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Abstract In this paper, we give necessary and sufficient conditions for the existence
of large sets of almost Hamilton cycle decompositions of LK, ,. We also give neces-
sary and sufficient conditions for the existence of large sets of almost Hamilton path
decompositions of LK}, ;.
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1 Introduction

For a graph G, denote the vertex set and the edge set of G by V(G) and E(G), respec-

tively. A k-cycle (x1, x2, . .., xx) is a graph with k distinct vertices x1, x3, ..., X and
k edges {xl, xz}, ey {xk_l , xk}, {xk, xl}. Ak-path [X1, % xk+1] is agraphwith
k+1distinct vertices x1, x2, . .., X4+ andkedges {x1, x2}, . . ., {xx—1, xx}, {xXk, Xx+1}-
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A k-cycle (resp. k-path) decomposition of G is a partition of E (G) into k-cycles (resp.
k-paths). A |V (G)|-cycle of G is called a Hamilton cycle. A (|V(G)| — 1)-cycle
of G is called an almost Hamilton cycle. The corresponding cycle decompositions
are called Hamilton cycle decomposition and almost Hamilton cycle decomposition,
respectively. A (|V(G)| — 1)-path of G is called a Hamilton path. A (|V (G)| — 2)-path
of G is called an almost Hamilton path. The corresponding path decompositions are
called Hamilton path decomposition and almost Hamilton path decomposition, respec-
tively. In a decomposition, the cycles or paths are called blocks of the decomposition.
A decomposition is said to be simple if it contains no repeated blocks.

Throughout this paper, let A K, be the complete multigraph of order v in which each
edge has multiplicity A, and let AK, , be the complete bipartite multigraph with two
partite sets X = Z,,, Y = Zn having m and n vertices, respectively, in which each
edge has multiplicity A. We regard that the elements in Z,, are different from those
inZ,,ie.i # jfori € Zy,j € Z,. ] is not a conjugate of j. It is only a symbol
distinguished from j. Without loss of generality, we suppose m > n in AK,, ,. In this
paper, we use the convention that if A is not specified, then A = 1. Itis easy to see that,

if there exists a Hamilton cycle in K,,, ,, then m = n;

if there exists a Hamilton path in K, , thenm =n orn + 1;

if there exists an almost Hamilton cycle in K,, , then m = n + 1;

if there exists an almost Hamilton path in K, , thenm =norn 4 1orn 4 2.

Before we define large sets of cycle and path decompositions, we give a careful and
precise explanation of what is meant by the set of all k-cycles (resp. k-paths) in a graph
G . For a non-simple graph G, each edge in G has an associated pair of vertices called
its endpoints. The set containing the two endpoints of an edge is different from the edge
itself, because non-simple graphs may contain distinct edges with the same endpoints.
But throughout this paper, two cycles (resp. paths) when one can be obtained from
the other by replacing edges with edges having the same endpoints, will be regarded
as the same cycle (resp. path). For example, there is only one Hamilton cycle in 2K3.
The set of all Hamilton cycles in 2K3 only contains one Hamilton cycle.

A large set of k-cycle decompositions of AK, (resp. AK,, ) is a partition of
all k-cycles in K, (resp. K,, ») into k-cycle decompositions of AK, (resp. AK, ).
A large set of k-path decompositions of LK, (resp. LK}, ,) is a partition of all k-paths
in K, (resp. K;,.,) into k-path decompositions of LK, (resp. AK, ,). It is easy to see
that every decomposition is simple in a large set.

