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Abstract A chord is an edge between two vertices of a cycle that is not an edge
on the cycle. If a cycle has at least one chord, then the cycle is called a chorded
cycle, and if a cycle has at least two chords, then the cycle is called a doubly chorded
cycle. The minimum degree and the minimum degree-sum conditions are given for a
graph to contain vertex-disjoint chorded (doubly chorded) cycles containing specified
elements of the graph, i.e., specified vertices, specified edges as cycle-edges, specified
paths, or specified edges as chords. Furthermore, the minimum degree condition is
given for a graph to be partitioned into chorded cycles containing specified edges as
cycle-edges.

Keywords Chorded cycles - Doubly chorded cycles - Degree-sum - Minimum degree

M. Cream, R. Gould, and K. Hirohata would like to dedicate this paper to the memory of our colleague
and friend, Ralph J. Faudree.

B4 Megan Cream
mcream @spelman.edu

Ronald J. Gould
rg@mathcs.emory.edu

Kazuhide Hirohata

hirohata@ece.ibaraki-ct.ac.jp
1 Spelman College, 350 Spelman Lane SW, Atlanta, GA 30314, USA
2 University of Memphis, Memphis, USA
3 Emory University, 400 Dowman Drive, Atlanta, GA 30322, USA

National Institute of Technology, Ibaraki College, Ibaraki, Japan

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00373-016-1729-4&domain=pdf
http://orcid.org/0000-0001-6895-8889

2296 Graphs and Combinatorics (2016) 32:2295-2313

1 Introduction

We only consider finite simple graphs. In this paper, “disjoint” means “vertex-disjoint.”
The study of cycles and systems of disjoint cycles in graphs is well established.
Recently, there have been numerous papers considering cycles with additional prop-
erties, i.e., cycles containing a specific set of vertices, cycles containing a specific set
of edges, or cycles containing a set of disjoint paths (see the survey [7]). Let G be
a graph, and let C be a cycle in G. A chord is an edge between two vertices of C
that is not an edge of C. If C has at least one chord, then it is called a chorded cycle,
and if C has at least two chords, then it is called a doubly chorded cycle. Another
natural additional property for cycles is that of containing at least one chord or at
least some integer ¢ chords. The study of chorded cycles has been increasing (see for
example [1,5,8,9]). In this paper, we extend several well-known results on disjoint
cycles containing specified elements such as edges or vertices to similar results on
disjoint chorded (doubly chorded) cycles containing these elements.

For u € V(G), the set of neighbors of u in G is denoted Ng (1), and degg; (u) =
|NG (u)]is the degree of u in G. Let H be asubgraph of G, and let S be asubset of V (G).
Foru € V(G) — V(H), we denote the neighborhood of u in H as Ny (u) = Ng(u) N
V(H)anddegy (u) = [Ny (u)|.Foru € V(G)—S, Ns(u) = Ng(u)NS. Furthermore,
NG (S) = UyesNg(w) and Ny (S) = Ng(S) N V(H). Let A, B be subgraphs of G.
Then Ng(A) = Ng(V(A)) and Np(A) = Ng(A) N V(B). Let G — H denote the
subgraph of G induced by V(G) — V(H), and let G — S denote the subgraph of G
induced by V(G) — S.If S = {u}, then we write G — u for G — S. For graphs G1, G»,
and G3, G1 U G> denotes the union of G1 and G, G| + G» denotes the join of G| and
Go,and G14+G2+G3 = (G1UG3)+Gy. Fordistinct x, y € V(G), G+xy denotes the
graph obtained from G by adding theedge xy (G+xy = G, if xy € E(G)). Similarly,
if xy € E(G), then G — xy denotes the graph obtained from G by removing the edge
xy.Fore € E(G), V(e) denotes the set of both end-vertices of e. Let C be acycle with a
given orientation, and let x, y € V(C). Then, according to the orientation, x7T denotes

the first successor of x on C, and xz? y denotes the subpath on C from x to y. For
{ur,uz, ..., ux} € V(G), let degy (uy, uz, ..., ug) = Zle degy ;). If H = G,
then we denote degq; (11, U2, . .., ux) = degy (1, uz, . .., ur). The minimum degree
of G is denoted by §(G). For a non-complete graph G, let

02(G) = min {degs (1) + degs(v) |u,v € V(G), u # v,uv ¢ E(G)},

and 02(G) = oo when G is a complete graph. A cycle of length [ is called an /-cycle.
The complement of G is denoted G. For terminology and notation not defined here,
see [0].

First, we note the following result on disjoint cycles containing specified vertices.

Theorem 1 [4] Let G be a graph of order n > 6k — 3 for an integer k > 1. If

5(G) =

s

ST
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then for any k distinct vertices vy, . . ., vx in G, there exist k disjoint cycles C1, . .., Ci
such that v; € V(C;) and3 < |V(Cy)| < Sforalll <i <k

We also note a similar result on disjoint cycles containing specified edges.

Theorem 2 [3] Let G be a graph of order n, and for 2 < k < n/4, letey, ..., ey be
any k independent edges in G. Suppose that

8(G)z%+k—1.

Then there exist k disjoint cycles C1, ..., Cy suchthate; € E(C;) and3 < |V(C;)| <
4 for all 1 <i < k. Furthermore, G contains k disjoint cycles Ci, R C,’( such that

e € E(C;)foralll <i<kand V(G) = Ule V(Cl{).

Note that when k = 1, a packing resultin Theorem 2 holds under the same minimum
degree condition. (See [3] for more details).

In this paper, we extend Theorems 1 and 2 to disjoint chorded (doubly chorded)
cycles for a graph of sufficiently large order with respect to k. In addition, we show
when k disjoint chorded cycles containing specified edges can be extended to span
the entire vertex set of a graph. We also consider the question of when k independent
edges can be chords for k disjoint cycles, one per cycle.

2 Results

First, we extend Theorem 1 to k disjoint chorded cycles for a graph of sufficiently
large order with respect to k. A vertex of a graph G with n vertices is r-pancyclic if
it is contained in an /-cycle for every r <[ < n, and G is vertex r-pancyclic if every
vertex in G is r-pancyclic. The following theorem will be useful in our proof.

Theorem 3 [11] Let G be a graph of order n > 4 with 02(G) > n. Then G is vertex
4-pancyclic unless n is even and G = Ky 2 /2.

Theorem 4 Let G be a graph of order n > 16k — 5 for an integer k > 1. If
5(G) > =
—_— 2 b

then for any k distinct vertices v1, ..., v in G, there exist k disjoint chorded cycles
Ci,...,Crsuchthatv;i € V(C;) and 4 < |V (Ci)| <6foralll <i <k.

