Engineering with Computers (2024) 40:2101-2125
https://doi.org/10.1007/500366-023-01903-x

ORIGINAL ARTICLE q

Check for
updates

Peridynamics for out-of-plane damage analysis of composite
laminates

Xiongwu Yang' - Weicheng Gao' - Wei Liu’ - Xiaole Li? - Fengshou Li’

Received: 24 February 2023 / Accepted: 17 September 2023 / Published online: 12 October 2023
© The Author(s), under exclusive licence to Springer-Verlag London Ltd., part of Springer Nature 2023

Abstract

A new peridynamic model for predicting the out-of-plane bending and twisting behavior of composite laminates has been
proposed, in which fiber bonds and matrix bonds are distinguished for characterizing anisotropy. The peridynamic formula-
tions are obtained based on the principle of virtual displacements using the Total Lagrange formulation, and the equation
of motion is reformulated by the interpolation technique. The critical curvature is adopted as the failure criterion, and a
micromodulus reduction method is implemented in the PD algorithm. For multi-layer laminated structures, a new single-
layer material point model (SLMPM) is proposed, in which the overall micromodulus is integrated according to all plies in
laminates. The capability of the developed PD model was demonstrated by the bending examples of composite laminates with
different fiber orientations, and damage analysis was further conducted to demonstrate the strong capability of the proposed
PD model in replicating the failure process of composite structures. In addition, the computational efficiency of numerical

models can be greatly improved due to the SLMPM.

Keywords Peridynamics - Damage - Laminate - Single-layer - Micromodulus reduction

1 Introduction

Fiber-reinforced composite materials are widely used in
advanced aircraft, marine, automobile, and many other
industries due to their excellent mechanical properties, i.e.,
the high stiffness-to-weight and strength-to-weight ratios,
and corrosion resistance. Accurate prediction of progressive
failure processes of composite structures is still an active and
persistent challenge that requires much effort, especially for
crack branch and multiple-crack problems. Since the partial-
differential equations are invalid in the presence of discon-
tinuities, there is a series of conceptual and mathematical
difficulties in dealing with crack nucleation and propagation
in the classical continuum mechanics (CCM). Peridynamics
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(PD) is a reformulation of CCM [1-3] that can simulate the
whole failure process of materials without additional failure
criteria and stiffness degradation model, and continuous as
well as discontinuous are described under the same theo-
retical framework. The great potential of the PD theory in
capturing the damage pattern of laminated structures has
been proved since its development [4, 5].

In the past decades, the peridynamic theory has been
utilized successfully for failure analysis for various engi-
neering problems, such as rock cracking [6—8], concrete
structures damage [9-11], bimaterial damage [12-14],
etc., which demonstrated the strong capability of peridy-
namics in capturing crack initiation and its propagation.
However, most of the research objects are solid structures
or simplified as two-dimensional plane problems. For a
plate, shell, or slender structure, it is almost impossible
to simulate the failure mode by the 3D PD model due to
the extremely low computational efficiency. Therefore,
structural idealization is essential to improve accuracy
and efficiency, and the advantage can also be presented
in other numerical techniques, such as finite element
analysis [15-17]. In peridynamics, the first PD model for
2D configurations was introduced by Silling and Bobaru
[18]. O’Grady and Foster [19] proposed a non-ordinary
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stated-based PD (NOSBPD) model for Kirchhoff-Love
plate, in which a bond-pair model is used to describe
the bending behavior; Diyaroglu et al. [20] developed a
bond-based PD (BBPD) theory for Timoshenko beam and
Mindlin plate, in which the transverse shear deformation is
considered; Nguyen and Oterkus [21] derived an ordinary
stated-based PD (OSBPD) theory using Total Lagrange
formulation, and the thermomechanical behavior of shell
structures can be simulated. Later, the geometrically non-
linear theory of plates and shells was also further devel-
oped by Nguyen and Oterkus [22, 23]. In addition, Shen
et al. [24] developed a micro-beam bond model for plate
structures.

The general PD model for laminates was established by
Oterkus and Madenci [25]. The in-plane behavior of lami-
nates is characterized by fiber bonds and matrix bonds, and
the interlayer behavior is characterized by the interlayer
normal bonds and shear bonds, namely the four bond-based
model (FBBM). Owing to FBBM, some efforts have been
made to apply it to study the damage problem of laminated
composites subjected to quasi-static loads [26-29], impact
loads [27], explosion loads [30, 31], etc. Furthermore,
because the anisotropic properties of materials can also be
described through the fourth-order elastic matrix [32, 33],
different failure problems for laminated structures have also
been studied successively by NOSBPD [34-38]. In addi-
tion, Hu et al. [39-41] developed a new BBPD model for
composite laminates that can remove limitations of FBBM
in Poisson’s ratio and fiber orientation. Jiang et al. [42, 43]
established an OSBPD model of laminates by replacing the
cylindrical horizon with a spherical horizon. Guo et al. [44]
and Braun et al. [45-48] derived the lattice-based PD models
with different topological forms and successfully simulated
the linear elastic deformation and damage pattern of FRP
laminates. In addition, PD models for the microstructure of
composite materials have also been proposed successively
[49, 50].

Up to now, most PD theories only focused on the in-plane
mechanical behavior of composite structures. The PD theory
describing the out-of-plane bending and twisting behavior of
composite materials is rarely studied. Although Tastan and
Ugur [51, 52] proposed a PD model for anisotropic materi-
als by introducing bending stiffness and angular displace-
ments, only the unidirectional laminate can be simulated.
Hu et al. [40] proposed a PD model based on Mindlin theo-
ries to account for material coupling and transverse shear

deformation, but the fiber and matrix damage of laminates
cannot be well captured. In practical engineering, it is almost
impossible to predict the damage pattern of composite struc-
tures only relying on the existing PD theory due to the com-
plex load cases. Moreover, large composite structures with
complex geometric configurations cannot be simulated due
to the lack of out-of-plane theory, which will limit the engi-
neering value of PD theory on real-scale composite struc-
tures. Therefore, it is still an urgent task to develop an out-
of-plane PD theory for composite laminates.

In this paper, a new PD model for the out-of-plane
mechanical behavior of composite laminates is developed, in
which bending micromodulus are distinguished in different
directions for characterizing anisotropy. The PD micropo-
tentials for the Kirchhoff plate are achieved by interpolation
technique, and the PD formulations and equations of motion
are obtained based on the principle of virtual displacements
using the Total Lagrange formulation. The critical curvature
is adopted as the failure criterion, and the strength difference
between the carbon fiber rod and resin matrix is described by
different critical values. To model composite laminates, the
interlaminar deformation compatibility assumption needs
to be introduced in the proposed PD model. The overall
micromodulus of laminates is integrated according to all
plies, and the stiffness behavior is described by means of
a micromodulus reduction method. Due to the assumption
of interlaminar deformation compatibility, the mechanical
behavior of multi-layer laminates can be simulated only by
single-layer material points and, thus, the computational effi-
ciency of numerical models is greatly improved.

The remainder of the paper is organized as follows. Sec-
tion 2 presents the PD kinematics and the corresponding
PD equations of motion for composite laminates. Critical
curvature and micromodulus reduction method are provided
in Sect. 3. An alternative numerical technique is provided in
Sect. 4. Validation and demonstration of the PD model on
deformation and damage examples are presented in Sect. 5.
The paper is closed with conclusions and perspectives in
Sect. 6.