There are many results regarding the existence of large sets of k-cycle decomposi-
tions and k-path decompositions. Necessary and sufficient conditions for the existence
of large sets of 3-cycle decompositions of K, have been given by Lu [5] and Teirlinck
[6,7], i.e., large sets of Steiner triple systems. In [1,9], necessary and sufficient con-
ditions for the existence of large sets of Hamilton cycle and path decompositions of
LK, have been given. In Kang and Zhang [3] solved the existence problem for large
sets of 2-path decompositions of LK. In Zhang [8] obtained a general result by using
the finite fields, that is, if ¢ > k > 2 is an odd prime power, then there exists a large
set of (k — 1)-path decomposition of (k — 1) K,;. We have proved that there exists a
large set of almost Hamilton cycle decomposition of 2K, for any v = 0, 1 (mod 4)
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except v = 5 in Zhao and Kang [10]. In Zhao and Kang [4,11], we determined the
spectra for large sets of Hamilton cycle and path decompositions of AK;, ;.

In this paper, we give necessary and sufficient conditions for the existence of large
sets of almost Hamilton cycle decompositions of AK), ,. We also give necessary and
sufficient conditions for the existence of large sets of almost Hamilton path decompo-
sitions of AK, ,,. The existence of large sets of almost Hamilton path decompositions
of AK,, , form =n + 1, n + 2 is remained to be an open problem.

2 Small Designs

Denote an almost Hamilton cycle decomposition of AK,, , and a large set of
such decomposition by AHC(m, n, A) and LAHC(m, n, 1), respectively. Denote an
almost Hamilton path decomposition of AK,, , and a large set of such decomposi-
tion by AHP(m, n, A) and LAHP(m, n, A), respectively. In the following sections,
(Zw\J Z,, A) denotes an AHC(m, n, A) or an AHP(m, n, A).

An AHC(n + 1, n, 1) consists of W = w almost Hamilton cycles. And,
if there exists an AHC(n + 1, n, A) then 2|An and 2|A(n + 1). Hence, if there exists
an AHC(n + 1, n, A) then 2| .

Lemma 1 There exists an AHC(n + 1,n, A) for A = 2x, where n and x are any
positive integers.

Proof Define the collection A of the following n + 1 almost Hamilton cycles

Ci=00,i+11,....i+n—-1,n—-1),0<i <n,

where addition is modulo n+ 1. It is easy to verify that (Z,4+1 |J Z,, A isan AHC(n+
1, n, 2). Repeating every C; x times, we obtain an AHC(n + 1, n, ). 0O

An AHP(n, n, \) consists of 2(%_21) blocks. Hence,

if there exists an AHP(n, n, 1), then n is even, n > 2 and (n — 1)|A, or n is odd,
n>3and2(n — 1)|A.

Lemma 2 There exists an AHP(n, n, A) for n = 2k, A, = (2k — 1)x, where k and x
are any positive integers.

Proof Define the collection A of the following 2k? almost Hamilton paths
Py = [s,s+2l,s+l,s+21+1,...,s+2m—2,s+2l+2k—2,s+2k—1],

0<s<2k—1,0<I<k—1,

where addition is modulo 2k. It is easy to verify that (Z,|J Z,, A) is an
AHP(n, n, 2k — 1). Repeating every P ; x times, we obtain an AHP(n, n, 1). O

Lemma 3 There exists an AHP(n, n, }) forn = 2k + 1, A = 4kx, where k and x are
any positive integers.
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Proof Define the collection A of the following (2k + 1)? almost Hamilton paths

PSJ:[S,Z,s+1,l+1,...,s+2m—1,l+2k—1,s—|—2k],
0<s<2k 0<I<2k

where addition is modulo 2k + 1. It is easy to verify that (Z, U?n, A) is an
AHP(n, n, 4k). Repeating every Ps; x times, we obtain an AHP(n, n, 1). O

In Lemmas 1, 2, and 3 when x > 1, all decompositions are not simple decompo-
sitions (i.e., containing repeated blocks). In the following sections, we will construct
simple decompositions when x > 1.

3LAHC(n+1,n,1)

Let Sym(S) be the symmetric group on a given set S. For a subgroup T of Sym(S),
any set of representatives of the right cosets for 7 in Sym(S) is denoted by Sym7(S).
For any s € S and two permutations &1, & € Sym(S), define £1&,(s) = & (£1(s)). In
this section, denote X = Z,,+j and ¥ = Zn.

