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Abstract
It is challenging to build a physically accurate sea ice model, which is highly sensitive to temperature and many uncertain 
factors, such as its nonuniform and inhomogeneous microstructure. In this work, we adopt a peridynamics approach to 
develop an inhomogeneous sea ice model and applied it to simulate crack propagation in a thermo-mechanical field of ice 
sheet. To develop an inhomogeneous ice model, we treat the critical stretch of inhomogeneous ice material as a random 
variable that obeys the Weibull distribution. A coupled thermo-mechanical peridynamics approach is adopted to simulate 
ice crack propagation, and a key component of this approach is adopted the temperature-dependent critical stretch. Thus, we 
can model the temperature-dependent crack propagation. Moreover, the wing crack growth problem is simulated to demon-
strate the accuracy of the proposed inhomogeneous peridynamics ice model, whose simulation results agree well with the 
experimental data. Furthermore, the influence of the initial crack length, temperature, and bubbles in ice were also studied 
to understand the microcrack formation mechanism in ice. The results of this work show that the proposed peridynamic ice 
model not only provides an efficient tool to simulate the complex deformation pattern in ice failure process in a coupled 
thermo-mechanical field, but also reveals the mechanical mechanism of fracture in ice.

Keywords  Crack · Fracture · Inhomogeneous ice · Peridynamics · Thermo-mechanical coupling · Weibull distribution

List of symbols
�AB	� The bond vector of material 

point �A and �B in reference 
configuration

�AB	� The relative displacement vector 
of material point �A and �B in 
current configuration

cv	� The specific heat capacity
hs	� The heat generate rate
�(�A, t)	� The temperature at material 

point �A
�AB	� The temperature difference 

between material point �A and 
�B

HxA
	� The horizon of particle �A

� (�, �, t)	� The body force density function

fh	� The heat flow density function
�h	� The bond history function
�h	� The failure function index
s	� The bond stretch
s
0
	� The critical bond stretch

c	� The micro-modulus
fh(�B − �A, �B − �A, t)	� The thermal bond force density
�(�A, �B)	� The micro-conductivity of the 

thermal bond
K(�A, �B)	� The thermal conductivity of the 

material
G0	� The energy release rate
KI	� The fracture toughness
sTH	� Thermo-mechanical bond stretch
sTH
0

	� Thermo-mechanical bond criti-
cal stretch

sTH
i

	� The critical stretch variable
si
TH	� The average critical stretch

m	� The shape parameter
f
(
sTH
i
, si

TH
,m

)
	� The probability density distribu-

tion function
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F
(
sTH
i
, si

TH
,m

)
	� The probability distribution 

function
p	� The porosity of ice

1  Introduction

Sea ice is undoubtedly one of the most complex natural 
composite materials in nature, and it is formed by freezing 
seawater in a low-temperature environment (see Fig. 1). Sea 
ice is a mixture of solid ice crystals, salt inclusions, and a 
few air bubbles [59]. The microstructure of polar sea ice 
greatly affects its macroscopic mechanical properties [38]. 
From the microscale perspective, the macroscopic material 
properties of ice are delineated by grain size [31], crystal 
orientation, porosity, salt content, defect structure, nuclea-
tion, and movement [51]. From a macroperspective, sea ice 
is a nonuniform and anisotropic viscous material [14], which 
is usually affected by temperature change [12] and loading 
rate [10]. Study of the microstructure characteristics and 
macroscopic mechanical responses of sea ice will help us 
understand physical failure processes and mechanisms of 
sea ice. To date, numerical modeling and prediction of the 
complex behaviors of ice under the thermo-mechanical field 
is not only still an open problem in the cold regions science, 
and the related computational simulation is still a challenge 
in the field of computational mechanics.

To develop an appropriate sea ice model, much effort has 
been made in the past decades. Various experiments and 
tests had been taken on studying the mechanical behaviors 
of ice. According to the research of Petrovic et al. [39], 
whether it is undercompression or tension, the strength of 
ice increases with decreasing temperature. In particular, the 
compressive strength of ice is more affected by tempera-
ture than its tensile strength. Haynes [12] showed that the 

compressive strength increased by approximately 8 tines 
strength when the temperature changes from −0.1 to −54 ◦C . 
However, Haynes also pointed out that within the same tem-
perature range, the tensile strength increased by approxi-
mately 3 times during the same among temperature change. 
Schulson [50] studied the relationship between the compres-
sive strength of ice and temperature, which is caused by the 
dislocation of ice crystals and the slip phenomenon between 
particles. These results [21] indicated the importance of tem-
perature effects in building the ice model.

