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Abstract Let G be a graph family defined on a common (labeled) vertex set V. A set
S C V issaid to be a simultaneous metric generator for G if for every G € G and every
pair of different vertices u, v € V there exists s € S such that dg (s, u) # dg (s, v),
where d¢ denotes the geodesic distance. A simultaneous adjacency generator for G is
a simultaneous metric generator under the metric dg 2(x, y) = min{dg(x, y),2}. A
minimum cardinality simultaneous metric (adjacency) generator for G is a simultane-
ous metric (adjacency) basis, and its cardinality the simultaneous metric (adjacency)
dimension of G. Based on the simultaneous adjacency dimension, we study the simul-
taneous metric dimension of families composed by lexicographic product graphs.
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1 Introduction

A generator of a metric space (X,d) is a set S C X of points in the space with
the property that every point of X is uniquely determined by the distances from the
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elements of S. Given a simple and connected graph G = (V, E), we consider the
function dg : V x V. — N U {0}, where dg(x, y) is the length of a shortest path
between u and v and N is the set of positive integers. Then (V, dg) is a metric space
since dg satisfies (i) dg(x,x) = 0 for all x € V, (ii) dg(x, y) = dg(y, x) for all
x,y € Vand (iii) dg (x, y) < dg(x,z) +dg(z, y) forallx,y,z € V. A vertexv € V
is said to distinguish two vertices x and y if dg (v, x) # dg(v, y). Aset S C V is said
to be a metric generator for G if any pair of vertices of G is distinguished by some
element of S. A minimum cardinality metric generator is called a metric basis, and its
cardinality the metric dimension of G, denoted by dim(G).

The notion of metric dimension of a graph was introduced by Slater in [20], where
metric generators were called locating sets. Harary and Melter independently intro-
duced the same concept in [10], where metric generators were called resolving sets.
Applications of this invariant to the navigation of robots in networks are discussed in
[15] and applications to chemistry in [13, 14]. Several variations of metric generators,
including resolving dominating sets [1], independent resolving sets [3], local metric
sets [16], strong resolving sets [19], adjacency resolving sets [12], k-metric generators
[5,6], simultaneous metric generators [17,18], etc., have since been introduced and
studied.

The concept of adjacency generator! was introduced by Jannesari and Omoomi in
[12] as a tool to study the metric dimension of lexicographic product graphs. This
concept has been studied further by Fernau and Rodriguez-Veldzquez in [7] where
they showed that the (local) metric dimension of the corona product of a graph of
order n and some non-trivial graph H equals n times the (local) adjacency metric
dimension of H. As a consequence of this strong relation they showed that the problem
of computing the adjacency metric dimension is NP-hard. A set S C V of vertices in a
graph G = (V, E) is said to be an adjacency generator for G if for every two vertices
x,y € V — § there exists s € § such that s is adjacent to exactly one of x and y. A
minimum cardinality adjacency generator is called an adjacency basis of G, and its
cardinality the adjacency dimension of G, denoted by dim 4 (G). Since any adjacency
basis is a metric generator, dim(G) < dimy4 (G). Besides, for any connected graph G
of diameter at most two, dim4 (G) = dim(G).

As pointed out in [7,8], any adjacency generator of a graph G = (V, E) is also
a metric generator in a suitably chosen metric space. Given a positive integer ¢, we
define the distance function dg; : V x V — NU {0}, where

dg,i(x,y) = min{dg(x, y), t}. ey

Then any metric generator for (V, dg ) is a metric generator for (V, dg /41) and, as
a consequence, the metric dimension of (V, dg ;+1) is less than or equal to the metric
dimension of (V, dg ). In particular, the metric dimension of (V, dg 1) is equal to
|V| —1, the metric dimension of (V, dg2) is equal to dim4 (G) and, if G has diameter
D(G), then dg,pG) = dg and so the metric dimension of (V, dg p(c)) is equal
to dim(G). Notice that when using the metric dg ; the concept of metric generator

1 Adjacency generators were called adjacency resolving sets in [12].
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Fig. 1 The set {vy, v3, v5, vg} is a simultaneous adjacency basis of G = {G1, G, G3}, whereas
{v1, vs, vg} is a simultaneous metric basis

needs not be restricted to the case of connected graphs.” Notice that S is an adjacency
generator for G if and only if S is an adjacency generator for its complement G. This
is justified by the fact that given an adjacency generator S for G, it holds that for every
x,y € V — S there exists s € S such that s is adjacent to exactly one of x and y, and
this property holds in G. Thus, dim4(G) = dim4 (G).

LetG = {G1, G2, ..., Gi} be afamily of (not necessarily edge-disjoint) connected
graphs G; = (V, E;) with common vertex set V (the union of whose edge sets
is not necessarily the complete graph). Ramirez-Cruz, Oellermann and Rodriguez-
Velazquez defined in [17,18] a simultaneous metric generator for G asaset S C V
such that S is simultaneously a metric generator for each G;. They say that a minimum
simultaneous metric generator for G is a simultaneous metric basis of G, and its
cardinality the simultaneous metric dimension of G, denoted by Sd(G) or explicitly
by Sd(G1, G», ..., Gi). Analogously, we define a simultaneous adjacency generator
for G tobe aset S C V such that S is simultaneously an adjacency generator for each
G ;. We say that a minimum simultaneous adjacency generator for G is a simultaneous
adjacency basis of G, and its cardinality the simultaneous adjacency dimension of
G, denoted by Sd4(G) or explicitly by Sd4(G1, G», ..., G;). For instance, the set
{v1, v3, vs, vg} is a simultaneous adjacency basis of the family G = {G1, G2, G3}
shown in Fig. 1, while the set {vy, vs, vg} is a simultaneous metric basis, so Sd4 (G) =
4 > 3 =Sd(9).

The study of simultaneous parameters in graphs was introduced by Brigham and
Dutton in [2], where they studied simultaneous domination. This should not be con-
fused with studies on families sharing a constant value on a parameter, for instance
the study presented in [11], where several graph families such that all members have
a constant metric dimension are studied, enforcing no constraints regarding whether
all members share a metric basis or not. In particular, the study of the simultaneous
metric dimension was introduced in [17, 18], where the authors obtained sharp bounds
for this invariant for general families of graphs and gave closed formulae or tight
bounds for the simultaneous metric dimension of several specific graph families. For a
given graph G they described a process for obtaining a lower bound on the maximum
number of graphs in a family containing G that has simultaneous metric dimension

2 For any pair of vertices x, y belonging to different connected components of G we can assume that
dg(x,y) = oo and so dg ((x,y) = t for any ¢ greater than or equal to the maximum diameter of a
connected component of G.
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equal to dim(G). Moreover, it was shown that the problem of finding the simultaneous
metric dimension of families of trees is N P-hard.

In this paper, we introduce the simultaneous adjacency dimension and study several
of its properties, as well as its relations to the simultaneous metric dimension. We
put a special focus on the usefulness of the simultaneous adjacency dimension as
a tool for the study of the simultaneous metric dimension of families composed by
lexicographic product graphs. Let G be a graph of order n, and let (Hy, Ha, ..., H,) be
an ordered n-tuple of graphs of order n, n, ..., n,, respectively. The lexicographic
product of G and (Hy, H», ..., Hy) is the graph G o (Hy, H3, ..., H,), such that
V(Go(Hy, Ha, ..., Hy)) = Uu,-eV(G)({”i} x V(H;)) and (u;, v.)(uj, vs) € E(Go
(Hy, Ha, ..., Hy)) if and only if u;u; € E(G) ori = j and v,vy € E(H;). We
will restrict our study to two particular cases. First, given two vertex-disjoint graphs
G = (V1,Ey)and H = (V», Ey), the join of G and H, denoted as G + H, is the graph
with vertex set V(G + H) = ViU Vo andedgeset E(G+ H) = EfUE,U{uv : u €
Vi, v € V}. Join graphs are lexicographic product graphs, as G + H = P> o (G, H).
The other particular case we will focus on is the traditional lexicographic product
graph, where H; = H for every i € {l,...,n}, which is denoted as G o H for
simplicity.

The remainder of the paper is structured as follows. Section 2 covers general bounds
and basic results on the simultaneous adjacency dimension. Section 3 is devoted to
families composed by join graphs, whereas Sect. 4 covers families composed by stan-
dard lexicographic product graphs. Throughout the paper, we will use the notation
K., K, s, Cn, N, and P, for complete graphs, complete bipartite graphs, cycle graphs,
empty graphs and path graphs of order n, respectively. We use the notation u ~ v if u
and v are adjacent and G = H if G and H are isomorphic graphs. For a vertex v of a
graph G, Ng(v) will denote the set of neighbours or open neighbourhood of v in G,
i.e. Ng(v) = {u € V(G) : u ~ v}. The closed neighbourhood, denoted by Ng[v],
equals Ng(v) U {v}. If there is no ambiguity, we will simple write N (v) or N[v].
Two vertices x, y € V(G) are twins in G if Ng[x] = Ng[y] or Ng(x) = Ng(y). If
Nglx] = Ngly], they are said to be true twins, whereas if Ng(x) = Ng(y) they are
said to be false twins. We denote by 6(v) = |N (v)| the degree of vertex v, as well as
8(G) = minyey(G){6(v)} and A(G) = maxyey(G){8(v)}. The subgraph of G induced
by a set S of vertices is denoted by (S) . If there is no ambiguity, we will simply write
(S). The diameter of a graph G is denoted by D(G) and its girth by g(G). For the
remainder of the paper, definitions will be introduced whenever a concept is needed.

