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Abstract Registration of point clouds is a fundamental
problem in shape acquisition and shape modeling. In this
paper, a novel technique, the sample-sphere method, is pro-
posed to register a pair of point clouds in arbitrary ini-
tial positions. This method roughly aligns point clouds by
matching pairs of triplets of points, which are approximately
congruent under rigid transformation. For a given triplet of
points, this method can find all its approximately congruent
triplets in O(kn logn) time, where n is the number of points
in the point cloud, and k is a constant depending only on a
given tolerance to the rotation error. By employing the tech-
niques of wide bases and largest common point set (LCP),
our method is resilient to noise and outliers. Another con-
tribution of this paper is proposing an adaptive distance re-
striction to improve ICP (iterative closest point) algorithm,
which is a classical method to refine rough alignments. With
this restriction, the improved ICP is able to reject unreason-
able corresponding point pairs during each iteration, so it
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can precisely align the point clouds which have large non-
overlapping regions.

Keywords Point cloud · Pairwise rigid registration · Range
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1 Introduction

In recent years, 3D digital scanners and laser range scan-
ners are more and more widely used in shape acquisition
and shape modeling. Since one of the most popular tech-
niques to acquire surface is to align multiple scans called
point clouds, which are achieved from different view points,
into a coherent coordinate system, point cloud registration
becomes a fundamental problem. This problem is difficult
because of three reasons. First, the point clouds only par-
tially overlap, and which parts are overlapping is unknown.
Second, because each point cloud is represented in its own
coordinate system, no relationship is available to estimate
their initial positions. Third, except a set of discrete points,
no other useful information is provided, such as normals,
geometrical shapes and so on.

Usually, the whole process of registration can be divided
into two steps: rough alignment and refinement. The first
step is to put the point clouds from different initial coordi-
nate systems into the same coordinate system, and transform
them to their correct positions approximately. For rough
alignment, there are generally two classes of solutions. One
is known as feature-based method [4, 6, 7, 10, 15, 16, 22,
23]; the other is known as RANSAC (random sample con-
sensus) method or try-and-vote method [1, 9, 14]. The sec-
ond step is to make the corresponding parts overlap pre-
cisely. For refinement, ICP (iterative closest point) algorithm
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[5] and its variants [2, 7, 12, 17–21, 24, 26] are dominant
techniques and widely used.

The feature-based method generally solves three sub-
problems: first, calculating a geometric descriptor for each
point in the point cloud; second, selecting a subset of points
as feature points according to the descriptors [15, 16] or
the histogram of descriptor values [4, 6, 10, 22, 23]; third,
matching these feature points to generate a transformation
that can align point clouds. Many feature-based methods fo-
cus on how to solve the first and second subproblems, but the
third subproblem is still challenging, since it naturally has
a O(n3

pn3
q) complexity, where np and nq are respectively

the number of feature points in the two point clouds to be
registered. Gelfand et al. [10] proposed a branch-and-bound
algorithm with greedy-strategy to match the feature points,
although it is much faster, the complexity of the stage of
greedy selection, O(n2

p), is still overly high especially for
large point clouds. Another shortcoming of this algorithm
is that it cannot guarantee the greedy selection is safe. For
all feature-based methods, one common limitation is that
they will fail when the point clouds do not have strong fea-
tures.

RANSAC or try-and-vote methods can be used safely
no matter whether point clouds have strong features or not.
When there are strong features, RANSAC can make use
of the feature information to accelerate, or it can be em-
ployed by feature-based methods to solve the third subprob-
lem [6]. However, RANSAC has a disadvantage of time
consumption [10]. For example, for a pair of point clouds
P and Q, a naive idea of RANSAC is to first pick three
points as a base from P randomly, then extract all the triplets
of points approximately congruent with the base from Q,
and finally select the best one. Given a triplet base, extract-
ing all the approximately congruent triplets costs O(n3

Q)

time. Dror Aiger et al proposed a much faster RANSAC
method called 4PCS (4 points congruent sets) [1], which
uses 4 approximately coplanar points as a base to reduce
the time cost to O(n2

Q). However, it is still time expen-
sive.