2 Peridynamic equations of motion
for composite laminates

In peridynamics, the motion of material points can be
described using integrodifferential equations as:

p(X)i(x, 1) = / (t(w' —ux —x,1) —t'(u—u',x = x',7))dV’' + b(x,1) (D)
Hx
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Fig. 1 Undeformed and deformed state of PD material points x and x’

when the force density vectors become equal in magni-
tude as well as being parallel to the relative position in the
deformed state, the force function in the above Eq. (1) can
be written as:

t(o' —ux —-x,1)=—t'(u—u',x-x1) = %f(u’ —ux —x,1)
@)
where t and f represent the force density vector that material
point x’ exerts on X, as shown in Fig. 1.
Substituting Eq. (2) into Eq. (1), the motion equation of
the bond-based PD (BBPD) can be obtained as:

p(XU(X, 1) = / f(u —u,x' —x,1)dH + b(x, 1) (3)
H

where H is a neighborhood of the material point x with a
horizon radius &, p represents the mass density, u represents
the displacement vector, and b represents the body force
density.

The PD equations of motion for laminated structures can
be derived based on the principle of virtual work as:

S/I(T—U)dtzo 4)

where T and U represent the kinetic and total potential ener-
gies, respectively.

The principle can be satisfied by solving for the
Lagrange’s equation as:

g(aL>_ AL _, )
dr \ 0q ¢ aq

Fig.2 PD horizon for a fiber-reinforced lamina and interaction of
material points

where q, represent independent displacement variables
of the material point X ;), and the Lagrangian function L is
defined as:

L=T-U. (6)

2.1 Peridynamic equations of motion

The total kinetic energy in the body due to twisting and
bending can be expressed as:

_ 1 < ) .2
I'=z2p 2 [”(k) TVt W(k)] Vi @)
k=1

where u, v, and w represent the displacement components of
material points in x-, y-, and z-directions, respectively. V;,
represents the volume of the current material point.

For a lamina subjected to out-of-plane bending or twist-
ing, these in-plane variables can be expressed in terms of
rotations as:

Ugy = =2hxys Vay = ~ 2y - ®)

Integrating through the thickness direction of the lam-
ina, the kinetic energy of the continuous system can be
obtained as follows:

1, w2 (W Ko
T'=3he sz <W(k) %0+ 2% 4w ©)

where A, represents the area of the current material point
and 4 denotes the thickness of the lamina.

Due to the unidirectional reinforcement properties,
the directional dependency must be considered in the PD
potential function for a composite lamina, as shown in
Fig. 2. The total strain energy density can be decomposed
as:

_ f
Wiy = Wy, + W (10)

@ Springer



2104 Engineering with Computers (2024) 40:2101-2125

where W, and W, represent the contributions from fiber  where w™ ~and w__ represent the micropotential function
(k) (k) K)() (0}

bonds and matrix bonds of the material point X(),  between the material points X, and X,

respectively. Substituting for the strain energy densities from
The total potential energy of a lamina can be expressed  Eq. (12) into Eq. (11), the total potential energy of a com-
as: posite lamina in a deformed configuration can be rewritten
oo © © J © as:
— — f m
U= We= 2 by gy = D, Wi+ 2 Wi D by - ug
k=1 k=1 k=1 k=1 k=1
an

where J represents the number of fiber bonds in the horizon
of the material point X .

The strain energy density of material points can be
obtained by summing micropotentials of all PD bonds in
the horizon, as follows:

(e8]
1 1
523 =5 Z:, D) [W<mk)(,-> (y(m Yy Yry ~ Y ) + W?)(k) (y(lf) Yo Yoy ~ Vg )] Vo) (122)
J:
J
. 1 1T7 .
f _ f f
We = ) z:, B [W(k)(j) (y(1k> — Yy Yy =Y ) + Wi (Yan = Yoy Yiy — Yy )] Vo) (12b)
=

f
D W(k)(i)(y(l") = Yoo Yo = Yaos ---) Vot
' W (Yan = Yo Yo = ¥gr ) |7
m V(k) (@ =xy) (13)
yo L lw(@@ (Yay = Ywr Yoo = Y ---)
132

0w~ Zp) ®
m a
+wlh o (Yan = Yo Yo = Yo ---) h

where Za(k) represents the resultant body moment at mate-
rial point X, and ¢, represents the degree of freedom of
out-of-plane rotation.

To derive the equation of motion, the Lagrangian func-
tion in Eq. (6) can be expanded into the following formula,

as follows:
W . W, .
L=t o0 7w DA + o T3 Pw - Py + -
J
1 £
-3 {Wu«)@(y(lk) = Yo Yo ~ Yoo "')V(j)V(k)}
=
1 J
.
) 2z {Wo’)(k) (Yan = Yo, Yor ~ Yor --‘)V(nV(k)} (14)
=1
19 [ m
) Z {W(k)(i) (Yay = Yo Yon — Ya --~)V0)V<k>}
=1
1N fom bagt
) > {W(ixk)(y(lf) — Yo Yo ~ Yo -~)V<f>V<k)} ot = b Vo
=1
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For a plate or shell structure, the Euler—Lagrange equa-
tions can be written in terms of the degree of freedom of
rotations as:

d oL oL
dt0g,y 9Pty

=0 (a=x,y). (15)

Therefore, the equations of motion describing the bend-
ing and twisting behavior of the lamina can be obtained
when substituting Eq. (14) into Eq. (15) as:

. 1 Moo (¥ ~Yw)
Pt 5 Pa + Z 2 (Z} o Voo ouy,

j=1 Yo — y(k))
+Y <

Wim A ) (Yo — ¥¢)
=1 y(k) Yo) e oug,
vy < Wiad Vv, ) (Yo — ¥¢)
i=1 = o Y(k) Y(,)) oug,

J ©  gwl 9 —v,. b
+ Z <2 (i)(k) V,.> (Yo Y(;)) a(k)

j=1 i=1 a(Y(k) - Y(/)) au(k) h

NSy

Mz HMS

NS

¢a(k) =0.

(16)

In light of the definition of the strain energy densities in
Eq. (13), the force density vectors can be derived in terms
of micropotential functions, as follows:

N —

owf owf

1 ®)() 1 0
(i)m = %m é)(m = @k_wm (17a, b)
and
mo_ aw?;c)(/) m 1 awr(?)(k)
oG %a(yo)—_y(k))’ Mk = %m (18a, b)
where (k) 0 and fé) (& Tepresent force density vector of fiber

bonds, f(k)(/.) and f(‘;)‘(k) represent the force density vector of
matrix bonds.

Fig.3 Deformed and initial configuration of a lamina in PD

For a linear elastic material, the peridynamic micropoten-
tials for a lamina due to bending can be written as:

m L -

Wiy = 3 mK i Smo (192)
o1 5

Wap = 3K 0000 (19b)

where ¢;and c,, represent micromodulus of fiber bonds and
matrix bonds, respectively. k,;, represents the curvature
with respect to the line of action between the material points
X(;) and X, which can be defined as:

b — P

20
ok 20

Koy =

where &, represent distance between the material points
X anq Xp- i) gnd @ represent the r.otati(?ns with respect
to the line of action between the material points ;) and X .

The rotations with respect to the line of action between
the material points X; and X, can be decomposed as

¢(,') = ‘i’x(j) cosy + ¢y(,') siny (21a)

¢(k) = Cbx(k) cosy + ¢y(k) siny (21b)

where y represents the bond angle between x ;) and X, with
respect to the x-axis, as shown in Fig. 3.