2 Basic Results on the Simultaneous Adjacency Dimension

Remark 1 For any family G = {G1, G2, ..., G} of connected graphs on a common
vertex set V, the following results hold:

,,,,,

(i) Sda(9) = Sd(9).
(i) Sda(9) = V|- 1.
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Proof (1)1is deduced directly from the definition of simultaneous adjacency dimension,
while (iii) is obtained from the fact that for any non-trivial graph G = (V, E) it holds
that for any v € V the set V — {v} is an adjacency generator. Let B be a simultaneous
adjacency basis of G and let u, v € V — B, be two different vertices. For every graph
G;, there exists x € B such that dg, 2(u, x) # dg, 2(v, x), so dg, (u, x) # dg, (v, x).
Thus, B is a simultaneous metric generator for G and, as a consequence, (ii) follows.

As pointed out in [12], dim4(G) = n — 1 if and only if G = K,, or G = N,,. The
following result follows directly from Remark 1.

Corollary 1 Let G be a graph family on a common vertex set V. If K|y| € G or
N|V| € G, thenSd (G) = |V|— 1.

The converse of Corollary 1 does not hold, as we will exemplify in Corollary 2. We
first recall a characterization of the cases where Sd(G) = |V| — 1, presented in [18].

Theorem 1 [18] Let G be a family of connected graphs on a common vertex set V.
Then SA(G) = |V| — 1 if and only if for every pair u,v € V, there exists a graph
Guv € G such that u and v are twins in G,,.

The following result is a direct consequence of Remark 1(ii), (iii) and Theorem 1.

Remark 2 Let G be a graph family on a common vertex set V. If for every pair
u,v € V, there exists a graph G, € G such that u and v are twins in G, then
Sda(@) = V|- 1.

For a star graph Ki,, r > 3, it is known that dims(K;,) = r — 1 and
every adjacency basis is composed by all but one of its leaves. For a finite set
V = {v,v,...,u},n >4, let K{’n_l be the star graph having v; as its central
vertex and V — {v;} as its leaves. We define the family (V) = {I(i’w1 v e V5
Any pair of vertices v, v, € V are twinsinevery K{,n_l € IC(V)—{Klp,n_l, K;”n_l},
so the following result is a direct consequence of Remark 2.

Corollary 2 For every finite set V of size |V| > 4, Sda(K(V)) = |V| — 1.

Let PV = (V, Ey), P{? = (V, Ey) and P> = (V, E3) be the three different
path graphs defined on the common vertex set V = {vy, vz, v3}, where v; is the vertex
of degree two in P3(i), fori € {1, 2, 3}. It was shown in [12] that dim4 (G) = 1 if and
only if G € {Py, P>, P3, P2, P3}. The following result follows directly from this fact.

Remark 3 The following statements hold:

(i) Sda(G) = 1ifand only if G € (P, P2}, G < (PV, PP Py P, ¢

=) -3 =2 53
(P PO BV PV org c (P, PP P P,
(i) Sda(PV, PP, PO PP PP PPy =2.
The following result is derived from the fact that any graph and its complement
have the same adjacency bases.
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Fig. 2 The graph G = Cg, and Vo v
the subgraph (Bg )y of G, vs v Vs v
weakly induced by the adjacency [ ] [ ]
basis B = {vq, v3, v7}. See that
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Remark 4 Let G = {G1, G2, ..., Gy} be a family of graphs with the same vertex set

V,and let G = {51 .G, ..., Ek} be the family composed by the complements of
every graph in G. The following assertions hold:

(1) Sda(9) = Sda (G) = SdA(G U G). Moreover, the simultaneous adjacency bases
of G and G coincide. B
(ii) For any subfamily of graphs G’ C G, Sd4(G) = Sd4(G U G").

Let G = (V, E) be a graph and let Perm (V') be the set of all permutations of V.
Given a subset X C V, the stabilizer of X is the set of permutations

S(X)={f € Perm(V) : f(x) = x, forevery x € X}.

As usual, we denote by f(X) the image of a subset X under f,i.e., f(X) = {f(x) :
x € X}.

Let G = (V, E) be a graph and let B C V be a nonempty set. For any permutation
f € S(B) of V we say that a graph G’ = (V, E’) belongs to the family Gp /(G) if
and only if Ng/(x) = f(Ng(x)), for every x € B. We define the subgraph (Bg),, =
(Ng[B], Ey) of G, weakly induced by B, where Ng[B] = U,epNgl[x] and E,, is
the set of all edges having at least one vertex in B. See Fig. 2 for an example of this
construction.

Remark 5 Let G = (V, E) be a graph and let B C V be a nonempty set. For any
f € S(B) and any graph G' € Gp ¢(G),

<BG>w = <BG’>w-
Proof Since G' € Gp r(G), the function f is a bijection from V(G) onto V(G).
Now, since Ng/(x) = f(Ng(x)), for every x € B, we conclude that v is an edge of

(Bg)w if and only if f(u)f(v) is an edge of (Bg)y. Therefore, the restriction of f
to (Bg)y 1s an isomorphism.

Now we define the family of graphs Gp(G), associated to B, as follows.

GG = |J 9srG.
feS(B)

With the above notation in mind, we can state our next result.
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Fig. 3 A subfamily H of Gp(Csg) for B = {vy, v3, vy}, where {H), Hy, H3, Hy} € Gp 7 (Cs) and
{Hs, He, H7, Hg} € Gp, f,(Cs). For every H; € H, dima(H;) = dima(Cg) = 3. Moreover, B is a
simultaneous adjacency basis of H, so Sd4 (H) =3

Theorem 2 Any adjacency basis B of a graph G is a simultaneous adjacency gener-
ator for any family of graphs H C Gp(G). Moreover, if G € H, then

Sda(H) = dima(G).

Proof Assume that B is an adjacency basis of a graph G = (V, E). Let f € S(B)
and let G’ = (V, E’) such that Ng/(x) = f(Ng(x)), for every x € B. We will show
that B is an adjacency generator for any graph G’. To this end, we take two different
vertices u’, v € V — B of G’ and the corresponding vertices u, v € V of G such that
fu) =u" and f(v) = v'. Since u # v and u, v ¢ B, there exists x € B such that
dgo(u, x) # dg2(v, x). Now, since N/ (x) = f(Ng(x)) = {f(w) : w € Ng(x)},
we obtain that dg/ (', x) = dg2(u, x) # dg2(u,x) = dg2(V', x). Hence, B is
an adjacency generator for G’ and, in consequence, is also a simultaneous adjacency
generator for H. Then we conclude that Sd4(H) < |B| = dim4(G) and, if G € 'H,
then Sd4 (H) > dim 4 (G). Therefore, the result follows.

Notice that if G ¢ {K,, N}, then the edge set of any graph G’ € Gp(G) can be
partitioned into two sets E;, E>, where E consists of all edges of G having at least
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one vertex in B and E is a subset of edges of a complete graph whose vertex set is

V — B. Hence, Gg(G) contains 2|V7B|(‘¥7B‘71) |V — B]! different labelled graphs. As

an example of large graph families that may be obtained according to this procedure,
consider the cycle graph Cg, where dim 4 (Cg) = 3. For each adjacency basis B of Cg,
we have that |G (Cg)| = 122880. To illustrate this, Fig. 3 shows a graph family H =
{Hy, ..., Hs} € Gp(Cs), where B = {vy, v3, v7}, {H1, Ha, H3, Hy} € Gp £, (Cg)
and {Hs, He, H7, Hg} C Gp, 1, (Cs).

The following result follows directly from Theorem 2 and the fact thatdim 4 (G) = 1
if and only if G € {P,, P3, P2, P3).

Corollary 3 Let G bea graphofordern > 4.Ifdim4(G) = 2, then for any adjacency
basis B of G and any non-empty subfamily H C Gp(G),

Sda(H) = 2.

The next result, obtained in [4], shows that Corollary 3 is only applicable to families
of graphs of order 4, 5 or 6.

Remark 6 [4]If G is a graph of order n > 7, then dimy4 (G) > 3.
Theorem 2 and Remark 6 immediately lead to the next result.

Theorem 3 Let B be an adjacency basis of a graph G of ordern > 7.Ifdim4(G) = 3,
then for any family H € Gp(G),

Sda(H) = 3.

The family ‘H shown in Fig. 3 is an example of the previous result.

3 Families of Join Graphs

For a graph family H = {H;, Ha, ..., Hy}, defined on common vertex set V, and the
graph K1 = (v), v ¢ V, we define the family

Ki+H={Ki+H;:1<i<k}.
Notice that since for any H; € H the graph K; 4+ H; has diameter two,
Sd(K1 +H) = Sda (K1 + H).
Theorem 4 Let G be a family of non-trivial graphs on a common vertex set V. If for
every simultaneous adjacency basis B of G there exist G € G and x € V such that

B C Ng(x), then

Sd(K1 + G) =Sda(G) + 1.
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Otherwise,
Sd(K1 +G) = Sda(9).

