Graphs and Combinatorics (2014) 30:801-819
DOI 10.1007/s00373-013-1317-9

ORIGINAL PAPER

The Chromatic Index of a Graph Whose Core is a Cycle
of Order at Most 13

S. Akbari - M. Ghanbari - M. J. Nikmehr

Received: 27 May 2011 / Revised: 25 September 2012 / Published online: 21 May 2013
© Springer Japan 2013

Abstract Let G be a graph. The core of G, denoted by G 4, is the subgraph of G
induced by the vertices of degree A(G), where A(G) denotes the maximum degree
of G. A k -edge coloring of G is a function f : E(G) — L such that |L| = k and
f(e1) # f(er) for all two adjacent edges e and e; of G. The chromatic index of G,
denoted by x'(G), is the minimum number k for which G has a k-edge coloring. A
graph G is said to be Class 1 if x'(G) = A(G) and Class 2 if x'(G) = A(G) + 1.
In this paper it is shown that every connected graph G of even order whose core is a
cycle of order at most 13 is Class 1.
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1 Introduction

All graphs considered in this paper are finite, undirected, with no loops or multiple
edges. Let G be a graph. Then V(G) and E(G) denote the vertex set and the edge set
of G, respectively. The number of vertices of G is called the order of G and denoted
by |G|. Also, A(G) and §(G) denote the maximum degree and the minimum degree
of G, respectively. The core of G, denoted by G 4, is the subgraph of G induced by all
vertices of degree A(G). We denote the cycle of order n by C,,. Let H be a subgraph
of G. For a vertex v of G, dg(v) and Ng(v) denote the degree and the neighborhood
of v in G, respectively. A star graph is a graph containing a vertex adjacent to all other
vertices and with no extra edges.

A matching in a graph G is a set of pairwise non-adjacent edges and a 1 -factoris a
matching which covers V(G). A component of a graph is called odd if its order is odd.
The number of odd components of G is denoted by o(G). For a subset X C V(G)
(Y € E(G)), G\ X (G \Y) denotes the graph obtained from G by deleting all vertices
(edges) of X (Y), respectively. Moreover, by G \ H we mean the induced subgraph of
V(G)\ V(H).

A k-edge coloring of a graph G is a function f : E(G) — L such that [L| =k
and f(ey) # f(e2) for all two adjacent edges e; and e; of G. The chromatic index of
G, denoted by x’(G), is the minimum number k for which G has a k-edge coloring.
For a general introduction to the edge coloring, the interested reader is referred to [8].
If « is a color and a vertex v is incident with an edge colored o, we say that v sees «
and otherwise, we say that color « is missed at v.

A celebrated result due to Vizing [17] states that for every graph G, A(G) <
x'(G) < A(G) + 1. A graph G is said to be Class 1 if x'(G) = A(G) and Class 2
if x’(G) = A(G) + 1. Moreover, a connected graph G is called critical if it is Class
2 and G \ {e} is Class 1 for every edge e € E(G). A graph G is called overfull if
|E(G)| > LW(—ZG)‘J A(G). It is easy to see that, if G is overfull, then G is Class 2. For
more information about overfull graphs see [10]. In [16] it was proved that there is no
critical connected graph G of even order with |G| < 5.

Let H, Q and R be subgraphs of G. We denote the number of edges of H with one
end point in Q and another end point in R by ey (Q, R). For a subset S C V(G), we
denote the induced subgraph of G on S by (S).

Classifying a graph into Class 1 and Class 2 is a difficult problem in general (indeed,
NP hard), even when restricted to the class of graphs with maximum degree 3 (see
[15]). As a consequence, this problem is usually considered on classes of graphs with
particular classes of cores. One possibility is to consider a graph whose core has a
simple structure, see [5-7,9,11-14,18]. Vizing [18] proved that, if G A has no edge,
then G is Class 1. Fournier [9] generalized Vizing’s result by showing that, if Ga
contains no cycle, then G is Class 1. Thus a necessary condition for a graph to be
Class 2 is to have a core containing cycles. Hilton and Zhao [12,13] considered the
problem of classifying graphs whose cores are a disjoint union of cycles. Only a few
such graphs are known to be Class 2. These include the overfull graphs and the graph
P*, which is obtained from the Petersen graph by removing one vertex and has order
9. Furthermore, they posed the following conjecture.
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Conjecture 1 Let G be a connected graph such that A(Ga) < 2. Then G is Class 2
if and only if G is overfull or G = P*.

In [4], the following theorem was proved:

Theorem 1 Let G be a connected graph such that A(Ga) < 2, A(G) = 3 and
G # P*. Then G is Class 1.

Theorem 2 [9] If G A is a forest, then G is Class 1.

Theorem 3 [13] Let G be a connected graph of Class 2 and A(Gp) < 2. Then the
following statements hold:

(i) G is critical;
(ii) 8(Ga) =2;
(iii) 6(G) = A(G) — 1, unless G is an odd cycle.

Theorem 4 [13] Let G be a critical connected graph. Then every vertex of G is
adjacent to at least two vertices of G a.

A connected graph is called unicyclic if it contains precisely one cycle. In [1], the
following results are given.

