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Abstract. Let G be an infinite graph embedded in a closed 2-manifold, such that each open
face of the embedding is homeomorphic to an open disk and is bounded by finite number of
edges. For each vertex x of G, define the combinatorial curvature
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as that of [8], where d(x) is the degree of x, F(x) is the multiset of all open faces o in the
embedding such that the closure & contains x (the multiplicity of ¢ is the number of times
that x is visited along do'), and |o| is the number of sides of edges bounding the face . In this
paper, we first show that if the absolute total curvature erV(G) |®g(x)]| is finite, then G has
only finite number of vertices of non-vanishing curvature. Next we present a Gauss-Bonnet
formula for embedded infinite graphs with finite number of accumulation points. At last, for
a finite simple graph G with 3 < ds(x) < oo and ®s(x) > 0 for every x € V(G), we have
(1) if G is embedded in a projective plane and #(V (G)) = n > 1722, then G is isomorphic to
the projective wheel P,; (ii) if G is embedded in a sphere and #(V(G)) = n > 3444, then G
is isomorphic to the sphere annulus either A, or B,; and (iii) if dg(x) = 5 for allx € V(G),
then there are only 49 possible embedded plane graphs and 16 possible embedded projective
plane graphs.
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1. Introduction

The notion of combinatorial curvature was introduced by Gromov [7] to study
hyperbolic groups. Later it was modified by Ishida [9] and was defined directly for
embedded plane graphs. Using this combinatorial curvature, Higuchi [8] considered
discrete analogs of isoperimetric inequality and Myer’s theorem of Riemannian
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geometry for embedded plane graphs. In fact, Higuchi [8] obtained certain isoperi-
metric constant and asked for a combinatorial analog of Myer’s theorem.

Myer’s theorem originally states that if a Riemannian n-manifold M has positive
Ricci curvature bounded away from zero, say, Ric > ”r;l, then M is compact and
has diameter at most sr7. Higuchi’s isoperimetric constant is interesting because it
is quite different from that of continuous case. The difference perhaps lies in the
fact that the combinatorial curvature does not approximate the curvature in the
continuous case. For instance, for a closed 2-manifold with a triangulation in an
Euclidean space, one easily finds that there is no logical relation in general between
the combinatorial curvature and the curvature of the surface. However, the notion
of discrete curvature that does approximate the curvature in the continuous case
were considered by some others, for example, [1-4]. Other notions of combinatorial
or discrete curvature are studied in [6, 10, 11, 13]. In particular, a discrete curvature
for triangulations of 3-manifolds is introduced in [10] and is applied to characterize
3-spheres.

Since the difference in nature between the combinatorial curvature and the cur-
vature in the continuous case, the discrete analogs of the isoperimetric inequality and
the discrete analogs of Myer’s theorem might be quite different from their continu-
ous forms. The main purpose of this paper is to give one of such discrete analogs of
Myer’s theorem. A notable feature of our statement (certain finiteness theorem)
for embedded graphs does not have similar continuous forms for Riemannian
manifolds in the continuous case.

Let G be a graph (loops and multiple edges are allowed) embedded in a closed
2-manifold M. The graph G may have infinite number of vertices and edges, and
may have loops and multiple edges. However, each vertex is required to have finite
degree. We view the vertex set V (G) as a subset of M and each edge of G as an open
arc. We consider G as the union of V(G) and all arcs, so that G is a subset of M. If
V (G) is infinite, the accumulation set

V'(G):=G -G

may be non-empty, where G is the closure of the subset G ¢ M. To avoid patho-
logical cases that we have no interest, it is assumed that the embedding satisfies the
following properties:

(E1) The accumulation set V'(G) is finite.

(E2) The complement M — G is a disjoint union of connected open sets, each such
open set U is homeomorphic to an open disk, and its boundary 9U := U — U
is a finite subgraph of G.

Then the punctured surface S := M — V/(G) is decomposed into a (possibly infinite)
collection of vertices, open arcs, and open regions. We call each open region an open
face (or just face) of G and each accumulation point in V'(G) an end. We write
End(G) instead of V/(G).

Note that the closure of a face may not be homeomorphic to a closed disk. This
means that the boundary of a face may not be a cycle of G. Since each edge of G
in the surface has two sides, we say that a side of an edge bounds a face o provided
that o is exactly on that side of the edge. The number of sides of a face o is called the
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Fig. 1. An embedding with faces whose boundaries are not cycles

the length of o, denoted |o|. A face may be on both sides of an edge; if so the face
has the two sides of the edge. For instance, viewing the graph in Fig. 1 embedded in
a sphere, the length of the face o7 is 4, its closure 61 is homeomorphic to a closed
disk, but its boundary is not a cycle; the length of the face o5 is 7, its closure & is
not homeomorphic to a closed disk, and its boundary is not a cycle; the length of
the face o3 is 2, its closure is homeomorphic to a disk, and its boundary is a cycle
of length 2.

For each vertex x of G, we denote by dg(x) or just d(x) the degree of x (the
number of edges incident with x, having loops counted twice), and by F(x) the
multiset of faces o such that x is contained in the closure &; the multiplicity of a
face o is the number of times that x is visited when one travels along the sides of o
in an orientation. For instance, in Fig. 1, the multiplicity of oy is 1 at both vertices
u3 and us, while its multiplicity at u4 is 2; the multiplicity of o, is 1 at vertices u
and uy, and its multiplicity is 2 at u» and 3 at u3. Thus 1 < d(x) = |F(x)| < oo for
all vertices x. We denote by V(G), E(G), and F(G) the sets of vertices, edges, and
faces of G, respectively. The cell complex of G is the collection

A(G) := V(G) U E(G) U F(G).

Definition 1.1. Let G be a graph (finite or infinite) embedded in a closed 2-manifold
M. The combinatorial curvature of G is the function ®¢g : V(G) — R, defined for
x € V(G) by

. d(x) 1
(I)G(.x)— 1—T+J§x) H (11)

The number ®¢ (x) is called the curvature of G at the vertex x.