Substituting the above Eq. (21) into Eq. (20) yields the
following expressions:

¢x H d)x(k) ¢ H ¢ (k) .
Koy = <0—> cosy + <W—y> siny (22a)
) Sow

or

ba) = Paity 5 N AT
Koo =\ ———— Jeos"y+ | ———— |sin"y
Xy — Xy Yoy = Y
(22b)

where

Xy = Xay = S €OST Vi) =Yy = Syp SINY- (233, b)

Substituting from Eq. (19) into Eqgs. (17-18), the PD force
density of the material point X, can be obtained as:

1 o (Kwn)
9 (Kuyp)

G = = —
‘f(k)(])(K(k)(l)) - é ] = Cak‘(k)(]-) (a =X, y)
()

(24)
Hence, the Eq. (16) can be further written as:
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(Kwep) a("(;‘)(k))]
Tl
0 bus) " 0(e) | 7

(Kw@) 9 (kg )
(¢( Z)) f(,)(k)ﬁ Vi =0.

h
13 a<k>+2 6k lf(kx/)

+ Z 5%k lfao(/)

(25)

Invoking Eq. (22), and substituting from Eq. (24) into
(25) yields the following equations of motion:

bx) — P by — by \
¢x [(—)cosy+<—‘ )smy]
®= z:’ $ow G

cosyV; + bx(k)
(26a)

w - [( bu) — ¢x<k>> (‘i’w) - ‘f’y(k)) . ]
P—=bp = Cy —L " )cosy+ [ =L—=)siny
1270 Z Sow Sow

Jj=1
sinyV; + Ey(k).
(26b)
The detailed derivation process on the PD material con-
stants, c;and ¢, is presented in Appendix 1. These material
parameters describing the bending stiffness are presented as:

2911, — g0) _ 2k gy

_ 27a.b
24750 ‘m = 3 (272, b)

Cf =
where g, ¢5,, q;,, and gg¢ represent the reduced stiffness
coefficients of composite materials in the material coordi-
nate system.

Ell E22

q11 = G2 = 1 q12 =
— Vi2Vai

VirEny

966 = G12
(28)

where E ||, E,,, v1,, V5, and G, are the elastic constants for
orthotropic materials.

Since the PD material parameters, ¢; and ¢, are derived
for those material points whose horizon is complete. There-
fore, these parameters need to be corrected for these material
points located near a boundary or interface. The correction
factors can be obtained by comparing the PD strain energy
density to the counterpart in classical theory, which is pre-
sented in Appendix 2.

Although Eq. (26) can describe the out-of-plane mechani-
cal behavior ofcomposite materials, only the variation of
rotations can be solved. The deflection of a lamina subjected
to out-of-plane load cannot be simulated only by the above
two equations. Therefore, the interpolation technique is
essential in Sect. 2.2.

L=vpvy

2.2 Interpolation technique

The transverse shear deformation is not considered in this
PD model, and the normal is always perpendicular to the
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Fig.4 Displacements and rotations of a PD bond

Fig.5 Relationship between deflection and rotation

mid-plane of the laminate. Therefore, the differential equa-
tion of motion of PD bonds can be written as:

0>v 02 0%
PAW‘F@ v< “ 3 2>dV q (29)

where v represents the transverse displacement of the PD
bond, A and V represent the cross-sectional area and volume
of the bond, ¢, (a=f or m) represents the bending micro-
modulus, and g represents the external load. ¢ and x repre-
sent time and coordinates along the central axis of the bond,
respectively.

Using the weighted residual method, the residual of
Eq. (29) can be expressed as:

I3 2 2 2
0y 0 0“v
I = A—+— dv — dx=0
/o<” o " o v< a2> q)w
(30)

where & and w represent the length and deflection of the
bond, respectively.
Integrating the above Eq. (30) yields the following equa-

tions of motion as:

Iz[/ pA—wdx+// Vdx — /pwdx]

- [Sw—Ma—W] =0
ox lo

6 v 6 Wi
o2 6x2

€29

where
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S=c, (63v/0x3) M = ca(()zv/dxz) (32)

where § and M represent the shear and moment of the bond,
respectively.

Due to the completeness and compatibility assumptions,
the deflection of bondscan be characterized by a cubic
polynomial function, as presented in Fig. 4, which can be
expressed as:

v(x) =ag+ax+ a2x2 —+ a3x3 (33)

where a,, a,, a,, and a; represent the polynomial coeffi-
cients, and x represents the position of bonds in the local
coordinate system (0 < x < &).

Since the PD model proposed in this paper is aimed
at the Kirchhoff plate, as shown in Fig. 5, the rotation of
bonds can be derived as:

0(x) = dv(x)/dx = a; + 2a,x + 3a;x*. (34)

For a PD bond consisting of two material points x; and
X(j), its displacement vector can be expressed as:

5 =[v, 0,v; 6] (35)

Substituting the Eq. (35) into Egs. (33) and (34), the
expression can be written as:

v(0) =ay, =v,

0(0)=a, =0,

v(ié)=ay+aé+ achz + a3§3 =,
(&) =a, +2a,§ + 3a3§2 =0,.

(36)

Equation (36) can be further written in matrix form as:

v; 100 O a
0. 010 O a

=23 "= L= AC
v(Tl1ee & ||a G7
0; 01 2& 3&2 as

where
100 O a
010 O a

A = . C = 1
1 5 52 53 a, (383., b)
012 3&2 as

Solving Eq. (37) yields the parameter g; (i=0, 1, 2, 3), and
substituting these parameters g; into Eq. (33) yields the fol-
lowing equation:

v(x) = Ny (xX)v; + Ny (x)8; + N3(x)v; + Ny (x)0; = [N]{8}°
(39)

where [N] is the shape function matrix of bonds, and its
expression can be written as:

[N] = [N, N, Ny N, | (40)
where

N@=1=-37"+27, Ny =(r-21"+1)¢
(41a, b)

N;(x)=3x> =277, Ny = (-x>+1°)¢ (41c, d)

where N,(x) (i=1, 2, 3, 4) represents the Hermite function,
 represents the length of bonds, which can be expressed as:

x=x/§& O<y<D. (42)

Substituting the shape function matrix from Eq. (40) in
Eqg. (31) results in

et
o 1ox? ox?
NY V;
f Ny 0,
— 2 i
_/0 Cy Ng’ [N;/ N;’ N;/ Né/‘f]dx y (43)
Ny 9
¢
= / BTc, Bdxs® = K°6°
0
where
T
_ " " " "
B] = [N} Ny NY N ] @9

Invoking Egs. (41) and (44), and substituting for the integral
equation from Eq. (43) in Eq. (31), the stiffness matrix of PD
bonds can be obtained as:

12 6 —12 6¢

V| 6& 48 —6& 2£2

B -12 -6 12 —6¢ |
6& 282 —6& 4&

KPD - (45)

Substituting Egs. (35) and (21) into the stiffness matrix in
Eq. (45), the force density vector between material points X,
and x ;) can be written in an explicit form as:
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12(wgy = W) + 600y (O SIn Y — B, cOS 7) N
P _:C[ w = W) + 08w (Oxry V) v, & (462)
BO =] 46Z45) (0, siny — Oy, cos ) D7 >0G)
6& i) (Wi = W) + 42 (0,4 siny — 0, cos )
_ G\ (k) () (k)() \” x(k) y(k) \% / 3 (46b)
Moo = © +2&2 ( siny — 6,; cos ) 0/ S
(i) \Vx(y SILY = Oy COS Y
Hence, the equation of motion of composite materials can
be written as:
(o] .
phivy = 2 2 [ 12W(f2+ 65@02 ez don 2os7) ] Vi + b (472)
o S L 12w + 685 (b Siny — dy cosy)
3. e & 680w + 42 siny — ¢, COS
i PR y S 4550 g‘f’x(k) 4 by COS V) siny Vi, + myg, (470)
12 (1)(k j=1 =68 Wi + 25(,‘)(10 (¢XU) siny — ¢, cos 7) |
3. e & 680w + 482 siny — cos
i B ==Y S 4850 g‘ﬁx(k) v by €08 7) cos 7V + my @)
12 Lo S OhmWa + 20 (¢x siny = by cosy) | :
or
(o]
i Ca 12w + 650 (Brpy Siny = By cos )
) (3i)(k) le = 12w + 661 ((l)x(i) siny — ¢y; cos y) v :
W < [ x) — P S~ b\ .
PPy =€ [(— cosy — | ————— | siny|cosyV + m, (48b)
1277 ‘ ,Z:’ o) o)) )
< ) ~ Priy b= bw) . .
o = —C [( >cosy—<—> smy] siny Vi, + m, . (48c¢c)
12 Py = o Z’ Eom Sow oo