Theorem 5 Let G be a connected graph. If every component of G A is a unicyclic
graph or a tree and G A is not a disjoint union of cycles, then G is Class 1.

Theorem 6 Let G be a connected graph with A(Gp) < 2. Suppose that G has an
edge cut of size at most A(G) — 2 which is a matching or a star. Then G is Class 1.

Theorem 7 Let G be a connected graph of even order. If A(Ga) < 2 and |G| is
odd, then G is Class 1.

The following theorem provides a condition on the core of a graph under which the
graph is Class 1.

Theorem 8 [2] Let G be a connected graph of even order and A(Ga) < 2. If|Gal| <
9or Ga = Cio, then G is Class 1.

Now, we propose the following theorem which will help to prove the main theorem
of the paper.

Theorem 9 Let G be a connected graph with G = Ci. If A(G) > 4 and G has an
edge cut of size at most 3 which is not a star, then G is Class 1. Moreover, if A(G) > 5
and G has an edge cut of size at most 3, then G is Class 1.

Proof For simplicity, let A = A(G). To the contrary assume that G is Class 2. Now,
by Theorem 3, G is critical and §(G) = A — 1. Now, by Theorem 4

IN(x) N V(Gp)| =2, forevery x € V(G). (1)
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Let F be an edge cut of G. Note that if |F| < 2 or F is a star, then by Theorem 6, G
is Class 1 and we get a contradiction. So, we can assume that |F'| = 3 and F is not a
star.

Thus G is one of the graphs shown in Fig. 1, where G \ F = G| U G».

First note that since dg, (u1), dg, (v2) > A—=2,|G;| > A—1 > 3,fori =1, 2. So,
by (1) and noting that G 4 is a cycle, it is not hard to see that |V (G;) N V(Ga)| > 2,
for i = 1, 2. Now, with no loss of generality, let u1, uz, vi, v2 € V(Ga). Note that
since G is a cycle, G is one of the graphs in Parts (a) and (c). Now, two cases may
appear:

First assume that G is the graph shown in Fig. 1, Part (a). Add two new vertices
x1 and xp to G \ F, join x1 to u; and join x> to v;, fori = 1,2,3 and let H; =
(V(G1) U {x1}) and H, = (V(G3) U {x2}). Note that H; and H, are connected,
A(H;) = A(G) and the core of H; is a path, for i = 1, 2. Then by Theorem 2, H; has
a A(G)-edge coloring ¢;, for i = 1, 2. Now, by a suitable permutation of colors, one
may assume that ¢1 (x1u;) = ¢2(x2v;), fori = 1, 2, 3. Then define an edge coloring
c: E(G)—{l,..., A(G)} as follows:

Letc(e) = ¢1(e) and c(e’) = ¢a(e'), forevery e € E(G1), ¢’ € E(Gy) and c(ujv;) =
¢1(x1u;), fori = 1,2, 3 and so G is Class 1, a contradiction.

Next, suppose that G is the graph shown in Fig. 1, Part (c). Since u1, uz, vi, 12 €
V(Ga), w &€ V(Ga). Now, three cases may be considered:

(i) uiuz, viva & E(G).

Consider G1, join u to us and call the resultant graph by H. Clearly, A(H) = A and
A(Hp) < 2.Notethatsincew € V(Ga),dg(w) = A—landsody(w) =dg,(w) =

(b) (c)

Fig. 1 Three possibilities of an edge cut of size 3 for G
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A — 2. Now, by Theorem 3, since §(H) < A(H) — 1, H has a A-edge coloring ¢ by
the colors {1, ..., A} such that ¢ (u1uy) = 1. Moreover, since dg (w) = A — 2, with
no loss of generality we can assume that color 2 is missed at w. Now, consider G»,
join vj to vy and call the resultant graph by K. Clearly, A(K) = A. Moreover, since
dg(v1) = A,dg(v1) = A—1landsov; € V(Ka). Thus the core of K is a path and by
Theorem 2, K has a A-edge coloring 0 by the colors {1, ..., A} suchthatf(vivy) = 1
and color 2 is missed at v{. Now, define a A-edge coloring ¢ : E(G) — {1, ..., A}
as follows:

Let c(e) = ¢(e) and c(¢') = (€', for every e € E(Gy), ¢ € E(Gy), c(ujv)) =
c(upvy) = 1 and c(wvy) = 2. Hence G is Class 1, a contradiction.

(1) uiup € E(G).

Clearly, since dg,(u1) = A — 1,|G1] > A. Moreover, since ujuy € E(Ga), we
have V(G1) N V(Ga) = {uy,uz}. Note that if |G1| > A + 1, then by (1), for
every v € V(G1) \ {w, uy, uz}, {ur, u2} € N() N V(Gy) and so eg, (ui, (V(G1) \
{w,ur,uz})) > A —2,fori = 1, 2. Moreover, by (1) and with no loss of generality,
uy € N(w)NV(Gy). This implies thateg, (1, (V(G1)\{u1, u2})) > A—1and since
uiuz € E(G),dg(uy) > A, acontradiction. Thus assume that |G| = A. Clearly, for
every v € V(Gy) \ {w}, dg,(v) = A — 1. Thus dg, (w) = A — 1 which contradicts
wi € V(Ga).