Proof Suppose that k = 1, thenn > 11. If nis even and G = K,,/2 /2, then we can
find a chorded 6-cycle containing v;. Hence, G is vertex 4-pancyclic by Theorem 3.
Now consider a 5-cycle C = wy, wa, w3, w4, ws, wy, where w; = vy. If C is a
chorded cycle, then the theorem holds for k = 1. Thus, we may assume that C is not a
chorded cycle, and then wj w3, wows ¢ E(G). Weclaimthat | Ng (w1)NNg(w3)| > 2.
Suppose that [Ng(wi) N Ng(w3)| < 1. Thendeggs (wy) +degg(w3) < (n—=2)+1=
n — 1 < n, a contradiction to the degree condition. Thus the claim holds. Similarly,
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[ING(w2)NNg(wa)| > 2.Letx (resp. y) be acommon neighbor of w and w3 (resp. wa
and wq)in V(G) — V(C).If x =y, then x, w3, wa, w5, wi, x is a 5-cycle containing
vy = wp and xwy as a chord. If x # y, then x, w3, wa, y, wp, wi, x is a 6-cycle
containing v = w; and wow3 as a chord. This completes the case where k = 1.
Hence we may assume that k > 2.

Suppose that the theorem does not hold. Let G be an edge-maximal counterexample.
Since a complete graph of order at least 4k contains the desired k disjoint chorded
cycles, we may assume that G is not complete. Let x and y be nonadjacent vertices in
G, and define G’ = G + xy. Then G’ is not a counterexample by the edge-maximality
of G. Hence G’ contains the desired k disjoint chorded cycles Cy, ..., Cx. Without
loss of generality, we may assume that xy ¢ Uf.‘;ll E(C;), that is, G contains k — 1
disjoint chorded cycles C1, ..., Cx—1 such that v; € V(C;), 4 < |V(C;)| < 6 for all
1 <i<k—1,and v ¢ U V(C:). We choose C1, ..., Cx_i such that

k—1
> IV(Cy)l is a minimum. 1)

i=1
Let ¢ = U'Z!C; and let H = G — €. Then since k > 2 and |V (%)| < 6(k — 1),

[V(H)| = |V(G)| — |V (?)]
>n—6(k—1)

(16k — 5) — 6k + 6

10k + 1

> 21.

A%

Claim 1. For any x € V(H), degc,(x) <4 jforall 1 <i <k —1.

Proof Suppose that deg¢, (x) > 5 for some x € V(H) and some | <i <k — 1. We
consider the following cases. In each case, we find a chorded cycle C; containing the
specified vertex either v; or v; such that |V (C))| < |V (C;)l, contradicting (1).

Case 1 |V(C;)| =5.

Let C; = wi, wy, w3, wyg, ws, wi. Without loss of generality, we may assume that
v; = wj. In this case, x must be adjacent to all of the vertices in C;. If x # vy,
then x, ws, wi, wa, x is a 4-cycle containing v; and xw; as a chord. If x = v, then
X, w2, w3, W4, X is a 4-cycle containing vx and xws3 as a chord.

Case 2 |V (C;)| = 6.

Let C; = wy, wo, w3, wa, ws, we, wi. Without loss of generality, we may assume that
x is adjacent to all of the vertices in {wy, w2, w3, wa, ws}. First suppose that x # vy.
Ifv; € {wy, wa, w3, wa}, then x, wy, wa, w3, wa, x is a 5-cycle containing v; and xwy
as a chord. If v; € {ws, we}, then x, ws, we, wi, wa, x is a 5-cycle containing v; and
xwji as achord. Now suppose that x = vg. If v; € {wy, wa, we}, then x, w3, wa, ws, x
is a 4-cycle containing vx and not containing v;, with xw4 as a chord. If v; = ws,
then x, wyg, ws, wg, Wi, X is a 5-cycle containing vy and not containing v;, with xws

@ Springer



Graphs and Combinatorics (2016) 32:2295-2313 2299

as a chord. If v; € {wa, ws}, then x, wy, wo, w3, x is a 4-cycle containing v and not
containing v;, with xw; as a chord.
This completes the proof of the claim. O
Now, §(G) > n/2 > (16k — 5)/2 = 8k — 5/2, and degy (vi) < 4(k — 1) by Claim
1. Then degy (vi) > 8k —5/2 —4(k — 1) = 4k +3/2 > 19/2, since k > 2. Let
U = {ui,uz,u3} C Ny(vr). Forany u € V(H), degy (1) < 4(k — 1) by Claim 1.
Thus,

degy (u) = 8(G) —4(k—1). 2

Case 1 There exist two distinct vertices u, u’ € U such that Ny, u) "\Np—y, (u') =
A.
Without loss of generality, we may assume that u = u; and u’ = uy. The vertices u;
and ©1 may be adjacent in G, and there exists at most one edge among u1, u2, and u3,
otherwise there exists a chorded 4-cycle containing v in H. Also, [Ny _ @y i) N
Ny (v)| < 1foralli € {1,2}. By (2),
|V(H)| = degpy (vi) + 1 + (degy (u1) — 3) + (degy (u2) — 3)

= degy (vi) +degy (u1) + degy (u2) — 5

>30(G) —4k—1)) =5

=38(G) — 12k + 7.

Then
n=I|V(H)|+|V(@®)|
>35(G) — 12k+T7+ 4k —-1)

=35(G) —8k+3
n
>3 (5) 8k +3
= n < 16k — 6, a contradiction.

Case 2 There exist at least two pairs (u, u") and (u’, u”") for pairwise distinct u, u’,
u” € U suchthat x € Ng_y, (u) N Ng_y, (u), y € Ng_y, (') N Ng—y, (u”), and
X #y.

Without loss of generality, we may assume that u = u, u’ = uy, and u” = u3, that
is, x € Ng—y, (1) N Ng—y, (u2), y € Np—y (u2) N Ng—y, (u3), and x # y. Then
Vg, U1, X, U2, Y, U3, Uk 1S @ 6-cycle containing vy and vrus as a chord.

Case 3 The vertices u1, us, and u3 all have exactly one common neighbor in H — vy.
There exist no edges among u1, up, and u3, otherwise there is a chorded 4-cycle
containing vg in H. Also, [INy_wuiwph i) N Ny (v)| < 1 foralli € {1,2,3},
similar to Case 1. By (2),

|V(H)| = degy (vr) + 1 + (degy (u1) — 2) + (degy (u2) — 3) + (degy (u3) — 3)
= degy (vr) + degy (u1) + degy (u2) + degy (uz) — 7
> 4(8(G) —4(k— 1) =7
=446(G) — 16k + 9.
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Then
n=|V(H)|+ V(@)
>45(G) — 16k +9+4+4(k — 1) =45(G) — 12k +5
24(%) — 12k +5=2n— 12k +5.
= n < 12k — 5, a contradiction.
This completes the proof of the theorem. O

Next, we extend the packing result in Theorem 2 to disjoint doubly chorded cycles for
a graph of sufficiently large order with respect to k. In order to prove the extension,
we will use the following lemma.