Proof Let V(K1) = {vo}. Suppose that for every simultaneous adjacency basis B
of G there exist G € G and x € V such that B € Ng(x). In this case, first notice
that for every pair of different vertices u, v € V we have that dg,+G2(u, vo) =
di,+6,2(v, v9) = 1, so vy does not distinguish any pair of vertices. In consequence,
a simultaneous metric basis of K; + G must contain at least as many vertices as
a simultaneous adjacency basis of §. Secondly, since B € Ngk,+¢(vo) and B C
Nk, +c(x), a simultaneous metric basis of K1 + G must additionally contain some
vertex v € (V —Ng(x))U{vo},s0Sd(K1+G) > Sda(G)+1. Let B be a simultaneous
adjacency basis of G and let B = B U {vg} and G’ € G. For every pair of different
vertices u,v € V(K; + G') — B’, there exists a vertex z € B C B’ such that
di,+6' 2, z) =dg 2, 2) # dg 2(v, 2) = dg,+6.2(v, 2), so B’ is a simultaneous
metric generator for K| + G and, as a result, Sd(K; + G) < |B'| = |B| + 1 =
Sd4(G) + 1. Consequently, Sd(K| + G) = Sd4(G) + 1.

Now suppose that there exists a simultaneous adjacency basis B of G such that B ¢
Ng(x) forevery G € G and every x € V. In this case, first recall that a simultaneous
metric basis of K| 4G must contain as many vertices as a simultaneous adjacency basis
of G,s0Sd(K14+G) > Sd4(G). As above, for every pair of different verticesu, v € V —
B, there exists a vertex z € B such that dx,+62(u,2) = dg2(u,2) #dg2(v,2) =
dk,+G.2(v, 7). Now, for any u € V — B there exists u’ € B — Ng(u) such that
dr,+62,u') =2 # 1 = dg,+6.2(vo, u'). Hence, B is also a simultaneous metric
generator for K + G and, consequently SA(K| + G) < |B| = Sd4(G). Therefore,
Sd(K; + G) = Sda(9).

Since K; + G = K; + (K;—1 + G) for any t > 2, the previous result can be
generalized as follows.

Corollary 4 Let G be a family of non-trivial graphs on a common vertex set V and
let K; be a complete graph of ordert > 1. If for every simultaneous adjacency basis
B of G there exist G € G and x € V such that B C Ng(x), then

Sd(K; + G) = Sda(9) +¢.
Otherwise,
Sd(K; +G) =Sda(G) + ¢t — 1.

By Remark 5 and Theorems 2 and 4 we deduce the following result.

Theorem 5 Let B be an adjacency basis of a graph G and let H C Gg(G) such that
G € H. The following assertions hold:

(i) Iffor any adjacency basis B' of G, there exists v € V(G) such that B C Ng(v),
then

Sd(K1 + H) = dima(G) + 1.
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(ii) If B L Ng(v) forallv € V(G), then
Sd(K1 + 'H) = dimx (G).

Proof First of all, by Theorem 2, Sd4 () = dim4(G) and, as a consequence, every
simultaneous adjacency basis of H, which is also a simultaneous metric basis, is an
adjacency basis of G. Now, if for any adjacency basis B’ of G, there exists v € V(G)
such that B’ C Ng(v), then by Theorem 4, Sd(K|+H) = Sda(H)+1 = dim4(G) +
1. Therefore, (i) follows. On the other hand, if B ¢ N¢(v) for all v € V(G), then by
Remark 5 we have that for any G’ € Gg(G), B ¢ Ng/(v) for all v € V(G). Hence,
by Theorem 4, Sd(K| + H) = Sds(H) = dim4(G). Therefore, the proof of (ii) is
complete.

To show some particular cases of the results above, we will state the following two
results.

Remark 7 [12] For any integer n > 4,

dima(P,) = dim4(C,) = V”; 2J .

Lemma 1 Let G be a connected graph. If D(G) > 6, or G = C,, withn > 7, or G is
a graph of girth g(G) > 5 and minimum degree §(G) > 3, then for every adjacency
generator B for G and every v € V(G), B SZ Ng(v).

Proof Let B be an adjacency generator for G. First, suppose that there existsv € V(G)
suchthat B C Ng (v). Since B is an adjacency generator for G, either B is adominating
set or there exists exactly one vertex u € V(G) — B which is not dominated by B. In
the first case, D(G) < 4 and in the second one, either D(G) < 5 or u is an isolated
vertex. Hence, if D(G) > 6, then B ¢ Ng(v).

Now, assume that §(G) > 3. Letv € V(G),u € Ng(v) and x, y € Ng(u) — {v}.
If g(G) > 5, then no vertex z € Ng[v] distinguishes x from y and, since B is an
adjacency generator for G, there exists z7 € B — Ng[v] which distinguishes them.
Thus, B ¢ Ng(v).

Finally, if G = C,, with n > 7, then by Remark 7 we have |B| > dimy(G) =
LZ"S—”J > 3 and, since G has maximum degree two, the result follows.

According to Lemma 1, Theorem 4 immediately leads to the following result.
Proposition 1 Let G be a family of graphs on a common vertex set V of cardinality

|V| > 7. If every G € G satisfies D(G) > 6, or g(G) > 5and §(G) > 3, oritisa
cycle graph, then

Sd(K1 + G) = Sda(9).

Theorem 5 and Lemma 1 immediately lead to the following result.
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Proposition 2 Let G be a graph of order n and let B be an adjacency basis of G. If
G is a cycle graph withn > 7, or D(G) > 6, or g(G) > 5 and §(G) > 3, then for
any family H C Gg(G) such that G € 'H,

Sd(K| 4+ H) = dima(G).

We now discuss particular cases where Sd(K| + G) = Sd4(G) + 1. First, consider
a graph family G = {G1, G», . .., G}, defined on a common vertex set of cardinality
n, such that G; = K,, for some i € {1, ..., k}. Since K| + K, = K, +1, we have that
Sd(K1+G) =n = Sda(G9) + 1. Now recall the families (V) of star graphs defined
in Sect. 2. The following result holds.

Proposition 3 Forevery finite set V of size |V | > 4, SA(K14+K(V)) = Sd4(K(V))+
1.

Proof Every simultaneous adjacency basis B of (V) has the form V — {v;}, i €
{1,...,n}. In K! we have that B C NK{ 1(vi), so the result is deduced by

1,n—1>
Theorem 4.

For two graph families G = {G1, G2, ..., Gy, } and H = {H|, Hy, ..., Hy,},
defined on common vertex sets Vi and V;, respectively, such that Vi NV, = §J, we
define the family

G+H={Gi+H;: 1<i<k,1=<j<k}
Notice that, since for any G; € G and H; € H the graph G; + H; has diameter two,
Sd(G + H) = Sda(G + H).

Theorem 6 Let G and H be two families of non-trivial graphs on common vertex sets
Vi and V,, respectively. If there exists a simultaneous adjacency basis B of G such
that for every G € G and every g € Vi, B ¢ Ng(g), then

Sd(G + H) = SdA(G) + Sda(H).

Proof Let B be a simultaneous adjacency basis of G such that B ¢ Ng (u) for every
u € Vi, and let B’ be a simultaneous adjacency basis of H. We claim that the set
S = BU B’ is a simultaneous metric generator for G + H. Consider a pair of different
vertices u, v € (V1 U V) — S. If u, v € V1, then there exists x € B that distinguishes
them in every G € G. An analogous situation occurs for u,v € Vo. If u € V; and
v € V>, since B Q Ng(u), there exists x € B such that dgyp2(u,x) =2 # 1 =
dc+u2(v, x)forevery G € G and H € H. Thus, S is a simultaneous metric generator
for G+H and, as a consequence, SA(G+H) < |S| = |B|+|B’| = Sda(G)+Sda(H).

To prove that SA(G + H) > Sda(G) + Sd4 (H), consider a simultaneous metric
basis Wof G+H.Let W; = WNV;andlet Wo = WNVW,.LetG € Gand H € H.No
pair of different vertices u, v € Vo — W» is distinguished in G + H by any vertex from
W1, whereas no pair of different vertices u, v € Vi — Wy is distinguished in G + H
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by any vertex from W5, so W is a simultaneous adjacency generator for G and W, is
a simultaneous adjacency generator for H. Thus, SA(G +H) = |W| = |W{|+ |W;| >
Sda(G) + Sda(H).

By Lemma 1 we deduce the following consequence of Theorem 6.

Corollary 5 Let G be a family of graphs on a common vertex set V of cardinality
|V| > 7. Ifevery G € G satisfies D(G) > 6, or g(G) > 5 and §(G) > 3, oritisa
cycle graph, then for any family 'H of non-trivial graphs on a common vertex set,

Sd(G +H) = Sda(9) + Sda(H).

Theorems 2 and 6 and Lemma 1 immediately lead to the next result.

Theorem 7 Let G be a graph of order n and let B be an adjacency basis of G. If G
is a cycle graph withn > 7, or D(G) > 6, or g(G) > 5 and 6(G) > 3, then for any
family G € Gp(G) such that G € G’ and any family H of non-trivial graphs on a
common vertex set,

Sd(G" + H) = dim4(G) + Sda(H).

