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Abstract. If D = (V, A) is a digraph, its competition hypergraph CH(D) has vertex set
V and e C V is an edge of CH(D) iff |e] > 2 and there is a vertex v € V, such that
e ={w € V|(w, v) € A}. For several products D o D, of digraphs D and D,, we investigate
the relations between the competition hypergraphs of the factors D, D, and the competition
hypergraph of their product Dy o D;.

Key words. Hypergraph, Competition graph, Product of digraphs.

1. Introduction and Definitions

All hypergraphs H = (V(H), £(H)) and digraphs D = (V (D), A(D)) considered
here may have isolated vertices but no multiple edges and arcs, respectively. More-
over, in digraphs loops are forbidden.

In 1968 Cohen [2] introduced the competition graph C(D) associated with a
digraph D = (V, A) representing a food web of an ecosystem. C(D) = (V, E) is the
graph with the same vertex set as D (corresponding to the species) and

E={{u,v}luzzv AJweV:u,weAAAn (v,w) e A},

i.e. {u, v} € E iff u and v compete for a common prey w € V.

Surveys of the large literature around competition graphs can be found in
Roberts [6], Kim [4] and Lundgren [5].

In [7] it is shown that in many cases competition hypergraphs yield a more
detailed description of the predation relations among the species in D = (V, A)
than competition graphs. If D = (V, A) is a digraph its competition hypergraph
CH(D) = (V, &) has the vertex set V and e C V is an edge of CH(D) iff |e| > 2
and there is a vertex v € V, such thate = {w € V | (w, v) € A}. In this case we say
v € V = V(D) corresponds to e € £ and vice versa.

In our paper [7] we dealt with competition hypergraphs without loops, that
way we followed the most usual definition of competition graphs. In the case of
digraphs D possessing vertices with only one predecessor, a competition hyper-
graph with loops contains a more detailed information on D. For that reason, we
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also include competition hypergraphs with loops in our investigations of competi-
tion hypergraphs of products of digraphs and modify the notion of a competition
hypergraph.

If D = (V, A) is a digraph its I-competition hypergraph (competition hypergraph
with loops) CH' (D) = (V, E") has the vertex set V and e C V is an edge of CH(D)
iff |e| # @ and there is a vertex v € V, such thate = {w € V | (w, v) € A}.

For the sake of brevity, in the following we often use the term competition
hypergraph (sometimes in connection with the notation CH" (D)) for the com-
petition hypergraph CH(D) as well as for the I-competition hypergraph CH! (D).

In standard terminology concerning digraphs we follow Bang-—Jensen and
Gutin [1]. With dj(v), d;;(v), Np(v) and Nz;(v) we denote the in—degree, out—
degree, in—neighbourhood and out-neighbourhood of a vertex v in a digraph D,
respectively.

For five products Dy o D, (Cartesian product D\ x D, Cartesian sum D| + D,
normal product Dy * D», lexicographic product Dy - D, and disjunction Dy vV Dy) of
digraphs D; = (Vq, A1) and D, = (V,, Ay) we investigate the construction of the
competition hypergraph CH® (D1 o D>) = (V, &El)) from CH(D)) = (v, Sl(l)),
CHD(Dy) = (V5, 82(1)) and vice versa.

The products considered here have always the vertex set V := V| x V,; using the
notation A := {((a, b), (@', V")) |a,a’ € Vi A b, b’ € V} their arc sets are defined
as follows:

A(Dy x Dy) :={((a,b), (a',b")) € A|(a,d) € A; A (b,b') € Ay},

A(Dy + D)) :={((a,b), (@', b)) € A|((a,dye Ay Ab=Db) Vv (a=d A (b,b) € Ay},
A(Dq % Dy) := A(D| x Dy) U A(Dy + D),

A(D| - Dy) = {((a,b), @, b)) € Al(a,d)e Al V (a=d A b, V)€ Ay},

A(D| V Dy) :={((a,b), (@, b)) € A|(a,d’)e Ay v (bb) e Ay).

It follows immediately that A(D1+ D) € A(D1xDjy) € A(Dy-Dy) € A(D;VvDy)
and A(Dy x Dy) € A(Dj* D). Except the lexicographic product all these products
are commutative in the sense that Dy o D, ~ D, o Dj, where o € {x, +, %, V}.

Usually we arrange the vertices of V = V| x V, according to the places of an
(r, s)-matrix, where r := |V;| and s := |V»|. Then, for each o € {+, %, -, v}, the
subdigraph of D; o D, generated by the vertices of a column and a row of this
matrix scheme is isomorphic to D; and D>, respectively.