(i) vivy € E(G).

Clearly, since dg,(v2) = A — 1, |G2| = A. Moreover, since viv, € E(Ga),
V(G2) NV (Ga) = {v1, va}. Now, by (1), for every v € V(G2) \ {v1, v2}, {vi, 12} C
N(v) N V(Gy) and since vivy € E(G), dg(v1) > A, a contradiction and the proof is
complete.

Now, to prove the main result of this paper, we need a lemma. Before proving the
lemma, we state a result without proof.

Theorem 10 [19] If G is critical and A(G) > 4, then
A(G)—1

na >2 Z ;+ 513,

=2 j-1

where nj is the number of vertices having degree j in G.

Lemma 1 Let G be a connected graph of even order, A = 4 and Gp = C12. Then G
is Class 1.

Proof Letn = |G|. To the contrary assume that G is Class 2. Now, by Theorem 3, G
is critical and §(G) = 3. Moreover, since G is critical by Theorem 10, n < 20 and
since §(G) = 3,

2x12=eG(Ga,G\Gnr) <3(n—12)
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which implies that n > 20. Thus n = 20 and V(G) \ V(G ) is an independent set.
We show that G has a 1-factor. To see this assume the contrary. Then by Tutte’s 1-
factor Theorem [3, p. 44], there exists a subset T € V(G) such that o(G \ T) > |T|.
Letm = o(G \ T). Since n is even, we have m = |T| (mod 2), which implies that
m > |T|+ 2. Let By, ..., Bp, S1,..., 8, P1,..., P,and Qy, ..., Q4 be the odd
components of G \ T such that

|Bi| > 5 fori =1,...,b,

Si = {I/t,'},u,' e V(Ga) fori =1,...,s,

P ={vi},vi € V(Gpa) fori=1,...,p,

[Qil =3 fori=1,...,q.
Now, since m > |T| + 2, we have

b+s+p+q=>|T|+2. )

By the definition, eg(T, S;) = 4, fori = 1,...,s and eg(T, P;) = 3, fori =

1, ..., p. Moreover, since V(G) \ V(G ) is an independent set, every component D
of G\ T with |D| > 1 has at least a vertex of G 5. Thus we have eg (T, Q;) > 4, for
i =1,...,q. Now, we claim that eg(T, B;) > 4,fori = 1,...,b. We prove it for

Bj. First note that if V(B1) N V(G a) = {w}, then since Bj is a connected component
and V(G) \ V(G,) is independent, for every v € V(By) \ {w}, vw € E(B). Also,
eg,(w, T) = 2 which implies that dg(w) > 6, a contradiction. So, assume that
[V(B1) N V(GA)| > 2. Itis not hard to see that there are two vertices w; and w, in
V(B1)NV(Ga)suchthat [N(w;)NV(GA)NT| > 1.Letx; € N(w;)NV(GA)NT,
for i = 1, 2. First, assume that x; # x». Now, if the set of edges between Bj and
T is at most 3, then this edge cut is not a star and by Theorem 9, G is Class 1, a
contradiction. Now, suppose that x; = x». Then since G A is a cycle, it is not hard
to see that e, (T, B1) > 4 and we are done. So, the claim is proved and we have
eg(T, Bj) = 4,fori =1, ..., b. Now, by counting the number of edges between T
and G \ T, we obtain,

4T| > eg(T,G\T) > 4b+4s +3p +4q.

Now, by (2), p > 8. Since |V(G) \ V(Ga)| = 8, we have p = 8 which implies
that T € V(Ga). If G\ T has 8 components, then by (2), |T| < 6 and son < 14,
a contradiction. Hence, G \ T has at least a component D # P;, fori = 1,...,8.
Now, since p = 8, V(D) C V(Ga). So, for every vertex v € V(D), N(v) C V(Ga)
which is a contradiction. Therefore G has a 1-factor. Let M be a 1-factor of G and
H = G\ M. Clearly, Hp is a forest and so by Theorem 2, H is Class 1 and G is Class
1, too. This completes the proof.

Now, we are in a position to prove the main theorem of the paper.

Theorem 11 Let G be a connected graph of even order and G p is a cycle of order at
most 13. Then G is Class 1.
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Proof For simplicity, let A = A(G) and n = |G|. The proof is by induction on A.
First note that if G A has odd order or |Ga| < 10, then by Theorems 7 and 8, we are
done. Moreover, if G is not critical or §(G) < A — 1, then by Theorem 3, G is Class
1 and the theorem is proved. So, we can assume that

Ga=Cr2,
G is critical,
§(G)=A—1.

Now, since G is critical by Theorem 4,
IN(x)NV(Ga)| =2, forevery x e V(G). 3)
By (3), we find that 12(A —2) = eg(Ga, G\ Ga) = 2(n — 12), and so
n < 6A. 4

Note that since G is a cycle, A > 2. Now, since G has even order, if A < 4,
then by Theorem 1 and Lemma 1, G is Class 1 and we are done. So we may assume
that

A > 5.