The ideas introduced in Theorem 2 allow us to define large families composed by
subgraphs of a join graph G + H, which may be seen as the result of a relaxation of
the join operation, in the sense that not every pair of nodes u € V(G), v € V(H),
must be linked by an edge, yet any adjacency basis of G + H is a simultaneous
adjacency generator for the family, and thus a simultaneous metric generator. Since
for any adjacency basis B of G 4+ H, the family Rp defined in the next result is a
subfamily of Gp(G + H), the result follows directly from Theorem 2.

Corollary 6 Let G and H be two non-trivial graphs and let B be an adjacency basis
of G+ H.Let E'! = {uv e EG+H): ueV(G)—B, ve V(H)— B} and
let Rp = {R1, Ro, ..., R} be a graph family, defined on the common vertex set
V(G + H), such that, for everyi € {1,...,k}, E(R;) = E(G + H) — Ej, for some
edge subset E; C E'. Then

Sd(Rp) < dim(G + H).

As the next result shows, it is possible to obtain families composed by join graphs
of the form G’ + H’, where G’ and H' are the result of applying modifications to G
and H, respectively, in such a way that any adjacency basis of G + H is a simultaneous
adjacency generator for the family, and thus a simultaneous metric generator.

Corollary 7 Let G and H be two non-trivial graphs and let B be an adjacency
basis of G + H. Let Bl = BN V(G) and By = B N V(H). Then for any family
‘H <€ G, (G) + Gp,(H),

Sd(H) < dim(G + H).
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Moreover, if G + H € 'H, then
Sd(H) = dim(G + H).

Proof The result is a direct consequence of Theorem 2, as Gp, (G) + Gp,(H) <
Gp(G + H).

Given two families G and H of non-trivial graphs on common vertex sets V| and
Va2, respectively, we define B(G) and B(H) as the sets composed by all simultaneous
adjacency bases of G and H, respectively. For a simultaneous adjacency basis B €
B(G), consider the set

P(B)={u€V,: B C Ng(u) for some G € G}.
Similarly, for a simultaneous adjacency basis B’ € B(H), consider the set
QB ={veVy: B C Ny() for some H € H}.
Based on the definitions of P(B) and Q(B’), we define the parameter ¥ (G, H) as

V(G H) = BénBi(%), {IPB) 10BN}
B'eB(H)

The following result holds.

Theorem 8 Let G and H be two families of non-trivial graphs on common vertex sets
Vi and V,, respectively. If for every simultaneous adjacency basis B of G there exists
G € Gand g € Vy such that B € N¢(g) and for every simultaneous adjacency basis
By of H there exists H € H and h € V; such that By € Ny (h), then

Sda(9) +Sda(H) + 1 = Sd(G + H) < Sda(9) + Sda(H) + ¥ (G, H).

Proof We first address the proof of the lower bound. Let W be a simultaneous metric
basisof G+H andlet Wi = WNVyand W, = WNV,.LetG € Gand H € ‘H. Since no
pair of different vertices u, v € Vo, — W is distinguished by any vertex in Wy, whereas
no pair of different vertices u, v € V| — Wj is distinguished by any vertex in Wy, we
conclude that Wy is an adjacency generator for G and W5 is an adjacency generator for
H. Hence, W is a simultaneous adjacency generator for G and W, is a simultaneous
adjacency generator for H. If W is a simultaneous adjacency basis of G and W, is a
simultaneous adjacency basis of H, then under the assumptions of this theorem, for
at least one graph G + H € G + H there exist x € V; — Wy and y € V, — W», such
that W € Ngypy(x) and W € Ng4p(y), which is a contradiction. Thus, Wy is not
a simultaneous adjacency basis of G or W, is not a simultaneous adjacency basis of
H. Hence, |W1| > Sd4(G) + 1 or [W>| > Sda(H) + 1. In consequence, we have that
Sd(G +H) = [W| = |Wi|+ [W2| = Sda(G) + Sda(H) + 1.
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We now address the proof of the upper bound. Let B; and B, be simultaneous
adjacency bases of G and H, respectively, for which v/ (G, H) is obtained. Assume,
without loss of generality, that |P(By)| < |Q(B3)|. Let S = B; U B, U P(By). We
claim that S is a simultaneous metric generator for G+7H. To show this, we differentiate
two cases forany G € G and H € H.

Case I There exists g € Vj such that Bj € Ng(g). We claim that the set S’ =
B1UByU{g} € Sis ametric generator for G + H. To see this, we only need to check
that foranyu € V| —(B1U{g}) andv € V»— B; thereexists s € S’ which distinguishes
them, as By and B; are adjacency generators for G and H, respectively. That is, since
g is the sole vertex in V; satisfying Ng(g) 2 By, forany u € Vi — (B1 U {g}) and
v € Vo—Bjthereexistss € By C S’ suchthatdgypa(u,s) =2 # 1 =dg+ma(v, s).
Hence, the set §” C S is a metric generator for G + H.

Case 2 No vertex g € V satisfies B € Ng(g). Inthis case, theset ' = BjUB, C §
is a metric generator for G + H, as By and B, are adjacency generators for G and H,
respectively, and for any u € V| — By and v € Vo — By there exists s € B; C S’ such
that dg+po(u,s) =2 # 1 =dg+u2(v, s).

Therefore, S is a simultaneous metric generator for G + H, so SA(G +H) < |S| =
[Bi| + |B2| + | P(B1)| = Sda(9) + Sda(H) + ¥ (G, H).

As the following corollary shows, the inequalities above are tight.

Corollary 8 Let G = {G1,Ga, ..., Gy} and G = (G, G, ..., G} be families
composed by paths and/or cycle graphs on common vertex sets V and V' of sizes
n > Tand n' > 7, respectively. Let u,v ¢ VUV’ , u # v, and let H = {{u) +
Gi, )+ Ga, ..., (u)+Gryand H' = {{v) + G}, (v) + G}, ..., (v) + G,}. Then,

Sd(H + H') = Sda(H) + Sda(H) + 1.

Proof By Lemma 1 we have that for every simultaneous adjacency generator B for
G € Gandevery v € V(G), B §Z Ng(v). Hence, as we have shown in the proof of
Theorem 4, any simultaneous adjacency basis of G is a simultaneous adjacency basis
of K1 +G = (u) + G = H and vice versa. So, for any simultaneous adjacency basis
B of 'H we have that P(B) = {u}. Analogously, for any simultaneous adjacency basis
B’ of H', we have Q(B’) = {v} and so ¥ (H, H') = 1.

Notice that the result above can be extended to any pair of graph families G and G’

satisfying the premises of Lemma 1.

4 Families of Standard Lexicographic Product Graphs

Note that the lexicographic product of two graphs is not a commutative operation.
Moreover, G o H is a connected graph if and only if G is connected. We would point
out the following known result.

Claim [9] Let G and H be two non-trivial graphs such that G is connected. Then the
following assertions hold for any a, c € V(G) and b,d € V(H) such that a # c.

@ Springer



Graphs and Combinatorics (2016) 32:2093-2120 2107

(1) NGon(a,b) = ({a} x Nu(b)) U (Ng(a) x V(H)).
(1) dgon((a, b), (c,d)) =dg(a,c)
(i) dgon((a,b), (a,d)) =du2(b, d).

Several results on the metric dimension of the lexicographic product G o H of two
graphs G and H, and its relation to the adjacency dimension of H, are presented in
[12]. In this section, we study the simultaneous metric dimension of several families
composed by lexicographic product graphs, exploiting the simultaneous adjacency
dimension as an important tool.

First, we introduce some necessary notation. Let S be a subset of V(G o H). The
projection of S onto V(G) is the set {u : (u,v) € S}, whereas the projection of S
onto V(H) is the set {v : (u, v) € S}. We define the twin equivalence relation T on
V (G) as follows:

xTy <= Nglx] = Nglyl or Ng(x) = Ng(y).

In what follows, we will denote the equivalence class of vertex x by x* = {y €
V(G) : y7x}. Notice that every equivalence class may be a singleton set, a clique of
size at least two of G or an independent set of size at least two of G. We will refer to
equivalence classes which are non-singleton cliques as true twin equivalence classes
and to equivalence classes which are non-singleton independent sets as false twin
equivalence classes. From now on, T'(G) denotes the set of all true twin equivalence
classes in V (G), whereas F'(G) denotes the set of all false twin equivalence classes
in V(G). Finally, V7 (G) and Vg (G) denote the sets of vertices belonging to true and
false twin equivalence classes, respectively.

For two graph families G = {G1, G2, ..., Gk} and H = {H1, Hy, ..., Hy,},
defined on common vertex sets V| and V», respectively, we define the family

GoH={GioH;: 1<i<k,1<j<hk)}

In particular, if G = {G} we will use the notation G o H.
Our first result allows to extend any result on the simultaneous adjacency dimension
of G o ‘H to the simultaneous metric dimension, and vice versa.

Theorem 9 Let G be a connected graph and let H be a non-trivial graph. Then, every
metric generator for G o H is also an adjacency generator, and vice versa.