The factor decomposition of product graphs is an interesting question
(cf. Imrich and Klavzar [3]). Related to this problem the question arises, whether or
not CHY (D o D5) can be obtained from CH" (D) and CH" (D,) and vice versa
(cf. Theorems 1-3 and Propositions 1-2).

But there is yet another point of view: In general, it is impossible to reconstruct
the digraph D from its competition hypergraph CH” (D), since CH" (D) does not
contain the complete information on D. Up to now in the literature no results
concering this reconstruction problem are known. All the more it is interesting that
under certain conditions Dy o D, and even Dy and D, can be reconstructed from
CHY(D; o Dy) (cf. Corollaries 1-3).
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2. Determination of CH®(D; o D,) from CH"(D,) and CHV(D,)

In the following let Dy = (Vi, A1) and Dy = (V2, Az) be digraphs. By N, (v), N, (v)
and N (v) we denote the set of all predecessors of a vertex v in D1, D> and D o D3,
respectively, where o € {x, +, %, -, V}.

Theorem 1. The I-competition hypergraph CH' (D1 x D;) = (V, SIX) of the Cartesian
product can be obtained from the [-competition hypergraphs CH'(Dy) = (Vy, 5{) and
CHI(DQ) = (V>, E,’é) of Dy and D;: Ei ={e1 xer|el € 5{ A ey € 55}

Proof. Choose (i, j) € V = Vi x Vasuchthat N ((i, j)) #@.Then¥) # N (i) € 5{
and ¥ # N, (j) € 55. Obviously, with e; = N[ (i) and e = N, (j) we obtain
N, ((i, j)) = e1 X e2. On the other hand, for e; € 5{ and ey € 6§ there are i € V;
and j € Va such thate; = Ny (i) and e; = N, (j), 1.e.e1 x ex = N ((i, j)) € SIX.
U

Theorem 2. The [-competition hypergraph CH! (D1 v Dy) = (V, E.) of the disjunc-
tion can be obtained from the I-competition hypergraphs CH'(Dy) = (Vi, 8{) and
CH\(Dy) = (Va, Eé) of D1 and D, if for each of the following conditions is known
whether it is true or not:

(@ FvyeVa:N,(v)=0 and (b) Fvi e Vi:N (v) =0.

In general, CH' (D} v D») cannot be obtained from CH\(Dy) and CH'(D») without
the extra information on points (a) and (b).

Proof. Let e € Elv. Then there is a vertex (i, j) € V = V| x V, such that e =
Ny ((i, j)). Considering a vertex (i’, j') € e we obtaini’ € N, (i) € 5{ or j'e Ny (j)
€&l

(Note that in case N, (i) = ¥ we have N, (i) ¢ 5{; analogously N, (j) ¢ 5% for
N, (j) = 9).

Clearly, e = Ny ((i, j)) = (N; (i) x V2) U (V] x N5 (j)).

First, consider N, (i) = 0.

Because of @ #£ ¢ € Slv we obtain ¥ # N, (j) € 55 and e = Vi x N, (j).

Analogously, from N, (j)=0itfollows ¥ # N (i) € 5{ ande=N (i()xV; € Slv.

Let A:={e; x Vale; € £}, B:={Vi xez|er € E} and C := {(e) x Vo) U (V] x
er) e € 5{ N ey € 55}

Then (a) is equivalent to A C Slv, (b) is equivalent to B < &L and, finally,
C contains all hyperedges N, ((i, j)) € €lv with @ # N (i) € 8{ and @ # N, (j) €
&l.
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Consequently, every hyperedge of CH! (D v D») is contained in exactly one of
the sets A, B and C, respectively, and therefore the edge set of CH! (D v D») is

AUBUC, if (@) A (b)

e _ JAUC it (@) A~ (b)
v= 1BuUC, it~ @A ()
C, if ~ (@) A~ (b).

O

Proposition 1. In general, CH(D1 + D7) = (V,E&1), CH(Dy x Dy) = (V, &) and
CH(D; - Dy) = (V, E.) cannot be obtained from CH' (D) and CH'(D5) (less than
ever CH (D1 o D»), for o € {+, %, -}).

Proof. Consider the digraphs Dy = (Vi, A1), D} = (V1, A}) and Dy = (V2, A2)
(cf. Fig. 1) with Vi = {1,2,3,4},V, = {1,2,3}, A; = {(1,2),(3,2), 4,3)}, A] =
{(1,4), (3,4), (4,2)} and Ay = {(1, 3), (2, 3)}, respectively.