Let C = (xo,X0,X1,X1,...,%Xn—1,Xn—1) be an almost Hamilton cycle, where
xi € X, x; € Y for0 < i < n — 1. For permutations §& € Sym(X)
and n € Sym(Y), denote £EC = (&(xg),X0,&E(x1),X1,...,E(n-1),Xp—1) and
nC = (xo0,n(xo), x1, n(X1), ..., x2r, N(X2)), where &(x;), n(x;) represent the
images of the element x;, X; under the actions of permutations & and 5, respec-
tively. We call the unique element in (X |J Y)\{x0, X1, -+, Xn—1, X0, X15 -+ -, Xn—1)}
to be the defect of C over the set X | J Y. This defect is denoted by d(C). Actually,
XU\ X0, X1, -+ s Xn—1, X0, X15 - -+ Xn—1} = X\{x0, X1, ..., xy—1}. Obviously,
£E(d(C)) =d(&C) for any & € Sym(X).

Take n = (T,n—l}(z,n—Zi...(L%J,n— L%J) € Sym(Y), which gen-

erates a subgroup G = () of Sym(Y’) with order two, where Y’ = Y \{6}. Then,
|Symg(Y")| = w Let Symg(Y') = {n1, n2, ..., Nu—1)2}. For an almost Hamil-
ton cycle, the shifts of rotation and reflection produce the same almost Hamilton cycle.
In what follows, Shift-equivalence means the fact that two almost Hamilton cycles
when one can be obtained from the other by rotating or reflecting, will be regarded
as the same almost Hamilton cycle. Below, by the shift-equivalence of almost Hamil-
ton cycles, each almost Hamilton cycle in K41, will be denoted by a fixed form as
follows.

Under the action of Sym (X), all almost Hamilton cycles in K, 41 , can be separated
into the following orbits:

Ol:{(g(o)v 771(6)75(1), 771(T)7 . 35(” - 1)1 771(” - 1)) : E € Sym(X)}a
ni € Symg(Y').

Itis easy tosee that |O;| = (n+1)!forany n; € Symg(Y’). And |Symg(Y)||O;| =
w is just the total number of distinct almost Hamilton cycles in K41 ,.
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Let A be a collection of almost Hamilton cycles in K,y ,. A subgroup H of
Sym(X) (resp. Sym(Y)) is called a complete automorphism group over X (resp. Y)
of A if the following conditions are satisfied:

l. «C € Aforany o € H and C € A,
2. Y C,C € A, if there exists a permutation 8 € Sym(X) (resp. Sym(Y)) such that
BC =C ,then 8 € H.

When A is a collection of almost Hamilton paths in K,, ,, there is a similar definition
of complete automorphism group.

In the following discussions, A consists of all almost Hamilton cycles of some
AHC(n + 1, n, 1). We now give a very useful lemma in this paper. The idea behind
this construction is to make use of symmetric group, in a similar way as was done in
Kang [2].

Lemma4 (1) If (X JY, A) isan AHC(n + 1,n, %) then sois (X | Y, £A) (resp.
Xxyr, r]A)), where § € Sym(X), €A = {§C : C € A} (resp. n €
Sym(Y), nA={nC:C e A});

(2) If the system A is simple and it has a complete automorphism group H over
X (resp. Y), then all almost Hamilton cycles in {éA 1 & € SymH(X)} (resp.
nA:ne SymH(Y)}) are pairwise distinct, where Sym g (X) (resp. SymH(Y))
is any set of right coset representatives for H in Sym(X) (resp. Sym(Y)).

Proof (1) The permutation & on X induces a permutation on the set (X x X)\A,,
where A, = {(x,x) : x € X}. Hence, the system (X |JY,£A) is also an
AHC(n + 1, n, A) by the definition. For n € Sym(Y), the proof is similar.