Proof By definition, every adjacency generator for G o H is also a metric generator, so
we only need to prove that any metric generator for Go H is also an adjacency generator.
Let S be a metric generator for G o H. For a vertex u; € V(G),let R; = {u;} x V(H).
Notice that R; N S # @, for every u; € V(G), as no vertex outside of {u;} x V(H)
distinguishes pairs of vertices in {u;} x V(H). We differentiate the following cases
for two different vertices (u;, v,), (uj, vs) € V(G o H) — S:

1. i = j. In this case, no vertex from R, N S, x # i, distinguishes (u;, v;) and
(), vy), so there exists (u;, v) € R; NS such that dgoy2((u;, vr), (Ui, v)) =
don ((ui, vr), (Ui, v)) # dgo ((uj, vy), (ui, v)) = dgon2((u;, vs), (Ui, v)).
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2. u; and u; are true twins (i # j). Here, no vertex from R, N S, x ¢
{i, j}, distinguishes (u;,v,) and (u;, vy), so there exists (u;,v) € R, NS
such that dgop 2((ui, v), Wi, v)) = dgon((i,v), (uj,v)) = 2 # 1 =
dgon ((uj, vs), (i, v)) = dcom,2((uj,vs), (u;,v)), or there exists (uj,v) €
R; N S such that dgom 2 ((u;, vr), (U}, V) = dGon (Ui, v), (uj,v)) =1#2=
dGor((Uj, vs), (U, V) =dcon2((Uj, vs), (uj,v)).

3. u; and u; are false twins (i # j). As in the previous case, no vertex from R, N S,
x ¢ {i, j}, distinguishes (u;, v;) and (u;, vy), so there exists (u;,v) € R; NS
such that dgop2((ui, vy), (Ui, v)) = don((ui,vr), (u;,v)) =1 # 2 =
dGon((uj, vs), (i, v)) = dgom,2((uj,vs), (u;, v)), or there exists (u;,v) €
Rj N S such that dgoy 2 ((ui, vp), (uj,v)) = dgon (i, vy), (Uj,v)) =2 #1 =
dGor((uj, vs), (uj, v)) = dgon2((uj, vs), (uj, v)).

4. u; and u; are not twins. In this case, there exists uy € V(G) — {u;,u;} such
that dgo(u;, uy) # dgo(uj,uy). Hence, for any (uy,v) € Ry N S we have
that dgom 2 (i, vr), (ux, v)) = dg2(u;, uy) # dgo(uj, uy) = dgomn 2((uj, vs),
(M)Ca U))‘

In conclusion, S is an adjacency generator for G o H. The proof is complete.

Corollary 9 For any connected graph and any non-trivial graph H,
dim(G o H) = dim4 (G o H).

In general, for every family G composed by connected graphs on a common vertex
set, and every family H composed by non-trivial graphs on a common vertex set,

Sd(G o H) = Sda(G o H).

We would point out that the equalities above hold, even for lexicographic product
graphs of diameter greater than two.

The following result, presented in [12], gives a lower bound on dim(G o H), which
depends on the order of G and dim (H).

Theorem 10 [12] Let G be a connected graph of order n and let H be a non-trivial
graph. Then dim(G o H) > n - dims(H).

We now generalise the previous result for families composed by lexicographic
product graphs.

Theorem 11 Let G be a family of connected graphs on a common vertex set V| and
let H be a family of non-trivial graphs on a common vertex set V. Then

Sd(G o H) = [Vi| - Sda(H).
Proof Tt was shown in [12] that if S’ is a metric generator for G o H, and R; =
{u;} x V(H) for some u; € V(G), then S’ N R; resolves all vertex pairs in R;, and

the projection of S N R; onto V (H) is an adjacency generator for H. Following an
analogous reasoning, consider a simultaneous metric generator S for G o H, and let
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R; = {u;} x V, for some u; € V1. We have that the projection of S N R; onto V5 is an
adjacency generator for every H € ‘H and, in consequence, a simultaneous adjacency
generator for H, so |R; N S| > Sda (H). Thus, SA(GoH) = |S| = D |[Ri N S| >
Vil - Sda(H).

u; €V

In order to present our next results, we introduce some additional definitions. For a
graph family G, defined on acommon vertex set V,let Vi (G) = {u : u € V7 (G),u €
Vi (G’) for some G, G’ € G}. Moreover, for a family H composed by k, non-trivial
graphs on a common vertex set V', let 31 () be the set of simultaneous adjacency
bases B of H satisfying B ¢ Ny (v) for every H € H and every v € V', and let
B> (H) be the set of simultaneous adjacency bases of H that are also dominating sets
of every H € H. Finally, we define the parameter

¢(H) = min { k2, min {|B> — By}
B1eB|(H)
BreBy(H)

With these definitions in mind, we give the next result.

Theorem 12 Let G = {G1, Ga, ..., G, } be a family of connected graphs on a com-
mon vertex set Vi, let H = {Hy, Ha, ..., Hy,} be a family of non-trivial graphs,
defined on a common vertex set Vo, such that B (H) and B> (H) are not empty, and
let H={Hy, Hy, ..., Hi, ). If Vi (G) = B or B1(H) N Ba(H) # B, then

Sd(G o H) = Sd(G o H) = |Vi| - Sda(H). )
Otherwise,

Vil - Sda(H) + Vi (9)] = Sd(G o H)
=Sd(GoH) < [Vi] - Sda(H) + ¢ (H) - V(9. (3)

Proof We first assume that Vj;(G) = @. By Theorem 11, we have that Sd(G o H) >
[Vi]-Sd4 (H). Thus, it only remains to prove that Sd(G o H) < |Vi]|-Sd4 (H). To this
end, consider the partition { V], V|"} of Vi, where V| = {u : u € V7 (G) for some G €
G}, and a pair of simultaneous adjacency bases By € B (H) and B> € B,(H). Consider
the set

S = (V{ x B)) U(V{ x By).

It was shown in [12] that a set constructed in this manner, considering G = {G} and
‘H = {H}, is ametric generator for G o H. Following an analogous reasoning, we shall
deduce that S is also a metric generator forevery GoH € GoH, and thus a simultaneous
metric generator for GoH. For the sake of thoroughness of our discussion, we elaborate
the four cases for two different vertices (u;, v,), (u;, vg) € V(G o H) — §:
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1. i = j.Inthis case, r # s. Let R; = {u;} x V5. Since S N R; = {u;} x B; or
SN R; = {u;} x By and both By and B; are adjacency generators for H, there
exists v € By suchthatdy 2 (v, v,) # du 2(v, vy), or there exists v € By such that
da2(,v.) # du2(v, vs). Since for every (u;, v,), (i, vs) € R; we have that
dGor2((u;, vr), (Ui, vs)) = du2(vr, vs), we conclude that at least one element
from S distinguishes (u;, v,-) and (u;, vg).

2.1 # jand u;, u; are true twins. Here, since B; Q Ny (v,), there exists v € Bj
such that dg 2 (v, v) = 2. Thus, dgon 2((ui, vr), (Ui, v)) = du2(vr,v) =2 #
1 =dga(uj,ui) =dcon2((uj, vy), (Ui, v)).

3. i # jandu;, u; are false twins. Here, since B, is adominating setof /, there exists
v € Bysuchthatdy 2 (vr, v) = 1. Thus, dGgom 2((U;, vr), (ui, v)) =du2(vy, V) =
1 #2=dgo(uj,u;) =dgon2((uj, vy), (u;, v)).

4. i # jandu;, u; are not twins. Here, there exists u, € Vi such thatdg > (u;, u;) #
dgo(uj,uz). Since S N R, # @, we have that dgog2((u;, v,), (uz,v)) =
dgo(ui,uz) #dg2(uj, uz) = dcon2((uj, vs), (uz, v)) for every (uz, v) € S.

Therefore, S is a metric generator for every G o H € G o H and, in consequence, a
simultaneous metric generator for G o H. Hence, SA(G o H) < |S| = | V1| - Sda(H)
and the equality holds.

We now address the proof of Sd(G o H) = | V1| - Sd4(H). As pointed out in [12],
B is a dominating set of every ‘H € H and B, satisfies B> Q Nz (v) for every
H € H and every v € V5. Since Sda(H) = Sda(H), by exchanging the roles
of By and B; and proceeding in a manner analogous to the one used for proving that
Sd(Go™H) < |V1]-Sd 4 (H), we obtain that SdA(GoH) < |V;|-Sda(H) = |Vi|-Sda(H).
Since SA(GoH) > |Vi|-Sda(H) = |Vi|-Sd 4 (H) by Theorem 11, the equality holds.

From now on, we assume that V3 (G) # @ and B;(H) N By(H) # @. Consider
a simultaneous adjacency basis B € B1(H) N By(H). By a reasoning analogous to
the one previously shown, we have that the set S = V| x B is a metric generator for
every Go H € GoH and every G o H € G o H. Consequently, S is a simultaneous
metric generator for G o H and G o H, so SA(G o H) < |S| = |Vi| - Sd4(H) and
Sd(G o H) < |S| = |Vi| - Sda(H). By Theorem 11, SA(G o H) > | V| - Sd4(H) and
Sd(G o H) > |Vi| - Sd4(H), so the equalities hold.