Then £(CH'(Dy)) = {{1, 3}, {4}} = E(CH'(D})). On the other hand:

— CH(Dy + D3) # CH(D] + Dy) (cf. Fig. 1)
(Note that in CH(D; + D») the only hyperedge of cardinality 3, i.e. {(3, 1), (3, 2),
(4, 3)}, is adjacent to the hyperedges {(1, 1), (3, 1)} and {(1, 2), (3, 2)}, but in
CH(D/ + D>) the hyperedge {(2, 1), (2, 2), (4, 3)} is not adjacent to other hyper-
edges).

— CH(Dy * D2) # CH(Dj] * Dy) (cf. Fig.2)
(Note that in CH(Dj * D;) the only hyperedge of cardinality 5, i.e. {(3, 1), (4, 1),
(3,2), 4,2), (4, 3)}, is adjacent to three hyperedges of cardinality 2 ({(1, 1),
(3, D}, {(1,2), (3,2)} and {(4, 1), (4,2)}), but in CH(D] * D>) the hyperedge
{2, D, 4, 1), (2,2),(4,2),(4,3)} is not adjacent to any hyperedge of cardinal-
ity 2).

— CH(Dy-Dy) % CH(Di - D») (cf. Fig. 3)
(Note that in CH(D; - D») the only hyperedge of cardinality 5, i.e. {(3, 1), (4, 1),
(3,2), (4, 2), (4, 3)}, contains a hyperedge of cardinality 2 ({(4, 1), (4, 2)}), butin
CH(D] - D>) the hyperedge {(2, 1), (4, 1), (2,2), (4,2), (4, 3)} does not contain
any hyperedge of cardinality 2). O

3. Reconstruction of CH®(D;) and CHD(D,) from CH®(D, o D,)

In the following, for a set e = {{i1, j1},..., {ik, jx}} S V1 x Vo we define i (e) :=
{i1, ..., ik} and ma(e) := {J1, ..., ji}, respectively, i.e. r; denotes the projection of
vertices of CH")(D; o D») onto their ith component, fori € {1, 2}.

For the competition hypergraphs (without loops) of D; = (Vi, A1) and D, =
(V3, As) and their products D o D, we verify

Theorem 3. For all products Dy o Dy (o € {+, *, -, VV}) the competition hypergraphs
CH(Dy) and CH(D3) can be obtained from CH(D1 o D»).
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Dy : 1 D1 Dy: & e
1 2 3
2 2
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CH' (D)) =CH\(D}): 1 CH'(Dy): o——eo o
1 2 3
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CH(Dl * DQ) .
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CH(D; - Dy) : 1 2 3  CH(D-Dy):

\] —
o
[ ]
o
[S] —

w
w

Fig. 3.

For the Cartesian product D1 x Dy this is true by using the extra assumption A; =
Ay =@or Ay #0 # A

Extending the proof of the Theorem it can be shown

Proposition 2. An analogous proposition holds for CH! (Dy), CH! (D2) and CH' (D o
Dj)(o € {x, *, -, V}).
For the Cartesian sum D + Dy this is true by using the extra assumption
I & =9 or
(2) (Veell :Im=1) A Beell :ime)] >2) or
3) (Vee Eﬁr dmae)=1) A Je e 5ﬂr D) = 2) or
@ Feell:m(@l=3 A |m(e)] = 3.

Now we prove Theorem 3 and Proposition 2 for each o € {x, +, *, -, V} in the
subsections 3.1 to 3.5.

3.1. The Cartesian Product D1 x D;

Let Dy = (V1, A1) and Dy = (V,, Ay) fulfill either A = Ay =B or A| # 0 # A.
Obviously, if the arcsets of D; and D; are empty, then E(CH(D; x D)) = @ as
well as E(CH!' (D x D,)) = ¥. Consequently, let A| # @ # As.

Proof (Proposition2). We construct CH!(Dy) = (V1, £) and CH! (D) = (V. E))
from CH! (D x Dy) = (V, EL).

Foreach e = {{i1, j1},..., {ik, jx}} € EIX there existi € V] and j € V; such that
Ny () = mi(e) = {i1,....ix} € € and N; (j) = ma(e) = {j1, ..., ji} € E. (Obvi-
ously, neither iy, ..., i, nor ji, ..., ji have to be pairwise distinct. Moreover, note

that in general the vertices i and j are not uniquely determined by CH! (D x D).)