ICP algorithm [5] is an effective technique to register
point clouds with high precision. However, the original ICP
algorithm has two main flaws. One is that it requires the
point clouds have good initial positions (i.e., have been
aligned approximately), otherwise it will converge to a lo-
cal optimum solution. The other flaw is that it may fail to
get the correct result, if the point clouds are only partially
overlapping. A number of strategies are employed to im-
prove the original ICP. [26] gives a good summary of the
improvements appeared before 2001. However, new tech-
niques of improvements are still being proposed continu-
ously, such as comprehensive look-up matrix [2], invariant
features [24], collinearity constraint and closeness constraint
[17], approximate k-d tree [12] and so on. Actually, the fun-
damental reason causing the two flaws is that it fails to find

the real corresponding point pairs (or fails to exclude the
wrong pairs). Generally there are two types of methods to
distinguish the wrong corresponding pairs of points from the
wrong pairs. The first type is assigning a weight to each cor-
responding pair to evaluate the reliability that it is a real one
[19, 20]. The second type is directly judging a correspond-
ing pair, asking whether it is reasonable or not by some cri-
terion [17, 21]. The former is a challenging task because of
the difficulty to estimate the weights, and it cannot guarantee
all the weights of wrong pairs are zero when the algorithm
ends, which will lead to an inaccurate result. The latter is
able to avoid all the false pairs at the end of the algorithm,
however, since almost all of the nearest points are not real
corresponding ones at the start phase, it tends to bring a lo-
cal optimal solution.

In this paper, we propose the sample-sphere method to
roughly align point clouds, and design an improved ICP
algorithm equipped with an adaptive distance restriction
to refine the results. These techniques overcome the flaws
and limitations of RANSAC frame and ICP algorithm dis-
cussed above. The main contributions of this paper are as
follows:

• The sample-sphere method reduces the complexity of
finding all the approximately congruent point sets of a
given base. This technique uses a triplet of points as a
base, and can find all the triplets approximately congruent
with the base in O(kn logn) time, where n is the number
of points, and k is a constant depending only on a given
tolerance to the rotation error.

• The adaptive distance restriction is used to judge whether
a pair of corresponding points is reasonable or not in each
iteration of ICP algorithm. With this restriction, our al-
gorithm is able to gradually exclude all the unreasonable
corresponding pairs of points.

The rest of this paper is organized as follows. In Sect. 2,
the model of sample-sphere is presented, and how to use it to
find approximately congruent triples is exhibited. In Sect. 3,
a novel method to roughly align point clouds with sample-
sphere is given. In Sect. 4, the adaptive distance restriction
and the ICP algorithm equipped with it are presented. Then a
group of experiments and comparisons are shown in Sect. 5,
and finally the conclusion is given in Sect. 6.

2 Sample-sphere

2.1 Model of sample-sphere

In order to compute a transformation matrix to align point
clouds P and Q in 3D space, at least three couples of corre-
sponding points are needed. Given a triplet of points in P as
a base, our goal is to find all the triplets which can be approx-
imately congruent with the base under rigid transformation



Registration of point clouds using sample-sphere and adaptive distance restriction 545

Fig. 1 The mathematical model for developing sample-sphere.
�papbpc is a base triangle. l0, l1 and l2 are three sides of the trian-
gle

in Q. Given three points pa , pb , pc as a base, the triangle
�papbpc is called base triangle (see Fig. 1). A naive method
to find approximately congruent triplets is as follows: for
every point q ∈ Q, first a group of points are extracted
from Q to constitute two sets Qb = {qb|‖q − qb‖ ≈ l0} and
Qc = {qc|‖q − qc‖ ≈ l2}, then each combination of qb ∈ Qb

and qc ∈ Qc is tested for whether it satisfies ‖qb − qc‖ ≈ l1.
This method has a complexity of O(nQ(nQ + nQb

nQc)). It
does not sufficiently make use of the geometrical relation-
ships among points, and has a lot of unnecessary compu-
tation. For example, to find Qb and Qc, it is unnecessary
to search the whole point cloud, and there is no need to try
all the combinations when checking the distance between
qb and qc . The technique of sample-sphere is able to avoid
these redundant operations.

In Fig. 1, for a point a, all the points, from which the dis-
tances to a are equal to l0, are on the surface of Sphere(a, l0),
where a and l0 are the center and radius respectively. Simi-
larly, all the points, from which the distances to a are equal
to l2, are on the surface of Sphere(a, l2). For a point b on
Sphere(a, l0), we can make a Sphere(b, l1) whose radius is
equal to l1. Assuming that Sphere(a, l2) and Sphere(b, l1)

intersect on a Circle(d, r2), any point c on Circle(d, r2) is
able to combine with b and a to form a triangle �abc that is
congruent with �papbpc.