The difference in sign between Eqs. (48b—48c) and
(26a-26b) is that the rotations are represented in vector

oo |uaro|—

2hi

[ e I

Fig.6 Schematic of thickness coordinates of laminated structures

@ Springer

form in Eq. (48). Compared with Eq. (26), the PD equa-
tions of motion in Eqs. (47) and (48) can better describe
the out-of-plane mechanical behavior of unidirectional
laminates, and the deflection and rotation can be simu-
lated simultaneously.

2.3 Equations of motion for composite laminate
To describe the mechanical behavior of laminates, several

assumptions are introduced: (1) There is no relative sliding
and delamination between all adjacent plies, and the
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laminate is regarded as a whole structure, that is, the
assumption of interlayer deformation compatibility needs
to be satisfied; (2) Although the laminate is composed of
multiple plies, its total thickness still satisfies the thin plate
assumption, that is the ratio of the thickness 7 to the span

1 1 ) .
Lis <50 100) < -< < 0)’ (3) The whole laminate
is of equal thlckness.

The rotational equation of motion for the x-axis can be

written as:
o
P15 %m0

N [( P ~ P ) <‘/’y(/> ~bw ) . ]
=c Y [ —5—=)cosy - [ —5— ) siny
=) 00 00

Vi +bay/[Aw

(49)

where b ;, represent the moment.
For a laminate with n plies, as shown in Fig. 6, the
equations of motion can be decomposed as:

S0)

S0

(2h,,)
d)n(k) =y

S Sn)

(2hy)?
p

p(2h1)31_2(2h2)3 b =01 I, I:((plxv')_d)lx(k) ) cosy — (%m b

Si)k)

p(2h2)3—(2h3)3 (l.').z(k) —c, Zoo |:(¢2x(j)_¢lv(k) ) cosy — (4’2\(/3 N0
12 j=1

20k

— (2hy)? + 2hy)? — - + 2k, ..
0 )

o (01V1j+02V2j+-~-+chnj)

=20 (Bt ) oy, - (Bt ) o, (52)
= O0) 00
big +bagy + -+ + bagy
Aw '
The above Eq. (52) can be further written as:
-3
P—¢(k)
¢ ¢ Dyij) — Dy
_ Z Co [( ) ~ Paik) ) cosy — < V) ~ Pk ) in y] (53)
¢ &
) )
Vi + b

where ¢ represents the total bending micromodulus of the
laminate, 4 and V represent the thickness and volume of
the laminate, and b represents the force per unit area. The

) ]Vlm +bigo/ Arge

) ] 7 | Vagy + Do/ Aay

(50)

0 ¢n;(' _¢IZX k ¢nv(j) _¢rly(k)
ijl [(—” 0 ) cosy — (—) sin y] i) F Puco/ Anci-

Due to the assumption of interlaminar deformation com-
patibility, the geometric relation in each ply can be obtained
as:

bre=p ==y (51a)
¢1y = ¢2y == ¢ny (51b)
i = 2010 = = Sugyi) (5lc)
Ajgy = Agpy =+ = Ay (51d)

Substituting these geometric relations from Eq. (51) into
Eq. (50), and summing the system of Eq. (50) result in

—_ o .
phivgy = =— [ 12w, + 68,0 (bt Sin¥ = by 05 7)
Gty =1

— 12wy + 64 (s SinY — By cos )

total thickness, volume, and bending micromodulus of the
laminate can be obtained from all the plies as:

h= ihi V= 2 (A;h;)
i=1 i=1

(54a, b)

n/2 { [((/2)+ 1=k x2xh)* = [(n/2) - by x 2 x h]* }

c= ) ¢,
Z B
(54c)

where £; and A, represent the thickness and area of material
points in the i-th ply, and & represents the thickness of each
ply in the laminate.

Similarly, the equations of motion for Kirchhoff plates
can also be obtained for other degrees of freedom. Hence,
the equation of motion of the laminate can be expressed as:

Vi + b (552)
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crack surface

fiber bond matrix bond

Fig.7 Interaction between two material points whose line of action
crosses the crack surface

Ha(X() = X 1) = L if K (% = X(")’t)| < Ko
a > .
0  otherwise

(58)

where k,,(a=f or m) represents the critical curvature of
fiber bonds or matrix bonds.

The critical curvature of materials can be obtained
according to the principle of energy equivalence. For a crack
surface A in the lamina, the total strain energy stored in all
broken bonds, including fiber bonds and matrix bonds, must

=3 _ o [ 2 .
Ph—ds ) = ‘ Z Souren * 4%“) gd)x(k) ST = By c08 y) sin 3"7@ + M (55b)
17O T8 A 6w We + 2650 (B Siny — by cos7) | :
3 I 2 .
P = =S y 68hw Wi T 4G g‘ﬁx(k) siny =y cosy) | PV 4T (55¢)
127 fé)(k) =l =68 W) + 25(;)(1()(4’):(;) siny — ¢,; cos 7) | v ’
or
- 7w [ 12w +6¢; (e SinY = Py COS 7) - -
i = i T 0560 ( Dy SINY = by Vo4 564
e o ; [ — 12w + 681 (dagy siny — by cosy) |70 70 oo
=3 0
ho. _ ¢x(j) - ¢x(k) () G ¢ (k) . o —
pEd)x(k) =c Z [(W cosy — ”f(/T)) siny [ cosy V) + my, (56b)
j=1
=3 o0
h . _ d)x(/) - d)x(k) ¢ () - ¢ (k) . . 5 —
pﬁ(by(k) =—c z [(W cosy — }Q,T)} siny | siny Vg + myy,. (56¢)

3 Critical curvature and micromodulus
reduction

In peridynamics, the damage to materials can be determined
by counting the percentage of broken bonds by the total

be equal to the corresponding fracture energy in CCM, as
shown in Fig. 7.

The strain energy stored in all broken bonds across the
new crack surface A due to bending can be expressed as:

K+ i

number of bonds. The force density vector will be perma- U 5
nently eliminated when the relative curvature between mate- W, = Z 2 zca (Ko) <|X(j-) — X(k+) >V(k+)v(i-)' (59)
rial points exceeds the critical value. The force and moment k=1 j=1
per unit area with damage can be expressed as follows:
= el = xa1)| 20,8 OB (B 07 fs7) |
— 12wy + 600 (bagy Siny — dyycosy) | (@ = form), (57)

a —
Mgy = Ha (X) = Xao+ 1) CaKitr

The state of PD bonds, intact or broken, can be defined as:
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By equating Mode-I fracture energy release rate and
the strain energy in Eq. (59), the critical curvature can be
obtained as:

1 2 Kt J~
2€aKo Zimt 2jmi <|X(i*) X

Ic = A

)V(kﬂ V(I'f) (60)

where Gy denotes the Mode-I fracture energy release rate
of fiber or matrix material.