Since Ay # @ # Ajp every e; € 5{ and every es € Eé appears as 7j(e) and
7>(e) of some e € EIX, respectively. Consequently, S{ = {mi(e)|e € SIX} and Eé =
{ma(e) e € ELY. O
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From the above note concerning i € V| and j € V; it follows

Proposition 3. In general, from CH' (D x D) the digraphs Dy and D, cannot be
obtained.

Proof (Theorem 3). The restriction of £ { and é’é to sets 71 (e) and 7> (e) of cardinal-
ity greater than 1 proves the Theorem, since hyperedges e € £, \Ex, i.e. hyperedges
of CH! (D x D) of cardinality 1, are trivially not needed. O

3.2. The Cartesian Sum D1 + D,

At first we consider the Theorem, i.e. competition hypergraphs without loops.

Proof (Theorem 3). Since every hyperedge e € £, is the set of all predecessors
N (@, j)) of avertex (i, j) € Vi x Vo, we have e = {{i, j1}, ..., {i, je}, {i1, j} - .-
{i;, j}}, where i, iy, ..., iy aswell as j, ji, ..., jk are pairwise distinct. Therefore, if
I > 2 then my(e)\{i} = {i1,....0} = N[ () € & and if k > 2 then ma(e)\{j} =
{J1, - k) = Ny (j) € &.

The question arises, whether or not the vertices i € mj(e) and j € my(e) are
uniquely determined? (Note that in some cases this determination will not be nec-
essary).

(@) Imi(e)] = 1.
Then! =0, m(e) = {i}, N; (i) =0,k > 2and ma(e) = {j1,.... ju} = N, (j) €
&> with an (unknown) j € Vo\{j1, ..., jk}-

() Ima(e) = 1.
Then k = 0, m2(e) = {j}, N, (j) =0,1 > 2and mw1(e) = {i1, ..., i} = N (i) €
&1 with an (unknown) i € Vi\{iy, ..., i}

© |mie)] =2 A |ma(e)| = 2.
(cl) le| =2.

Because of e = {(a, b), (a’,b’)} with a # a’ and b # b’ there are two
possibilities: ¢ = N ((a, b)) or e = N ((a’, b)). Since all hyperedges in
competition hypergraphs without loops contain at least two vertices, it
follows N (a) = {a'} ¢ &1 N N, (b') = {b} ¢ & or N, (d') = {a} ¢
E1 A Ny (b) = (b} ¢ &.
Therefore, from case (c1) there result no hyperedges of CH (D) and CH (D),
respectively.

(€2) le| = 3.
Sincee = {{i, j1}, ..., {i, ji}, {i1, j}, ..., {i, j}}, we obtaink > 2 or/l > 2,
i.e. at least two vertices in e have the same first or second components.
In the case k > 2 let i be the first component which appears in several
vertices of e. Then my(e)\{i} = {i1,...,i;} = N; (i) # @ and for [ > 2
obviously my(e)\{i} € &;. Deleting the second component j of the verti-
ces (i1, j),..., (i1, j) € ein m(e), we obtain m(e)\{j} = {j1,..., jx} =
Ny (j) € &.
The case k =1 A [ > 2 can be considered analogously.
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1 2 3 1 2 3
2 2 e
D1+D22 1 2 3 D3+D/2 1 2 3
| I 1 1 1
2 9 e
Fig. 4.

Evidently, this way we obtain all hyperedges of CH(D;) and CH(D>), respec-
tively, and the Theorem holds for the Cartesian sum. ]

Before verifying the Proposition, we give some examples explaining the use of
the additional suppositions (1)—(4).

Note that £, # ¢ is equivalent to Je € Eﬂ_ : le] > 2 aswellasto~ (Ve € Efr :
Imi(e)| = [ma(e)] = D).

In general, in the case 5ﬂr # @ A & = ) the determination of CH!(D;) and
CH!(D,) from CH! (D + D») is impossible:

Let Dy := C3, Dy := ({1, 2,3}, %) and D] := ({1,2},%), D} := C; (cf. Fig. 4,
the (very simple) /-competition hypergraphs are omitted).

Obviously, £/(Dy + Dy) = E/(D| + D)) = {{v}|v € V| x Va).

On the other hand we have £/(D;) = {{1},{2}} # ¥ = 51(Di) and £/(Dy) =
0 # {13, {2, {3}) = £/ (DY).