Lemma 1 Let G be a graph of order n > 18k — 3 for an integer k > 1 with
n
8(G) > 3 +k—1.

Suppose that D C V(G) with3 < |D| < 6k — 1. Then for any X C D with |X| =3,
some pair of vertices in X have a common neighborin H = G — D.

Proof Let X = {uy, u>, u3}. Suppose that no two vertices in X have a common
neighbor in H. Then

n
3 (5 Yk—1—(D|— 1)) <3(5(G) — (ID| — 1))

<degy (ur, uz, u3)
<n—|D|.
= n < 4|D| — 6k < 4(6k — 1) — 6k

= 18k — 4, a contradiction.

O
Theorem 5 Let G be a graph of order n > 18k — 3 for an integer k > 1. If
n
§(G) = 5t k—1,
then for any k independent edges ey, . . . , ey in G, there exist k disjoint doubly chorded

cycles Dy, ..., Dy such that e; is a cycle-edge of D; and 4 < |V (D;)| < 6 for all
1<i<k

Remark The minimum degree condition is sharp in the following sense. Let H =
Knpp—k+1 + Kog—2 + Knj2—i+1, (n is even). Consider the graph G obtained from H
by adding an edge e between two K, /2_¢+1’s. Take k — 1 independent edges in Kp;_»
and e as the specified k independent edges. Then6(G) = (n/2—k+1—-1)+2k—-2) =
n/2 4 k — 2. However, there is no doubly chorded cycle containing e as a cycle-edge
without the vertices in Ko;_».
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Proof By Theorem 2, G contains k disjointcycles Cy, ..., Cy suchthat3 < |V (C;)| <
4ande; € E(Cy)foralll <i <k.Let¥ = Uf‘lei and let H = G — €. Since
|V(¥)| < 4k, we have |V (H)| > (18k — 3) — 4k = 14k — 3. By applying Lemma 1
to each C;, we extend each C; to a doubly chorded cycle. We consider the following
cases.

Case 1 Cj is a 3-cycle.

Let C; = uy,us,u3,u; and let ¢; = ujuy. By Lemma 1, some pair of vertices in
{u1, us, uz} musthave acommon neighborin H, say x;. We consider the following two
pairs: (11, up) and (u2, u3). Note that (u1, u3) is equivalent to (u2, u3) by symmetry.
Subcase 1.1 (uy, us).

Consider the set X = {x1, u», u3}. By Lemma 1, some pair of vertices in X must have
a common neighbor in H — x1, say x2. We consider the following two pairs: (x1, u2)
and (x1, u3). Note that (12, u3) is equivalent to (x1, #2) by symmetry.

First suppose that (x1, u#2). Then, since there are no doubly chorded cycles containing e;
as a cycle-edge, consider the set X" = {u1, x1, x»}. By Lemma 1, some pair of vertices
in X’ must have a common neighbor in H' = H — {x, x2}, say x3. If x3 € Ny/(u;) N
Npg(x1),thenuy, x3, x1, X2, U2, ug is a 5S-cycle containing e; as a cycle-edge and ux
and uox; as chords. If x3 € Ny (x1) N Ny (x2), thenuy, x1, x3, X2, 2, U1 is a 5-cycle
containing e; as a cycle-edge and x| and x1x3 as chords. If x3 € Ny (u1) NNy (x2),
then u1, x3, X2, X1, U2, u1 is a 5-cycle containing e; as a cycle-edge and (x| and upx7
as chords.

Next suppose that (x1, u3). Then uy, ua, x1, X2, u3, u1 is a 5-cycle containing e¢; as a
cycle-edge and u1x; and upu3 as chords.

Subcase 1.2 (uy, uz).

Consider the set X = {uy, u3, x;}. By Lemma 1, some pair of vertices in X must
have a common neighbor in H = H — x1, say x». If x € Ng/(u1) N Ng(u3), then
uy, Uz, X1, U3, X2, U] is a 5-cycle containing e; as a cycle-edge and uju3 and upu3 as
chords. If xo € Ng/(u1) N Ny (x1), then uy, un, usz, x1, x2, uj is a 5-cycle containing
e; as a cycle-edge and uu3 and upx; as chords. If xo € Nyr(u3) N Ng/(x1), then
uy, Uy, X1, X2, U3, i1 is a 5-cycle containing e; as a cycle-edge and uu3 and uzx as
chords.

Case 2 Cj is a 4-cycle.

Let C; = uy, un, u3s, ua, u; and without loss of generality, let e; = ujus. If C; has a
chord, then this is Case 1. Hence we may assume that C; has no chords. Consider the
set X = {u2, u3, us}. By Lemma 1, some pair of vertices in X must have a common
neighbor in H, say x;. Let H' = H — x;. We consider the following three pairs:
(w2, u3), (u3, usg), and (uz, u4).

Subcase 2.1 (u>, us).

Since there are no doubly chorded cycles, consider the set X' = {xi, u3, us}. By
Lemma 1, some pair of vertices in X’ must have a common neighbor in H’, say x».
If x € Ngr(x1) N Ny (u3), then uy, uz, x1, X2, u3, us, uy is a 6-cycle containing
e; as a cycle-edge and uou3 and u3x; as chords. If xo € Ngy/(u3) N Nyr(uq), then
uy, Uz, X1, U3, X2, U4, U1 is a 6-cycle containing e; as a cycle-edge and uou3 and u3u4
as chords. If x; € Np/(x1) N Nyr(ua), then uy, us, uz, x1, x2, ua, uj is a 6-cycle
containing e; as a cycle-edge and ux| and usuy as chords.
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Subcase 2.2 (u3, ug).

Since there are no doubly chorded cycles, consider the set X' = {us, u3, x;}. By
Lemma 1, some pair of vertices in X’ must have a common neighbor in H’, say x».
If x, € Ngr(ua) N Nyr(u3z), then uy, uz, x2, u3, x1, g, uy is a 6-cycle containing
e; as a cycle-edge and uous and uzuy as chords. If xo € Npr(u3) N Ny (x1), then
uy, uz, U3, X2, X1, U4, U1 is a 6-cycle containing e; as a cycle-edge and u3u4 and uz x|
as chords. If x; € Np/(uz) N Ny (x1), then uy, uz, x3, X1, u3, uq, up is a 6-cycle
containing e; as a cycle-edge and upu3 and u4x1 as chords.