Now, if G has an edge cut of size at most 3, then by Theorem 9, G is Class 1 and
we are done. Thus we can suppose that G is 4-edge connected. We show that G has
a I-factor or G is Class 1. To see this suppose to the contrary that G has a 1-factor.
Then by Tutte’s 1-factor Theorem [3, p. 44], we can assume that there exists a subset
T C V(G)suchthat o(G\T) > |T|. Let m = o(G \ T). Since n is even, we have
m = |T| (mod 2), which implies that m > |T'| 4 2.

Let By, ..., Bpand Sy, ..., S5 be the odd components of G \ T such that | B;| > A
fori = 1,...,band |S;| < A—1forj =1,...,s, where m = b + 5. Since
|T| < m — 2, we find that

IT| <b+s—2. Q)]
Also, since G is 4-edge connected,

e(T,Bj) >4, for i=1,...,b. (©6)
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Forj=1,...,s,since 1 <|[S;| < A —1=45(G), the following hold:

e(T.S))= D ec(T.x)

xeV(S$;)
= (8(G) — (IS;1 = IS,
= (A = 1S;DIS;l (N
>A—-1 (8)

Letg = |T NV(GpA)|,r = |E({T)) N E(Ga)|. Since Go = Cy2, the number of
edges of G joining T to V(G) \ T satisfies

2g —2r =eg\,(T,G\T) <2(12 — q).
Hence
<64~ )
q = 7

Now, by (3) and noting that [Bj| > A, for j = 1,...,b and Gao = Cy2, we obtain
that

A+1 if |[V(BHNV(Ga)| =1,

ec(T- Bj) = [2A it V(B})NV(Ga)=0. (10)

Let bo, by and by be the number of B; such that V(B;) N V(Ga) = ¥, [V(B;) N
V(Ga)l = 1and |V(B;) N V(Ga)|l > 2, respectively. We have b = by + b1 + bs.
Now, by (6) and (10), we find that

eg(T, By U---UByp) > 4by + (A + 1)b1 + 2Abg
= (A —1b—(A—=5)by+2b + (A+ Dby. (1)

Obviously, using (8) and (11), we have

gA—=2r+(|IT| — @) (A—1)>eg(T, ByU---UB,US; U---US,)
> (A — Db—(A—=5)by+2b1+(A + Dby+(A — 1)s.

This implies that
q—=2r+(T|—=b—=s)(A—=1)+ (A =5by—2b; —(A+1)bg>0. (12)
Now, if b < 2, then by (5) and (9), we have

g—2r+(T|—b—s5)(A—1)+ (A —5)by —2b; — (A + Dby
3

56—§—2(A—1)+2(A—5)—2b1—(A+1)bo

< 0.
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This contradicts (12) and we conclude that b, > 3 and so ¢ < 12 — 2b; < 6. Now,
we need the following claim:

Claim 1 The number of components of G \ T containing at least one vertex of G a
is at most 4.

Proof of Claim 1. Letl be the number of components of G \ 7' containing at least one
vertex of G . Since by > 3,1 > 3. Itis not hard to see that 2] < e, (T, G\T) < 2¢q
and so

l<q=IT| (13)
Now, suppose to the contrary that [ > 5. Thus ¢ > 5 and since by > 3 we find that
|G a| = 13 which is a contradiction and the claim is proved.
Therefore we have the following:
3<bhy <4, (14)
and by (13),
q > 3. (15)

Note that if |7| < b + s — 4, then by (9) and (14)

q=2r+(T| —=b—s)(A—=1)+ (A —=35)by—2b; — (A+ Dby
3

56—%—4(A—1)+4(A—5)—2b1—(A—H)bo

< 0.

This contradicts (12) and we conclude that || > b + s — 3. Now, by (5) and noting
thatm = b + s = |T| (mod 2), we conclude that

IT|=b+s—2. (16)

Moreover, since n < 6A, we find that b < 5. Now, three cases may be considered:

Case 1 Assume that b = 5. Then by (16), s = |T| — 3. Since for every v € V(G),
dg(v) = A—-1,[Sj| =A—=1—|T|+1=A—|T|. Now, by (4),

6A =n=5A+|T|+ (T —3)(A—|T)).

Since A > 5, we conclude that |T| < 4 or |[T| > A. Now, if |T| > A, thens > 0
and clearly n > 6A, a contradiction. Thus, by (15) we can suppose that 3 < |T| < 4.
This implies that s < 1 and |S1| > A — 4. Moreover, by (13), G \ T contains at
most |T| components, each containing at least one vertex of G . Now, by (16), G\ T
contains | 7’| + 2 odd components and so at least two odd components, say D1 and D>,
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have no vertex of G o. With no loss of generality we can assume that |D;| > A and
|Dy] > A —4.Now, by (3), eg(T, D1 U D3) > 2(2A — 4). Thus by (6),

ITIA = eg(T,G\T) = 4|T| +22A —4).

So, |T| > 5, a contradiction and the proof of this case is complete.