However, the preparation of the ice sample for experi-
ment requires a certain amount of manpower, financial 
resources [5, 7], and time on site and material preparation 
[6, 19]. Thus, it is necessary to carry out numerical simula-
tion to save resources and improve efficiency [36, 37]. The 
ice breaking process is a material destruction process from 
continuous to discrete. The difficulty of numerical simula-
tions is how to deal with the transition from continuous to 
discontinuous. Using the traditional continuum mechanics 
method, theoretically, it is required to obtain the derivatives 
to solve the partial differential equations, which may lead to 
the singularity when calculating spatial derivatives near the 
crack tip. For example, the finite-element (FEM) approach 
(see Li et al. [22]) needs to judge the location as well as the 
size of cracks. The extended finite-element method (XFEM) 
Xu et al. [67] introduced the discontinuous shape function 
and additional degrees of freedom to solve the crack prob-
lem. One may also use the meshfree particle method to 
model fracture, e.g., [23, 34, 35, 40, 43], which needs to 
implement visibility condition to grow cracks. Recently, the 
phase-field method has been applied to fracture, as well, e.g., 
[3, 44]; however, the phase-field method may not be the best 
approach in simulation fracture in porous media.

On the other hand, the development of macroscale con-
stitutive model for ice started in the 1970s, in which the 
influences of microstructure of the ice were often ignored. 
For the large- and medium-scale sea ice in the polar regions, 
Hibler [13] developed a viscoplastic sea ice constitutive 
model, and Hunke et al. [15] applied a viscoelastic–plastic 
thermodynamic model to analyze the mechanical responses 
of ice to wind loads. Aiming at sea ice with small strain rate 
and small deformation, Ji et al. [16] established a viscoelas-
tic–plastic sea ice dynamic constitutive model in the frame-
work of discrete element method (DEM), and they simulate 
the dynamic responses of sea ice under different types and 
scales by adjusting parameters such as elastic modulus and 
cohesive force. On this basis, Pan et al. [33] employed the 
smoothed particle hydrodynamics (SPH) method study of 
ice-sheet and ice-shelf dynamics. In summary, the DEM 
method and SPH method [57, 58, 60, 61] and their coupling 
method have successfully applied solving ice hydrodynam-
ics and provided prediction in broken ice areas. However, 
the coupling method of DEM and SPH does not consider 

Fig. 1   Sea ice in the Arctic Ocean. (Photo Courtesy: Pink floyd88/
Wikimedia Commons)
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ice fracture and fragmentation process. To simulate frac-
ture process in ice materials, we need a method that can 
accurately model and simulate complex crack propagation 
process in ice.

Peridynamics (PD) method proposed by Silling [52] has 
some advantages in simulating the material failure such as 
discontinuity in displacement or crack propagation. In peri-
dynamics, it is assumed that the interaction between two 
adjacent material points in the material may be described 
by a bond force, and the overall effects of such bond forces 
on a material point can be described by nonlocal differential 
operators as forms of integral equations, instead of partial 
differential equations [1, 28, 42, 72]. In doing so, the solu-
tion space has enlarged, which includes the discontinu-
ous solutions [53]. In recent years, peridynamics has been 
developed rapidly [46]. It has been applied to solve many 
engineering problems [29] in material failure analysis [45] 
as well as multi-physics modeling [30]; such as impact and 
penetration of composite materials, fracture in rock cracks 
[41], concrete damage, and others; dual-horizon peridynam-
ics for dealing with a nonuniform horizon for each particle 
[47, 48]. It is worth mentioning that peridynamics can also 
be applied to simulate ice crack propagation, such as the 
interaction of ice and propeller in the process of ice cut-
ting by a propeller (see Ye et al. [69, 70] and Xiong et al. 
[66]); ice breaking process in the icebreaking process of an 
icebreaker (see Liu et al. [25, 26] and Xue et al. [68]); ice 
destruction process under the action of underwater explo-
sion load, e.g., Wang et al. [62]. Moreover, Lu et al. [27] 
developed a peridynamic approach to model polycrystalline 
ice by introducing the crystal boundary coefficient into the 
critical elongation expression of peridynamics formulation 
and applied it to simulate the microscopic crack initiation 
process of polycrystalline ice. With the developments of 
these studies, our understanding and knowledge of ice and 
its mechanical responses have been continuously improved. 
However, in the existing literature, concerning the modeling 
and simulation of ice fracture and fragmentation, to the best 
of authors’ knowledge, no ice constitutive model that consid-
ers both the temperature and microstructure effect has been 
developed. The related research on the destruction process 
of ice in the thermo-mechanical coupling field [2, 8, 11, 32, 
64] is scarce.