The definition ®;(x) applies to graphs with loops and multiple edges and does
not require (E1) and (E2). If an embedding of G satisfies (E1) and (E2), the graph
G can not have loops and vertices of degree 1 (multiple edges are allowed). So we
assume throughout the whole paper that G is a simple graph. When G is embedded
in a closed 2-manifold M, we further assume that (E1) and (E2) are automatically
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satisfied. We write @ (x) instead of @ (x) whenever the graph G is clear in the con-
text. It is observed by Higuchi [8] that ® (x) may be used to measure the “difficulty”
of tiling a plane by regular polygons at the vertex x in the following sense: each face
o incident with x forms an angle; if we regard o as a regular |o|-gon and assign

T — Z—”I to this angle, then

3 (7‘[ - |20—”|> =27(1-0w).

oeF(x)

Thus, if ®(x) # 0, the union (J,¢p(,) 0 can not be embedded in the plane “con-
formally”. However, if ®(x) = 0, d(x) = d, and |o| = const at every vertex v of o,
then |o| = %. There are three possibilities for the pair (|o], d): (6, 3), (4, 4), (3, 6),
which correspond to the tilings of the plane by triangles, rectangles, and hexagons,
respectively. Higuchi [8] made the following finiteness conjecture.

Conjecture 1.2. (Higuchi) If ®(x) > 0 for all x € V(G), then G has finite number
of vertices.

The conjecture was partly confirmed by Higuchi himself [8] for some special
cases, and by Sun and Yu [12] for the case of 3-regular graphs. The conjecture was
fully solved geometrically by Devos and Mohar [5] by establishing a Gauss-Bonnet
inequality on polygonal surface. In this paper we are interested in finding the rela-
tion between the number of vertices with non-vanishing curvature and the finiteness
of the following absolute total curvature.

Definition 1.3. Let G be a graph (finite or infinite) embedded in a closed 2-manifold
M. The absolute total curvature of G is the sum

1I(G) == Y [PX).

xeV(G)
The first main result of the paper is the following theorem.

Theorem 1.4. Let G be a simple graph embedded in a closed 2-manifold M, satisfying
(El) and (E2). Then G has finite number of vertices of non-vanishing curvature if

and only if 3 cy Gy 1P ()| < 0.

It is trivial that the finiteness of the number of vertices with non-vanishing cur-
vature implies the finiteness of the absolute total curvature. However, the converse
is not obvious. The graphs in Fig. 16 are non-trivial examples regarding the Theo-
rem 1.4. The proof of Theorem 1.4 is given in Section 3.

Definition 1.5. Let G be a graph (finite or infinite) embedded in a closed 2-manifold
M. For each end p € End(G), let Uy be a sequence of open neighborhoods of p sat-
isfying the conditions: (i) each U, is homeomorphic to an open disk, its closure U,
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is homeomorphic to a closed disk, and U, C U,_1; (ii) all the boundaries dU, are
disjoint cycles of G, and (iii) (;2; Un = {p}. Set G, = GN(M —Uy,). The curvature
of G at p is the limit (whenever exists)

Oo(p) = lim Y P, (x). (1.2)
xeV(@QU,)

The limit in (1.2) may not exist. However, if the absolute total curvature is finite,
the limit does exist and is unique; see Lemma 3.2. Conversely, if the limit exits at
each end, it is obvious that the absolute total curvature must be finite. The next main
result of the paper is the following Gauss-Bonnet formula (or Euler’s relation).

Theorem 1.6. Let G be a simple graph embedded in a closed 2-manifold M, satisfying
(El) and (E2). If the absolute total curvature |®|(G) is finite, then

Y dex) = x(S), (1.3)

xeV(G)
where V(G) := V(G) UEnd(G), S :== M — End(G) is the punctured surface, and
X (8S) := x (M) — #(End(G)) is the Euler characteristic number of S.

The most interesting and important problem about the combinatorial curvature
is perhaps to classify embedded graphs whose curvatures satisfy certain properties.
We are interested in classifying the embedded graphs with positive curvature at
every vertex. To state our result on such classification of finite graphs with positive
curvature everywhere, we introduce a special type of projective wheel graphs P,, and
two types of sphere annulus graphs A,, and B, with n > 3 vertices. The vertex set of
P, is

V(P,) = {xl,xz, ,xn}

and the edge set of P, is given as follows:
Let x; = x4 for1 <i <n.Foroddn =2s + 1,

E(Pys+1) = {Xixs+,', XiXspirl 1 <i<s+ 1}’
and for even n = 2s,
E(Py) = {xixs+i 1l <i< s}_

The examples for P, are demonstrated in Fig. 2.
The vertex sets of A, and B, are the same, having 2n vertices as

V(A}’l) = V(Bn) = {xla <o Xn, ylv'-~ ,yn}-

The edge set of A, is

E(Ay) = {xixit1, yiyie1, xiyi 1 <i <n},
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Fig. 3. The sphere annulus graphs A¢ and Bs

and the edge set of B, is
E(By) = {xixiq1. yiyit1» Xivi, Xiyiq1 2 1 <i <n},

where x,+1 = x1, yp+1 = y1. The examples for A, and B, are demonstrated in
Fig. 3.

The third main result of the paper is the following Theorem 1.7, a classification
of finite graphs having positive curvature at every vertex and having large enough
number of vertices. Devos and Mohar [5] independently obtained almost the same
results by different methods, except that our bound for projective plane is 1722
rather than their bound 3444.

Theorem 1.7. Let G be a finite simple graph embedded in a closed 2-manifold such
that 3 < d(x) < oo, ®(x) > 0 forall x € V(G), and (El) and (E2) are satisfied.

(a) If G is embedded in a projective plane withn > 1722 vertices, then G is isomorphic
to the projective wheel graph P,,.

(b) If G is embedded in a sphere with n > 3444 vertices, then G is isomorphic to the
sphere annulus graphs either A, or By,.
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The lower bounds 1722 and 3444 are conveniently selected so that the proof of
our statement can be easily obtained. Of course, the lower bounds may be drastically
lowered. Finally, for 5-regular graphs we further obtain that there are only possi-
bly 16 such projective plane graphs and possibly 49 such plane graphs as stated in
Theorem 1.8. Some of these graphs are illustrated in Fig. 13 and Fig. 14. We believe
that there may be only a few of such graphs.

Theorem 1.8. Let G be a finite S-regular simple graph and ® (x) > 0 for all x € V(G).

(a) If G is embedded in a projective plane, then G has 16 possible cases listed in the
proof, each contains at most 30 vertices.