(2) Suppose that there exist C, C' € Aand & # & € Sympy(X) such that
£1C = £C'. Then (£1,)C = C and &£, € H by the definition of com-
plete automorphism group H over X. This implies H§; = H&, i.e., & and &
belong to the same coset, which is a contradiction. For the other case, the proof
is similar. O

An AHC(n+1, n, 1) contains A(n+ 1) /2 almost Hamilton cycles. The total number
of distinct almost Hamilton cycles in K41, is w Hence, an LAHC(n +
1, n, A) contains ”'(")LJ pairwise disjoint AHC(n + 1, n, 1)s. Clearly, there exists an
LAHC® + 1, n, A) only if

Alnl(n — 1)! and 2|A.

And therefore, the existence spectrum for LAHC(n 4 1, n, A) only depends on one
case: any n > 2 for A = 2.

Lemma 5 There exists an LAHC(n + 1, n, 2) for any positive integer n > 2.

Proof Take the AHC(n + 1,n,2) = (X{JY, A), where A = {Co, Cy,...,Cy)}
constructed in Lemma 1 as the base small set. Let& = (0,1,...,n— 1) € Sym(X),
which generates a subgroup H = (§) of Sym(X) with order n. Clearly, C;11 = §C;
fori € Z, 1. Furthermore, C; = Ej_iCi fori, j € Z,+1. Now, we have shown that
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H is a complete automorphism group over X of A. Let Sympy (X) = {&1, &, ..., &En},
where & = e (identity permutation). From the beginning of this section, we know that
Symg(Y') = {n1, 2, ..., N—1y12}-

Define

Qi j =1{&n;jCo,&n;Cr,....&6m;iCy}, 1 <i<n!, 1 <j=<m—-1!/2,
where for an almost Hamilton cycle C = (xq, X0, X1, X1, - - +» Xn—1, Xn—1),

En;C = (& (x0), n;(X0), ExD), nj (X1, ..., E@n=1), nj(Xn=1)).

Each €; j is an AHC(n + 1, n, 2) by Lemma 4 (1). Similarly, we can prove that H is
a complete automorphism group over X of @ ; forany j, 1 < j < (n — 1)!/2. We
also have the following two facts.

(1) Foragivenn;,1 < j < (n — 1)!/2, all almost Hamilton cycles in €2; ; fall into
orbit O}, where 1 <i < nl;

(2) Foragivenn;, 1 < j < (n — 1)!/2, all almost Hamilton cycles in {€2; ; : 1 <
i < n!} are pairwise distinct by Lemma 4 (2).

Consider the enumeration |Sym g (X)|-|Symc(Y")| = | U Qi ;| = M which
i,j
is just the desired number of disjoint AHC(n + 1, n, 2)s in an LAHC(n + 1, n, 2).

Therefore, by facts (1) and (2), an LAHC(n + 1, n, 2) is constructed. m]

Combining Lemma 5 and the necessary conditions for the existence of LAHC(n +
1, n, 1), we obtain the following conclusion.

Theorem 1 There exists an LAHC(m, n, A) if and only if m = n + 1, An!(n — 1)!
and 2| .

Proof By the necessary conditions at the beginning of this section, we need only
to prove the sufficiency. By Lemma 5, there exists an LAHC(n + 1,n,2) =
{((XUY, A): 1 <i <™ For Aln!(n — 1)! and 2|4, define

(G+D% |
1 — 1)!
Bi= Ai,Osjs%—l,
i:%—i—l
then {(XUY, Bj):0<j<mo=bt_ 1} is an LAHC(n + 1, 1, ). 0

Corollary 1 There exists a simple AHC(n + 1, n, X) if and only if 2|A,2 < X <
nl(n — ! andn > 2.
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4 LAHP(n, n, 1)

In this section, denote X = Z, and Y = Z,. For permutations & € Sym(X), n €
Sym(Y) and an almost Hamilton path C = [xo, X0 X1s X1y eevs Xne2> Xn—2, Xn—1|,
where x; € X, X; € YforO <i <n—1,0 < j <n — 2, the definitions of £C and
nC are similar to that of Sect. 3. Denote

C = I:f07 x07715 Xlyenns fn727 xn72a f}’l*lil'

Take & = (0,n — (1, n —2)--- (LgJ —1n— I_%J) e Sym(X), which generates

a subgroup G = (&) of Sym(X) with order two. Then, |Symg(X)| = n!/2. Let
nl/2

Symg(X) = {&1, &, ..., Sng/z}. So, Sym(X) = G;, where each G; is a right
=1

L
coset.