As introduced by Silling and Askari [3], the integral
value in Eq. (60) can be obtained as:

P
ke 2 (‘Xo‘*) ~ X >V(k+>V<r> hst 1)
A T2

Hence, the critical curvature of fiber bonds and matrix
bonds can be obtained as:

4Gﬁber 4Gmatrix
1 1
K, = _ K, L=
0,fiby 0,mat
er th54 matrix th54

(62a,b)

where K, (x(j) = X t) represents the curvature in the n-
th ply of laminates between material points X; and X, at
time .

4 Numerical solution method

The adaptive dynamic relaxation method (ADR) [53, 54]
is used to solve the equations for static and quasi-static
problems. In addition to the virtual mass matrix M, virtual
damping d’! also needs to be introduced in Egs. (55)—(56)
for composite laminates as

MU' (X, 1) +d"MU" (X, 1) = F*(U, U, X, X) (65)

where X and U represent the initial position and displace-
ment, respectively. X' and U’ represent the position and dis-
placement of material points in a deformed configuration,
respectively. F represents the load, including the internal
force and area force.

where K gper and Ko pqirix Tepresent the critical curvature of N,
fiber bonds and matrix bonds, respectively. Gi*" and G F, = Z G p(x o = X t)f(uj —ux; - Xk)CV-Vj +b,
represent the Mode-I fracture energy release rate of fiber and =1 !
matrix material, respectively. (66)
For laminated structures, damage in each ply needs to
be examined at each time step, and the corresponding total
micromodulus of laminates needs to be updated all the
time as:
2 2
— ﬁ s { (/2 +1-k)x2 x h]lz_ [((1/2) — k) x 2 ] } )
k=1
where gPdate represents the updated micromodulus of lami- where G.(k)(j.) repres.ents t'he correcti.on factor between x,;, and
nates, czpdate represents the updated micromodulus between X which is provided in Appendix 2. CVj represents a cor-

material points in the n-th ply of laminates, which can be
expressed as:

wdae _ ) o i [Ku (Xg) = X t)| < Kno
c, ! (64)
0 otherwise

Fig.8 Lamina subjected to
static bending a geometry, b

rection parameter, which is defined as:
0 In+¢&ll >4

Cy =41 In+&ll <G -r) (67)
el G-r <In+él <o

where r=Ax/2.

model discretization

(b)
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Fig.9 Predicted displacement and rotation variations of unidirectional laminates with different fiber orientations from PD analysis

Both the virtual density matrix and the stiffness matrix
are diagonal, and the diagonal terms can be expressed as:

W 0 0

My =| 0 My, 0 (68)
0 0 M,
(k)

where M (

wi» Mo (k),M‘9 «, Tepresent the components of the
mass stable vector corresponding to translational and rota-

tional DOFs, which can be calculated as:
1,0
M, > =At

Yo T 4

C,hs? M, = lAtz ¢, whé?
Ax ) w4 Ax
(69a, b)
where Ax represents grid spacing, Ar=1 represents the time
step for a quasi-static solution, c, represents PD material
parameters for bending deformation given in Eq. (27). C;

@ Springer

represents the shear constant in the transverse direction,
which is defined as:

_ 3ks E22

C = 722
T 78 (14 vry) (70)

where k, = 5/ 6 represents the shear correction factor.
The damping factor can be determined by the lowest fre-
quency of the system as:

(Un)TKnUn

4"
(Un )TUn

Il
)

(71)

By utilizing central-difference explicit integration, the
velocities of the n-th step can be obtained as:

U =0+ %ﬁ”At. (72)
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Fig. 10 Predicted displacement and rotation variations of unidirectional laminates with different fiber orientations from FE analysis

Then the displacement for the next time step can be
obtained as:

U = U + U™ Ar (73)

-1
gt - B drAnUT: + 2MTFAY
2+drAt

(74)

Supposing U’#£0, U~!/2 = 0, the initial velocity is given by

Ui _ M_12F°At.

[N}

(75)

5 Validation and demonstration

Numerical results aim at first the verification of the PD
model by capturing the expected deformation response
of composite laminates under general load conditions in
Sects. 5.1 and 5.2. Subsequently, the proposed PD model
is used to predict the damage pattern of laminates subjected
to four-point bending in Sect. 5.3. Finally, in Sect. 5.4, the
challenging benchmark on the DCB Test was also simulated.

5.1 Lamina with different fiber orientations
subjected to constant static bending

Based on this PD model, three unidirectional laminates
with a=0°, 45°, and 90° were analyzed in this section.
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Fig. 12 Laminate subjected to static pressure a geometry, b model
discretization

As shown in Fig. 8a, the square lamina has dimensions of
LxW=100 mmXx 100 mm and thickness of #=0.5 mm.
The lamina is fixed on the left edge, and it is subjected to
uniformly distributed load f, =10 N/m perpendicular to the
surface on the right edge of the lamina. In the PD model,

@ Springer

the constant distributed load needs to be converted to area
forces for the material points located at x=L.

Material properties for the lamina are: The mass den-
sity p=1580 kg/m®, Young’s modulus in fiber direction
E,;=1.55%10"! Pa, Young’s modulus in transverse direc-
tion E,,=8.3 x 10’ Pa, in-plane Poisson’s ratio v,,=0.33,
in-plane shear modulus G, =2.77X 10° Pa. To apply bound-
ary conditions on the left edge of the lamina, three fictitious
layers of material points are generated in the discrete model
as shown in Fig. 8b, and all displacement components of
these material points located at x <0 are set equal to zero.
The lamina is discretized with a uniform grid of 200X 200
leading to 120,000 degrees of freedom. For verification
purposes, the predictions from the proposed PD model are
compared against FEA solutions conducted using ABAQUS
commercial software. In the FEA model, the same mesh
size is used. In ADR, the time step is set to df=1, and the
problem is simulated in 300,000, 2,000,000, and 1,000,000
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Fig. 15 Variation of rotation 0, (rad) in deformed configuration a PD, b FEA results
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Fig. 17 Laminate subjected to four-point bending a geometry, b
model] discretization

load steps corresponding to the lamina with a=0°, 45°, and
90°, respectively. Figures 9 and 10 show the variations of 3
DOFs of the three laminates in the deformed configuration.

As can be seen from Figs. 9 and 10, the variations of dis-
placement w and rotations 6, and ¢, captured by the devel-
oped PD model agree very well with FEA results for the
three laminates. Therefore, the numerical accuracy of the

@ Springer

PD model can be verified. To have a better comparison, the
PD and FEA solution results along y=W/2 and x=L/2 are
compared as shown in Fig. 11.

It can be observed from Fig. 11 that the relative errors
between PD and FEA results for all DOFs are less than
1.97% for these three laminates, indicating an excellent
agreement. A conclusion can be drawn from this example
that the developed PD model has a strong capacity to capture
the out-of-plane mechanical behavior of composite lamina
with reliable numerical accuracy.

5.2 Laminate subjected to constant static bending

To further verify the proposed PD model for laminates, a rec-
tangular composite laminate with L X W=100 mm X 50 mm
is investigated as shown in Fig. 12a. The laminate has a
layup of [45/0/90]¢, with ply thickness #=0.0187 mm. The
material properties of the laminate are identical to the lam-
ina in Sect. 5.1. The laminate is fully clamped on the left
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Fig. 18 Damage pattern on the
laminate subjected to four-
point bending with z-direction
displacement of a w=15 mm, b
w=18.75 mm, ¢ w=22.5 mm,
d w=26.25 mm, and e

w=30 mm
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Fig. 19 Experimental results:
damage pattern of the laminate
[55]

and right edges, and it is subjected to transverse pressure of
Po=2.0x10* N/m? normal to the top surface.