The next example shows digraphs Dy, Dy with £, # @ and D) such that
CH!(Dy + D>) = CH!(Dy + D)) but CH!(D,) # CH' (D)) (cf. Fig. 5):

Let Dy := Cy, Dy = (V, = {1,2,3,4}, A, = {(1,2),(3,4),(4,3), 4, 1}
and Dé = (V5 ={1,2,3,4}, A, = {(1,2),(1,4), 4,3), 4, D}). Then D, 2 D},
CH!(D») # CHI(D}), Dy + Ds # Di + D), but CH'(Dy + D;) = CH!(D + D).
Note that for Si none of the conditions (1)—(4) is valid, since |1 (e)| = |m2(e)| = 2
foralle € Efr.

Proof (Proposition?2).

Case 1: €ﬂ_ =0
Obviously, A(D| + D;) = = A(Dy) = A(D,) = E/(Dy) = E/(D»).
(Note that the analogous implication SCI) =@ = A(DyoDy) =@ = ... holds

forallo € {+, *, -, V}.)

Case2: (Ve e &, : |mi(e)| = 1) A Fee &l :|m(e)| > 2.

Lete € &L with [ma(e)] > 2,i.e.e = {(, j1), ..., (i, jo)} = N (G, j)) withk > 2
and suitablei € Vi, j € Voand ji, ..., jx € Vo. Then Ny (j) = {j1. ..., jk} = m2(e).
(Note that for givene € Sﬂr in general the determination of the vertex j will be impos-
sible. This implies that the digraph D, = (V», Ay) itself cannot be obtained from
CH'(D1 + Dy)).
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Dy: 1 D, : m D} - m
1 1 2 3 4 1 2 3 4
2

CH\(D)): 1® CH(D)): ® +« © ©® CHDY): ® =« =+ @
1 3 4 1 4

2 2 3
20
1 2 3 4 1 2 3 4
D1+D21 1 D1+D/2: 1
2 2

CH'(Dy + Dy) = CH'(D, + Dj) : 1

Fig. 5.

The assumption 3i" € V; 31 > 1 3i},...,ij : N (') = {i],....ij} # ¥ would
leadtoe’ = N (G, j)) = (G}, j)s--on G, ). G jo), oo () i)y with [y (e)] > 2,
a contradiction.

Therefore, 8{ = {J and 55 ={m(e)|e € Eﬁr}.

Case3: (Ve € &, : [m(e)l = 1) A Fee &l :|m(e)] > 2.

This can be treated analogously to Case 2.

Cased:dec & i |mi(e)| =3 A |ma(e)| > 3.

Let e be such a hyperedge, i € Vi with |{(i, j))|j € b} Ne| >2and j € V»
with [{(i’, j)|i' € Vi} N e| > 2.

Then e = N, ((i, j)) and therefore N (i) = {iy, ..., i;} =m1(e)\{i} and N, (j) =
Ut - kb =m@\{Jj}

For each x € Vi let e* := {(x, j1), ..., (x, ji), (x1, ), ..., (i, )} € EL with
[y = 0. Obviously, e* = N7 ((x, j)) and N| (x) = {x1,...,x;,} = m1(e®)\{x}. This
way we obtain D = (Vi, Ap) as well as 5{ ={N,(x)|x € Vi A N[ (x) #0}.

Analogously, foreach y € Va lete” := {(i1, y), ..., (i1, ¥), G, y1), .-, (i, y,)} €
&Y withky > 0. Then ¢’ = N1 ((i,y)) and N5 (y) = {y1. ... y&, } = ma(e)\{y}.

U

From Cases 1 and 4 of the above proof it follows:

Corollary 1. If (1) or (4) is valid, then from CH' (D1 + D») the digraphs Dy and D,
themselves can be obtained.
3.3. The Normal Product D * D>

In case of the normal product we can strengthen Theorem 3 and Proposition 2 to
the following
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Corollary 2. Suppose there is an e € E, with |my(e)] > 2 A |ma(e)| > 2. (This is
equivalent to A} # W0 N Ay # (.) Then from CH(D) * D») the digraphs D1 and D,
themselves and, therefore, the I-competition hypergraphs CH'(Dy) and CH!(D>) can
be obtained.

Proof (Theorem 3, Proposition2 and Corollary2).
Casel: Aj =0 Vv Ay =0.

We show how to obtain the hyperedges of CH(D1), CH(D>), CH'(Dy) and
CH' (D), since only Theorem 3 and Proposition 2 have to be verified in Case 1. Be-
cause of Ay = or Ay = @ obviously Ve € &, : |mi(e)] =1 orVe € & : |ma(e)| =1
is valid.