There were some inhomogeneous ice models available in 
the literature, such as the work by Wang et al. [63, 65], and 
they used the Weibull random distribution function in peri-
dynamics to study brittle geotechnical materials. Zhang et al. 
[73] proposed a peridynamic model to study the heterogene-
ous rock-like brittle materials based on the Weibull distribu-
tion function. Jones et al. [17, 18] simulated the nonhomoge-
neous brittle material by introducing the critical elongation 
into the Weibull random distribution function. Based on this 
argument, in this work, we introduced a critical elongation 

with a temperature random variable that obeys the Weibull 
distribution to simulate nonhomogeneous ice. Besides, the 
microscopic physical properties and mechanical mechanism 
are studied, as well.

In this work, we focus on developing a coupled thermo-
mechanical ice model that considers the microstructure 
effect and is capable of simulating fracture. To provide an 
accurate numerical or computational model to simulate ice 
cracking process in a complex thermo-mechanical field, we 
used a fully coupled thermo-mechanical bond-based peridy-
namics to build a nonhomogeneous ice model.

The rest of paper is organized as follows: first, in Sect. 2, 
we present a probabilistic mechanics model for heterogene-
ous sea ice based on the Weibull distribution function and 
the thermo-mechanical coupled bond-based peridynamics. 
Second, by employing the proposed inhomogeneous ice 
model, we simulated the wing crack propagation in ice to 
validate the proposed numerical model, and then, we pre-
sented and analyzed the simulation results that take into 
account the influence of initial defects, grain size, tempera-
ture, and bubble effects in Sect. 3. Finally, in Sect. 4, we 
conclude the work with discussions and perspectives.

2 � Inhomogeneous ice model 
in the framework of coupled 
thermo‑mechanical bond‑based 
peridynamics

Sea ice is a natural composite material. Due to the environ-
mental impact on its formation process, the composition of 
ice is relatively complex, including air, salt, impurities, etc. 
Different types of sea ice have different material properties 
and mechanical properties. Multi-year ice can be simplified 
as an isotropic material due to its regular arrangement of 
crystal structure, while the arrangement of new ice, espe-
cially columnar ice crystals, has a certain directionality and 
can be regarded as an anisotropic material. The internal 
structure of ice is unevenly distributed and can be regarded 
as a kind of nonhomogeneous composite materials. To sim-
plify calculations, traditional theoretical models often regard 
ice as homogeneous and continuous distributed isotropic 
materials, which has some serious limitations. To deal with 
it, a constitutive model of heterogeneous ice materials is 
established based on the bond-based peridynamics in this 
section.

2.1 � Thermo‑mechanical bond‑based peridynamic 
model for ice

In this work, we applied the bond-based peridynamics to 
simulate such complex mechanical behavior of sea ice, 
which considered the temperature, grain size, and the 
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loading rate. In this work, the ice material can be discretized 
into several material points �A , �B , and the material points 
are connected by the action of “bonds” within the nonlo-
cal horizon size � , as shown in Fig. 2. Under the condition 
of external force, the ice is first deformed, and the “bond” 
connecting the two material points �A and �B will then be 
stretched under the force between the two material points. 
On the other hand, if the external environment temperature 
�(�A, t) , �(�B, t) of the ice changes, there is a temperature 
difference �AB between the two material points �A and �B 
within the deformed ice. This temperature difference �AB 
between the material points �A and �B can be modeled by 
the temperature bond, denoted as the “t-bond”.