Subcase 2.3 (uy, ug).

Since there are no doubly chorded cycles, consider the set X' = {us, u3, x1}. By
Lemma 1, some pair of vertices in X’ must have a common neighbor in H’, say x;.
If xo € Ngr(uz) N Ngr(uz) or xo € Nyr(uz) N Ny (x1), then we have a doubly
chorded 6-cycle containing e; as a cycle-edge by the arguments used in Subcase 2.1.
If x; € Ngr(u3) N Ny (x1), then uy, us, x1, x2, u3, ua, ug is a 6-cycle containing e;
as a cycle-edge and upu3 and uax; as chords.

By applying Lemma 1 repeatedly to each C;, we have the desired system of disjoint
doubly chorded cycles. This completes the proof of the theorem. O
Next, we extend Theorem 5 to disjoint doubly chorded cycles containing specified
paths. Given k independent paths P, ..., Py, where P; has order r; > 2 for all
1 <i<kletr = Zf: 1 7i- Then the number of interior vertices in the path system is
r —2k.

Theorem 6 Let G be a graph of order n > 16k 4+ r — 3 for an integer k > 1 with
n
8(G) = §+r—k—1,

andlet Py, ..., Py be any k independent paths in G. Then there exist k disjoint doubly
chorded cycles Dy, ..., Dy such that D; contains P; as a path along the cycle and
ri+2<|V(Dj)| <ri+4forall <i<k.

Proof Consider the graph G’ obtained by replacing each path P; in G by an edge e;.
Then

V(G| =n—(r —2k)> 16k +r —3) —r + 2k = 18k — 3,
and

8(G’>25(G>—<r—2k>z(g+r—k_1)_r+zk=g+k_1.

Then by Theorem 3, there exist k disjoint doubly chorded cycles Dy, ..., Dy in G’
such that ¢; is a cycle-edge in D; and 4 < |V (D;)| < 6forall 1 <i < k. Now replace
the edge e; by the path P; for all 1 < i < k, that is, insert the interior vertices of
each P; back into G’ to form the original graph G. Forall 1 < i < k, let le be the
doubly chorded cycle obtained from D; by the addition of the interior vertices of P;.
Then D; contains P; as a path on the cycle, and r; +2 =4 + (r; —2) < |V(D))| <
6+ (ri —2)=r;+4foralll <i <k. O
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Next, we prove the following theorem which shows the existence of disjoint chorded
cycles containing specified edges as cycle-edges and spanning the entire vertex set of
a graph. In order to prove the theorem, we need the following lemma.

Lemma 2 (3] Let P = uy,uz,...,uy be a path, and A, B be subsets of V(P)
such that |A| + |B| > q. Then there exists a number h with 1 < h < q such that
either up, € A and up41 € B or up € B and up41 € A, unless q is odd and
A=B={uy,uz, ..., uy}

Theorem 7 Let G a graph of order n > 4k for an integer k > 1 with

5(G) = ”Zik

andletey, ..., ex be any k independent edges in G. Suppose that G contains k disjoint
chorded cycles Cy, ..., Cy such that e; is a cycle-edge of C; for all 1 <i < k. Then
there exist k disjoint chorded cycles C}, ..., C; such that e; is a cycle-edge of C| for
all1 <i <kand V(G) = U"_ V(C).

Remark Since a chorded cycle must have at least four vertices, n > 4k is necessary.
The minimum degree condition is also sharp in the following sense. Let G = K11+
?p, withn > 5k+1,p=m—k+1)/2 > 2k+1,and n # k (mod 2). Take
k independent edges in Kt 1. Then §(G) = (n + k — 1)/2, and G contains k
disjoint chorded cycles containing the specified edges as cycle-edges. However, the
chorded cycle system cannot be extended to span V(G). To see this, contract the k
specified edges to k vertices. Now if a spanning chorded cycle system existed, then
we could replace each contracted vertex by its original specified edge to give the
desired spanning chorded cycle system. However, the contracted K41 graph has
nm+k—1)/2 -k = (n—k—1)/2 vertices, while the fp graph has (n —k +1)/2
vertices. Hence, the disjoint chorded cycles cannot span V (G).

Proof We choose k disjoint chorded cycles Cy, ..., Ci such that e; is a cycle-edge of
C;foralll <i <k,and

k
Z [V(C;)| is as large as possible. 3)
i=1

Forall 1 <i <k, let P, = C; —¢; and let & = U"_| P;. Note that |V (P,)| =
|[V(C;)| = 4 since C; is achorded cycle forall 1 <i <k.Let W = Uf=1V(P,-). We
may assume that V(G) # W, otherwise the theorem holds.

Claim 1. Forany x € V(G) — W, degpl,(x) <(V(P)|l+1/2foralll <i <k.

Proof Let each C; be a chorded cycle with a given orientation. Suppose that u, u™ €
N¢, (x) with uu™ # e; forsome 1 < i < k. Then there exists a longer cycle containing
e; asacycle-edge and uu™ as a chord, contradicting (3). Hence |V (P;)| > 2 deg P, (x)—
1, and therefore the claim holds. O
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Claim 2. The number of components in G — W is exactly one.
Proof Suppose that the claim does not hold. Let H; and H» be distinct components
of G — W.By Claim 1, forany x € V(G) — W,

V()| +k

d <
egp(x) < >

“)

Consider x; € V(H) and x; € V(H). By the minimum degree condition and (4),
we have
V(G| = |V(HD| + [V(H)| + V()]
> (degg (x1) — degz»(x1) + 1) + (degg (x2) — deg o (x2) + 1) + [V(P)]
> 9 n+k _ V()| +k
- 2 2
=n+k— V()| —-k+2+|V(P)]

=n-+2 >n, acontradiction.

+ 1) + V(2]

Now, let H be the component of G — W.
Claim 3. |V(H)| > 3.

Proof Suppose that the claim does not hold, that is, |V (H)| < 2. First, suppose
that [V(H)| = 1 and let V(H) = {x}. By Claim 2, n = |V(£)| + |V(H)| =
|[V(Py)| 4+ -4+ |V(Pr)| + 1. Therefore, we have

k
deg »(x) = degg (x) > %

(VP 4+ V(P + 1) +k

o 2

(VP + D+ -+ (VP + D+ 1
- 5 .

Hence by Claim 1, there must exist two neighbors of x that are adjacent on P; for some
1 < i < k. Then there exists a longer chorded cycle containing e; as a cycle-edge,
contradicting (3).