(b) If G is embedded in a sphere, then G has 49 possible cases listed in the proof,
each contains at most 60 vertices, and there exists a graph G having exactly 60
vertices.

It is interesting and important to construct a concrete example of infinite graph
whose curvature is non-negative at every vertex but there are infinitely many vertices
with positive curvature. We doubt the existence of such an infinite graph. However,
there exist infinite plane graphs having non-negative curvature at every vertex but
having only finite number vertices of positive curvature; see Fig. 16. We end up the
introduction by making the following conjecture.

Conjecture 1.9. Let G be an infinite plane graph with non-negative curvature at every
vertex. Then there are only finite number of vertices with non-vanishing curvature.

2. Properties of Combinatorial Curvature

In this section we follow the book [14] on notations of graphs. We assume that G
is a simple graph (no loops and multiple edges) embedded in a closed 2-manifold
S, satisfying (E1) and (E2). Let x be a vertex of G. The degree of x is denoted by
d =d(x).Letoy,...,o4 be faces of G incident with x, listed in increasing order of
lengths |oq| < --- < |o4|. The face vector of G at the vertex x is the ordered tuple

f&) = (lo1l, ..., loal).

A cycle of G is called a face cycle if it bounds a face of G.

Lemma 2.1. If ®(x) > 0 at a vertex x, then 1 < d(x) < 5. Moreover, the face vectors
and the curvatures for each of the cases are characterized into the following patterns.

(1) Ford(x) =1, we have f(x) = (k) withk > 5 and ®(x) = % + % > %
(2) Ford(x) =2, we have f(x) = (3,k) withk > 4, ®(x) = %—i—% > % fx) =
(m, k) withd <m <k, ®(x) =+ + 1> L >1
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(3) Ford(x) =3,

f(x)|3,3,k), k> 3|(3,4, k), k > 43,5, k), k>5
3,6,k), k>6(3,7k), 7<k<41|3,8 k), 8<k<23
(3,9,k),9 <k <17((3,10,k),10 <k < 14|(3,11,k),11 <k <13
4,4, k), k>4{4,5 k), 5<k=<19|4,6k), 6<k<Ill
4,7, k), 7T<k<9|(5,5,k), 5<k<9|5,6,k), 6<k<T

S |=1/6+1/k =1/12+1/k =1/30+1/k
= 1/k > 1/1722 > 1/552
> 1/306 > 1/210 > 1/858
= 1/k > 1/380 > 1/132
> 1/252 > 1/90 > 1/105

(4) Ford(x) =4,

F0)[3,3,3,8), k=23](3.3,4,k,4<k<11
(3,3,5,k),5<k<7(3,4,4,k), 4<k<5
D)= 1/k > 1/132
> 1/105 > 1/30

(5) Ford(x) =25, wehave f(x) = (3,3,3,3,k) with3 <k <5and ®(x) > 31—0.

Proof. For d(x) > 6, the face vector f(x) at the vertex x with the largest curvature

is the vector f(x) = (3, ..., 3) and the corresponding curvature at x is
d d d—=6
P)=1--4+-=—-——-—<0.
(x) >3 ¢ =
The other five cases are routine enumerations. O

The following Lemma 2.2 is due to Higuchi [8].
Lemma 2.2. If ®(x) < 0 at a vertex x, then ®(x) < —e, where ¢ = 1/1806.

Lemma 2.3. If ®(x) = 0 at a vertex x, then 3 < d(x) < 6. Moreover, the face vectors
for each case are characterized into the following patterns.

(1) Ford(x)=3, f(x)=(3,7,42),(3,8,24), (3,9, 18), (3,10, 15), (3, 12, 12),
4,5,20), 4,6,12), 4,8,8), (5,5, 10), (6, 6, 6).

(2) Ford(x)=4, f(x)=(3,3,4,12), (3,3,6,6), (3,4,4,6), (4,4,4,4).

(3) Ford(x)=35, f(x)=(3,3,3,3,6), (3,3,3,4,4).

(4) Ford(x)=6, f(x)=(3,3,3,3,3,3).

Proof. For d = d(x) > 7, the face vector with the largest curvature is f(x) =
(3, ..., 3) and the curvature at x is

d(x) =1 d+d -6 _,
=l-=-+-=——7—<0.
o 273 6

The other cases are routine calculations. O
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Corollary 2.4. Let o be a face of an embedded graph G such that |o| > 13 and
®(x) = 0 forall x € V(do). Then do is a cycle of G. Moreover, if C1 and Cy are
cycles of lengths |C| > 13 and |C»| > 13, then Cy and C; are disjoint.

Proof. Note that the boundary of a face is a cycle if and only if the face is counted
once at each of its vertices. It is easily checked from the data in Lemma 2.1 and
Lemma 2.3 that there are no two faces of both length at least 13 near a common
vertex. So do is a cycle if |do| > 13. Moreover, if C| and C| are cycles of G such
that |C{| > 13 and |C;| > 13, then C; and C, must be disjoint. O

Contrary to the phenomenon that the combinatorial curvature is bounded
away from zero whenever it is negative, the combinatorial curvature being posi-
tive does not imply that it is bounded away from zero. Actually there is no universal
lower bound for positive combinatorial curvature. For example, the projective wheel
graphs P, and the sphere annulus graphs A, and B, have curvature ®(x) = 1/n at
every vertex x.

Lemma 2.5. Let o be a face of the graph G. If either |o| > 43 and ®(x) > 0 for all
x € V(30), or |o| > 42 and ©(x) > 0 for all x € V(d0), then the do is a cycle of G

and
Z O (x) > 1.

xeV(do)

Proof. 1t follows directly from Corollary 2.4 that the boundary do is a cycle of G.
Write k = |o|. By Lemma 2.1 and Lemma 2.3, the face vector f(x) at each vertex
x € do has the following possible patterns:

(k), (m,k), (3,3,k), 3,4,k), 3,5,k), (3,6,k), (4,4,k), (3,3,3,k).