Considering the influence of the temperature, the numeri-
cal model of sea ice is established within the framework of 
thermo-mechanical peridynamics. The equation of motion 
can be expressed as follows:

where �(�A) is the density of the ice, �̈(�A, t) is the accelera-
tion; �AB is the relative position vector of the bond AB; �AB 
is the deformation of the bond AB; �(�A, t) is the external 
body force acting on the material point �A , and the induced 
the bond force density vector is defined as

where g(�AB, �AB, �AB, t) is a linear scalar function repre-
senting the magnitude of bond force density, which can be 
written as

(1)𝜌(�A)�̈(�A, t) = ∫HA

� (�AB, �AB, 𝜃AB, t)dVB + �(�A, t),

(2)

� (�AB, �AB, �AB, t) = g(�AB, �AB, �AB, t)�(�AB, �AB, �AB, t)

⋅

�AB + �AB
||�AB + �AB

||
,

in which c is the micromodule for the material

� is the thermal expansion coefficient of the material, and 
�AB is the temperature difference between the material point, 
and

is the bond stretch, and �(�AB, �AB, �AB, t) is the bond char-
acteristic function. In passing, we note that

is the direction of the bond force, which is along the direc-
tion of the deformed bond position vector.

The peridynamic thermal diffusion equation can be writ-
ten as follows:

Here, �AB denotes the temperature difference between the 
material point �A and �B , �(�A, t) , �(�B, t) denotes the tem-
perature of the material point �A and �B . cv(�A) denotes the 
specific heat capacity of material, hs(�A, t)= �0sb represents 
the heat generation rate.

The thermal bond force density are defined as follows 
[54]:

(3)g(�AB, �AB, �AB, t) = c(s − ��AB),

(4)c =
12E

��4
,

(5)s =
||�AB + �AB

|| − ||�AB||
||�AB + �AB

||
,

� =
�AB + �AB
||�AB + �AB

||
,

(6)
𝜌(�A)cv(�A)𝛩̇(�A, t) = ∫HA

fh(𝛩B − 𝛩A, �B − �A, t)

𝜇h(�AB, �AB, 𝜃AB, t)dVB+hs(�A, t).

.

Fig. 2   Schematic diagram of 
the coupled thermo-mechanical 
bond-based peridynamics
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where �(�A, �B) is the micro-conductivity of the thermal 
bond , and is defined as

where VHA
 is the volume of the material points �A with its 

neighboring region. K(�A, �B) is the thermal conductivity 
of the material.

In material physics, the dislocations and slippage of the 
crystal ice lead to the initiation of microscopic cracks in 
the ice (see Fig. 3a), and the evolution of the microscopic 
cracks in the crystal affects the formation of macroscopic 
cracks (see Fig. 3b). Therefore, the macroscopic cracks are 
the result of the disconnection of microscopic “bonds’, as 
shown in Fig. 3. The modeling microscopic cracks of ice in 
peridynamics are done by the breaking process of the “bond” 
between two material points. This is achieved using the bond 
characteristic function,

In the bond-based peridyanmics, the prototype micro-
brittle (PMB) model is used to simulate the elastic and 
brittle mechanical responses of the material. In reality, the 
mechanical behavior of ice has a viscoplastic “creep” stage 
in the interval between elastic deformation and fracture. In 
this work, a “strain softening model” is used to describe 
the relationship between the force density function and the 

(7)fh(�B − �A, �B − �A, t) = �(�A, �B)
�AB

||�AB||2
,

(8)�(�A, �B) =
K(�A, �B)

VHA

,

bond elongation, as illustrated in Fig. 4. The correspond-
ing bond characteristic function is defined as

where � ∈ (0, 1) is the “strain softening factor”. In the above 
expression, s0 is defined as the critical stretch of the ice, 
which is the limit value of the longitudinal strain. The ice 
is deformed under the external force. As the deformation 
increases, the force between the material points increases 
with the increase in elongation until it reaches the limit. 
Then, the ice reaches the limit will not bear any force, and 
the interaction force will change to be zero.

From Fig.  4 and Eq. (9), one may find that as the 
deformation increases, the material first exhibits elastic 
deformation, and in the transition region between elastic 
deformation and failure, the material shows a transitional 
“strain softening” stage, which is equivalent to “creep” in 
the failure mode of ice. As the elongation of the “bond” 
continues to increase, the deformation of the material con-
tinues to increase, reaching the maximum strain limit, and 
the material will fail, and the material cannot bear any 
external force. With this elastic-strain softening model, 
we established a coupled thermo-mechanical, bond-based 
peridynamic, thermoelastic-strain softening ice constitu-
tive model, which not only can simulate the elastic and 
brittle behavior of ice material, but also can be used to 
describe elastoplastic mechanical behavior of ice in the 
“creep” stage.