In peridynamic model, a uniform in-plane grid of
200x 100 is achieved in the discrete model, and only single-
layer material points exist in the thickness direction lead-
ing to a total degree of freedom of 60,000 for the laminate.
To apply the clamped boundary condition, three fictitious
layers of material points are added to both edges of the
laminate as shown in Fig. 12b, and all DOFs of these ficti-
tious points are set equal to zero. To verify the accuracy of
the developed PD model for the laminate, FE analysis is
carried out to simulate the example, and the mesh size is
Ax=5.0x107* m. The explicit time integration is used for
the static problem by using the adaptive dynamic relaxation
(ADR) method, and 10 million load steps are set in this PD
simulation. Figures 13, 14 and 15 present the comparison of
PD and ABAQUS predictions for displacement and rotation
of 3 DOFs with §=3.015Ax in the deformed configuration.

Figures 13, 14 and 15 show the deformation contours of the
laminate obtained from FE and PD analyses. It is evident that

Damage pattern

0 O

~ /J/ o
\‘/m_/././ .

\‘/(c) J JJ z;
0.2

(d) \0‘ \0‘ o

1

\0 J

\‘/(e) \\’, \\0, \\0,

10.05

— Experiment Result
— Peridynamic Prediction
6000 r ]

7000 -

5000 |

FiN
(=
o
(=]

Applied load F (N)

[\ (98]
o o
(=] (=]
(=] (=]

1000

O L L 1
0 10 20 30 40

Displacement w (mm)

Fig. 20 Load—displacement relations for the laminate
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FEA and PD results have an excellent agreement, which dem-
onstrates the accuracy of this proposed PD. Similar to previous
examples, the displacement and rotation at (y=W/2, x=L/2)
obtained from PD and FEA are compared as shown in Fig. 16.
As can be seen, the PD predictions for all degrees of freedom
of the laminate have good agreement with the FEA solution,
and the relative error for all displacement components are
less than 3.13%. Two possible reasons for this difference are:
(1) Higher order elements are used in ABAQUS analysis; (2)
Transverse shear deformation affects FE results. Nevertheless,
it can still be concluded that the developed PD model can well
characterize the mechanical behavior of laminated structures
and high numerical accuracy can be expected.

In addition to the advantage in describing the out-of-plane
mechanical behavior of anisotropic materials, it has been dem-
onstrated through this example that the multi-layer laminated
structure can be simulated with single-layer material points
in the proposed PD model and the numerical accuracy can be
well ensured. Since each ply does not need to be uniformly dis-
cretized for the laminate, the number of material points will be
greatly reduced in the discrete model, and the computational
efficiency can be significantly improved in comparison with
the traditional multi-layer PD model.

5.3 Damage prediction in a laminate subjected
to four-point bending

After verifying the accuracy of the developed PD model for
laminated structures, the damage process in a laminate sub-
jected to four-point bending is investigated. The experiment
was conducted by Qian [55]. The laminate has dimensions of
LxBxH=250x49x%5.8 mm>, and the detailed geometric
layout is illustrated in Fig. 17a. The laminate has a layup of
[0/45/0/-45],, with ply thickness #=0.18 mm.

The material properties of the laminate are specified as:
E; =125x10" Pa, E,,=1.08x 10" Pa, G, =3.6 x 10° Pa,

2h

"
X Q

L

[24)

Fig.21 Geometry and boundary conditions of DCB test
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and v, =0.33. The strength properties are: longitudinal
tensile strength X, =2213 MPa, longitudinal compres-
sive strength X, =706 MPa, transverse tensile strength
Y,=24.5 MPa, and transverse compressive strength
Y.=125 MPa. The laminate was simply supported at
x= +0.4L (these purple points in Fig. 17b), and the bound-
ary condition is applied by setting displacement component
w of these material points located at x=+0.4L to zero at
each time step. In loading regions, the laminate is subjected
to a slow rate of stretch of 1.0 x 107 m/s in the z-direction
for these material points located at x= +0.12L (these red
points in Fig. 17b), representing quasi-static loading. The
horizon size is §=3.015Ax, and grid spacing is specified as
Ax=1.0 mm. The in-plane discretization is achieved with
250 % 50 material points, which results in 37,500 degrees
of freedom in the PD model. The adaptive dynamic relaxa-
tion methodology is used in the PD solution for the quasi-
static problem. Since single-layer material point is used to
describe the mechanical behavior of multi-layer laminate,
therefore, for material points with the same in-plane coor-
dinates, the deformation curvature is the same in different
plies at each time step. Moreover, the damage pattern is the
same in each ply with the same fiber orientations. As the
load increases, the displacement contours of the laminate
and damage patterns in 0° and +45° plies at different time
steps are presented in Fig. 18.

Figure 18 shows the damage evolution in each ply on
the laminate subjected to four-point bending. As shown
in Fig. 18a, when the applied displacement is w= 15 mm,
damage in +45° plies initiates at the loading region due to
stress concentration, at (x= +0.12L). As the applied dis-
placements are increased, the damage propagates toward
both sides of the loading region and merges in the middle
of the laminate, as shown in Fig. 18b, c. When the applied
displacement is w=26.25 mm, damage in 0° ply occurs at
the loading region as shown in Fig. 18d. When the applied
displacement is w =30 mm, the crack opens largely at the
loading region, and the laminate is almost split into three
parts as shown in Fig. 18e.

Since the number of +45° plies in the laminate is equal,
the reinforcement degree of the laminate is the same in the x-
and y-directions. Therefore, damage in +45° plies is mainly
matrix cracking, and the corresponding displacement con-
tours are still continuous even when matrix damage occurs.
Moreover, the damage evolves symmetrically with the y-axis
at all times. Because the strength of resin materials is weaker
than that of the carbon fiber, damage in +45° plies occurs
earlier than that in the 0° ply, and the damaged area is larger.
Since the damage mechanism is mainly fiber breakage in the
0° ply, the overall failure of the laminate occurs accompa-
nied by the 0° ply. As shown in Fig. 18d, the displacement
contour presents an obvious discontinuity.
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Fig.22 The interlaminar damage of the DCB specimen corresponding z-direction displacement field when: (al, bl) w=3.17 mm, (a2, b2)

w=4.99 mm, (a3, b3) w=6.11 mm

Fig. 23 Crack front profile of the DCB specimen
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Fig. 24 Load-displacement curve of the DCB specimen
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Figure 19 presents the experimental results of the lam-
inate. It can be seen that the fiber breakage exists in the
loading region, which is the main failure mode of the lami-
nate. Also, matrix failure and interlaminar damage can also
be observed near the loading region. Since the laminate is
simulated only by a single layer of material points, both the
interlaminar damage and the matrix damage are reflected
as matrix damage in the numerical model. Obviously, the
damage pattern predicted by the PD model is similar to the
experimental observations.

The load is monitored by summing the forces between
the interactions crossing this loading point. Figure 20 shows
the comparison of experimental results and PD prediction
of load—displacement relation. The predicted maximum load
is F,,,=6778 N, it is close to the experimental measure-
ments of 6350 N. The relative error of the failure load is
6.31%, which demonstrates the capacity of the developed
PD model to capture the damage pattern and failure load of
the laminate.