Note that ®(x) > % for each of these patterns. Hence ) d(x) > 1. a

x€do

Corollary 2.6. Let oy, ... , 0, be faces of the graph G. If ®(x) > 0 for all x € do1 U
-«+Udoy and |o;| > 43 for 1 <i <n, then

Z O(x) > n.

xeV(do1U---Udoy)
Moreover, the boundaries do1, . .. , do, are actually disjoint cycles of G.
Proof. Since ®(x) > 0 for every vertex x of G and |o;| > 43 for all i, then by

Corollary 2.4 the boundaries doy, ... , do, are disjoint cycles. The inequality fol-
lows immediately from Lemma 2.5. |

Lemma 2.7. Let x be a vertex of the graph G such that 0 < ®(x) < 1/1722. Then x
is on a cycle C of G, bounding a face of length at least 43.
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Proof. We first show that there is a face at x whose length is at least 43. Suppose
this is not true. Then all faces at x have length at most 42. Since ®(x) > 0, by
Lemma 2.1, we have

(111 1 1 1 1
<I>(x)zm1n{————___

1 1 1 1 1 1 1
} S 1722°
where k < 42. This is contradictory to ®(x) < 171? Thus x must be on the bound-
ary of a face whose length is at least 43. Since there are no two faces of length at
least 12 at any vertex by Lemma 2.1, the boundary of any face of length at least 43
is actually a cycle of G. O

3. The Proof of Theorem 1.4 and Theorem 1.6

Let D be the unit open disk of R? with the center at the origin. The boundary of
D, denoted by 9D, is the unit circle. Let A be an open subset of the surface S.
The boundary of A is the set 9A = A — A, which is not necessarily homeomorphic
to a circle. We say that a pair (A, dA) is homeomorphic to (D, dD) if there is a
homeomorphism ¢ : A — D such that ¢ (A) = D and ¢(dA) = dD.

First Proof of Theorem 1.4. We shall show that if erV(G) |®(x)] < oo, there are
finite number of vertices having non-vanishing curvature. By Lemma 2.2,if ®(x) < 0
then ®(x) < —1/1806. So the number of vertices with negative curvature must be
finite. Suppose there are infinitely many vertices of positive curvature. These infi-
nitely many vertices must have an accumulation point p in the closed 2-manifold S.

Let v, be a sequence of vertices convergent to p and ®(v,) > 0 for all n. Since
Yoo 1@ (vy)| < 00, then @ (v,) — 0(n — 00). Since negative curvature is bounded
away from zero, there is a positive integer N such that 0 < ®(v,) < 1/1722 for all
n>N.

Let U; be an open neighborhood of p such that dU; is a cycle of G and ®(x) > 0
for all x € V(U;). We then have

> @) < oo (3.1)

xeV(@Uy)

Let v,, be a vertex in U; withn; > N. Then 0 < ®(v,,) < 1/1722. By Lemma 2.7,
there is a face o] at v,, such that |o1| > 43. Clearly, o1 C Uy, so ®(x) > 0 for all
x € V(do1). Hence by Lemma 2.5, 3\ .y (50, P(x) > 1.

Let U, be an open neighborhood of p such that U, C U and U is disjoint
fromo7. Let v,, be a vertex in U, with np > ny. Again 0 < ®(v,,) < 1/1722; and
by Lemma 2.7, there is a face oy at v,, such that |oy| > 43. Clearly, 5> C U, so
®(x) > 0 forall x € V(o7). By Lemma 2.5, erV(E)az) ®(x) > 1.
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Continuing this procedure we obtain a sequence o, (m = 1,2,...) of faces
whose closures o;, are disjoint. Thus

> o) = > Px) =Y Y D) =o0.

xeV(U)) xeV (U dom) m=1xeV(do,)
This is contradictory to (3.1). a

Second Proof of Theorem 1.4. We only need to show that if the absolute total curva-
ture |®|(G) is finite, then G has finite number of vertices of non-vanishing curvature.
Suppose this is not true, that is, there is a graph G such that |®|(G) < oo, but G has
infinitely many vertices of non-vanishing curvature. Let ¢ = 1/1806 and

Ve={x e V(G): 0 < |®(x)| < &}.

If ®(x) < 0, then |®(x)| > ¢ by Lemma 2.2. Thus ®(x) > 0 for all x € V.. Since
Zq,(x#o |®(x)| < oo, the complement V — V, must be a finite set. In other words

V. is an infinite set. Since Lemma 2.7 and ¢ < lez, there is a face o, of length at
least 43 at each vertex v € V.

Note that the number of vertices having negative curvature is finite. The set of
these finite number of vertices can intersect only finite number of closed faces in
{o, : v € V.}. In other words, there are infinitely many closed faces in {&, : v € V,}
whose vertices have non-negative curvature. By Lemma 2.5, 3~ v 5,) ®(x) > 1
for each of these closed faces &, with non-negative curvature. On the other hand,
since |a,| > 43, then by Corollary 2.4 the faces 7, with non-negative curvature are
disjoint. Thus erV(G) |®(x)| = oo. This is contradictory to (3.1). O

Lemma 3.1. Let G be an infinite graph embedded in a closed 2-manifold M, and let p
be an end of G. Let W be an open neighborhood of p such that (W, dW) is homeomor-
phic to (D, dD). Then W contains an open neighborhood U of p such that (U, dU) is
homeomorphic to (D, 0D) and U is a cycle of G.

Proof. Let A(G) denote the cell complex whose cells are vertices, open edges, and
open faces of G on the closed 2-manifold M. Let A(G, W) be the subcomplex of
A(G), generated by the cells intersecting the boundary 9 W, that is,

AG,W)={o € A(G):0 ST, TNIW # 0}

Then the union |A(G, W)| = U,ca.w) 0 is a closed subset of M, and p ¢
|A(G, W)|. So the relative complement W — |A(G, W)| is an open neighborhood
of p. Let U be the connected component of W — |A(G, W)| that contains p. Thus
U is an open neighborhood of p, and (U, aU) is homeomorphic to (D, dD). The
boundary dU = U — U must be a cycle of G by the construction. |

Lemma 3.2. Let G be a graph embedded in a closed 2-manifold M. If |®|(G) is finite,
then for each end p € End(G) the curvature ®¢(p) exists and does not depend on the
graph sequence G, in Definition 1.5.
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Proof. Let U, and W, be two sequences of open neighborhoods of the end p,
satisfying the conditions in Definition 1.5. That is, (U,, dU,) and (W,,, dW,,) are
homeomorphic to (D, dD); Uy, C Up—1, Wy C Wy—1, (), Un = ), W = {p}; 3U,
and W, arecyclesof G. Let G, =GN (M — U,) and H, = GN (M — W,,).