Case 2 Suppose thatb =4 and |V(B;)) N V(Ga)| = 1,fori =1,...,4.
By (16),

s=|T|-2>¢qg—-2>3-2=1. (17)

First note that since by (14) b, > 3, |(U?:1V(B,-)) NV(Ga) = T7and so g < 5.
Moreover, by (13) we have 4 < g < 5. Also, by the Claim 1,

V(Gp) S TU (UfZIV(B,»)) . (18)

Moreover, by (6) and (7), we have
S
GA+ (IT| = g)(A = 1) = eg(T, G\ T) = 4 x 4+ > (A —|S;IS;l.
j=1
Thus, we find that
S
g—16+(T|=s)(A—=1)— Z((A = IS;DIS;| = (A =1)) = 0. (19)
j=1
On the other hand by (17) and ¢ < 5, we find that
N
g—16+(T|—s)(A-1)— Z((A = IS;DIS;I = (A =1))
j=1

<5-16+2A 2= D> ((A—[S;DISj| — (A = 1))
j=1

N
=2A—13 =D (A= I8;DISj| — (A = 1).
j=1
Note that by (7) and (8), (A — [S;DIS;| — (A — 1) > 0. Now, if A < 6, then

q—16+(T| = s)(A—1) =D (A—IS;DIS;| = (A—=1) <0
j=1

which contradicts (19). Thus suppose that
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A>T (20)

Now, if 3 < | S| < A—3f0rsomek,then—((A— [SkD|Sk| — (A — 1)) < -2A+8.
Thus

N
28 =13 =D (A = SDISj| — (A =1))
j=1
<2A—13-2A+38
< 0.

This contradicts (19). So, since | S| is odd, |S;| € {1, A=2, A—1},forj=1,...,5s.
Now, we prove the following claim:

Claim2 [§;|=1,forj=1,...,s.

Proof of Claim 2. First we show that |S;| = 1, for some j, 1 < j < s. To see this,
suppose to the contrary that |S;| > A — 2, for j = 1,...,s. Thus, by (3) and (18),
eg(T,Sj) =2(A—=2),forj=1,...,s. Now, since b = 4, by (6) and (17), we have

gA+ (T =g)(A = 1) 2 eg(T,G\T) =4 x4+ (IT| —2)(2A —4),

which is a contradiction with 4 < g < 5 and |T| > 4. So, with no loss of generality,
assume that S1 = {u}. Now, sincedg(u1) > A—1,|T| > A—1landsos > A — 3.
To complete the proof of the claim, suppose the contrary and with no loss of generality
assume that |S;| > A — 2. Thus by (14) we find that

6A>n>4A+ (A —1)+ (A —4) + (A —2).

So, A < 7. On the other hand, by (3) and (18), eg (T, S5) > 2A — 4. Thus by (6), (8),
(17) and since g < 5,

SA+(IT| = 5)(A —1) > eg(T,G\T) >4 x4+ (IT| —3)(A — 1) +2A — 4.

This implies that A > 10 which contradicts A < 7. So, the claim is proved and we
can assume that §; = {u;},for j =1,...,5s.

Now, since 6A > n > 4A + |T| + |T| — 2, we find that |T| < A + 1. Moreover,
since N(u;) € T, we conclude that A — 1 < |T'| < A + 1. Now, three subcases may
be considered:

Subcase 2.1 |T| = A+ 1.
By(17),s=A—1landson >4A+ A+ 14+ A —1=06A,son = 6A. Note that if
there exists a vertex x € V(G) such that [N(x) N V(Ga)| > 3, then by (3) we have

12(A —2) = eG(Ga, G\ Ga) >3 +2(n — 13).

This implies that n < % which contradicts n > 6A. Thus we can suppose that

for every x € V(G), IN(x) N V(Ga)| = 2. Let T = {vy,...,va41}. Note that if
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x € szlS j» then x has degree A — 1 and so is joined to 2 vertices of T of degree A
and to A — 3 vertices of T of degree A — 1. Therefore ¢ < |T| — (A —3) = 4, so
q=4.LetTNV(Gp)={v1,...,va}and so {vs,...,va+1} S N(u;) N V(T), for
i =1,..., A — 1. This implies that e (v;, U;'=1Sj) =A-—1,fori=5,...,A+1.
So,fori =5,..., A+ 1, A—1edges join v; to U‘;zlSj, so by (18) there are no edges
joining v; to any other vertex of G a, contradicting (3).

Subcase 2.2 |T| = A.
By (17), s = A —2andson > 4A + A+ A -2 = 6A — 2. Since g > 4,
INwui)NV(Ga)| =3,fori =1,..., A —2.So, by (3) we have

12(A —2) = e (Ga, G\ Ga) > 3(A —2) +2(n — (A — 2+ 12)).

This implies that n < # and by n > 6A — 2, we conclude that A < 6 which
contradicts (20).

Subcase 2.3 |T| = A — 1.