We now discretize the above mathematical model by
sampling a group of points on Sphere(a, l0) and Circle(d, r2).
The foundation of discretization is that in rough alignment
it is acceptable for the results to have errors within some
tolerances in translation and rotation. Assume that the ac-
ceptable translation tolerance and rotation tolerance are ST

and SR . The usage of ST will be discussed in Sect. 3. Now
we focus on how to discretize the sphere model using SR . As
shown in Fig. 2(a), two congruent surfaces are overlapping
perfectly. �papbpc and �qaqbqc are two triangles with the
same shape in the two surfaces respectively. There is an
angle θ between �papbpc and �qaqbqc. When the two
surfaces are roughly registered by aligning �papbpc and
�qaqbqc (see Fig. 2(b)), the angle between the two surfaces

Fig. 2 Rotation error and translation error: (a) �papbpc and �qaqbqc

are two congruent triangles respectively in the two congruent surfaces
which are overlapping perfectly. The rotation error between the two
triangles is θ . (b) The two surfaces are registered by aligning �qaqbqc

to �papbpc . (c) �papbpc and �qaqbqc are two congruent triangles
respectively in the two congruent surfaces which are overlapping per-
fectly. There is a translation error eT between the two triangles. (d) The
two surfaces are registered by aligning �qaqbqc to �papbpc

is also θ . If θ is not larger than the rotation tolerance SR ,
this rough alignment is acceptable. That means the angle be-
tween two corresponding sides of the two triangles should
be no more than SR . Because of this, when sampling points
on the sphere, we should keep the angle between the two line
segments, which connect two neighboring sample points to
the center of sphere, within SR . We call this constraint Ro-
tation Constraint.

Sampling points on sphere(a, l0) For convenience, the
sampling process is illustrated in spherical coordinate sys-
tem (see Fig. 3). Assuming that point a is at the origin
point, a point on Sphere(a, l0) can be denoted as (α,β, l0),
where α ∈ [−π,π) and β ∈ [−π

2 , π
2 ). Sampling points on

Sphere(a, l0) is to sample the value of α and β . When α is
fixed (see Fig. 3(a)), for a sample point bi(α,β, l0), the next
sample point is bi+1(α,β + �β, l0). Because of Rotation
Constraint, we set

�β = SR. (1)

When β is fixed (see Fig. 3(b)), for a sample point bi

(α,β, l0), the next sample point is bi+1(α + �α,β, l0). Be-
cause of Rotation Constraint, we set ∠biabi+1 ≤ SR . Line
segment e1 is a chord of Sphere(a, l0), and according to co-
sine theorem,

e2
1 ≤ e2

1 max = 2l2
0(1 − cosSR). (2)
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Fig. 3 Sampling points on the sphere: (a) how to compute �β; (b) how to compute �α; (c) how to compute �λ

e1 is also a chord of Circle(o′, r1), hence

e2
1 = 2r2

1 (1 − cos�α). (3)

l0 and r1 have the relationship

r1 = l0 cosβ. (4)

If 2r1 < e1 max, the length of any chord of Circle(o′, r1)

is shorter than e1 max, which means any two points on
Circle(o′, r1) satisfy Rotation Constraint. In this case, we
set �α = 2π , since only one sample point is enough. If
2r1 ≥ e1 max, there exists at least one chord e1 = e1 max.
Combining (2), (3) and (4), we get

�α = arccos

(
1 − 1 − cosSR

cos2 β

)
. (5)

Equation (5) requires (1 − 1−cosSR

cos2 β
) ∈ [−1,1], that is,

0 ≤ 1 − cosSR ≤ 2 cos2 β. (6)

The left part of (6) is satisfied automatically. Since e2
1 ≤

4r2
1 max, combining with (3) and (4), we have

2l2
0(1 − cosSR) ≤ 4l2

0 cos2 β. (7)

So the right part of (6) is satisfied, too. To sum up,

�α =
{

2π, if 2r1 < e1 max

arccos (1 − 1−cosSR

cos2 β
), otherwise

. (8)

All the sample points on Sphere(a, l0) constitute a point
set B . Assuming that the number of points in B is nB , ac-
cording to (1) and (8), nB is only determined by SR . For
each point bi ∈ B , there is a corresponding Circle(di, r2),
from which the distances to a and bi are equal to l2 and l1
respectively (see Fig. 3(c)).