For a fixed m and an arbitrary n such that U,, ¢ W,,, we define a cylinder surface
Sp.n := W, — U, and a finite graph Gm.n = GNSy , embedded in Sy, ,; see Fig. 4.
Since the Euler characteristic of S, , is zero, we have

0= 3> @G, 0= > &g,

x€V(Gmyp) xeV(U,)
+ Y @G0+ Y. @g,,®
xeV (W) xeV(Gm,n)

x€V (W Ualy)

=a(m,n) + B(m,n) + y(m,n),

where a(m, n), B(m, n), and y (m, n) are defined as the last three sums of the above
right-hand side, respectively. Notice that

O (x) ifx e V©EU,
(I)van (x) = @Gme (x) ifx € V(OWy,),
Dg(x) ifx € V(Gp.n) — V (0U, UdWy,).

Applying Theorem 1.4, we see that the number of vertices with non-vanishing cur-
vature is finite. We may choose m large enough so that W,, contains no vertices
of non-vanishing curvature. It then follows that when » is large enough, a(m, n) is
independent of m, so we may write «(m, n) = «(n); B(m, n) is independent of n,
so we may write B(m, n) = B(m); and y (m, n) = 0. Thus for large enough fixed m
we have a(n) = —B(m) for large n. This means that the sequence «(n) is eventually

Fig. 4. The surface S,,, and the graph G,, ,
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a constant «. Subsequently, the sequence 8(m) is eventually the constant —«. Of
course lim,_, o a(n) exists and

lim a(n) = lim E DG, (x) = a.
n—oo n—oQ
xeV(QU,)

Analogously, for a fixed n and an arbitrary m’ such that W,, C U,, let S =
U, — W, and G, = GnNS . we shall obtain sequences a’'(m’) and B'(n)
such that for large enough fixed n, a’(m’) = —pB’(n) for large m’. Similarly, the
sequences o’ (m’) and B’(n) are eventually constants «’ and —a’, respectively. Of
course, lim,,/_, o, @’ (m’) exists and

lim o'(m’) = lim E g ,(x) =0ao.
m’'— 00 m'— 00 "
xeVEW,))

Now since there are only finite number of vertices with non-vanishing curvature,
then for large enough n we have erV(aU,,) ®;(x) = 0. Note that

> e = Y (96,0 + g @)+ Py, ()

xeV(3U,) xeV(3Uy)

and ) cyou,) Pov, (x) = x(@U,) = 0. It follows that a(n) + B'(n) = 0 for large
enough n. This means that o — o’ = 0. Hence the limit in question is unique. O

Proof of Theorem 1.6. For each end p € End(G), let U, (p) be a sequence of open
neighborhoods of p such that (U,, 3U,) is homeomorphic to (D, dD), U, C U,_1,
dU, is a cycle of G, and (), U, = {p}. We may further assume that U,(p) for all
p € End(G) are disjoint. Let

Sy =M — U Uy(p) and G, =GnNS,.
peEnd(G)

Then S, is a 2-manifold with boundary UpeEnd(G) UL (p). Let0G = GNaS,. Itis
clear that

X (M) — #(End(G)) = x (M) — x( U mw) = X (S0
p€End(G)

Let Sn(p) =M — Un(p): Gn(p) =GN Sn(p): and 3Gn(P) =GN 8Un(p)- Then
G, = U peEnd(G) 9Gn(p). Applying the Euler formula to the surface S, with the
embedded finite graph G,,, we have

XS = Y @G, &)

xeV(Gy)
= Y P+ Y P60
xeV(Gy) xeV(Gy)—-V(0Gy)

> Yo eepm0+ Y. Pa).

p€End(G) xeV(9Gn(p)) xeV(Gn)—V(0Gn)



172 B. Chen, G. Chen

Let n tend to oo and make use of definition of ®5(p). We obtain

X(M) —#End(G) = Y de(p)+ Y, P6x).

peEnd(G) xeV(G)

4. Proof of Theorem 1.7 and Theorem 1.8

We first prove the the statement of Theorem 1.7 for the case of projective plane. To
do this we need the following lemma.

Lemma 4.1. Let G be a finite simple graph embedded in a projective plane such that
3 <d(x) <ooand ®(x) > 0 forall x € V(G). If #(V(G)) > 1722, then all vertices
of G are contained in a cycle bounding a face of length #(V (G)).

Proof. We first claim that there is a face o of G whose length is at least 43. If there is
one vertex x such that ®(x) < 17%, then by Lemma 2.7, there is a cycle C of length
at least 43 such that C bounds a face o.

If, on the other hand, ®(x) > lez for all x € V(G), we must have ®(x) = lez
for all x € V(G) and there are exactly 1722 vertices. Then by Lemma 2.1 that either
there is one vertex of G which is on a cycle of length 1722, or every vertex of G has
the face vector (3, 7, 41). In the former case we have had a face of length 1722 which
is larger than 43. In the latter case every vertex of G has three faces of lengths 3,
7, and 41, respectively. Take a vertex x and draw its faces as in Fig. 5. Since every
vertex has the face vector (3, 7, 41) and the vertex u, one neighbor vertex of x, has
had faces of lengths 3 and 7, then the vertex u must have a face of length 41. Thus
the edge uv must be on the boundary of a face of length 41. It follows that the
vertex v has two faces of length 41, where v is another neighbor vertex of x. This is
contradictory to Corollary 2.4.

face of length 41 face of length 7

face of length 41

Fig. 5. Impossibility of face vector (3, 7, 41) at every vertex of G



Gauss-Bonnet Formula, Finiteness Condition, and Characterizations 173

Now we have seen that the graph G has a face o of length at least 43. By
Corollary 2.4 the boundary do must be a cycle of G. Thus by Lemma 2.5 we have

I= ) o= ) @@=l

xeV(G) x€V(3o)
It forces that V(G) = V(do). So all vertices of G are on a face cycle of G. O

THE PROOF OF THEOREM 1.7 PART (a):

Since n > 1722, it follows from Lemma 4.1 that all vertices of G are on a cycle
bounding a face o of length n.

CASE 1: There exists a vertex of degree 4.

Let x; be a vertex whose degree is 4. Then there are two edges incident with x;
other than the edges on the cycle do; we label the two edges by 1 and 2 as shown in
Fig. 6. Let the edge with label 1 be incident with a vertex yo. We label the vertices on
the cycle do starting from x| in counterclockwise by xp, x, x3, ... , x; and label the
vertices on the same cycle starting from y( in counterclockwise by yo, y1, y2, ... , ¥},
respectively. Then i + j + 1 = n; see Fig. 6.