From now on, we assume that Vy;(G) # @ and Bi(H) N By(H) = @. Let B
be a simultaneous metric basis of G o H and let B, = B N ({u,} x V) for some
u, € Vi. Recall that, as shown in the proof of Theorem 11, the projection of B}, onto
V, is a simultaneous adjacency generator for H. Let B;, be the projection onto V»
of some B, such that u, € Vy(G). Suppose, for the purpose of contradiction, that
|B;| = Sda(H). Let G € G be a graph where u, € Vr(G) and let G’ € G be a
graph where u, € Vp(G’). We have that there exists v € V> — B; such that either
B;, C Ny (v) for some H' € H or B;j N Ny (v) = ¥ for some H” € H. In the first
case, no vertex (x, y) € B distinguishes in G o H’ the vertex (up,, v) from any vertex
(us, w) such that u,, and u, are true twins in G, whereas in the second case, no vertex
(x, y) € B distinguishes in G’ o H" the vertex (up, v) from any vertex (u s, w) such
that u,, and u ; are false twins in G’. In either case, we have a contradiction with the
fact that B is a simultaneous metric basis of G o ‘H. Thus, for every u, € Vy(G), we
have that |B,| = |B;,| > Sd4(H) + 1. In conclusion,
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Bl= > B+ > Byl

upeVi—Vy(9) upeVu(9)
D SdaM+ D (SdaH)+ 1)
upeVi—=Vyu(9) upeVy (9)
Vi = V(G| - Sda(H) + [Vm(G)] - (Sda(H) + 1)
= |Vi|-Sda(H) + |V (9.

Sd(G o H)

v

In order to prove the upper bound, consider the partition {Vy(G), V|, V{'} of
Vi, where V| = {u : u € Vr(G)forsome G € G}. Since Bi(H) and B, (H)
are disjoint, for any B; € Bi(H) and By € By(H), there exist up to ky vertices

Vpis Upys -+ Up, € Vo — By such that By N Ny (vp;) = ¥ for some H € ‘H and up
to kp vertices vy, , Vg, , . .., Vg, € V2 — By such that By C Ny (vg,;) for some H € H.
We define the sets B] = By U{vp,, Up,, ..., vp }and B = By U{vg,, vy, ..., Vg, }s

which are simultaneous adjacency generators for H that are also dominating sets of
every H € H and satisfy B| Ny (w) and B} ¢ Ny (w) for every w € V; and every
H e H.

Consider one By € B;(H) such that |B{| is minimum and any By € By(H). We
define the set §; = (V{ x By) U (V" x By) U (Vi (G) x Bj). Likewise, consider
one By € Ba(H) such that | B}| is minimum and any By € B (H). We define the set
Sy = (V| x B))U(V{" x B2) U(Vy(G) x Bj). Finally, consider a pair of simultaneous
adjacency bases By € Bi(H) and B, € By(H) such that |B; U B;| is minimum.
As |B1| = |Ba|, we have that |B, — Bi| = |B; — B>| and is also minimum. We
define the set S3 = (V| x By) U (V' x By) U (Vi (G) x (B1 U By)). Now, recall
that for every G € G the sets S = (V7 (G) x By) U (V1 — V7 (G)) x By) and §' =
(V1 = Vr(G)) x B1) U(VE(G) x By) are metric generators forevery Go H € GoH.
Clearly, S C Sj or 8’ C S;, whereas S € S, or§’ € Sy, and S C S 0r 8’ € S3, 50
we have that S1, S> and S3 are simultaneous metric generators for G o H. Thus,

Sd(G o H) < min{|Sy], [S21, |S3]}
=|Vi = Vu(G)| - Sda(H)

+|Vu(@)|-min { min_ {|Bj]}, min {|By|}, min {|B; U B[}
Bi1eBi(H) BreBy(H) Bi1eB(H)
ByeB)(H)

= Vi = Vu(@I-Sda(H) + [V (9| - (Sda(H) + ¢ (H))
= Vil - Sda(H) + ¢(H) - [Vm (9.

As in the previous cases, by exchanging the roles of 31 and B, for 7 and proceeding
in an analogous manner as above, we obtain that

Vil - Sda(H) + VM (9] < Sd(G o H) < [Vi| - Sda(H) + ¢ (H) - [V (9)].
The proof is thus complete.
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We now analyse the different cases described in Theorem 12. First, note that if
¢(H) = 1,then Eq. 3 becomes an equality. In particular, { (H) = 1 forevery H = {H}.
Additionally, if there exists a simultaneous adjacency basis B € B (H) such that one
vertex v € Vo — By satisfies By N Ny (v) = @ forevery H € H,then ¢{(H) = 1. Inan
analogous manner, if there exists a simultaneous adjacency basis By € By (H) such
that one vertex v € Vo — By satisfies By € Ny (v) forevery H € 'H, then {(H) = 1.
Finally, if there exist two simultaneous adjacency bases B; € B1(H) and By € By (H)
such that |By U Bo| = Sds(H) + 1, then ¢ (H) = 1.

Next, we discuss Eq. 2. First, note that V3 ({G}) = ¢ for every graph G. Now,
we analyse several non-trivial conditions under which a graph family G composed by
connected graphs on a common vertex set satisfies V37 (G) = @. Consider two vertices
u and v that are true twins in some graph G, and a vertex x € V(G) — {u, v} such that
x ~ uandx ~ v. We have that ({u, v, x})g = C3. This fact allows us to characterize a
large number of families composed by true-twins-free graphs, for which Vj/(G) = .

Remark 8 Let G be a graph family on a common vertex set, such that every G € G is
a tree or satisfies g(G) > 4. Then, Vi (G) = 0.

In particular, for families composed by path or cycle graphs of order greater than or
equal to four, not only all members are true-twins-free, but they are also false-twins-
free. Moreover, families composed by hypercubes of degree r > 2 satisfy that all their
members have girth four.

We now study the behaviour of Vy;(H) for H € Gp(G), where B is an adjacency
basis of G.

Remark 9 For every adjacency basis B of a graph G, and every family H € Gp(G),
Vu(H) = 0.

Proof Let B be an adjacency basis of G. Consider a pair of vertices x, y € B. By the
construction of Gp(G), we have that in every H € H either x and y are true twins,
or they are false twins, or they are not twins. Moreover, since B is a simultaneous
adjacency generator for H, no pair of vertices x, y € V(G) — B are twins in any
H € 'H. Finally, consider two vertices x € B and y € V(G) — B. If there exist graphs
Hy, Hy, ..., H, € H where Ng;(x) = Ny, (y),i € {1, ..., k}, we have that, by the

construction of Gp(G), either x ~ y inevery H;, i € {1,...,k}, or x ~ y in every
H;,i € {1,...,k}. Hence, x and y are true twins in every H;,i € {1, ..., k}, or they
are false twins in every H;,i € {1, ..., k}. In consequence, Vy/(H) = 0.

We now discuss several cases where a graph family H satisfies B (H)NBy(H) # 0.
First, we introduce an auxiliary result.

Lemma 2 Let P, and C, be a path and a cycle graph of ordern > 7. Ifn mod 5 €
{0, 2, 4}, then there exist adjacency bases of P, and C, that are dominating sets.

Proof In C,,, consider the path v;v;4+1v;4+2v;4+3vi44, Where the subscripts are taken
modulo n, and an adjacency basis B. If v;,vi;o» € B and vi41 ¢ B, then {v;;1}
is said to be a 1-gap of B. Likewise, if v;, v;43 € B and v;jy1,vi42 ¢ B, then
{vit1, viy2} is said to be a 2-gap of B and if v;, viy4 € B and vj4+1, vi42, vi13 ¢ B,
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then {v; 41, vit2, vi+3} is said to be a 3-gap of B. Since B is an adjacency basis of C,,,
it has no gaps of size 4 or larger and it has at most one 3-gap. Moreover, every 2- or
3-gap must be neighboured by two 1-gaps and the number of gaps of either size is at
most dimy4 (C,). We now differentiate the following cases for Cj,:

1. n = 5k, k > 2. In this case, dim4(C,,) = 2k and n — dim4(C,,) = 3k. Since
any 2-gap must be neighboured by two 1-gaps, any adjacency basis has at most k
2-gaps. Any set B having exactly k 2-gaps and exactly k 1-gaps is an adjacency
basis of Cy;, as |B| > 2k = dim4(C,) and |(N¢, (x) N B)V(Nc,(y) N B)| > 1 for
any pair of different vertices x, y € V(C,) — B. Since the number of vertices of
V(C,) — B belonging to a 1- or 2-gap is 3k = n — | B|, we deduce that B has no
3-gaps, i.e. it is a dominating set.

2. n=5k+2,k > 1.Inthis case, dim4 (C,) = 2k+1andn —dima(C,) = 3k + 1.
As in the previous case, any adjacency basis has at most k 2-gaps. Moreover, any
set B having exactly k 2-gaps and exactly k 4+ 1 1-gaps is an adjacency basis
of C,, and the number of vertices of V(C,) — B belonging to a 1- or 2-gap is
3k 4+ 1 =n —|B|, so B has no 3-gaps, i.e. it is a dominating set.

3. n=5k+4,k > 1.Inthis case, dim4 (C,) = 2k+2andn —dima (C,) = 3k + 2.
Assume that some adjacency basis B has k+ 1 2-gaps. Then, B would have at least
k + 1 1-gaps, making |V (C,) — B| > 3k + 3, which is a contradiction. So, any
adjacency basis has at most k 2-gaps. As in the previous cases, any set B having
exactly k 2-gaps and exactly k + 2 1-gaps is an adjacency basis of C,, and the
number of vertices of V(C,) — B belonging to a 1- or 2-gapis 3k +2 = n — | B|,
so B has no 3-gaps, i.e. it is a dominating set.