Sampling points on circle(di, r2) In Fig. 3(c), on
Circle(di, r2), for a sample point ci,j , the next sample point
is ci,j+1. The angle between the two line segments, which
connect ci,j and ci,j+k with the center di , is �λ. To sample
points on Circle(di, r2), �λ needs to be computed. Because
of Rotation Constraint, we set that angle ∠ci,j aci,j+1 ≤ SR .
Line segment e2 is a chord of Sphere(a, l2), according to
cosine theorem,

e2
2 ≤ e2

2 max = 2l2
2(1 − cosSR). (9)

e2 is also a chord of Circle(di, r2), thus

e2
2 = 2r2

2 (1 − cos�λ). (10)

If 2r2 < e2 max, we set �λ = 2π . The reason is the same as
setting �α = 2π when 2r1 < e1 max. If 2r2 ≥ e2 max, e2 is set
equal to e2 max. Combining (9) with (10), we get

�λ = arccos

[
1 − l2

2(1 − cosSR)

r2
2

]
. (11)

Equation (11) requires [1 − l22 (1−cosSR)

r2
2

] ∈ [−1,1], that is,

0 ≤ l2
2(1 − cosSR) ≤ 2r2

2 . (12)

The left part of (12) is satisfied automatically. Since e2
2 ≤

4r2
2 max, combining with (9), we have

2l2
2(1 − cosSR) ≤ 4r2

2 . (13)

So the right part of (12) is also satisfied. To sum up,

�λ =
⎧⎨
⎩

2π, if 2r2 ≤ e2 max

arccos [1 − l22 (1−cosSR)

r2
2

], otherwise
. (14)
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Table 1 The number of points in a sample-sphere

SR(◦) nB The maximal m The maximal k

9 500 40 20501

12 276 30 8557

15 174 24 4341

18 121 20 2542

24 66 15 1057

According to Fig. 1, r2 can be computed by the equation

l2
1 = x2 + r2

2

l2
2 = (l0 + x)2 + r2

2

, (15)

whose solution is

x = l20+l21−l22
2l0

,

r2 =
√

l2
1 − (

l20+l21−l22
2l0

)2
. (16)

When x < 0, point d is on the left of point b. When x > 0, d

is on the right. And when x = 0, d is overlapping with b. All
the sample points on Circle(di, r2) constitute a point set Ci .
Since �λ has no relationship with α and β , the number of
points in Ci does not depend on the position of bi or di .
According to (14) and (16), if l0, l1 and l2 are fixed, r2 and
�λ are both constant. Assuming that the number of points in
Ci is m, for a certain base triangle �papbpc, m is a constant.
When ∠pbpapc = π

2 , r2 = l2 and m gets the maximal value.
In this situation, base on (14), �λ = SR and m = 2π

SR
.

Defining sample-sphere The sample-sphere is defined as a
model 〈a,B,C〉, where B consists of all the sample points
on Sphere(a, l0), and C is an union of all the sets Ci corre-
sponding with bi ∈ B . Any combination of points a, bi ∈ B ,
and ci,j ∈ Ci can constitute a triangle that is congruent with
the base triangle. When a base triangle �papbpc and a ro-
tation tolerance SR are given, a sample-sphere can be con-
structed within O(k) time, where k = (m + 1)nB + 1 is the
number of points in a sample-sphere. Table 1 enumerates
several conditions about the number of points when m gets
the maximal value with different SR . In order to balance the
efficiency against the precision, in our experiment, SR is set
equal to 18◦. The experiments indicate that, when SR = 18◦,
the results of rough alignment can provide good initial posi-
tions to our ICP algorithm.

2.2 Find approximately congruent triplets

Given a base triangle �papbpc and a rotation tolerance SR ,
a sample-sphere S∗, whose center is at the origin point,
can be computed. For a point qa ∈ Q, if the center of S∗
is moved to qa , the triangle consisting of qa , bi ∈ B and

Algorithm 1
FindCongruentTriplets(qa , �papbpc, S∗)

1: T ← φ � Initialize T as an empty set.
2: for all bi ∈ B do
3: b ← bi + −→

qa

4: qb ← SearchNearestPoint(b, δl0)
5: if such qb exists, then
6: for all ci,j ∈ Ci do
7: c ← ci,j + −→

qa

8: qc ← SearchNearestPoint(c, δl2)
9: if such qc exists, then

10: add Triplet[qa, qb, qc] to T .
11: end if
12: end for
13: end if
14: end for
15: return T .

ci,j ∈ Ci is congruent with the base �papbpc. If there exits
a point qb ∈ Q, from which the distance to bi is shorter than
δl0, and a point qc ∈ Q, from which the distance to ci,j is
shorter than δl2, points qa , qb and qc constitute an approxi-
mately congruent triplet. In our experiment, δ = 5%.