Next, suppose that |V (H)| =2 and let V(H) = {x, x2}. By Claim 2, n = |V (£)| +
|[V(H)| = |V(P)|+---+|V(P)| + 2. For x € {x1, x}, we have

k k—2
deg »(x) = degg(x) — 1 > % PRl

2
(VP4 V(PO +2) + k=2
- 2
_ VPO -+ V(PO + &

2
_ v+ D+ +(VEPII+ D
5 )
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Hence, by Claim 1, degpl_ x) = (JV(P)| + /2 for all 1 < i < k. Consider

i = 1,and let P = uy,us,...,u, and e; = uju,. Then by Lemma 2, r is odd
and Np, (x1) = Np,(x2) = {u1,us, ..., u-}. Thus uy, x1, x2, u3, 4, ..., u,, uy is
a longer cycle containing e as a cycle-edge and u1x; as a chord, contradicting (3).
Therefore, the claim holds. O

Claim 4. H contains a Hamiltonian cycle.

Proof For all x € V(H), we have

n+k V(@) +k
2 2
_n—|V(P)

N 2

V)

T2

v

degy (x) = degg (x) — deg 5 (x)

Thus the claim holds by Dirac’s theorem [2]. O
Claim 5. If |V(H)| > 4, then degy (x) > 3 forall x € V(H).

Proof From the proof of Claim 4, degy(x) > |V(H)|/2, for all x € V(H). If
|[V(H)| > 5, then the claim holds. Hence we only need to consider the case where
|[V(H)| = 4. In this case, we may assume that there exist two distinct vertices
x1,x2 € V(H) such that degy (x1) = deggy(x2) = 2, otherwise the claim holds.
By Claim 2, n = |V(2)| + |V(H)| = |V(P)| + -+ 4+ |V (Pr)| + 4. Then for all
x € {x1, x2},

deg »(x) = degs(x) — degy (x)
n—+k n+k—4
> S YO N

- 2 2

(V@) + -+ VPO +DH +k—4

N 2

VP 4+ V(PO + K

N 2

(VP + D+ + (VP + 1)

7 .

By Claim 1, equality holds in the above inequality. Consider i = 1 and let P =
up,uz, ..., ur and e; = wuju,. Let x; P*xp be a path from x| to xp in H. Then
uy, x1 P*xp, u3, uq, ..., ur,u; is a longer cycle containing e; as a cycle-edge and
u1x> as a chord, contradicting (3). O

Since §(G) > (n + k) /2, G is (k + 1)-connected. Then |Ng(H)| > k + 1.

Claim 6. There exist two independent edges between H and P; for some 1 <i <k.
Proof We consider the following two cases. Note that |V (H)| > 3 by Claim 3.
Case 1 |V(H)| = k+1.
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Since G is (k + 1)-connected, we have |[Ny(£?)| > k + 1. Then we may assume
that [Ny (Z?)| = k + 1. If there are k + 1 independent edges between H and &7,
then the claim holds. Hence we may assume that there are not k + 1 such edges. By
Hall’s Theorem [10], there exists some S € Ny (£?) such that [N (S)| < |S|. Then
(Ng (&) — S)UN5(S) is a vertex-cut of cardinality at most &, a contradiction of the
connectivity of G.

Case23 < |V(H)| <k.

Let V(H) = {x1,x2,...,x;)for3 <t < k.Since G is (k+ 1)-connected, Ny () =
V (H).Now, we may assume that |N g (H)| = k+1. Then there exists some x € V(H)
such that [Np,(x)| > 2 forsome 1 < i < k, say x = xj and i = 1, otherwise the
claim holds. If Np, (x;) # ¥ for some 2 < i < ¢, then the claim also holds. Hence
Np (x;)) =@ forall2 <i <t,and then Np_p, (x;) # ¥ forall 2 < i < t. Since
Ui, Nop_p (xi)| <k —1,{x;}U(Ul_,Ng_p (x;)) is a vertex-cut of cardinality at
most k, a contradiction of the connectivity of G. 0

By Claim 6, without loss of generality, we may assume that there are two independent

edges between H and P;. Let P = uy,us,...,u, and e = uju,. In addition, let
xug, x'u; € E(G) for distinct x, x’ € V(H) and s < t. We choose uy, u; sothatt — s
is minimized. Then t —s > 2by (3). Let P = uy, uz, ..., g, Q = Uy, Us41, .., Up,

and W =W — {u;|s < i < t}. Now, we have
degq (x, ust1) > 26(G) = n +k. 5)

By the minimality of t — s, Ng_w/(x) € V(H) — {x} and Ng_w' (us+1) S V(G) —
W' — V(H) — {us+1}. Then it follows from (5) that

degy (x, us+1) = (n+k) — (n — [W'| =2) = |[W'| + k +2.

Similarly, degy (x’, u;—1) > |W’| + k + 2. Combining these two inequalities, we
obtain

degy (x, x', ugq1, ui—1) = 2(0W'| + k +2). (6)
On the other hand, by Claim 1, it follows that for R € {P, Q, P>, ..., P},

V(R +1

degR(x,x/)§2( 5

)=|V(R)I+1. )

Now, let x P*x’ be a path from x to x” in H. If ugyup, us—up+1 € E(G) for some
1 <h<s,thenuy, ..., up, Ugaly ooy Up— 1, Uptly ooy Ug, XPEX' up, oo Uy, uy is
a longer cycle containing e as a cycle-edge and upuj,41 as a chord, contradicting (3).
If usr1ups1, us—qup € E(G) for some 1 < h < s, then again there exists a longer
chorded cycle containing e as a cycle-edge, contradicting (3). Thus, by Lemma 2,
degp (usy1,us—1) < |V(P)| + 1 and similarly, degQ(uer],u,,]) <|V(Q)|+1.

Next, let P; = u}, ..., u,, with e; = uju/, forall2 < i < k. By Claim 4, H contains
a Hamiltonian cycle, say C, with a given orientation. If |V (H)| > 4, then a chord
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of C is incident to x, by Claim 5. Let xy (possibly y = x’) be such a chord. Then
— —
y € VxCx)ory € V(x' Cx). Without loss of generality, we may assume that

y € V(x Cx).If |V(H)| = 3, without loss of generality, we may assume that xz')x/
is a path of length two in C. Then note that xx" € E(C).
If ugqiuy, ”t—1”;,+1 € E(G) for some 1 < h < r/, then there exist two disjoint

. . -
chorded cycles with specified edges as cycle-edges as follows: uy, ..., us, x C x/,
Ur,...,ur,up is a chorded cycle containing e as a cycle-edge, and u’l, R u},,
Ugiiy ..., U1, “;L+1’ ..., u.,, uisacycle containing ¢; as a cycle-edge and ”Z“ZH

as a chord, contradicting (3). If us+1u}l+1, u—1u, € E(G) forsome 1 < h < r/,
then again there exist two disjoint chorded cycles with specified edges as cycle-edges,
contradicting (3).