By (17),s = A —3 andsince ¢ > 4, |[N(u;) N V(Gpa)| = 4, fori =1,..., A —3.
Thus, by (3) we have

12(A —2) = eg(GaA, G\ Gp) =4(A =3)+2(n — (A —3+12)).
This implies thatn < 5A+3. Moreover, wehaven > 4A+(A—1)+(A—-3) = 6A—4.
Now, by (20), we conclude that A = 7. Thus, |T| = 6, s = 4 and n = 38. Now,
since b = 4 and | U?Zl V(B;)| = 28 and |B;| > 7, we conclude that |B;| = 7, for

i=1,...,4.Note thatif |[V(B;) N V(Ga)| =1 for some i, 1 <i <4, then by (10),
e (T, B;j) > A + 1 = 8 and we conclude that

6x7>eg(T,G\T)>8+3x4+4+4x6,
acontradiction. Thusg = 4andso |[V(B;)NV(Ga)| = 2,fori =1, ..., 4. Moreover,
4xT4+2x6>eg(T,G\T)>4x4+4x6.
This implies that 7" is an independent set and e (7, B;) = 4, fori = 1,...,4.
Now, let T = {x1, ..., x4, y1, Y2}, where T N V(Ga) = {x1, ..., x4}. Also, suppose

that V(B;) = {vi1, ..., vi5, wir, wiz}, where V(B;) N V(Ga) = {w;1, w;z}, for
i =1,...,4. Now, we prove the following claim:

Claim 3 e (T, w;1) + eg(T, wip) =3,fori =1,...,4.

Proof of Claim 3. First note that w;jwi, € E(B;), fori = 1, ..., 4. Because other-
wise, we deduce that

4%2> e, (T.G\T)>4+3x2,
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color 1
color 2
color 3
color 4
color 5
color 6
color 7
Wy w,
Fig. 2 A 7-edge coloring of By with the desired properties
a contradiction. Now, if eg (T, w;1) + eg(T, wip) > 4, forsome i,i = 1, ..., 4, then
since eg (T, B;j) =4, eg(T,v;j) =0, for j =1,...,5. Thus, since dg (v;;) = 6, for
j=1,...,5dg(wj1) > 7 ordg(w;2) > 7 which contradicts A = 7. Thus we have

eg(T,wi1) +ecg(T,wip) <3, fori =1,...,4.

By (3), (18) and since T is an independent set, we conclude that e (y;, U?zl B;) > 2,
fori =1, 2. Now, since e (T, w;1) + e (T, wip) < 3,fori =1, ..., 4, we find that
ec(y1Uy, B;j) = 1, fori = 1,...,4. Thisimplies thateg (T, w;1) +ec (T, wiz) = 3,
fori =1, ..., 4 and the claim is proved.

For simplicity, let V(B;) = {vy,...,vs, wy, wa}, where V(B1) N V(Ga) =
{wy, wa}. Now, by the Claim 3 and noting that GAo = Cjz, with no loss of gener-
ality, let N(w1) N T = {x1} and N(w>2) N T = {x2, y1}. Now, since eg(T, wp) = 2,
we have dp, (w2) = 5. Then noting that wiw, € E(G), with no loss of generality
we can suppose that vswy ¢ E(G). Now, by (3), N(vs) N V(T) = {x;}, for some i,
i =1,...,4. Now, two cases may occur:

o i¢{l,2).

Let H = (V(G) \ V(B})). Add a new vertex z to H and join z to x1, x2, x;, y1 and
call the resultant graph by H'. It is easy to see that H, is a path and so by Theorem 2,
H’ has a 7-edge coloring ¢ : V(H') — {1,...,7}. Let ¢(zx1) = 1, ¢p(zx2) = 2,
¢(zy1) =3 and ¢ (zx;) = 4.

Now, we introduce a 7-edge coloring of By, called 8, in which color 1 is missed at
w1, colors 2, 3 are missed at wy and color 4 is missed at vs, see Fig. 2.

Now, define an edge coloring ¢ : E(G) — {1, ..., 7} as follows:

Letc(e) = ¢(e)andc(e’) = 0(e’),foreverye € E(H), ¢’ € E(By) andc(wix)) =
1, c(wax2) = 2, c(way1) = 3 and c(vsx;) = 4. Hence in this case we are done.

o ic{l2).

Let H = (V(G) \ V(B1)). Add a new vertex z to H and join z to x1, x> and yj.
Moreover, add a new edge x;y; and call the resultant graph by H’. We show that
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...... color 1
............ color 2
e color 3
—w—w—color4

color 5
— cOloOr 6
s Color 7

Fig.3 A 7-edge coloring of Bj with the desired properties

H' is Class 1. Clearly, x1,x2,y1 € V(H})). Note that since T is an independent
set, dg(y1) = 6 and yju; € E(G), for j = 1,...,4, then eg(y1,U'_|Bi) = 2
and so |N(y1) N V(Ga)| = 2. This implies that |N(y;) N V(H’A)I = 2. It is not
hard to see that H) is a unicyclic graph and dH/A (x;) = 1, for j € {1,2}\ {i}.
Now, by Theorem 5, H' has a 7-edge coloring ¢ : V(H') — {l1,...,7}. Clearly,
{¢(zx1), @ (zx2), ¢ (zy1)} = 3. Now, if ¢ (xiy1) # ¢(zx;), where j = {1, 2} \ {i},
then with no loss of generality, we can assume that ¢ (zx1) = 1, ¢ (zx2) = 2,9 (zy1) =
3 and ¢ (x;y1) = 4. Now, using Fig. 2, there exists a 7-edge coloring of B such that
color 1 is missed at wq, colors 2, 3 are missed at wy and color 4 is missed at vs and
so we obtain a 7-edge coloring of G. So, assume that ¢ (x;y1) = ¢(zx;). Then, let
d(zy1) =1, ¢(zx;) = ¢p(x;y1) = 2, where j # i, and ¢ (zx;) = 3.