Algorithm 1 shows the main frame of searching such
triplets using a sample-sphere. Given a point qa ∈ Q, a base
triangle �papbpc and a sample-sphere S∗ whose center is at
the origin point, the algorithm returns all the approximately
congruent triplets at point qa . In order to move S∗ to qa , all
the points in S∗ should be translated by a vector −→

qa , which
is from the origin point to qa (line 3). In order to find qb ,
the nearest point of b is searched (line 4), and if the distance
from b to its nearest point is shorter than a threshold δl0,
the nearest point is treated as qb . Point qc is searched in the
same way.

The most time-consuming operation of Algorithm 1 is
to look for the nearest points within a distance threshold.
This operation can be finished in O(lognQ) time using a
kd-tree structure [3]. In the worst case, every point in B has
a nearest point within the distance threshold, and the near-
est search repeats k − 1 times. Therefore, the complexity of
the algorithm is O(k lognQ) at worst. To find all approxi-
mately congruent triplets, the algorithm is executed at every
point in Q, so the whole complexity is O(knQ lognQ) at
worst. Since k is a constant for a certain sample-sphere, the
complexity can be rewritten as O(nQ lognQ). For example,
when SR = 18◦, k is always a number no more than 2542
(see Table 1). Additionally, due to the restriction in line 5,
many operations of nearest search will be saved, and there-
fore the algorithm in practice runs faster.
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3 Rough alignment

The RANSAC frame is employed to align point clouds P

and Q. First, three points are randomly selected from P as
a base triplet, and the sample-sphere is computed based on
it. Then, for each point in Q, the approximately congruent
triplets are extracted as shown in Algorithm 1. After that, the
base triplet and each of its approximately congruent triplets
are used to compute a rigid transformation M . After Q is
transformed by M , the approximately overlapping points be-
tween P and Q are counted. Finally, an optimal transforma-
tion, under which P and Q have the most approximately
overlapping points, is selected.

It is necessary that the three points of a base are all
selected from the overlapping regions between P and Q.
Otherwise, the approximately congruent triplets will not be
the corresponding ones, and therefore the alignment results
are wrong. Since the base triplet is selected randomly, it is
highly possible that not all of the three points are in the over-
lapping regions. To get a correct alignment, the operation of
RANSAC should repeat L times. L can be either set manu-
ally or estimated by [1]:

L >
log 1 − ps

log 1 − pN
g

, (17)

where ps is the desired probability that the alignment is cor-
rect, and pg is the probability that a point selected randomly
is in the overlapping regions. N is the number of points in a
base. For a base triplet, N = 3.

For efficiency, approximately congruent triplets are not
searched at every point in Q. Assuming that pa and p′

a

are two neighbor points in Q, the approximately congruent
triplets at pa and p′

a tend to have nearly the same shapes and
positions. Therefore, if the approximately congruent triplets
are searched at pa , it is not necessary to search at p′

a . In
order to decide at which point the triplets are searched, two
problems need to be considered. The first one is how to con-
trol the error which is caused by ignoring other points. As
shown in Fig. 2(c), if the two triplets, which are used to align
point clouds, have a translation error eT , the result of align-
ment also has a translation error equal to eT (see Fig. 2(d)).
If eT is not larger than the translation tolerance ST , the align-
ment is acceptable. Therefore, if at point pa the triplets are
searched, all the points, from which the distances to pa are
shorter than ST , are ignored. In practice, it is hard to esti-
mate an available ST visually, but when a distance D be-
tween two points in the point cloud is given, it is easy to
determine how many times of D the value of ST should be.
Because of this, the relative translation tolerance �ST

is em-
ployed as an input parameter, and ST can be computed by
ST = ρ�ST

, where ρ is the median of the nearest neighbor
distances of all points in the point cloud. The value of ρ is