Recall from Lemma 2.1 that the face vector at any vertex of degree 4 on the
cycle do is (3, 3, 3, k) with k > 1722. Since d(x1) = 4 and G has had the face o of
length larger than or equal to 1722, the edges x| yp and ypy; must bound a triangular
face. It forces that x;y; is an edge (label 2) of G. Thus x; is adjacent to yy and y;.
Similarly, since the edges y;x; and x;x; must bound a triangular face, it forces that
y1x2 (label 3) is an edge of G. Hence d(y;) = 4. By the same token the edges x> y;
and y;y, must bound a triangular face so that x>y, (label 4) is also an edge of G.
Therefore x; is adjacent to y; and y,. Now d(y;) = 4; the edges y,x> and xx3 must
bound a triangular face so that y;x3 (label 5) is an edge of G; and the edges x3y»
and y>y3; must bound a triangular face so that x3ys is an edge (label 6) of G. We
thus conclude that x3 is adjacent to y, and y3;. Continuing this procedure we see
that x, is adjacent to y,_; and y,, 1 < r < min{i, j}. We divide the situation into
three subcases.
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Casel.l:i < j.

The edges ypx; and x1y; must bound a triangular face so that ygy; is also an
edge of G. Then d(yp) = 5. This is a contradiction; see Fig. 7(a).

Case 1.2:i > j.

The edges x1y; and y;x; must bound a triangular face so that x1x; is an edge of
G. Thus d(x1) = 5. This is a contradiction; see Fig. 7(b).

Case 1.3:i = j =s.

It follows that the graph G is isomorphic to the graph Py, 1; see Fig. 8(a).

Case 2: There is no vertex of degree 4.

This means that every vertex of G has degree 3. Then every vertex on the cycle
do is adjacent to another vertex on the same cycle. It forces that the number of
vertices on the cycle must be even. Let n = 25 and let the vertices xp, x2, ... , x; be
adjacent to the vertices yj, y2, ... , ys, respectively. Since the graph G is embedded

i‘\“ L)
Yol T 2

(@ 1<y

(a) P23+1

Fig. 8. The projective plane graph isomorphic to P,
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in the projective plane, it forces that the order of yy, ys, ... , y; are the same as that
of xi,x2, ..., xy; see Fig. 8(b). O
Now we prove the statement of Theorem 1.7 for the case of sphere.

Lemma 4.2. Let C be a face cycle of length at least 43 of a graph G embedded in a
sphere such that 3 < d(x) < oo and ®(x) > 0 for all vertices x € C. Let u and v be
two vertices of C. If u and v are not adjacent in C, then u and v are not adjacent in G.

Proof. Suppose this is not true; that is, there are two vertices u and v of C such
that u and v are not adjacent in C but adjacent in G. Given an orientation of C so
that the vertices of C are cyclically ordered. Let u” and u” be the vertices that are
adjacent with u in C; and let v’ and v” be the vertices that are adjacent with v in C;
see Fig. 9(a). We may have u” = v’. The degree d¢ (1) and dg (v) must be either 3 or
4, and can not be 5 by Lemma 2.1.

Case I:dg(u) = 4.

Let w be a vertex adjacent to u but w is not on C. Then w is located either in
the region R; or in the region R».

Case 1.1: The vertex w is located in the region R;. See Fig. 10(a).

By Lemma 2.1, the face vector at u must be (3, 3, 3, k) with k > 43. So the face
bounding the edges uv and uw must be a triangle. This forces that v and w must
be adjacent; see Fig. 10b. By the same token, the face bounding the edges uu’ and
uv must be a triangle. This forces that u’ and v must be adjacent, or u’ = v”. In
the former case we have dg(v) = 5; this is impossible because there is no face of
length at least 43 at a vertex of degree 5; see Fig. 10(c). In the latter case we have
dg(u') = 2, which is not allowed.

. RZ ' RZ
(a) (b)

Fig. 9. u and v are not adjacent in C but adjacent in G

(a) w is located in R (b) vw is an edge (C) u'w is an edge

Fig. 10.
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w w w

a) w is located in R2 b) vw is an edge ¢) v/w is an edge
(a) (

Fig. 11.

Case 1.2: The vertex w is located in the region R,. See Fig. 11(a).

Similarly, by Lemma 2.1, the face vector at u must be (3, 3, 3, k) with k > 43.
Then the face bounding the edges uv and uw must be a triangle. So v and w must
be adjacent; Fig. 11(b). By the same token, the face bounding the edges uu” and uv
must be a triangle. This forces that u” and v must be adjacent, or u” = v'. In the
former case we have dg (v) = 5; this is impossible by Lemma 2.1. In the latter case
we have dg (1) = 2, which is not allowed.

Case 2: dg(u) = 3.

By symmetry in Case 1 we may assume dg (v) = 3. We may further assume that
u and v are such a pair of adjacent vertices so that the distance d¢ (#, v) in C is mini-
mal. By Lemma 2.1, the face vector at u is one of (3, 3, k), (3,4, k), (3,5, k), (3, 6, k),
and (4, 4, k) with k > 43. Note that u” # v’; otherwise dg(u”) = dg(v') = 2, which
is not allowed. Similarly, u” # v”. If there is a triangular face at u, then v is adjacent
to either u’ or u”. In either case we have dg(v) = 4, which contradicts dg(v) = 3.
If the face vector at u is (4, 4, k), then u” must be adjacent to v/, and u’ is adjacent
to v”. Hence one of the distances dg (1, v"") and dg(u”, v') must be shorter than
dg(u, v), which is contradictory to the minimality of dg («, v) or absence of vertices
of degree 2 or absence of vertices of degree 2; see Fig. 9(b). |

Lemma 4.3. Let G be a finite graph embedded in a sphere such that 3 < d(x) < oo
and ®(x) > 0 forallx € V(G). If #(V (G)) > 3444, then all vertices of G are exactly
located on two disjoint face cycles of length at least 43.