Lemma 6 All right cosets of G in Sym(X) can be separated into the following (n —
1)!/2 right coset families R; = {Gio0,Gi1,...,Gin-1}, 1 <i < (n—1)!/2, such
that G; j+1 = G, jBi, where j € Z,, Bi = (ai(O),ai(l), ai(n— 1)) and o; is
the representative of Gi o.

Proof Any right coset G; may be denoted by G; = Ga for some « € Sym(X). In

order to prove this Lemma, it suffices to show the following two facts.

1. GaB' # Gap/ for0 <i # j <n—1,where g = (a(0), (1), ..., a(n —1)).
In fact, suppose there exist 0 < i # j < n — 1 such that Gap’ = Gap/, then
afi7la™! € G, ie.,apJa~! = e or &, where e is the identical permutation
and £(i) = n — 1 — i. However, it is impossible that ¢! /a~! = e, since
B~/ £ e. In other hand, if afi ~Ja~! = &, ie., af! = Eaf/, then a(i) =
afi(0) = Eap/(0) = an — 1+ j).So,i —j =n—1and ¢f* o~ ! = &,
Furthermore, e = £ = (af" a2 = a2 Do~ ie, e = p20—D = gn—2,
a contradiction.

2. Gy§' # Gap’ for 8 = ()/(O), y),...,y(n — 1)), y ¢ {aB’, Eaf’} and 0 <
i,j<n-—1.

In fact, suppose there exist 0 < i, j < n — 1 such that Gy§' = Gap/, then
y8ipial € G, ie., y§'p~Ja~! = e or &. There are the following two cases.

(1) Suppose y8' B~ ia~! =e,ie., y8 = apf’, then y8' (k) = y(i + k), afl (k) =
a(j+k) =aBf/~i(i+k)forO <k <n—1.So,y =aB/, acontradiction to
the choice of y.

(2) Suppose y8ipia"! =&, ie., y8 = Eap/, thenfor0 <k <n—1,ys (k) =
y(i+k), Eapl (k) =apin—1—k)=an —1—k+ j) = Eap' (i +k).
So, y = EaBi*/, a contradiction to the choice of y. o

Corollary 2 There exists a right coset representative set Symg(X), which can be
separated into the following (n — 1)!/2 right coset representative families w; =
{0601, &in1}. 1 < i < (n— V)2, such that & j41 = &.;Bi, where
J € Zn. Bi = (5000, &0(1), ..., &0 — 1)) and &1 9 = e.
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In what follows, Shift-equivalence means the fact that two almost Hamilton paths
when one can be obtained from the other by reflecting, will be regarded as the same
almost Hamilton path. By the shift-equivalence of almost Hamilton paths, each Hamil-
ton pathin K, , will be denoted by a fixed form as follows. Under the action of Sym (Y),
half of the almost Hamilton paths in K, , can be separated into the following orbit
families:

Fi={0ij: 0=j=n—-1L1=<i=<®n-D!/2

where O;; = {[&;,-(0),n(5),€i,j(l),n(T),...,éi,j(n = 2),n(n—2),& ;(n —
D]:ne Sym(Y)}. LetF; ={0;;: 0<j<n—1},1<i < (n— 1)!/2, where

0;j={C: C €O} ltiseasy toseethat | F;| = |F;| = nand |0; ;| = |O; ;| = n!
for1 <i < (n—1)!/2, 0 < j <n— 1. The number of right coset representative
families is (n — 1)!/2. Then, 52| 7|10, ;1 + @S2 F [0 ;1 = ()2 s just
the total number of distinct almost Hamilton paths in K, ;.