By the set of cases above, the result holds for C,,.

Now consider the path P,, where n mod 5 € {0, 2,4}, and let C;l be the cycle
obtained from P, by joining its leaves v; and v, by an edge. Let B be an adjacency basis
of C}, which is also a dominating set and satisfies vy, v, ¢ B (atleastone such B exists).
We have thatevery u € B and every v € V(P,) — B satisty dc; 2(u, v) = dp, 2(u, v),
so B is also an adjacency basis and a dominating set of P,,.

The following results hold.

Remark 10 Let P, be a path graph of order n > 7, where n mod 5 € {0, 2,4}, and
let C,, be the cycle graph obtained from P, by joining its leaves by an edge. Let B be
an adjacency basis of P, and C,, which is also a dominating set of both. Then, every
H C Gp(P,) UGp(Cy) such that P, € H or C, € H satisfies B (H) N By(H) # @.

Proof The existence of B is a consequence of Lemma 2. Since P, € Hor C, € 'H,we
have that B is a simultaneous adjacency basis of H.Let V = V(P,) = V(C,). By the
definition of Gg, we have that (J,.g Nu(v) = J,epNp,(v) =V or J,cgNu(v) =
UyepNc, (v) = V for every H € H, so B is a dominating set of every H € H.
Moreover, by Lemma 1, we have that B ¢ Np, (v) and B ¢ Nc, (v) forevery v € V.
Furthermore, by the definition of Gp, we have that B N Ng(v) = B N Np,(v) or
BN Np(w) =BNNc,(v) forevery H € Handeveryv € V,so B ;(_ Ny (v) for
every H € H and every v € V. In consequence, B € B1(H) N B2(H), so the result
holds.
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The following result is a direct consequence of Theorem 12 and Remark 10.

Proposition 4 Let G be a family of connected graphs on a common vertex set V,
let P, be a path graph of order n > 7, where n mod 5 € {0,2,4}, and let C,
be the cycle graph obtained from P, by joining its leaves by an edge. Let B be an
adjacency basis of P, and C, which is also a dominating set of both. Then, for every
H € Gp(P,) UGg(Cy) such that P, € H or C, € H,

SAGoH) = |V - V’HJ.

5

Remark 11 Let H be a graph family on a common vertex set V of cardinality |V | > 7
such that every H € H satisfies D(H) > 6, or g(H) > 5 and §(H) > 3, or it is
a cycle graph. Let H’ be a graph family on a common vertex set V' of cardinality
|V'| > 7 satisfying the same conditions as . Then, Bi(H +H') N Bo(H+H') # 0.

Proof As we discussed in the proof of Theorem 6, there exists a simultaneous metric
basis B of H + H’, which is also a simultaneous adjacency basis, such that the sets
W =BNVand W = BNV’ satisfy W ¢ Ny (v) forevery H € Handeveryv € V,
and W' ¢ Ny(w) for every H' € H' and every w € V’. In consequence, we have
that B ¢ Ny (v) forevery H + H' € H + H' and every v € V U V'. Moreover,
every vertex in V is dominated by every vertex in W', whereas every vertex in V' is
dominated by every vertex in W, so B is a dominating set forevery H + H' € H+H'.
In consequence, B € Bi(H + H') N By(H + H'), so the result holds.

By an analogous reasoning, Theorems 2 and 6 lead to the next result.

Remark 12 Let H be a graph of order n which satisfies D(H) > 6, or g(H) > 5 and
8(H) > 3, oritis a cycle graph with n > 7. Let H' be a graph satisfying the same
conditions as H. Let B and B’ be adjacency bases of H and H’, respectively. Then,
any pair of families H € Gg(H) and H' € Gp/(H') such that H € H and H' € H’
satisfies Bi(H +H) N By(H +H') # .

The two following results are direct consequences of Theorem 12 and Remarks 11
and 12.

Proposition 5 Let G be a family of connected graphs on a common vertex set V. Let
'H be a graph family on a common vertex set V> of cardinality | V2| > 7 such that every
H € 'H satisfies D(H) > 6, or g(H) > 5 and §(H) > 3, oritis a cycle graph. Let
H' be a graph family on a common vertex set V, of cardinality |V,| > 7 satisfying the
same conditions as H. Then,

SA(G o (H+ M) = |Vi| - Sda(H) + V1] - Sda(H).
Proposition 6 Let G be a family of connected graphs on a common vertex set V. Let

H be a graph of order n which satisfies D(H) > 6, or g(H) > 5and 6(H) > 3, or
it is a cycle graph with n > 7. Let H' be a graph satisfying the same conditions as
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H. Let B and B’ be adjacency bases of H and H', respectively. Then, for any pair of
families H € Gg(H) and H' € Gp/(H') such that H € H and H' € 'H’,

Sd(Go (H+H")) = |V|-dims(H) + |V|-dima(H").

We now analyse several conditions under which a graph family G composed by
connected graphs on a common vertex set satisfies Vs (G) # ¥ and, in some cases, we
exactly determine the value of V), (G). It is simple to see that any graph of the form
K, + G,t > 2, satisfies V(K;) € v* for some v* € T(K; + G). Likewise, any graph
of the form N; + G, t > 2, satisfies V(N;) C v* for some v* € F(N;+ G). Moreover,
any complete graph K, n > 2, satisfies T(G) = {V(K},)}. The next results are direct
consequences of these facts.

Remark 13 LetG = {G1, Gy, ..., G} be a family of connected graphs on a common
vertex set V such that, for some i € {1, ..., k}, G; = N; + G’, where N; is an empty
graph on the vertex set V' C V, |V/| = 2, and G’ = (V — V’/, E’). If, for some
je{l,....k} —{i}, G; = K; + G”, where K, is a complete graph on the vertex set
V' and G” = (V — V', E”), then Vy(G) # 0.

Corollary 10 Let G = {Gy, Ga, ..., Gi} be a family composed by path or cycle
graphs on a common vertex set Vi of sizen > 4, and let {K;, N;} be a family composed
by a complete and an empty graph on a common vertex set V, of sizet > 2. Then
everyH C{N;+ G, N;+G»y,...,Ne+ Gy}, H#@, and every H' C {K, 4, K; +
G,K:+Go,...,K;+ Gy}, H # 0, satisfy Vy(HUH') = V5.

We now analyse cases of families containing a graph and its complement.

Remark 14 Let G be a connected graph such that |T(G)| > 1 or |F(G)| > 1, and G
is connected. Then any family G composed by connected graphs on a common vertex
set such that G € G and G € G satisfies Vi (G) # 0.

Proof First assume that |7(G)| > 1. Consider a true twin equivalence class v{ =
{vi, v2, ..., v} € T(G).Forevery pair of vertices v;, v; € vi‘,we have that Ng(v;) =
Ng(vj) and v; ~& v;. In consequence, vi‘ is a false twin equivalence class of G.
Now assume that |F(G)| > 1 and consider a false twin equivalence class wj =
{wi, w2, ..., wyr} € F(G). For every pair of vertices w;, w; e_w’l“, we have that
Nglw;] = Nglw;], so wi is a true twin equivalence class of G. In consequence,
Vr(G) U VE(G) C Vy(G), so the result follows.

Corollary 11 For every connected graph G such that G is connected,
Vu({G, G}) = Vr(G) U Vi (G).
Finally, we analyse some examples of families H satisfying B (H) N B (H) = @.
Consider the family Hs = {Ps, Cs}, where V(Ps) = V(Cs) = {v1, va, v3, v4,

vs}, E(Ps) = {viva, v2v3, v3v4, v4vs} and E(Cs) = E(Ps) U {vjvs}. We have
that Bi(Hs) = {{vi,vs}, {v2, v3}, {v3,v4}} and B2(Hs5) = {{v2, v4}}, that is
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Fig.4 Forn>17,n
mod 5 € {0, 2, 4}, every vy v3 vy vs vg
non-empty subfamily H of the

family HY = (H\, Hy, Hs. " "
Hy} satisfies By (H) N By (H)
=Pand¢(H) =1
Un+1
Un+2 Un+4
Un+3
Vn4s Vn+6

Bi(Hs) N Ba(Hs) = @. Likewise, Bi({Ps}) = {{v1, vs}, {v2, v3}, {v3, v4}} and
By({Ps}) = {{v2,va}}, ie. Bi({Ps}) N Ba({Ps}) = ¢; whereas Bi({Cs}) =
{{vi, va}, {v1, vs}, {v2, v3}, {v3, va}, {v4, vs}} and Bo({Cs}) = {{v1, v3}, {v1, v},
{va, v4}, {v2, s}, {v3, vs}},ie. B1({Cs}) NB2({Cs}) = @. Moreover, the vertex v3 sat-
isfies {v2, v4} € Npg(v3) and {v2, v4} € N¢s(v3), so {(H) = 1 for every non-empty
subfamily H € Hs.