The example demonstrates the capability of the proposed
PD model in addressing damage initiation and its propaga-
tion for laminates, and an inherent theoretical advantage can
be presented in characterizing discontinuities of materials. In
addition, it can also be observed from this example that the
stiffness degradation behavior of laminated structures can be
described by means of the micromodulus reduction method.

@ Springer
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5.4 DCB test

In this section, a challenging benchmark test of a Double
Cantilever Beam (DCB) is simulated to validate the pro-
posed PD model. The DCB specimen is composed of upper
and lower arms, which are bonded with resin adhesive mate-
rial. The dimensions of the laminate are LXB X2 h=150
mm X 25 mm X 3.66 mm, and there is a pre-existing crack
with the initial length of ay;=8 mm in the middle of the
laminate. The specimen is fixed on the right edges and sub-
jected to a low rate of stretch along the left edges in both
z and negative z directions, as illustrated in Fig. 21. The
layup of the laminate is [0]5,, and the material parameters for
the composite prepreg are: £, =110 GPa, E,,=8.977 GPa,
G,=2.99 GPa, v;;,=0.33.

In PD simulations, the in-plane spacing between material
points is Ax=1 mm, and the corresponding horizon size is
0=3 mm. The laminate is uniformly discretized into two
layers to characterize the upper and lower parts, and the
numerical model contains a total of 7500 material points. To
describe the mechanical behavior of the laminated structure,
the out-of-plane bending and interlayer behavior of compos-
ite materials were considered in the PD analysis.

The bending behavior of the laminate is simulated by the
proposed PD model, while the interlayer law is character-
ized by interlayer normal bonds and shear bonds proposed
by Madenci and Oterkus [4]. Since the adhesive material
exhibits a softening behavior, a bilinear constitutive is imple-
mented in the interlayer bonds, which is defined as:

if 6, < 8,

if 6, > 8, (76)

o = { Ky
PS8 81) /(8- 60)
where 6, and J; represent the damage onset and ultimate
opening displacement, respectively. Because the normal
bond is similar to the cohesive model, its strength and stift-
ness parameters are S;=9.5 MPa and K;= 10" MPa/mm,
respectively. The mode-I fracture energy of the adhesive
material is Gyc=0.2 kJ/m?.
Figure 22 presents the interlaminar damage evolution
on the DCB specimen when the applied displacement
is w=3.17 mm, 4.99 mm, and 6.11 mm, respectively. In

Undeér(med

Deformed

Fig. 25 Lamina subjected simple twisting

@ Springer

Fig. 22b1-b3, the blue regions represent the undamaged
interface, and the adhesive interface is completely debonded
in the red region. As shown in Fig. 22b1, the specimen ini-
tially gets damaged around the pre-existing crack tip when
the applied displacement is w=3.17 mm. As the displace-
ment increases, the DCB opens largely and the interlaminar
damage propagates towards the right ends of the laminate,
as shown in Fig. 22a3 and b3. Because the in-plane tension/
compression behavior is not considered in this PD simula-
tion, only normal bonds are utilized to constrain the relative
separation of the DCB, and shear bonds do not participate
in integration operations. Therefore, the damage coefficient
of material points is only observed as O or 1.

Figure 23 shows the damage pattern in 2D view, and it
is clearly seen that the crack front presents a curved profile.
The reason for this physical phenomenon is that the two
arms of the DCB behave as a plate structure, as discussed in
[56], and the same crack shape was observed in the litera-
ture [57, 58]. The predicted load—displacement curve for this
DCB is compared with the experimental results provided by
Hu et al. [40], as shown in Fig. 24. The peak load predicted
by developed PD is 48.1 N, which is close to the experi-
mental measurements. Furthermore, it can also be seen that
the trend of the curve is consistent with the experimental
observations.

It can be seen from this example that the delamination
damage pattern of the DCB can be well captured by combin-
ing the interlaminar law and the proposed PD model. Theo-
retically, other stiffness degradation behaviors can be further
introduced into numerical models, such as exponential, poly-
nomial, etc. In addition, it can also be observed that there
is no need to introduce interlayer bonds between all adja-
cent plies, and only those interfaces that require attention
are modeled. In a practical analysis, we should determine
a reasonable modeling method according to the influence
of the interface on the laminated structure, especially for a
large-scale engineering structure.

6 Conclusion

In this study, a new peridynamic approach for predicting
the bending and twisting mechanical behavior of laminated
structures is proposed, in which two types of peridynamic

Undeﬁr(med

Deformed

Fig.26 Lamina subjected uniaxial bending in the fiber direction



Engineering with Computers (2024) 40:2101-2125

2121

bonds are utilized to account for the anisotropic properties of
materials. Also, a single-layer material point model for lami-
nates with a complex stacking sequence is implemented, and
the computational efficiency can be significantly improved
in comparison with multi-layer PD composite models. In
addition, a micromodulus reduction method for describing
the stiffness degradation behavior is also proposed for the
first time in this paper. The accuracy of the proposed PD
model is verified by comparing the FEA with PD results for
composite laminates subjected to bending load. The damage
predictions describe the general characteristics of experi-
mentally observed failure mode well.

Since these flaws in the out-of-plane numerical theory
of composite laminates and computational efficiency are
overcome, deformation and damage problems of large com-
posite structures can be analyzed by introducing coordinate
transformation. Theoretically, the damage problem for any
composite structures can be simulated, and PD theory can be
expected to be applied to the real-scale composite structures.
In addition, geometrically nonlinear relations can be further
introduced into the the PD framework for large deformation
analysis of laminated structures.

Appendix 1: PD material parameters

The geometric relationship between material points X ;) and
X; can be obtained by Taylor expansion as:

Doy = By + Panio (¥ — X)) + Payio V) — V)  (77a)

Doy = Py + Py () = X)) + Py V) — Vo) (77b)

where the higher-order terms of Taylor expansion are
ignored, and the expressions in Eq. (77) can be further writ-
ten as:

D) — Pry

: = Drx) COSY + Py SINY (78a)
O®

by) = Dy .

T iom Pyt COST + Py Sin Y- (78b)

Lamina subjected to simple twisting

For a lamina subjected to simple twisting, k|, = k, as shown
in Fig. 25. The constitutive relation can be expressed as:

Yo

X, .

X(k) § o
7 y(k)f X
Deformed

Undef/or(med

Fig. 27 Lamina subjected uniaxial bending in the transverse direction

/

Undeér(med Deformed

Fig. 28 Lamina subjected biaxial bending

mpy Dy, Dy, 0 0 myy 0

My, ¢=| Dy, Dy O 0 or My, ¢ = 0

my, 0 0 Dy K my, D¢sk
(79)

The strain energy density based on CCM at material
point X, can be defined as:

1

The relative curvature between material points x; and
Xy in the deformed state can be expressed as:

Ky = SINY(jya) COS ¥(yao K- 81)

The strain energy density can be calculated as:

W = ¢ / 8(siny cos yk)*&dH (82a)
H
or
o 2 ) 5o ﬂ.h54K.20ft
W(k) = cyh 6(siny cos yk)“E°dédgp = —
o Jo
(82b)

The PD strain energy density at material point x,
must be equal to the counterpart from CCM, Egs. (80)
and (82b), as follows

@ Springer
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e = zhé*

(83)

Lamina subjected to uniaxial bending

For a lamina subjected to uniaxial bending in the fiber
direction, k;; =k, Ky, =0, as shown in Fig. 26. The con-
stitutive relation can be expressed as:

myy Dk
My ¢ =19 Dk (84)
m, 0

where D, and D,, represent the bending stiffness coeffi-
cients of orthotropic materials which can be expressed as:

Dy Dy, 0
[D]=| D Dy, 0 (85)
0 0 Dg
where
1 ..
D; = Equf (i,j=1,2,6). (86)

The dilatation and strain energy density based on CCM
at material point X, can be defined as:

1

Q(k) =K W(k) = EDIIKZ' (87a, b)

The relative curvature between material points X, and X
in the deformed state can be expressed as:

Koy = (0052 7’(;)(k>)’< . (88)

Due to uniaxial bending deformation, the dilatation can
be calculated as

040 = d / 8(cos y)kdH (89a)
H
or
ndhé*x
Opy = —5— (89b)

The dilatation at material point X, must be equal to the
counterpart from CCM, Eqs. (87a) and (89b), as follows:

2

~ zhed ©0)

The strain energy density of the lamina subjected to uni-
axial bending can be calculated as:

@ Springer

J
2 2 2
Wy = ax® +¢; 37 8(c05” k) & Vep
=l (91a)
2
+cft/5(cos2 yrc) EwidH
H

or

J
2 2
W(k) = ak” + ¢0k Z f(k)(j)V(j) +
J=1

whé*k?
—7 (91b)

Substituting Eq. (83) into Eq. (91b) and the integral value
can be obtained as:

J

2 2
Wy = ax” + crOK 2 f(k)(]-)V(i) +
j=1

3Dge K2
2

92)

The strain energy density at material point X, must be
equal to the counterpart from CCM, Eqgs. (87b) and (92),
as follows:

J
1
a+é Z SVt = 5 (Dy; —3Dg).- (93)

J=1

Similarly, for a lamina subjected to uniaxial bending in
the transverse direction, x;; =0, k,, = k, as shown in
Fig. 27. The expression can also be obtained as:

J

1
=1

Lamina subjected to biaxial bending

For a lamina subjected to biaxial bending,
K|, =K, ky =k, as shown in Fig. 28. The constitutive
relation can be expressed as:

myy Dy D, 0 K mpy
My, ¢=| Dy Dyy O K or My, ¢=

0 0 Dgl|o m,

(D1 +Dpp)x
(Dyy + Dy )k ¢
mi, 0

(95a, b)

The strain energy density based on CCM at material
point X, can be defined as:

1

The relative curvature between material points x; and
Xy in the deformed state can be expressed as:
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_ 2 -2
Kog) = (€08 ¥y + 8in’ v ) k- 97

The strain energy density of the lamina subjected to
biaxial bending can be calculated as

J
2 2
W(k) =4ak” + cik°0 Z af(k)(,-) V(]-) + ¢y
J=1

J
27[]’1541(2 2
T+’ 2 Lo Vo
=1

(98)

Substituting Eq. (83) into Eq. (98) and the integral
value can be obtained as:

J J
W(k) =4ax? + ch25 Z f(k)(/) V(i) + 4D66K2 + C[Kzé Z f(k)(]-) V(j).
j=1 j=1
99)
The strain energy density at material point X ;) must be
equal to the counterpart from CCM, Egs. (96) and (99),
as follows:

1
E(Du +2Dy, + Dy, = 8Dys)
; 7 (100)
=4a+ ¢ Z f(k)(j) V(j) +¢,b 2 5(k)(/') V(i)‘
j=1 J=1

The PD material parameters of the lamina can be
obtained by solving Egs. (93-94) and (100), as:

1
a= E(DIZ - D66)

_ (D11 = D1y = 2Dy)
EARPYE %
i1 S Vo)
(Dyy = Dyy —2Dgg)

J
26 %1 €0 Vo)

(101)

G

In bond-based peridynamics (BBPD), the material
parameter a associated with dilatation needs to vanish.
Therefore, these elastic constants of lamina are limited as:

D, =D, and D,, =3D,,. (102)

The nonvanishing PD parameters, ¢;and ¢, can be pre-
sented as:

(Dll _D22)

= ]— =
26 251 S Vo)

and ¢ = 5

cs (103)

where ¢, and ¢, represent the bending micromodulus of PD
bonds in the fiber and arbitrary directions, respectively.

Appendix 2: Surface corrections

Similar to other PD models, the PD material parameters
need to be corrected for those material points located in the
boundary region. These correction factors can be determined
by comparing the strain energy densities obtained from PD
and CCM, and the corresponding moment—curvature rela-
tions can be modified.

When a lamina is subjected to constant curvature in the
fiber and transverse direction, 06, / ox, = k with (a = 1, 2),
the deformation field at material point x can be described as:

T 00, T 00,
u,(x) = a—)ﬁx1 0 and uw,(x)=40 a—xzx2 .

(104)

The PD strain energy density associated with x, can be
decomposed as:

PD _ wPD PD
Wo? (Xay) = Wap (X)) + Wort (%)

aft

(105)

where W:P and Wﬂ? represent strain energy densities of
fiber bonds and matrix bonds, respectively. Each term in
Eq. (105) can be calculated as:

J
PD _ 2
WEP (%) = 66 D K5V (106a)
=1
PD _ 2
WER (Xa9) = €u8 D Ko Voo (106b)
=

The corresponding strain energy density in CCM associ-
ated with material point X, can also be defined as:

1
WM (xgy) = EDaaKz (¢=1,2) (107)
which can be decomposed as:
cM cM cM
W (%) = Wor' (x0) + Wer' (X)) (108)

where W{iM and Wffltv[ represent strain energy densities in the
fiber direction and arbitrary directions, respectively.

For a lamina subjected to uniaxial bending in the fiber
direction, each component of strain energy density can be
expressed as:

1
Wi (x) = E(Dll — Dy, — 2D ) x* (109a)

3
Wi (X)) = 5 Desr g (109b)
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For a lamina subjected to uniaxial bending in the trans-
verse direction, each component of strain energy density
can be expressed as:

Wi (x@) =0 (110a)

oM _3 2
Wo' (Xq) = §D66’< : (110b)

Hence, for the uniaxial bending in the fiber direction,
the correction factor components at material point X ;) can
be defined as:

! 2
S _ Wﬁ-M(X(k)) _ E(Dll _D]2_2D66)K (llla)
(k) = T pD - J
Wi (Xa) cd Zj:l K(2/<)(;)V(j)
3 2
o Wit (xg) 5 Deck (111b)
1ft(k) — - ) :
Wit (Xw) 8 B2 G, Vo

When a lamina is subjected to uniaxial bending in the
transverse direction, the correction factor components at
material point X, can be defined as:

S2f(k) =1 (112a)

Wi (xq)

PD = P 2 )
Wt (Xa)  cqd Zj:l Kiog Vo)

3 2
§D66K

S 2fit(k)y = (112b)

These correction factors in Eqgs. (111-112) can be writ-
ten in a vector form as:

gl<k)(X(k)) = {gll(x(k))’g%(x(k))}T = {S”(k),Szl(k)}T (I =f, 1),
(113)

Since these correction factors are only based on defor-
mation in the fiber and transverse directions. To solve the
correction factors in any direction, a unit relative position
vector between material points X, and X, needs to be
introduced, which can be expressed as:

_ (%) = Xw) _ {nl,nz}T-

= (114)
|X(/') - X(k>|
Therefore, the correction factor between material points
Xy and X ;) can be obtained as:

8w T &)

_ _ _ T
81w = {gl(k)(j)lsgl(k)(j)Z} = 2 (115)

The total correction factor between material points X,
and x ;) can be determined by projecting the correction factor
components on the relative position vector as:

@ Springer

— 2 — 2\71/2
= . . 11
J
Gy ([”1/ gl + [/ B ) : (116)
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