In the following discussion, A consists of all almost Hamilton paths of some
AHP(n, n, 1). We consider the complete automorphism group over Y of A defined in
section 3. By similar proof as in Lemma 4, we immediately give another very useful
lemma.

Lemma7 (1) If (XY, .A) is an AHP(n,n, ) then so is (X JY, nA) (resp.
xXyv, é.A)), where n € Sym(Y) (resp. € € Sym(X);

(2) If the system A is simple and it has a complete automorphism group H over Y,
then all almost Hamilton paths in {r)A in € SymH(Y)} are pairwise distinct,
where Sym g (Y) is any set of right coset representatives for H in Sym(Y).

An AHP(n, n, ) contains 2(%_21) almost Hamilton paths. The total number of

distinct almost Hamilton cycles in K, , is (n")2. Hence, an LAHP(n, n, 1) con-
tains 2(n — 1) ((n — 1)!)? /A pairwise disjoint AHP(n, n, A)s. Clearly, there exists an
LAHP(n, n, 1) only if

_ N2 evenn > 2 and (n — 1)|A;

A2(n =1 ((n = D)™ and [odd n>3and 2(n — 1A

Therefore, the completion of the existence spectrum for LAHP(n, n, A) only depends
ontwo cases:evenn > 2forA=n—landoddn >3 forA =2(n —1).

Lemma 8 There exists an LAHP(n, n, A) for n = 2k, . = 2k — 1, where k is any
positive integer.

Proof For n = 2k, » = 2k — 1, take the AHP(n, n, 1) = (Zox |J Zax, A), where
A ={Ps;:s € Zy,l € Z;} constructed in Lemma 2 as the base small set. Let
n=1,2,...,2k—2)(1,3,...,2k — 1) € Sym(Z»;) , which generates a subgroup
H = () of Sym(Z) with order k. Clearly, P = n'~'' P,y fors € Zoy, 1,1’ € Zi.
Now, we have shown that H is a complete automorphism group of A over Zy;. Let

@ Springer



Graphs and Combinatorics (2015) 31:2481-2491 2489

Symu(Za) = {n1.m2. ..., nm2@k—1y }, where ; is the identity. From Corollary 2, we
Qk—1)1/2
know that Symg(Za) = U {&0. &1, ..., & 2k—1}. Define Q; ; = {& on; P :

i=1
0<s<2%k—1,0<l<k—1}, 1 <i<@D 1 <;<202k—1) EachQ;
is an AHP(n, n, A) by Lemma 7 (1). Similarly, we can prove that H is a complete
automorphism group of €; | over 72k for 1 <i < (2k — 1)!/2. We have the facts:

* For given i, all almost Hamilton paths in {Q,‘, jil=<j=<22k- 1)!} fall into
orbit family F;;

In fact, in &; ;, for given [, I" € Zx, there exists a permutation 6 € Sym(fzk),
such that & 0n; Psq1,r = Bi (§i,0m;0 Ps,)) = &i,0Bin;jO Psy = &i,11;0 Py for s € Zog.
Furthermore, for given s1, so € Zy, there exists a permutation 6" € Sym(?zk), such
that

&i.0nj Py = B;* " (&i,0mj0 Psy 1) = &i0B:” "' j0 Py = &igy—5 ;0 Py, 1.

That is to say, the kK Hamilton paths &; on; Ps,0, §i.0n; Ps.1, - - ., &i,0m Ps,k—1 belong to
the orbit O; 5, 0 < s < 2k — 1, which is a member of orbit family F;.

* For given i, all almost Hamilton paths in {Qi,j 1 <j<2Q2k— 1)!} are pairwise
distinct by Lemma 7 (2).

Let §,~,‘,~ = {F : P e ;). Obviously, for 1 < i < (2k — 1)!/2, all almost
Hamilton pathsin {€; ; : 1 < j < 2(2k—1)!} fall into orbit family ; and all almost
Hamilton paths in {ﬁi, ji1=<j=<22k- 1)!} are pairwise distinct.

