg] U N[ujp] U --- U N[v,—3] consume at least (n — 7)/2 colors, so there is no
new color on other vertices, then f(v,) is a reused color in P,L1C,,. This implies that
N[v,—1]U N[v1] consume at least two colors. Since whenn > 11, N[u3] U N[vs] U
N[u7]U---U N[v,—¢] consume at least (n — 7)/2 colors, there are at most two colors
to color vertices in vertex set {u,,_s, U,_4, Up_3, Up_2, Vy—_4, Vy—3}. Without loss of
generality, let f(up—s) = f(vp—4) = f(up—3) = 1 and f(up—4) = f(vy-3) =
f(up—2) = 2. Since v,—3 does not dominate color class {f’l (D} or {f’] 2)}, we
have that {v,—»} is a single color class. Denote T,, = {vp, vi, v2, v3, U1, U2, U3, U4}.
By our observation and symmetry, we know that there are at least four colors on 7, .
Furthermore, whenn > 11, N[vs]U N[u7] U N[vg]U - --U N[v,_>] consume at least
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(n —5)/2 colors. Now there are 4 4+ (n — 5)/2 + 1 = 2|n/4] + 4 colors on P,LIC,,
a contradiction.

Therefore, any vertex dominates the color class consisting of at least two of its
neighbors. By Lemma 12 and Fact 3, we may assume that f(u;) = 1, f(v2) =
f(uz) =2and f(u1) = 3. In this case v does not dominate color class { f ~!(2)}, so
f(v,) = 3 and v; dominates color class {f‘l (3)}. Since N[v4]UN[ug]UN[vg]U---U
N[u,—1] consume atleast (n —3)/2 colors, say colors 4, 5, ..., (n+3)/2, respectively,
then we have f(v;) = 1 and each of N[v4], N[uel, N[vg], ..., N[u,—1] consumes
exactly one color. Now u3 does not dominate color class { £ ~! (1)}, so it dominates color
class {v3, u4}. Since color class { f ~1(3)} is dominated by v and color class (Fr~1')
is dominated by u» , we have f(v3) = f(usg) = 4. And since N[v4] consumes only
one color, we have f(vs4) € {1, 2, 3}, and so f(v4) = 1. However, in this case v, does
not dominate any color class, a contradiction. So x4 (P,LC,) > 2|n/4]| + 4

On the other hand, we give a (2|n/4] + 4)-dominator coloring for P,JC, as
follows.

fui)=20+3 fori=414+1,1=0,1,...,[n/4],

f;) =2 foroddi,i <n—2excepti =4/+1,1=0,1,...,[n/4],
fu;))=1 foreveni,1 <i<n-2,

flup—1) =2 and f(uy) =1,

fw) =2+4 forj=4+3,1=0,1,...,|n/4] -1,

fj)=1 foroddj, j <n—2exceptj=41+3,1=0,1,...,[n/4] —1,
fj)=2 forevenj, 1< j<n-—3orj=n,

flop—1) =2 |n/4] +4.

Hence x4 (P,LIC,) < 2|n/4] 4+ 4, and then x4(P,C,) = 2|n/4] + 4. O

5 Conclusion

In [4] Gera proposed the question that for what graphs does x4(G) = y(G) + x(G).
By our results, we can see that for G = P,LP, withn =3 orn > 5and G = P,LIC,
with even n the equality holds.
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