Proof. Since the Euler characteristic of a sphere is 2, there is at least one vertex
whose curvature is less than or equal to 17%

Case I: There exists one vertex x1 such that ®(x;) < ﬁ

By Lemma 2.7 there is a face o incident with x| and |o| > 43. By Lemma 2.5
we have Y~ cy 50y P(¥) > 1.

Case 1.1: The length |o| < 1722.

In this case we have |V (G) — V(do)| > 1722. Since va(ao) ®(x) <1, thereis

another vertex y; € V(do) such that ®(y;) < ﬁ Similarly, by Lemma 2.5 there is
a face 7 near y; such that |t| > 43, and by Lemma 2.5 we have Yy (5,) (x) > 1.



Gauss-Bonnet Formula, Finiteness Condition, and Characterizations 177

G

Fig. 12. The negative curvature at the white vertices

The two cycles do and 3t must be disjoint by Lemma 2.4. It then follows that

2= Z d(x) > Z d(x) > 2.

xeV(G) xeV(doUaT)

Hence V(G) = V(do U d7t) is on exactly two cycles of G.

Case 1.2: The length |0o| = k > 1722.

Let a3, a4, as, ag, b, and ¢ be the numbers of vertices on the cycle do whose face
vectorsare (3, 3, k), (3,4,k),(3,5,k),(3,6,k), (4,4, k),and (3, 3, 3, k), respectively.
Let G| be the subgraph of G induced by the vertex set V(G) — V(d0), that is, G
is obtained by deleting the vertices of do and all edges incident with vertices of do.
Obviously, G| is a plane graph with a face o} that contains o; the boundary do
may not be a cycle of G. Note that

as a4 as

) =148 4B DB
DK 169) et T S
xeV(do)

We then have a3 < 6, a4 < 12, and as < 30. Since each vertex with the face vector
(3, 3, k) may result three vertices of do corresponding to one vertex of do, the num-
ber of vertices of do1 may be reduced by 2as3. Similarly, each vertex with the face
vector (3, 4, k) may result two vertices of do corresponding to one vertex of do, the
number of vertices of do; may be further reduced by a4. However, the vertices of do
with the face vector (3, 5, k) or (3, 6, k) or (3, 3, 3, k) can be arranged to correspond
to distinct vertices of do7. It follows that

|0o1| > |00 | —2a3 —agq > 1722 —2 -6 — 12 = 1698.

Ifa; > 1 oraq > 1, then erV(aal) dx)<1- % = %; it follows that there is

at least one vertex y € V(do1) such that ®(y) < % < ﬁ By Lemma 2.7 there
is a face T of length at least 43 incident with the vertex y; and by Lemma 2.5 we have
er\/(ar) ®(x) > 1. It then forces that V(dt) = V(G) — V(d0); and subsequently,
V(1) = V(G)) and G| = d0].

If a3 = a4 = 0, then |d01| > || > 1722. We claim that V(G) = V(do; U d0),
and if so, doy is obviously a face cycle of length at least 1722. Suppose #(V(G)) >
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2 3
3 2
1
(v3,v4,v5)=(6,0,0) (v3,v4,v5)=(5,0,5)
(a)(f35f4af5):(105070) (b)(f31f4af5):(157051)

Fig. 13. 5-regular projective graphs with positive curvature at every vertex

#(V (001 U 00)), we have #(V(G1)) > #(do) > 1722. Then there is a vertex y €
V(G1) such that ®(y) < 17% By Lemma 2.7 there is a face t of length at least
43 incident with the vertex y, and by Lemma 2.5 we have }_ .y, P(x) > 1.
Hence ) .y (95:up0) P(x) > 2. This forces that V(97) = V(G) — V(d0); so we have
0t = do1 and V(G) = V(doy U do) which is a contradiction.

Case2: ®(x) > 17%for all x € V(G).

In this case we must have ®(x) = ﬁ for all x € V(G) and |V (G)| = 3444.
Then the face vector at each vertex takes one of the forms (3, 6, 1722), (4, 4, 1722),
(3,3,3,1722), and (3, 7, 41). If there is a vertex x whose face vectoris (3, 7, 41), we
draw the faces at x as in Fig. 5 on the plane. Then the face vector at the vertex v
must be (3, 7,41) and the edge uv is bounding a face of length 41. Thus there are
two faces of length 41 at the vertex u; this is a contradiction. So there is no vertex
with the face vector (3, 7, 41). It follows that every vertex is on a face of length 1722.
Take a face o of length 1722 and a vertex v not on the boundary do. There is a
face T of length 1722 at v. Then do and dt are disjoint by Corollary 2.4, and by
Corollary 2.6 we have )y 550u5r) P(x) > 2. It follows that V(G) = V(do U d7)
and all vertices of G are on two face cycles do and dt of equal length 1722. O

PROOF OF THEOREM 1.7 PART (b):

Let C; and C» be two face cycles of length at least 43 and V(G) = V(C; U Cy).
Let B(Cy, C») be the bipartite graph whose vertex setis V (C1) UV (C,) and the edge
setis E(G) — E(C1) — E(C3). Note that the degree of every vertex of G is either 3
or 4 by Lemma 2.1. It follows that the degree of every vertex of the bipartite graph
B(Cy, Cy) is either 1 or 2. Hence B(Cy, C») is a disjoint union of cycles and paths.

If there exists a cycle C in B(Cy, C3), since G is a plane graph and B(C, C;) is
in the annulus between the face cycles C; and C», the cycle C must be a Hamilton
cycle and all edges of B(Cy, C») are on the Hamilton cycle C. Thus the cycles C;
and C, have the same length n, and the graph G is isomorphic to the sphere annulus
graph Bj,.
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(v3,v4,v5)=(12,0,0) (v3,v4,v5)=(8,8,0)
@) (73054 72)=(20.0.0) () (1570 1) =(24,2,0)

(v3,v4,v5)=(10,0,10) (v3,v4,v5)=(0,24,0)
(©) P =(30.0.2) (@) (= (32.6.0)

(e) (v3,v4,v5)=(0,24,0) ® (v3,v4,v5)=(0,20,10)
(f3,f1,f5)=(32,6,0) (f3,f1,f5)=(40,5,2)