Algorithm 2
SampleSphereRegistration(P , Q, SR , �ST

, �w , L)

1: M ← E � Initialize M with identity matrix E.
2: N ← 0
3: Qsub ← SelectAvailablePoints(Q, �ST

)
4: for i ← 1 to L do � RANSAC Loop
5: tB ← SelectBaseTriplet(P , �w)
6: �papbpc ← ConstructBaseTriangle(tB )
7: S∗ ← ComputeSampleSphere(�papbpc, SR)
8: for all qj ∈ Qsub do
9: T ← FindCongruentTriplets(qj , �papbpc, S∗)

10: for all tk ∈ T do
11: M ′ ← ComputeTransformMatrix(tB , tk)
12: N ′ ← CountOverlappingPoint(P , Q, M ′)
13: if N ′ > N then
14: N ← N ′
15: M ← M ′
16: end if
17: end for
18: end for
19: end for
20: return M

calculated by

ρ = Median of {D|D = ‖qi − q ′
i‖, i ∈ [1, nQ]}, (18)

where q ′
i is the nearest point of qi . The second problem

is to avoid outliers, since it is meaningless to search ap-
proximately congruent triplets at an outlier. Generally, the
distance between a random outlier and its nearest point is
longer than the distance between a valid point and its near-
est point. Thus, if a point’s nearest neighbor is further than
2ρ, it is treated as an outlier and ignored.

Algorithm 2 shows the entire procedure of our rough
alignment method. The algorithm returns an optimal trans-
formation matrix M , which is used to align Q to P . For effi-
ciency, all the points, at which the approximately congruent
triplets need to be searched, are selected to construct a sub-
set Qsub (line 3). When a base triplet is selected (line 5), it
should be a wide base, with which it is robust to align point
clouds [1, 11]. Thus, the distance between any pair of points
in a base triplet should be longer than a threshold ρ�W . If
a random base is not a wide one, the base is selected again.
In line 11, the transformation matrix is computed using the
quaternion-based algorithm [13]. Lines 12–16 try to find
an optimal transformation matrix, and this process is called
LCP (Largest Common Point Set) measure [1]. When the
number of overlapping points is counted (line 12), for a point
q ∈ Q, if the distance from point q ′ = qM ′ to its nearest
point in P is shorter than a threshold ε, it is considered as an
overlapping point. In our experiment, ε = ρ max (1,�ST

).
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This operation can be accelerated using ANN search struc-
ture [3].

4 ICP refinement with adaptive distance restriction

In ICP algorithm, the main problem that affects the preci-
sion of registration is how to select corresponding points.
The classical ICP always assumes the closest points are cor-
responding ones. However, this assumption is not always ra-
tional. When the point clouds are only partially overlapping,
for points in non-overlapping regions, their closest points are
not the reasonable corresponding ones needed in ICP. In this
paper, an adaptive distance restriction is employed to select
reasonable corresponding points.

4.1 Adaptive distance restriction

In our observation, assuming that pi ∈ P is the closest point
of qi ∈ Q, if qi is in the non-overlapping region, the dis-
tance between pi and qi tends to be longer than that if qi is
in the overlapping region. Thus, when the closest points are
treated as corresponding ones, the distance between a pair
of corresponding points can be used to distinguish reason-
able pairs from unreasonable ones. If the distance is longer
than a threshold r , the corresponding pair is judged to be
an unreasonable one. In order to decide the value of r , three
problems should be considered.

1. If r is small, the convergence rate of iteration is slow.
Since all the distances of reasonable corresponding pairs
are no more than r , the length of translation vector com-
puted according to these pairs is at most r . Consequently,
Q is moved toward P at a speed of each step less than r .

2. A small r may bring the algorithm converging to a local
optimal solution. For example, if the current position of
Q is the best within the range of d , it is an optimal local
solution. However, there may be a better position out of
range d . If r < d , the translation vector is not able to
make Q jump out of d to the better position.

3. Though the two above problems can mostly be solved
by assigning r a large value, a larger r involves more
unreasonable corresponding point pairs, and finally leads
to a poor precision of the registration result.

In different stages of ICP algorithm, different problems
should be mainly considered. At the early stage, without the
requirement of high precision, the algorithm should have the
ability of jumping out of local optimal solutions and mov-
ing the point cloud toward a correct direction quickly. At the
terminal stage, precision becomes more important, so the
algorithm is expected to exclude all the unreasonable corre-
sponding pairs of points.