IfVe € & : |mi(e)] = 1, then & = ¥ and & = {my(e) | e € &E}; the analogue
holds in the situation Ve € &, : |m(e)| = 1 as well as for ka, 5{, Sé instead of
&, €1, &. (Obviously, this includes & = & = P and & = &) = Pif & = ¥ and
Si = ), respectively.)

Case2: A| #0 AN Ay # 0.

It suffices to demonstrate Corollary 2.

Lete = {(i, ju), ... G, Jji)s Grs s -y G )y G, 1), (s j2)s s GG i)y oo
(1, j1), G, j2)s - oo Gins Ji)} € Ex with [i(e)| = 2 A |ma(e)| = 2.

(a) Becauscof! = |mi(e)|]—1 > 1land k = |mp(e)| — 1 > 1, the verticesi € V| and
Jj € Vo with N ((i, j)) = e can be identified as the only vertices which occur
exactly k and [ times in 771 (e¢) and 7 (e), respectively.

Moreover, my(e)\{i} = {i1, ..., i} = N; (i) and ma(e)\{j} = {j1,.... jk} =
Ny ().

(b) Obviously, for every x € Vi with N (x) # @ in N ((x, j)) there are at least 3
vertices: (x, j1), (x', ), (x', j1), where x" € N (x). Therefore N ((x, j)) € &;.
Analogously, for each y € V> with Ny () # ¥ we get N, (i, y)) € &x.

(¢) Note thatif x € Vi with N (x) = @, then N ((x, j)) = {(x, j1), ..., (x, j)};
1e. N ((x, j)) € & ifand only if k > 2.

Analogously, for every y € V, with N»(y) = @it follows N ((i, y)) € &, if and
only ifl > 2.

Because of (b), for all vertices of D; and D;, respectively, with positive inde-
gree we get their sets of predecessors applying the procedure described in (a) to all
hyperedges e € &, with |1 (e)| > 2 and |73 (e)| > 2. (In general, for a vertex v; € V
and vy € V,, respectively, with positive indegree, procedure (a) will produce its set of
predecessors more than once.) Trivially, each vertex for which (a) does not provide
a set of predecessors has indegree 0 (cf. (¢)).

Thus we obtain the digraphs D and D, and — of course — their /-competition
hypergraphs CH (D)) and CH! (D).

Note that we did not need hyperedges e € EL\&,, i.e. hyperedges of cardinality
1. O

3.4. The Lexicographic Product Dy - D>
At first we discuss which types of hyperedges can occur in CH! (D - D,):
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(a) e=e; x Vywithe; € 5{.
Such hyperedges exist if and only if there is a vertex j € V, with N, (j) = #:
choosingavertexi € Vi withmi(e) = N (i) = e; C Vi wegete = N.” ((i, /).
Therefore, each j € V; appears exactly d| (i) = |e;|-times as second compo-
nent of a vertex in e. (Note that in general the vertexi € Vi\ej aswellas j € V;
is not uniquely determined by e or ej.)

(b) e={i} x ez withe, € &,
Obviously, in this case the vertex i € Vy has N, (i) = . If j € V, and ex =
N, (j) = ma(e) C Vo, thene = N.7((i, j)) and |e| = |ez| = [N, ()l = dy (j)-
(Also in this case in general the vertex j € V5\e» is not uniquely determined
by e ore.)

(c) e=(e; x V2) U ({i} x ep) with e € 8{, e € Eé.
Again, i € V| has N; (i) = e; and e; = N, (j) for a certain (in general
unknown) vertex j € Vo\ep,1.e.e¢ = N.7((i, j)). But in contrast to (a) and (b)
now we have ey = N (i) C my(e) = N; (i) U {i} and e; = N, (j) C m2(e) =
V5.

Proof (Proposition2). In case of £.! = @ both 5{ and é‘é are empty, too (therefore

Dy = (Vq, 9) as well as Dy = (V,, ).

Solet £.! # ¢ and for an arbitrary hyperedge e € £./ and i € 7;(e) we introduce
the notation rré(e) =1{Jj 1@, Jj) €e}. Now let

A:={ecE! |Vien(e) : 7h(e)=Va), B:i={ec&! |Vien(e) : mi(e) C Vo} and
C:={ec&!|@iemle):mie)=Vo) A @i’ emie): 7} (e) C V).

Then A, B and C contain exactly the type (a), (b) and (c) hyperedges, respectively.
Consequently, the edge set 5{ of CH’1 consists of all hyperedges

e :={i € Vi|my(e) = Va},
wheree € A U C.