By the above observations and Lemma 2, for all 2 < i < k, we obtain

degp (usy1,u—1) < |[V(P)| + 1.
Consequently, for R € {P, Q, P2, ..., P},
degp(ust1, ui—1) = |[V(R)[ + 1. ®)

It follows from (7) and (8) that

> deggr X uspr u 1) <20W+k+ 1), ©)

Since

degW’(xax/7us+lsut—l) = z degR(X,X/,MsH,Mt—l),

by (6) and (9),

2(|W [+ k+2) <2(1W'|+k+1)
[W'|+k+2<|W|+k+ 1, acontradiction.

This completes the proof of the theorem. O
By Theorem 7, we have the following corollaries.

Corollary 8 Let G be a graph of order n > 4k for an integer k > 1 with §(G) >
(n 4+ k) /2. Suppose that G contains k disjoint chorded cycles C1, . .., Ck. Then there
exists k disjoint chorded cycles C}, ..., C; in G such that V(G) = Ule V(C)).

Corollary 9 Let G be a graph of order n > 4k for an integer k > 1 with §(G) >
(n+k)/2. Let vy, ..., vk be any k distinct vertices in G. Suppose that G contains k
disjoint chorded cycles Cy, . .., Cy such that v; € V(C;) forall 1 <i < k. Then there
exist k disjoint chorded cycles C{, ..., Cy such that v; € V(C}) forall 1 <i <k,
and V(G) = Us_ vV (C)).
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Proof Let e; = v;w; be a cycle-edge of C;, forall 1 <i < k. We apply Theorem 7
to extend the chorded cycle system, keeping e; as a cycle-edge. Hence the corollary
holds. O

By Theorems 5 and 7, we also have the following theorem, similar to Theorem 2.

Theorem 10 Let G be a graph of order n > 18k — 3 for an integer k > 2, and let
e1, e, ...,ex be any k independent edges in G. Suppose that §(G) > n/2 + k — 1.
Then G contains k disjoint doubly chorded cycles Dy, Dy, ..., Dy such that e; is a
cycle-edge of D; and 4 < |V(D;)| < 6 forall 1 < i < k. Furthermore, there exist
k disjoint chorded cycles Ci, Ca, ..., Cy such that e; is a cycle-edge of C; for all
1 <i <k and V(G) = Us_ V(C)).

Finally, we prove the following theorem which shows the existence of disjoint chorded
cycles containing specified edges as chords.

Theorem 11 Let G be a graph of order n > 6k + 1 for an integer k > 2. If
02(G) >n+3k —2and 5(G) = 6k — 3,

then for any k independent edges ey, ea, ..., e in G, there exist k disjoint cycles
C1,Ca, ..., Cy such that e; is a chord of C; and 4 < |V (Cy)| <6 forall1 <i <k.

Here, we make the following conjecture.

Conjecture 1 Let G be a graph of order n > 6k for an integer k > 1. If
0 (G) = n+ 3k — 2,

then for any k independent edges ey, ..., ek, there exist k disjoint cycles Cq, ..., Cx
such that e; is a chord of C; and 4 < |V(C;)| <6 foralll <i <k.

Remark The degree-sum condition is sharp in the following sense. Let H = Ky +
Kok—1 + K;—ak+1. Consider k independent edges eq, €2, . .., e in Kok, and say ¢; =
x;y; forall 1 < i < k. Now, consider a graph G obtained from H where, for all
1 <i < k, y; is adjacent to every vertex in K,_4x+1. Since x;z ¢ E(G) for any
z € V(Ky—4k+1), we have

02(G) = degg (x;) + degg (2)
=QRk—142k—1)+n—4k+2k—1+k)
=n+ 3k —3.

For any e; to be a chord of a cycle requires at least two neighbors in K»;_1. Hence,
there are not k disjoint chorded cycles in G containing the specified edges as chords.
Before proving Theorem 11, we first prove the following lemma and the following
theorem, which is the extension of Theorem 11 to the case where k = 1.

Lemma 3 Let G be a graph of order n > 4 with 02(G) > n. Then any edge e € E(G)
lies either on a 3-cycle or a 4-cycle.
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Proof Let e = uu’ € E(G). If e lies on a 3-cycle, then the lemma holds. Hence,
we may assume that e does not exist on any 3-cycle. Since 02(G) > n, G is 2-
connected. Without loss of generality, we may assume that ux € E(G) for x €
V(G) — {u,u’}. Then u'x ¢ E(G), otherwise e lies on a 3-cycle. By the degree-
sum condition, degg; (1’) + degg (x) > n and therefore |[Ng (1) N Ng(x)| > 2. Let
y € Ng(')NNg(x)fory € V(G)—{u, u’, x}. Thenelies onthe 4-cycleu, x, y, u’, u.

O

Theorem 12 Let G be a graph of order n > 6 with 02(G) > n + 1. Then for any
e € E(G), there exists a cycle C such that e is a chord of C and 4 < |V(C)| < 6.

Remark In Theorem 12, 6-cycles are necessary. Consider the graph G of order n
which is obtained from K, _, and an edge ¢ = xy such that x is adjacent to exactly
two vertices in K,_» and y is adjacent to every vertex in V(G) — Ng(x). Then for
2 € V(G) = (Ng(x) U {x}), 02(G) = degg(x) +degg(z) =3+ —2) =n+1,
and the shortest cycle to have e as a chord in G is a 6-cycle.

Proof Let e be any edge in the graph G. By Lemma 3, e lies on either a 3-cycle
or a 4-cycle. Note that the degree-sum condition implies that G is 3-connected and
8(G) > 3. We consider the following two cases.

Case 1 The edge e lies on a 3-cycle, say C = uy, up, us, uj.

Let e = ujuy. Letting R = G — {uy, us, u3}, we know uy, ur, and uz must each
have at least one neighbor in R, say u/, u5, and uj respectively. If u| = u), then
u'y, uz, uz, uy, u} is a 4-cycle containing e as a chord. Next suppose that u| # u).
If uiu, € E(G), then u',u), uo, u3, uy, u is a 5-cycle containing e as a chord.
Now if w u’, ¢ E(G), then u} and u), must share some neighbor w € R. Then
uy, w,ub, uz, u3, uy, u} is a 6-cycle containing e as a chord.

Case 2 The edge e lies on a 4-cycle, C = uy, ua, u3, ua, uj.