Based on the above analysis, we design a dynamic thresh-
old r , which changes with the algorithm converging. At the

Algorithm 3
IcpAlgorithm(P , Q, rb , re, rs , cs , τ )

1: M ← E � Initialize M with identity matrix E.
2: r ← rb
3: while re < r do � The First Stage
4: c0 ← 1
5: c1 ← (c0 + 1)/(1 − cs)

6: while |c1 − c0| > c0cs do
7: S ← FindCorrespondingPairs(P , Q, M , r)
8: M ← ComputeTransformMatrix(S)
9: c0 ← c1

10: c1 ← Size of S

11: end while
12: r ← rrs
13: end while
14: r ← re
15: δ0 ← 0
16: δ1 ← 2τ

17: while |δ1 − δ0| > τ do � The Second Stage
18: S ← FindCorrespondingPairs(P , Q, M , r)
19: M ← ComputeTransformMatrix(S)
20: δ1 ← δ0

21: δ0 ← ComputeErrorSummation(S, M)
22: end while
23: return M

beginning, r is assigned a large value rB . When the algo-
rithm tends to converge, r is updated by being multiplied a
factor rs ∈ (0,1). The change of r breaks the previous con-
vergence, and makes the point cloud move toward a new
more precise direction. This updating repeats until r is less
than an end value re . Here we need a measure to detect the
convergence. Two traditional measures of convergence are
sum-square distance metric and mean-square distance met-
ric. However, when a threshold r is used to exclude the
unreasonable corresponding pairs of points, the number of
pairs involved in each iteration is different, and this differ-
ence may cause the sum and mean values of square distances
to fluctuate a lot during the early stage (see Fig. 4). As a re-
sult, it is unreliable to detect convergence by these two mea-
sures. According to our observation, the number of reason-
able pairs almost always increases monotonously before the
convergence entering a relatively stable stage. So we use this
number to detect convergence. Assuming that the numbers
of reasonable pairs in two successive iterations are ck and
ck+1, in our algorithm, if |ck+1 − ck| < ck+1cs , r is updated,
where cs ∈ (0,1) is a given parameter.

4.2 Improved ICP algorithm

We divide our ICP algorithm into two stages. In the first
stage, the distance restriction r is updated when a conver-
gence is detected. In the second stage, a constant r = re
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Fig. 4 Measure of convergence. This figure shows the variations of
sum-square distance (SSD), mean-square distance (MSD) and the
number of approximately overlapping points (NAOP) with iteration
times (IT). When a constant distance restriction is employed to erase

the unreasonable corresponding pairs, SSD and MSD fluctuate before
the algorithm really converging, but NAOP always keeps increasing
until the algorithm goes into a relatively stable stage

is used, and the iteration repeats until the change of sum-
square error falls below a threshold τ > 0. Algorithm 3
shows the frame of our improved ICP. To make the param-
eter setting easily, rb and re are relative values of ρ (see
(18)). While searching corresponding pairs (line 7 and 19),
two alternative strategies, point-to-point and point-to-plane
[26], are available. No matter which strategy is used, the
corresponding pairs are checked by the distance restriction.
In detail, for a point q ∈ Q, if its closest p ∈ P satisfying
‖p−qM‖ ≤ ρr , point p and q are extracted as a reasonable
corresponding pair. In line 8 and 20, a quaternion-based al-
gorithm [5, 13] is employed to compute the transformation
matrix. Since the value of sum-square distances (line 23) is
more sensitive than the number of reasonable pairs, it can re-
flect the trend of convergence more precisely during the final
stage. Therefore, the variation of sum-square error is used
as the terminal criterion. In our experiments, the parameters

are set as follows: rb = 60, re =
√

2
2 , rs = 0.5, cs = 0.001,

τ = 0.001.

5 Results

In this section, some experiments and comparisons are
shown to illustrate the performance of our algorithms in
the respects of robustness, efficiency and registration qual-
ity. We implemented the algorithms using C++, and all ex-
periments and comparisons were performed on a PC with
2.53 GHz Intel(R) Core(TM)2 Duo CPU and 2 GB RAM.
Figure 5 shows some results of sample-sphere rough align-
ment and our improved ICP algorithm.