(If A # ¢,ie.3j € Vo : Ny(j) =0, 5{ can be obtained simply by 5{ =
{mi(e) e € A})

Obviously, each type (b) hyperedge e € B fulfils |7j(e)] = 1. So we obtain
B={eec&llme) C Va}.If B # ¢, ie 3i € Vi : N[ (i) = ¥, we get &) by
Eé = {m>(e) | e € B}. Otherwise, if B = C = ) then é'é =@andif B= ¢ # C, then
for every type (c) hyperedge e € C there is exactly one i¢ € Vj such that née (e) =
{j (i€ j) € e} C V. (Note that e = N.7((i¢, j)) with a certain j’ € V2\74 (e).)
Using this notation, we obtain &) = {n; (e)|e €C}. O
Proof (Theorem3). Hyperedges e € £.! of cardinality 1 can be omitted because

they lead only to hyperedges of cardinality 1 of CH'(D;) and CH'(D») which do
not occur in CH(D;) and CH (D), respectively. O

Corollary 3. (1) If |V2| = 2 and B = @ (this is equivalent toN'i € Vi : N (i) # 1),
then the I-competition hypergraphs CH' (Dy) and CH' (D») can be obtained from
CH(Dy - Dy).
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(2) Iftherearee € £. andk € Vy with @ # né‘(E) C Wy, then Dy = (Vy, Ay) can be
obtained from CH (D1 - D»).

Proof. (1) InCH'(D; - D)) there are no hyperedges of cardinality 1: this follows
from | V5| > 2 for hyperedges of type (a); since B = @, no hyperedges of type (b)
exist and, evidently, hyperedges of type (c) have at least cardinality | V5| +1 > 3.
Hence CH(D; - Dy) = CH'(D; - D,) and (1) follows from Proposition 2.

(2) Leti e V. If3e € £.: m1(¢f) = {i} A ma(e’) C Va, then this hyperedge ¢’ is
of type (b): ¢’ € B. Consequently, N (i) = #.
On the other hand, let Ve’ € £. : mi(e') # {i} Vv m(e’) = V5. The existence
ofe e & and k € V) with § # né‘(E) C V, provides e := nf(?) € Sé. This
implies ¥ # N[ (i) = e] € S{ and therefore there exists a hyperedge e of type
(c) of the form e = (e x V5) U ({i} x e3) in CH(D; - D»).
e 1s uniquely determined by né(e) = e, because e; is known. Finally, N (i) =
mi(e)\{i}.

Consequently, the arc set A} and the digraph D; = (V;, A}) can be obtained.
O

3.5. The Disjunction D1 v Dy
Again we find three types of hyperedges in CH! (D} v D):

(a) e=-e; x Vawithe; € 5{.
The comments to type (a) hyperedges of the lexicographic product can be taken
over word-for-word.

(b) e=V; x ey withe, € &L
In CH! (D v D) there are such hyperedges if and only if an i € V| exists
with N, (i) = @. Obviously, if e = V| x e then thereisa j € V> with ma(e) =
N, (j) = ez C V; and we have e = Ny, ((i, j)). Therefore, each i € V| appears
exactly d, (j) = |ez|-times as first component of a vertex of e. (Note that in
general neither the vertex i € V) nor j € V»\e is uniquely determined by e or
er.)

(c) e= (e x V) U (V] xep) withey € 5{, e € Eé.
Obviously, N, (i) = e; C Vi and e; = N, (j) C V; for certain (in general
unknown) vertices i € Vi\e; and j € V\en, respectively; i.e. e = N, ((i, j)).
In contrast to (a) and (b) now we have e; = N, (i) C mi(e) = Vi and e; =
N, (j) Cma(e) = Va.

Proof ( Proposition2). In case of £/, = ¢ both 5{ and Sé are empty, too.

So let £, # @. Additionally to the notation né(e) (cf. 3.4, for the disjunction
instead of the lexicographic product) for an arbitrary hyperedge e € &£, and j €
73 (e) we define 7] (¢) 1= {i | (i, ) € e}. Let

A:={ec 51v |m1(e) C Vi), B:={e € Slv | ma(e) C Vo) and
C:={ec& |m(e) =V A mile) = Va}.
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CH' (D, V Dy) = CHY (D, v D}) : 1 2 3
f

1 . o o)

2 3 e o

Fig. 6.