Consider the enumeration W Symu(Zy)| = | U Qi il + | Uﬁid" =
ij ij

2((2k — 12, which is just the desired number of disjoint AHP(n, n, A)s in an

LAHP(n, n, A). This completes the proof. O

Lemma 9 There exists an LAHP(n, n, A) for n = 2k + 1, . = 4k, where k is any
positive integer.

Proof Forn = 2k +1, A = 4k, take the AHP(n, n, ) = (Zox+1 J Z2k+1, A), where
A = {Ps; : 0 < 5,1 < 2mj} constructed in Lemma 3 as the base small set. Let
n= 0,1,...,2k) € Sym(Y) , which generates a subgroup H = (n) of Sym(Y) with
order 2k +1. Clearly, P;; = r/l_l/ P,y fors, 1, 1" € Zoky1. Now, we have shown that H

is a complete automorphism group over Y of A. Let Sympg (Y) = {n1, n2, ..., n2i1},
(2k)!/2
where 11 = e. From Corollary 2, we know that Symg(X) = |J 7, where ; =

i=1

{gi,07 gi,lv ey gi,2k}~ Deﬁne
Qi j=1{&onjPsi: 0<s,01<2m}, 1 <i <(2k)/2, 1 <j <2k

Each Q; ; is an AHP(n, n, A) by Lemma 7 (1). Similarly, we can prove that H is a
complete automorphism group over Y of ; ; forany i, 1 <i < (2k)!/2. We also
have the following two facts.

* For a given &; 9, 1 <i < (2k)!/2, all almost Hamilton paths in {Qi,j t1<j<
(2k)!} fall into orbit family F;;
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Infact,in €2; ;,for givenl, | "€ Zoks1, there exists a permutation € Sym(Y), such

that & on;j Psv1,0 = BiGionjOPs1) = & 0BinjOPs1 = & 1nj0Ps; fors € Zopty.
Furthermore, for given s1, so € Z11, there exists a permutation ' € Sym(Y), such
that

&i.0nj Py = B (&iomj0 Psy 1) = &i0B " nj0 Py = &isy—s ;0 Py, 1.

That is to say, the 2k + 1 Hamilton paths &; o1 Py 0, &;.0m; Ps,1, - - - &i,0mj Ps, 2k belong
to orbit O; 5, 0 < s < 2k — 1, which is a member of orbit family F;.

* For a given & 9, 1 <i < (2k)!/2, all almost Hamilton paths in {Qi,j t1l<j<
(2k)!} are pairwise distinct by Lemma 7 (2).

Let §i,j = {F : P e ;}. Obviously, for 1 <i < (2k)!/2, all almost Hamilton
paths in {ﬁi, jr == (2k)!} fall into orbit family ]_-"[ and all almost Hamilton
paths in {€; j : 1 < j < (2k)!} are pairwise distinct.

Consider the enumeration 2‘5’;",(—1(1)()' | Symg(Y)| = |UQi7j| + |U§"’f| =
i,j i,j

((2k)!1)2, which is just the desired number of disjoint AHP(n,n,A)s in an

LAHP(n, n, 1). This completes the proof. O

Combining Lemmas 8, 9 and the necessary conditions for the existence of
LAHP(n, n, 1), we obtain the following conclusion. The proof is similar to that of
Theorem 1, which is omitted.

Theorem 2 There exists an LAHP(n, n, A) if and only if

_ 2 evenn > 2and (n — 1)|X;
A2(n = D{(n = Dh)7and [odd n>3and 2(n — DA

Corollary 3 There exist a simple AHP(n, n, 1) if and only if

evenn > 2, (n—1)|kandn—1§k§2(n—1)((n—1)!)2;
odd n>3,2(n—Drand2(n — 1) <A <2(n —1) ((n — D).

The remaining problem is to research the existence of LAHP(m, n, A) form = n+1,
or n+2. Although we have worked hard on it, we could not find effective constructions
for these two subcases. It is our future work.
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