Fig. 14. 5-regular plane graphs with positive curvature at every vertex

If, on the other hand, there is no cycle in B(C, C»), that is, all connected
components are paths, we claim that all the paths are single edges. Suppose there
are paths of length larger than 1, say, P = z¢z1 - - - z; with [ > 2, where the degree of
the beginning and ending vertices zg and z; are 1 in B(Cy, C3). Then the curvature
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Fig. 15. (v3, vg, v5) = (0, 0, 60), (f3, f1, f5) = (80, 0, 12); the 5-regular plane graph of max-
imal number of vertices with positive curvature everywhere

of G at the vertices z; and z;_1 are negative for their degrees are 4 and their face
vectors are of type (3, r, s, t), wherer > 3,5 > 4, and ¢ > 43. Thisis a contradiction.
See Fig. 12 for example, where the white vertices have negative curvature. Thus all
the paths in B(C1, C;) have length one, that is, all the paths are single edges. Hence
the cycles Cy and C, have the same length n, and the graph G is isomorphic to the
sphere annulus graph A,,. |

Proof of Theorem 1.8. Let G be a 5-regular and finite simple graph embedded in
a closed 2-manifold M with positive curvature at every vertex. By Lemma 2.1 the
face vector at any vertex x is (3, 3, 3, 3, k) with k = 3,4, 5. Let v, ¢, and f be the
number of vertices, edges, and faces of G, respectively. We denote by vy the number
of vertices whose face vector is (3, 3, 3, 3, k) and by f; the number of faces whose
length is k, where k = 3,4, 5.

Since Sv = 2e¢ and the Euler relation v — e + f = x(M), we have f = 3v/2 +
x (M), where x (M) = 1 if M is a projective plane and x (M) = 2 if M is a sphere.
Note that there are no two faces of length larger than or equal to 4 at any vertex.
The boundaries for faces of length larger than or equal to 4 must be disjoint. Using
the relation among the vertices, edges, and faces, we obtain

U4:4f4, U5=5f5, 5U=2€:3f3+4f4+5f5

Since v = v3 + v4 + vs and f = f3 + fa + f5, we further obtain, writing simply x
for x (M),

10v = Sv4 + 8vs + 60, 2v+ 8vz+ 3vg =60x, 10v3+ Svg+ 2v5 =60x.
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1/4

(a)

1/12

1/12 1/12

(b)

[ [ [ Twe w[ [ [ |

[ T T Jw[ T T ]
[T T (™ [ T

‘ ‘ ‘ ‘ 112 1/12

‘ ‘ 1/12 1/12 ‘ ‘

(d
Fig. 16. Infinite plane graphs with non-negative curvature at every vertex and positive cur-
vature at finite number of vertices
We thus have the following inequality relations
6x <v=<30x, vs=<6x, wv4=<12x.

Applying f = f3 + f4 + f5 again, we have f = 3f4 + 6f5 + 10x. This implies
f3 = 10x.
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Now, when M is a projective plane, the vectors (v3, v4, vs) and (f3, fa, f5) have
the possibilities of the table.

v3|(v3, v4, V5)|(f3, f4, f5) 21 (2,8,0) ((14,2,0)
01](0,12,0) | (16, 3,0) (2,4,10)/(22,1,2)
0,8,10) | (24,2,2) (2,0,20)((30,0,4)
0,4,20) | 32,1,4) 31 (3,4,5 [(17,1,1)
0,0,30) | (40,0, 6) 3,0,15)((25,0, 3)
1] (1,8,5 | (19,2, 1) 4/ (4,4,0) ((12,1,0)
(1,4,15 | (27,1,3) 4,0,10)((20,0,2)

W

(1,0,25) | (35,0,9) (5,0,5) (15,0, 1)

(6,0,0) ((10,0,0)

=)

When M is a sphere, the possibilities for the vectors (v3, v4, v5) and (f3, fa, f5) are
listed in the following table.

v3|(v3, v4, v5)|(f3, fa, f5) 41(4,16,0) |(28,4,0)
0] (0,24,0) | (32,6, 0) 4,12, 10)((36, 3,2)
(0,20, 10)| (40, 5,2) 4,38,20) |(44,2,4
(0, 16,20) | (48,4, 4) (4,4,30) ((52,1,6)
(0, 12, 30) | (56, 3, 6) (4,0, 40) (60,0, 8)
(0, 8,40) | (64,2,8) 51(5,12,5 (31,3, D)
(0,4, 50) | (72,1, 10) (5,8,15) (39,2, 3)
(0,0, 60) | (80,0, 12) (5,4,25) [(47,1,5)
1](1,20,5 | (35,5, 1) (5,0,35) [(55,0,7)
(1,16, 15) | (43,4,3) 6 (6,12,0) [(26, 3, 0)
(1,12,25)] (51,3,5) (6,8, 10) |(34,2,2)
(1,8,35) | (59,2,7) (6,4.20) ((42,1,4)
(1,4,45) | (67,1,9) (6,0, 30) |(50, 0, 6)
(1,0, 55) | (75,0,11) 717,85 [(29,2,1)
217(2,20,0) | (30, 5,0) (7,4.15) |37, 1,3)
(2,16, 10)| (38,4,2) (7,0,25) |(45,0, 5)
(2,12,20) | (46,3,4) 81 (8,8,0) [(24,2,0)
(2,8,30) | (54,2,6) (8,4,10) ((32,1,2)
(2,4,40) | (62,1,8) (8,0,20) |(40, 0, 4)
(2,0, 50) | (70,0, 10) 91 (9,45 [27.1,1)
31 (3,16,5 | 33,4, 1) 9,0, 15) |(35,0, 3)
(3,12, 15)| (41,3,3) 10[ (10,4, 0) [(22, 1, 0)
(3,8,25) | (49,2,5) (10, 0, 10)[(30, 0, 2)
(3,4,35 | (57,1,7) 1] (11,0,5) [(25,0, )
(3,0,45) | (65,0,9) 12[ (12,0, 0) [(20, 0, 0)

O

At the end we illustrate some 5-regular projective graphs (Fig. 13) and
S-regular plane graphs (Fig. 14). The upper bound of 60 vertices for 5-regular plane
graphs can be reached; see Fig. 15. However, it is not clear whether the upper bound
of 30 vertices for 5-regular projective graphs can be reached.
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Figure 16 demonstrates some examples of plane infinite graphs with non-
negative curvature at every vertex but having only finite number of vertices of posi-
tive curvature. These graphs confirm Theorem 1.4 and support Conjecture 1.9. More
such graphs can be constructed by pinching with these sample graphs in different
directions.
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