Then A, B and C contain exactly the type (a), (b) and (c) hyperedges, respectively,
and

A=C=9¢ifandonlyif A} =@ = & and &} = {my(e) |e € EL};
B=C=¢ifandonlyif Ay =0 =&, and & = {m1(e) |e € E};
C#@ifand onlyif A # ) # As.

It remains to investigate the case C # ). Obviously, to determine 5{ and 5% it
suffices to make use of the type (c) hyperedges (in C):

El=(lieVilni(e) =W}leeCland & ={{j € V2|n{(e) =Vi}|eeC).

(Note that in case A # ¢ we have 6{ = {mi(e) |e € A} and, analogously, if
B # @it follows &, = {ma(e) | e € B}.) O

Proof (Theorem3). Replacing &, Eé and &, by &), & and &, respectively, the
above proof can be taken over word-for-word. |

If | V1], |V2] > 2 then there are no hyperedges of cardinality 1 in Elv, 1.e. CH(D Vv
D») = CH!(D; v D»). Hence Proposition 2 and Theorem 3 can be strengthened to

Corollary 4. If |Vy|, |Va| > 2 then the I-competition hypergraphs CH'(D1) and CH'
(D3) can be obtained from CH(D1 Vv D).

Proposition 4. In general, it is impossible to obtain the digraphs D1 = (Vy, A1) and
Dy = (Va, Ay) from CH!(Dy V D).

To prove Proposition4, we consider the same digraphs used for the verifica-
tion of Proposition 1, i.e. D1 = (Vi, Ay), Di = (Vq, A/l) and D, = (V», Ay) with
Vi =1{1,2,3,4,V, = {1,2,3}, A1 = {(1,2),(3,2), 4,3)}, A/1 = {(1,4), (3,4),
(4,2)} and Ay = {(1, 3), (2, 3)}, respectively (cf. Fig. 1).

Obviously, D; # Dj but CHY(D| v D) = CHI(Di Vv D) (cf. Fig. 6), since
E(CHN DV D) =& (CHI(D/1 Vv D)) consists of the same hyperedges, namely:
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NG ((1,3)) = Ny ((4,3)) = N, ((1,3)) = N, (3, 3))
={1.D,(1,2),2.1D.22,G,1),(3.2). 41D, 42)},
NG (2, 1) =Ny (2,2) =N, (4, 1) = N, ((4,2)
={1.D,(1,2),(1,3).3, 1, (3,2),3.3)},
N, ((2,3)) = N, ((4,3))
={(1,D,(1,2),(1,3),2,1,2,2),3.D,(3,2),3.3),. 4 1), 4, 2)},
Ny (3, D) =N, ((3,2) =N, (2, 1) = N, ((22)
={41),42), 43}
Ny ((3,3) =N, (2,3)={(1,1,(1,2),2,1,2,2),3,1),3,2), 4 1), (4,2), 4 3},

where N (. /) i= Ny, (G ). for (i, j) € Vi x Va.

Acknowledgement. The authors would like to thank one the referees for his valuable
suggestions.

References

1. Bang-Jensen, J., Gutin, G.: Digraphs: Theory, Algorithms and Applications. Springer,
London (2001)

2. Cohen, J.E.: Interval graphs and food webs: a finding and a problem. Rand Corporation
Document 17696-PR, Santa Monica, CA (1968)

3. Imrich, W,, Klavzar, S.: Product graphs. John Wiley & Sons, Inc., New York (2000)

4. Kim, S.R.: The competition number and its variants. In: Gimbel, J., Kennedy, J.W., Quin-
tas, L.V. (eds.) Quo vadis, graph theory? Ann. of Discr. Math. 55, 313-326 (1993)

5. Lundgren, J.R.: Food webs, competition graphs, competition—-common enemy graphs and
niche graphs. In: Roberts, F. (ed.) Applications of Combinatorics and Graph Theory to
the Biological and Social Sciences. IMA 17, Springer, New York, pp. 221-243 (1989)

6. Roberts, F.S.: Competition graphs and phylogeny graphs. In: Lovasz, L. (ed.) Graph the-
ory and combinatorial biology., Proc. int. colloqu. Balatonlelle (Hungary) 1996, Bolyai
Soc. Math. Studies vol. 7, Budapest, pp. 333-362 (1999)

7. Sonntag, M., Teichert, H.-M.: Competition hypergraphs. Discr. Appl. Math. 143, 324-329
(2004)

Received: March 19, 2008
Final version received: May 30, 2009



	Introduction and Definitions
	Determination of 067072(l) (D1 D2) from 067072(l) (D1) and 067072(l) (D2)
	


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