We compared the efficiency of sample-sphere method
with 4PCS [1], which is a fast method also employing
RANSAC scheme. Table 2 reports the results. When per-
forming sample-sphere methods, we set SR = 18◦ and
�w = 3. Because RANSAC scheme is a random one, the
time of each execution for the same model is different. The
time shown in Table 2 is the average time of several (about
10) tests. The results indicate that for large point clouds, the
sample-sphere method is faster than the 4PCS method.

Table 2 Comparing sample-sphere with 4PCS. T4PCS and TSS stand
for the time (second) cost by 4CPS and sample-sphere method, respec-
tively

Model nP nQ �ST
T4PCS TSS

Coati 28241 28107 14 1.5 2.23

Lady 78722 67571 15 11 5.9

Girl 74672 72282 15 5.5 4.3

Fist 100428 97672 17.5 21 7.1

Teeth 28150 22516 8 2.5 2.8

Face 54681 59943 9.25 199 21.2

Pig 104753 94906 17.25 78 14.6

Figure 6 illustrates the robustness of sample-sphere
method and 4PCS method under outliers, and the corre-
sponding time cost is displayed in Fig. 7. The results in-
dicate that when the input data have outliers, sample-sphere
method is much more robust than 4PCS method.

Figure 8 illustrates the robustness of sample-sphere
method and 4PCS method under noise, and the correspond-
ing time cost is displayed in Fig. 7. It can be seen that time
fluctuation of the sample-sphere method is less than that of
4PCS, which indicates that the sample-sphere method is at
least as robust as 4PCS when the input data have noise.

We implemented two versions of our improved ICP algo-
rithm: point-to-point version and point-to-plane version. We
compared them with the similar functions in two software,
PolyWorks 9.0 and Geomagic Studio 10. In our compari-
son, SIM (Surface Interpenetration Measure) [25] was em-
ployed to estimate the quality of refinement. Visually, SIM
reflects how large the “splotchy” section a result has, and
a better registration should present a larger “splotchy” sur-
face [8] (see Fig. 9). Table 3 reports the SIM value of each
refinement. It shows that the point-to-plane version of our
improved ICP algorithm is better than PolyWorks and Ge-
omagic. Though the point-to-point version may sometimes
perform better than the point-to-plane version, the latter is
more stable than the former.
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Fig. 5 Results of registration. From top to bottom, the models are
named “Coati”, “Lady”, “Girl”, “Fist”, “Teeth”, “Face” and “Piggy”.
The rough alignment and refinement are shown in the third and fourth
column, respectively

Fig. 6 Rough alignment with outliers. We add random outliers in the
bounding boxes of the input data. From left to right, the number of out-
liers are 10%, 20%, 40% of the original numbers of points. The input
point clouds are shown in the first row, and the results of the 4PCS and
sample-sphere methods are in the second and third row, respectively

Fig. 7 Comparing the resilience to noise and outliers. The correspond-
ing results of alignments are shown in Fig. 6 and Fig. 8 respectively

Table 3 The SIM values of refinements

Method Girl Lady Fist

PolyWorks 0.504450 0.487478 0.608041

Geomagic 0.512935 0.490059 0.605184

OurICP(point) 0.524704 0.488528 0.610284

OurICP(plane) 0.535121 0.490264 0.609734

6 Conclusion

In this paper, we present a sample-sphere method that
roughly aligns two point clouds. This method reduces the
time complexity of finding all the approximately congru-
ent triplets of a base to O(n logn), and it is resilient to
noise and outliers. We also propose the adaptive distance
restriction to improve ICP algorithm. With this restriction,
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Fig. 8 Rough alignment with Gaussian noise. We disturb the input
data with a Gaussian noise, which has a zero-mean. From left to right,
the standard deviations σ are 1, 2 and 4. The input point clouds are
shown in the first row, and the results of 4PCS and sample-sphere meth-
ods are in the second and third row, respectively

Fig. 9 SIM measure. From left to right, they are the results of Poly-
Works, Geomagic, the point-to-point version and point-to-plane ver-
sion of our ICP Algorithm. The result with higher SIM value (see Ta-
ble 3) should have larger “splotchy” section

the algorithm gradually erases almost all the unreason-
able corresponding pairs of points, thus it can precisely
register point clouds only partially overlapping. Combin-
ing the sample-sphere method and our improved ICP al-
gorithm, the whole pipeline is able to automatically align
two coarse point clouds in arbitrary initial positions accu-
rately.
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