Additionally, consider the family HS}) = {Hy, H», H3, H4} depicted in Fig. 4.
Hé’}) is defined on the common vertex set V. = {vy, ..., Uy, Upt1, .-, Upt6}, 1 >
7,n mod 5 € {0, 2,4}, and the dashed lines in the figure indicate that H; differs
from Hj; in the fact of containing, or not, each one of the edges viv, and v,120,44.
Let Vi = {v1,...,v,} and Vo = {v,41, ..., Unte}. We have that, for every H €
Hg?, (Vi) £ P, or (V1)g = C,. In consequence, for every non-empty subfamily
H < H, we have that Sd(H) = dima(P,) + 2 = dims(Cy) + 2, and every
simultaneous adjacency basis B has the form B = B’ U X, where X C V; and B’ is
a simultaneous adjacency basis of H' = {{V|)y : H € H}. Moreover, we have that
Bi(H) = {B’ U X}, where B’ is a simultaneous adjacency basis of 7{’ that is also a
dominating set of every H' € H' (Lemma 2, and the fact that two graphs in H’ differ
at most in the fact of containing, or not, the edge v v,, guarantee the existence of such
B’y and X € {{va12, Uns3} {Vns3, Vngalds {Uag3s Ungs) (Vns3, Vnge)s {Ungs, Unpe})
Finally, Bo(H) = {B’ U {v,12, vy14}}, where B’ is a simultaneous adjacency basis
of H' that is also a dominating set of every H' € H'. Clearly, By (H) N By(H) = @.
Moreover, for every B € B (H), the vertex v, satisfies B € N (v,+1) for every
HeH,s0¢(H) = 1.

The aforementioned facts, along with Corollaries 10 and 11, allows us to obtain
examples where Eq. 3 becomes an equality.

Proposition 7 Let G = {G, G2, ..., Gy} be a family composed by path or cycle
graphs on a common vertex set V| of size p > 4, and let {K;, N;} be a family
composed by a complete and an empty graph on a common vertex set V of sizet > 2.
Let G C {N;+ G, Ny +Go,...,N, + Gy}, G # 0, and let G C {K,4¢, K; +
G,K;+Gs,...,K,+ G}, G" # (. Then, the following assertions hold:
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(i) For every non-empty subfamily H C Hs,
SA((G" UG o H) = [V U Va| - Sda(H) + |V (G UG =2p + 3t.

(ii) For every n > 7, where n mod 5 € {0, 2, 4}, and every non-empty subfamily
(n)
H g Hex )

Sd((G"'UG") o H) = Vi U V2| - Sda(H) + [Vm(G' UG

= (P+t)-({2n5+2J +2)+t.

Proposition 8 Let G be a connected graph of order q such that G is connected. Then,
the following assertions hold.:

(1) For every non-empty subfamily H € Hs,
SA({G, Gy o H) = q - Sda(H) + [V ({G. G| = 2q + |V7(G)| + | VF(G)|.

(ii) For everyn > 7, where n mod 5 € {0, 2, 4}, and every non-empty subfamily
HCHE,
Sd({G, G} o H) = q - Sda(H) + |Vu({G, G})|

2n +2
=q- (L 5 J +2) +1Vr (G| + |VF(G)|.

The previous examples additionally show that the bounds of Eq. 3 are tight. In
general, the upper bound is reached when min{|S1|, [S2], |S3]} = |S3] or when for
every By € B (H) there exist exactly k vertices vy, Up,, ..., Vp, € Vo — By such
that BN Ny (vp,) = ¥ forsome H € 'H and for every B, € B, (H) there exist exactly
ka vertices vy, Vg, ..., Vg, € V2 — By such that By € Ny (vy,) for some H € H.

In order to present our next results, we introduce some additional definitions. For
a family H of non-trivial graphs on a common vertex set V, and a simultaneous
adjacency basis B € B(H), consider the sets

P(B)={veV: BC Ng(v) forsome H € H}
and
OB)={veV: BNNg() = forsome H € H}.
Based on the definitions of P(B) and Q(B), we define the parameter

§(G,’H)= min {|P(B)|(Vr(G)|—ITG)])+|QB)(VF(G)|—[F(G)}.
BeB(H)

Finally, for a graph G, let V7.(G) = U «c7(G)(v* — {v}) be the set composed by
all vertices, except one, from every true twin equivalence class of G. Likewise, let

@ Springer



2118 Graphs and Combinatorics (2016) 32:2093-2120

V}(G) = UU* c F(G)(v* — {v}) be the set composed by all vertices, except one, from
every false twin equivalence class of G. For convenience, we will assume without loss
of generality that for every graph G a fixed vertex will always be the one excluded
from every true or false twin equivalence class when constructing V7.(G) or V;.(G),
respectively. With these definitions in mind, we give our next result.

Theorem 13 Let G be a connected graph of order n and let H = {H1, Ha, ..., Hi}
be a family of non-trivial graphs on a common vertex set Va. If for every simultaneous
adjacency basis B of H there exists H € H where one vertex v satisfies B C Ng (v),
or there exists H' € 'H for which B is not a dominating set, then

n-Sda(H) <Sd(GoH) <n-Sds(H) +&(G, H).

Proof SA(G o 'H) > n - Sd4(H) by Theorem 11, so we only need to prove that
Sd(G oH) <n-Sda(H) + &(G, 'H). Let B be a simultaneous adjacency basis of H
for which £(G, H) is obtained. We differentiate the following cases for every graph
H,' e H:

1. There exist wi, wy € V2 such that B C Ny, (wy) and B N Ny, (wp) = . In this
case, we define the set S; = (V(G) x B) U (V.(G) x {w1}) U (VL(G) x {w2}).

2. There exists wi € V; such that B C Ng;(w;) and there exists no vertex x € V»
such that B N Ny, (x) = @. In this case, we define the set S; = (V(G) x B) U
(VA(G) x {wr)).

3. There exists wp € V; such that B N Ny, (w2) = @ and there exists no vertex
x € Vp such that B € Ny, (x). In this case, we define the set S; = (V(G) x B)U
(Ve(G) x {wn}).

4. There exists no vertex x € V» such that B € Ng,(x) or BN Ny, (x) = . In this
case, we define the set S; = V(G) x B.

For cases 1, 2 and 3, it is shown in [12] that the corresponding set S; is a metric
generator for G o H;. Moreover, as we discussed in the proof of Theorem 12, in
case 4 the corresponding set S; is a metric generator for G o H;. In consequence,
the set S = (J;-;—; Si is a simultaneous metric generator for G o H. Therefore,
SA(G o H) < |S| =n-Sda(H) + £(G, H), so the result holds.

The bounds of the inequalities in Theorem 13 are tight. As pointed out in [12], a
twins-free graph G satisfies 7(G) = Vr(G) = F(G) = Vr(G) = @. In consequence,
&£(G,H) = 0 for any twins-free graph G and any graph family H, so Theorem 13
leads to the next result.

Proposition 9 Let G be a twins-free connected graph of order n, and let H be a family
of non-trivial graphs on a common vertex set. Then,

SA(GoH) =n-Sds(H).
Recall the families /C(V) of star graphs defined in Sect. 2. The following result is

an example of a family for which the upper bound of the inequalities of Theorem 13
is reached.
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Proposition 10 For every finite set V of size |V| > 4, Sd(P, o K(V)) =2 |V | — 1.

Proof By Corollary 2, every simultaneous adjacency basis B of KC(V') has the form
V—{vilie{l,....|VI}.InK] , ,,wehavethat B C NK{ 71(v,-),so$(P2, KW)) =
1. Thus, SA(Py o (V) < 2-Sda(K(V) +1 =2- |V| — 1. Additionally, since
PyoH = H+ H forany graph H, we have that Sd(P>o/C(V)) = SA(KC(V)+K(V)) >
2-Sds(KC(V))+1=2-|V|—1by Theorem 8, so the equality holds.

As we did for join graphs, now we define large families composed by subgraphs of
a lexicographic product graph G o H, which may be seen as the result of a relaxation
of the lexicographic product operation, in the sense that not every pair of nodes from
two copies of the second factor corresponding to adjacent vertices of the first factor
must be linked by an edge. Since for any adjacency basis B of G o H, the family R p
defined in the next result is a subfamily of Gp (G o H), the result follows directly from
Theorem 2.

Corollary 12 Let G be a connected graph of order n, let H be a non-trivial graph and
let B be an adjacency basis of G o H. Let E' = {(u;, uj)(up,ug) € E(GoH): i #
r,(ui,uj) ¢ B, (ur,us) ¢ B} and let Rp = {(R1, Ry, ..., R} be a graph family,
defined on the common vertex set V(G o H), such that, for everyl € {1,...,k},
E(R)) = E(G o H) — E|, for some edge subset E; C E'. Then,

Sd(Rp) < dim(G o H).

5 Concluding Remarks

In this paper we introduced the notion of simultaneous adjacency dimension of graph
families. We studied its properties, as well as its relationship to the simultaneous
metric dimension. In particular, we obtained the exact value, or sharp bounds, for this
parameter on some families. Additionally, we showed how, given an adjacency basis
B of a graph, large graph families can be constructed having B as a simultaneous
adjacency basis.

The simultaneous adjacency dimension proved useful for studying the simultaneous
metric dimension of families composed by lexicographic product graphs. From a
general definition of lexicographic product, we focused on two particular cases, namely
join graphs and standard lexicographic product graphs. We obtained relations between
the simultaneous metric dimension of families composed by lexicographic product
graphs and the simultaneous adjacency dimension of families composed by the second
factors. In several cases, these relations allowed us to obtain the exact value of the
simultaneous metric dimension for a large number of graph families composed by
lexicographic product graphs.
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