Now, we introduce a 7-edge coloring of By, called 8, in which color 2 is missed at
wi, colors 1, 2 are missed at wy and color 3 is missed at vs, see Fig. 3.

Now, define an edge coloring ¢ : E(G) — {1, ..., 7} as follows:
Let c(e) = ¢(e) and c(e') = 0(¢), forevery e € E(H), ¢’ € E(By) and c(wyx1) =
c(waxz) =2, c(wyyr) = 1 and c(vsx;) = 3. This implies that G is Class 1 and in this
case we are done.

Case 3 Suppose that b, = 3. Thus since |Ga| = 12, g < 6. First note that if b; # 0,

then b > 4 and by Cases 1 and 2 we are done. So, assume that b = 0. Moreover, if
by # 0, then by (16),

q—2r+(T|—b—s5)(A—1)+ (A —=5)by —2b; — (A + 1)bg
S6-2(A—-1)+3(A=5—-(A+1)
< 0.

This contradicts (12) and we are done. Thus one can assume that by = b; = 0 and so
b = by = 3. Moreover, by (16) and noting that b = 3, we have

s=|T|— 1. 1)
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Also, by (6) and (7), we have

qA+ (T =)A= 1) = eG(T, G\ T) =3 x4+ D (A —|S;DISI.
j=1

This implies that
N
g—124(TI=)A =1 =D (A=ISDIS;| —(A=1)=0. (22
j=1
On the other hand by (21), we find that
N
g—12+(T|—5)(A-1)— Z((A = 18;DISjI = (A =1))
j=1

<S6-124+A—1=> ((A—|S;DIS;I = (A1)
j=1

=A—-T7- Z:((A —1S;DISjI = (A =1D).
j=1

Note that if A < 6, then we get a contradiction with (22). Thus, we can assume that
A>T (23)
Now, if 3 < [Sk| < A — 2, for some k, then —((A — |S])|Sk| — (A —1)) < —A+3

from which we conclude that

A—7—Z((A—ISJI)|S/'I—(A—l))
j=1

<A-T7—-A+3

< 0.

This contradicts (22). So, we find that |S;| € {1, A — 1}, for j =1, ...,s. Now, we
prove the following claim:

Claim4 |S;|=1,forj=1,...,5.
Proof of Claim 4. First we show that |S;| = 1, for some j, 1 < j <s. To see this, by
the contrary assume that |S;| = A —1,for j =1, ..., s. Now, since |S;| is odd, A is

even and so |B;| > A+ 1, fori = 1, 2, 3. Now, by (21),

6A=n=3(A+ D) +|T|+(T]—D(A-1D.
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This implies that |T| < 3. Now, since b = 3, by (15), ¢ > 3 and so by (13),
|T| = 3. Also, by (13) and noting that b, = 3, (U}:psj) NV (Ga) = ¥ andso by (3),
eg(T,S;) >2A —2,for j=1,...,5. Now, since s = |T| — 1 = 2, we have

3A > eg(T,G\T) >3 x44+2Q2A -2),

a contradiction. Thus, with no loss of generality assume that S; = {«}. Then |T| >
A —1. Now, to complete the proof of the claim, suppose the contrary. Then with no loss
of generality we may assume that |S;| = A — 1. Then A iseven and so |B;| > A+ 1.
Thus

6A>n>3(A+1)+|T|+|T|-2+A—1 24)

which implies that |7| < A. Two cases may occur:

First assume that |7| = A and so by (24), n = 6A. Now, if ¢ > 4, then since
N(uy) € T,wehaveu; ¢ V(Ga). Moreover, |[N(u1) N V(Ga)| = 3 and by (3) we
conclude that

12(A —2) =eg(GA, G\ Ga) >3+2(n—13)
which implies that n < 6A, a contradiction. Thus, suppose that g

b = 3 and (13), we have g = 3. Now, by (13), (Uj.:]Sj) NV(Ga)
3), eg(T, Ss) = 2(A — 1) and so the following holds:

3. Now, by
(. Thus, by

[l IA

BA+(A=3)A—-1)>eg(T,G\T) >3 x4+ (A—-2)(A—1)+2(A —1),
a contradiction.

Now, suppose that |7| = A — 1. Thus, by (21), s = A — 2. First note that if there
exists k # s such that [Sg| = A — 1, then

6A>n>3(A+1)+(A—1)+2(A—1)+ (A —4).