Let e = uju, and note that C does not have a chord, otherwise e lies on a 3-cycle and
we may refer back to Case 1. From the degree condition, the nonadjacent vertices u;
and u4 have at least three common neighbors, therefore there exists a vertex w # u
or u3 that is adjacent to both uy and uy4. Similarly, there is a vertex w’ # up or uy
that is adjacent to both u; and u3. If w = w’ then w, uy, us, ug, uy, w is a 5-cycle
containing e as a chord. Otherwise, w, ug, u1, w', u3, up, w is a 6-cycle containing e
as a chord.

This completes the proof of the theorem. O

Proof (of Theorem 11) Suppose that the theorem does not hold. Let G be an edge-
maximal counterexample. Since a complete graph of order at least 4k contains the
desired k disjoint chorded cycles, we may assume that G is not complete. Let
uv ¢ E(G) for distinct u, v € V(G), and define G’ = G + uv. Then G’ is not a
counterexample by the edge-maximality of G, and thus G’ contains k disjoint chorded
cycles Cy, ..., Crsuchthate; isachordof C; and4 < |V (C;)| < 6foralll <i <k.
Without loss of generality, we may assume that uv ¢ Ui.:l] E(C;), that is, G contains
k—1disjointcycles Cq, Ca, ..., Cr—1 suchthate; isachordof C; and4 < |V (C;)| <6
forall 1 < i < k — 1. Note that there exist two distinct types of chorded 6-cycles
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Fig. 1 The two types of
chorded 6-cycles

Type | Type Il

which are shown in Fig. 1. Let C; = uy,uz,...,up,uy for 1 <i < k—1 and
4<p<6,andlet¥ = Uf:ll C;. Note that in G — %, there exists a 3, 4, or 5-cycle,
say C, containing e, as an edge with an adjacency to a vertexin R = G — ¢ — C
from at least one end-vertex of e;. Let C = wy, wa, ..., wy, wy for3 < ¢ <5, and
let e = wiwo. O
We choose % such that

1. %21 v(c))l is a minimum,
2. Subject to (1), |V (C)| is a minimum.
3. Subject to (1) and (2), the number of Type II chorded 6-cycles is a maximum.

Without loss of generality, we may assume that wix € E(G) for x € V(R). By
condition (2), |Nc(wz)| = 2. Since §(G) > 6k — 3 and |Ng(wp)| < 6(k — 1),
we have |[Ng_¢(w2)| > 6k —3 — 6(k — 1) = 3. Hence Ng(wy) # ¢, and let
y € Ng(wy). If y = x, then G — % contains a cycle C’ such that ¢ is a chord of C’
and 4 < |V(C’)| < 6, a contradiction. Hence we may assume that y # x. Note that
[V(R)| =|V(G —% —C)| = 6k+1—6(k— 1) —5 = 2. For the nonadjacent pairs
of vertices (wp, y) and (w», x), we first consider the adjacencies from these pairs to
the cycles in %.

Claim 1. Let 1 <i <k — 1. Then the following statements hold.

(1) degcl_ (w1, wa, x, y) < 14 for any chorded 4-cycle Cj,
(i1) degci (wy, wa, x, y) < 16 for any chorded 5-cycle C;, and
(iii) degcl, (w1, wa, x, y) < 18 for any chorded 6-cycle C;.

Proof For1 <i <k —1,let M = N¢,(w1) N N¢,(wz) and Z = V(C;) — V(e;).
Note that if C; is a chorded p-cycle for p € {4, 5}, then without loss of generality, we
may assume that e; = uju3 and if C; is a chorded 6-cycle, then we may assume that
either e; = ujusz (Type D) or e; = uyu4 (Type II). We consider the following cases. O

Case I C is a 3-cycle.

Subcase 1.1 C; is a chorded 4-cycle.

Suppose that M N Z # (. By symmetry, we may assume that us € M N Z, that is,
wiug, wous € E(G). Then wy, ug, wy, w3, wy is a 4-cycle containing ej as a chord.
We claimthat [Ny ) (v)| < 1forallv € {x, y}.If [Ny(,;)(v)| = 2forsomev € {x, y},
say v = x, thenuy, x, u3, up, uy is a4-cycle containing ¢; as a chord, and we have the
two desired cycles containing the specified edges as chords. Hence the claim holds.
Then degci (w1, wy) < 8and degCi (x,y) <6.If MNZ = @, then degcl, (wy,wp) <6
and degci (x, y) < 8. Therefore, in both cases, we have degcl, (wy, wp, x,y) < 14.
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Subcase 1.2 C; is a chorded 5-cycle.

If M N Z # §, then there exists a 4-cycle containing e, as a chord, contradicting
condition (1). Hence M N Z = ¢ and thus, degc, (w1, w2) < 7. If [Ny () (v)| = 2
for some v € {x, y}, similarly, (1) is contradicted. Hence |Ny,;)(v)| < 1forallv €
{x, v}, and then degci (x, y) < 8. Therefore, we have degCi(wl, wa, x,y) <15 < 16.
Subcase 1.3 C; is a chorded 6-cycle.

Since M N Z = (@, degci(wl, wy) < 8. Also, [Ny (v)| < 1forallv € {x,y},
otherwise there is a 4-cycle or 5-cycle (depending on the type of chorded 6-cycle, C;)
containing e; as a chord, contradicting (1). Hence, degci (x,y) < 10. Therefore, we
have degci(u)l, wo, x,y) < 18.

Case 2 C is a4-cycle.

Subcase 2.1 C; is a chorded 4-cycle.

Ifdegc, (v) < 3forallv € {x, y}thenclaim (i) holds. Hence, without loss of generality,
we may assume that dege, (x) = 4. Then M N Z = @, otherwise we have the two
desired cycles containing the specified edges as chords. Hence degc, (w1, wz) < 6.
Noting that degcl_ (x,y) <8, we have degCi (wy, wa, x,y) < 14.

Subcase 2.2 Cj is a chorded 5-cycle.

If M N {ua, us} # @, then there exists a 5-cycle containing e as a chord and ¢; is left
on a 3-cycle, contradicting (2). Hence M N {u4, us} = ¥, and then degci (wy, wy) <
8. Since [Ny () (v)| < 1 forall v € {x,y}, deg¢, (x,y) < 8. Therefore, we have
degc, (w1, wa, x,y) < 16.

Subcase 2.3 C; is a chorded 6-cycle.

If M N Z # ¢, then there exists a 5-cycle containing e as a chord, contradicting (1).
Hence M N Z = (J, thus degci(wl, wy) < 8. Since [Ny, (v)| < 1forallv € {x, y},
degci (x, y) < 10. Therefore, we have degci (wy, wa, x,y) < 18.

Case 3 C is a 5-cycle.

Subcase 3.1 C; is a chorded 4-cycle.