This implies that A < 4, a contradiction with (23). Thus we can assume that S; = {u;},
fori =1,...,s — 1and |S;| = A — 1. Hence

n>3A4+1)+A-14+A-34+A—-1=06A-2.
Now, since ¢ > 3, |[N(u;) N V(Ga)| = 3,fori =1,..., A — 3. So, we have
12(A —2) =eg(GA, G\ GA) = 3(A—=3)+2(n — (A -3+ 12)).
This implies that n < #. Now, since A is even, n < % and n > 6A — 2,
we obtain a contradiction of (23). So, the proof of the claim is complete and we have

Sj Z{Mj},fOI'j = 1,...,S.
Now, two cases may be occurred:
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Firstassume thatu; € V(Ga). Then u; is joined to 2 vertices of degree A, and so to
A—2verticesof degree A—1,sothat|T| > g+A—-2.LetK = (U?=1 V(B;)U{u}UT).
Moreover, since by = 3, there are at least 4 components of G \ T each of them
containing at least a vertex of V(G ). Now, by the Claim 1, V(GA) € V(K). Thus
by (3), for every vertex v € T, dg (v) > 2. So, using (21) we have

(A =2)+ (T = 9)(A = 3) = e (T. Uj,S)) = (T = 2)(A = D).

This implies that 2|7| < g +2A — 2. Now, since |T| > g + A — 2, we have g <2
which is a contradiction.
Next, suppose that (szlSj) NV(Ga) = . Then

(A =2)+ (T = (A = 3) 2 e (T. Ui, ) = (T] = (A = D).

S0,2|T| < g+ A — 1. Now, since |T| > A — 1, we conclude that g > A — 1. Now,
since A > 7 and g < 6, we conclude thatg = 6, A =7 and |T| = A —1 =6 and
s = 5. Thus, we find that |V (B;) N V(GA)| = 2, fori = 1,2, 3. On the other hand,
since for every v € T, eg (v, szlSj) =5, eg(v, Bf U By U B3) < 2. Thus, by (6)
and noting that b = 3, we have

6x2>eg(T,Bi1UByUB3)>3x4.

This implies that T is an independent set and e (T, B;) = 4, fori = 1,2, 3. Thus,
we find that for every e = uv, u € U,-3=1V(Bi) andv € T, e € E(Ga). Moreover, by
(3) and since for every u;, i = 1,...,5, N(u;) =T and |T| = g = 6, we have

12x5=eG(GA,G\Gp) >5%x6+2(n—17).

This implies that n < 32. On the other hand, n > 3 x 74 6 + 5 and so n = 32. Thus,
we have |B;| = 7,fori = 1,2,3.Let V(By) = {vy, ..., vs, w, wp}, where V(B1) N
V(GA) = {wy, wy}. Since |(U?:1 V(Bi))NV(Ga)| = 6 and T is an independent set,
eg(T,w;) =2,fori = 1,2. Let N(w;) N T = {x1,x2} and N(wo) N T = {x3, x4}.
Since GA = Cia, {x1, 22} N {x3,x4}| < 1. Let H = (V(G) \ V(B1)). Add a new
vertex z to H and join z to each vertex v contained in {x1, x2} U {x3, x4} and call the
resultant graph by H'. Clearly, H), is obtained from C, by removing four edges, so H
is a forest and so by Theorem 2, H' has a 7-edge coloring ¢ : V(H') — {1,...,7}.
Now, we consider two following cases:

o {x1,x2} N{x3, x4} = 0.

With no loss of generality, let ¢ (zx;) = i, fori = 1,...,4. Now, we introduce a
7-edge coloring of By, called 0, in which the colors 1, 2 are missed at w; and the
colors 3, 4 are missed at wy, see Fig. 4.

Now, define an edge coloring ¢ : E(G) — {1, ..., 7} as follows: Let c(e) = ¢ (e)
and c(e’) = 0(¢), for every e € E(H), ¢ € E(By) and c(wix1) = 1, c(wixp) =
2, c(wpx3) = 3 and c(wax4) = 4. Thus we obtain a 7-edge coloring of G and so G is
Class 1 and in this case we are done.

o N(wi)NT ={x1,x2}and N(w2) N T = {x7, x3}.

@ Springer



818 Graphs and Combinatorics (2014) 30:801-819
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Fig.5 A 7-edge coloring of By with the desired properties

Let ¢(zx;) = i, fori = 1,2, 3. Since dy/(x) = 6, there exists a color & which is
missed at xo. If ¢ {1, 3}, then with no loss of generality let « = 4. Then by Fig. 4,
there exists a 7-edge coloring of B such that colors 1, 2 are missed at w; and colors
3, 4 are missed at wy. Therefore G is Class 1 and in this case we are done. So, with
no loss of generality assume that « = 1. Now, we introduce a 7-edge coloring of By,
called 6, in which colors 1, 2 are missed at w and colors 1, 3 are missed at wy, see
Fig. 5.

Now, define an edge coloring ¢ : E(G) — {1, ..., 7} as follows:
Let c(e) = ¢(e) and c(e') = O(¢), forevery e € E(H), ¢’ € E(By) and c(wyx]) =
c(waxz) = 1, c(wix2) = 2 and c(wyx3) = 3. Therefore G is Class 1 and in this case
we are done.

Thus by the assumption of theorem we showed that G has a 1-factor or G is Class
1. Call the 1-factor of G by M. Let H = G \ M. If Hp is a forest, then by Theorem 2,
H is Class 1 and G is Class 1, too. If Hx = C12,thenby (3), IN(v)NV (Ha)| > 1, for
every v € V(G) \ V(Ga) and so H is connected. Now, by the induction hypothesis
H is Class 1. Thus G is Class 1 and we are done. This completes the proof.
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