By the same arguments as Subcase 1.1, we have degcl_ (wy, wa, x,y) < 14.

Subcase 3.2 C; is a chorded 5-cycle.

Since [Ny ;) (v)| < 1forall v € {x, y}, we have degCi (x) <4 and degci (y) < 4.
If degc, (x) < 3 and degc,(y) < 3, then claim (ii) holds. First we may suppose
that degc, (x) = 4 and degc, (y) < 3 by symmetry. Let N¢, (x) = {u2, us, ug, us}.
Then x, us, u1, uz, u3, x is a 5-cycle containing e; as a chord. If u4 € M, then
w1, Ug, W2, W3, W4, Ws, w1 1S a 6-cycle containing e; as a chord, and we have the
two desired cycles containing the specified edges as chords. Hence us ¢ M, thus
degci (wy, wy) < 9. Therefore, we have degci (w1, wa, x,y) < 16.

Next, suppose thatdeg, (x) = deg, (y) = 4. Under this assumption we must consider
two cases. First assume that Ny ;) (x) N Ny ;) (y) = @. Then either u4 or us can be
replaced by x (resp. y) depending on the adjacencies from x (resp. y) to C;, and
there exists a 5-cycle containing ¢; as a chord. If M N {u4, us} # @, then there
exists a 6-cycle containing ey as a chord, and we have the two desired cycles with the
specified edges as chords. Hence MN{u4, us} = ¥, and degci (w1, wy) < 8.Therefore,
we have degci (w1, wa, x,y) < 16. Now assume that Ny ;) (x) N Ny ;) (y) # 0.
Without loss of generality, we may assume that u; € Ny, (x) N Ny, (y). Then
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X, Uy, Uz, U3, Uq, X is a 5-cycle containing e; as a chord. If us € M then there exists
a 6-cycle containing ey as a chord, and we have the desired two cycles containing the
specified edges as chords. If vus ¢ E(G) forall v € {wy, wy}, then dege, (w1, wa) <
8, and degcl, (wy, wa, x, y) < 16. Hence, without loss of generality, we may assume
that wius € E(G) and wous ¢ E(G). If ug € M, then wy, us, y, wo, ug, wy is a 5-
cycle containing e as a chord, and e; is left on a 3-cycle, contradicting (2). Hence, at
most one vertex in {wy, w} is adjacent to u4. Then degcl_ (w1, wp) < 8, and therefore,
degci (wy, wa, x,y) < 16.

Subcase 3.3 C; is a chorded 6-cycle.

First suppose that C; is a Type I chorded 6-cycle. If M N {u4, us, ug} # ¥, then there
exists a 6-cycle containing ey as a chord, and ¢; is left on a 3-cycle, contradicting (2).
Hence MN{ug4, us, ug} = @,thusdegci(wl, w2) < 9.Also, |Ny ;) (v)| < 1forallv €
{x, y}.If degc, (x, y) < 9, thenclaim (iii) holds. So we may assume thatdeg, (x, y) >
10. Now, we consider two cases. First, suppose that Ny ,)(x) N Ny,)(y) = 9.
Without loss of generality, we may assume that xu; € E(G) and yu3 € E(G). Then
uy, X, U2, U3, y, Ug, i1 is a 6-cycle containing e; as a chord. This cycle is a Type 1II
chorded 6-cycle, which contradicts (3). Next, suppose that Ny ;) (x) NNy (¢, (y) # 9.
Without loss of generality, we may assume that u; € Ny () (x) N Ny, (y). Then
uy,y, ua, us, us, x, uq is a Type Il 6-cycle containing e; as a chord, contradicting (3).
Next, suppose that C; is a Type II chorded 6-cycle. If M N {u2, u3, us, ug} # ¥, then
there exists a chorded 6-cycle containing e; as a chord, and e; is left on a 4-cycle,
contradicting (2). Hence degc, (w1, wa) < 8. Also, [Ny () (v)| < 1forallv € {x, y}.
Hence degcl_ (x, y) < 10. Therefore, we have degcl_ (wy, wa, x,y) < 18.

This completes the proof of Claim 1. O
Recall that C is a g-cycle for 3 < g < 5 containing ey as a cycle-edge.

Claim 2. degg (w1, wa, x,y) < 2|V(R)| — 2.

Proof Note that Ng(w;) N Ng(w;y) = @, otherwise G — % contains a g’-cycle for
some 4 < g’ < 6 (depending on |V (C)|) containing e; as a chord, a contradiction.
Hence |[Ng(w1)UNg(w2)| = |[Nr(w1)|+|Ngr(w2)|. Suppose that there exists an edge
between Ng(wp) and Ng(w»). If C is a 3-cycle (resp. 4-cycle), then G — % contains
a 5-cycle (resp. 6-cycle) containing e; as a chord, a contradiction. If C is a 5-cycle,
then G — % contains a 4-cycle with ¢, as a cycle-edge, contradicting (2). Hence, there
are no edges between Ng(w1) and Ng(w2), thus [Ng(x)| < |V(R)| — 1 — |[Ng(w3)|
and [INR(y)| < |V(R)| — 1 — |Ng(wq)|. Therefore, we have

degp(wi, w2, x,y) < [Nr(wp)| + [Ng(w2)| + (|V(R)| — 1 — [Nr(w2)|)
+(V(R)| —1—|Nr(wp)
—2IV(R)| -2

This completes the proof of Claim 2. O
Claim 3. deg (w1, wa, x, y) < 2q + 2.

Proof By (2), deg-(w1) = 2 and deg-(wz) = 2. Since Ng(w;1) N Nr(w2) = 0,
deg-(x) < g —1anddeg-(y) < q — 1. Hence, deg- (w1, wz, x,y) <24+242(qg —
1) =29 + 2. O
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Suppose that there are r chorded 4-cycles, s chorded 5-cycles, and 7 chorded 6-cycles
in €. Then by Claims 1, 2, and 3, we have

2(n 43k —2) < 202(G) < degg(wy, wa, X, y)
< (14r + 165 + 181) + 2(|lV(R)| — 2) + 2q + 2)
= 14r + 16s + 18t +2(n —4r —5s — 6t — q) +2q
=2n+6(r+s+1)
=2n+6(k—1)
— n+ 3k —2 <n+ 3k — 3, acontradiction.

This completes the proof of the theorem. O
Corollary 13 Let G be a graph of order n > 9k — 5 for an integer k > 2. If

8(G)>n+3k_2
p— 2 9

then for any k independent edges ey, en, ..., ey, there exist k disjoint cycles
C1,Ca, ..., Cy such that e; is a chord of C; and 4 < |V (C;)| <6 forall1 <i <k.
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