In peridynamics, the local failure index is usually used 
to define the unbroken bond. The failure factor index of 

(9)�h(�AB, �AB, �AB, t) =

⎧
⎪⎨⎪⎩

1, s ∈ [0, �s0]
s0−(s−��AB)

s0−�s0
, s ∈ [�s0, s0]

0, s ∈ [s0,+∞],

Fig. 3   Multi-scale crack in the ice
Fig. 4   The ice constitutive model in the framework of thermo-
mechanical bond-based peridynamics
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unbroken bond between material points can be expressed 
as follows:

When the microscopic “bond” �AB breaks due to deformation 
beyond the critical stretch s0 , a microscopic crack is gener-
ated. This is the initiation of the initial microscopic crack. 
When the “bond” is broken, a crack forms and starts to grow, 
and the continuous growth of the crack finally produces a 
macroscopic crack. Under certain temperature conditions, 
there is heat conduction between material points, and the 
effect of heat conduction between material points can be 
simulated using “t-bond”, which is the coupled peridynamic 
thermo-mechanical diffusion or heat conduction. The initia-
tion and propagation of micro-cracks are determined by the 
mechanical bond breaking process. It is assumed that the 
“t-bond” is independent from the mechanical bond. When 
the micro-cracks occur, there is still a temperature difference 
and heat conduction between the material points.

The critical stretch s0 determine when the bond will 
break. s0 is related to the energy release rate G0 . The total 
bond energy per unit damage surface that divides the mate-
rial points into two parts is the energy release rate G0 (see 
Yu and Li [71]). By solving the integral equation, we can 
identify the critical stretch s0 in terms of the material energy 
release G0 . Since the value can be obtained from the ice 
material, under the assumption that the damaged surface is 
completely separated, and there is no dissipation of other 
forces at the crack tip, the critical value of elongation of 
bond-based s0 can be obtained as follows:

where E is Young’s modules of the material, and � is the 
horizon.

The critical energy release rate G0 reflects the ability 
of materials to resist crack propagation [56]. When the 
energy release rate at a material point reaches to the criti-
cal energy release rate, G0 , the crack will either initiate or 
grow at that material point. In the theory of linear elastic 
fracture mechanics, there are three crack modes: Mode I, 
II, and III. The formation of ice cracks is mainly the Mode 
I tensile failure, because the compressive strength of ice is 
about 3–4 times of tensile strength. The strength of ice can 
be characterized by the fracture toughness coefficient KI , 
which is related to temperature and other parameters, and 
its value can be obtained from experimental studies, e.g., 
Dempsey [9]. The relationship between energy release rate 
G0 and fracture toughness coefficient KI can be expressed 
as follows:

(10)�h(�A, t) = 1 −

∫
HxA

�h(�AB, �AB, �AB, t)dVxB

∫
HxA

dVxB

.

(11)s0 =

√
5�G0

18E�
,

The fracture toughness coefficient KI can be used to calcu-
late s0 , and it can be expressed as follows:

In this work, considering the thermal effects, we propose a 
critical stretch that depends on temperature effect, denoted 
as sTH

0
 . As a new failure criterion, to improve the method 

based on energy rule. The purpose of the proposed failure 
criterion is to predict the thermo-mechanical coupling fail-
ure process of ice more accurately

where �0 represents the initial temperature of the mate-
rial, �c represents the critical temperature of the material, 
and � represents the ambient temperature of the material 
at macroscale. While at mesoscale, the local temperature 
difference is measured by �AB , which is the temperature dif-
ference between the material points �A and �B . If � ≥ �c , 
the critical stretch function with temperature sensitivity sTH

0
 

decreases rapidly, it indicates that the ice with higher tem-
perature is easier to break than the ice with low freezing 
temperature. In the calculation, the critical temperature is 
set to be �c = 0 ◦C.

2.2 � Thermo‑mechanical boundary conditions

In this paper, the boundary conditions was imposed in ice layer 
as thermal heat flux.

2.2.1 � Temperature condition

As shown in Fig. 5, the temperature can be prescribed in ice 
layer of a virtual region ℜt as

where �B is the position of the ice particle in the actual 
region ℜ , �B∗ is the position of the ice particle in the virtual 
region ℜt , �A is the position of the ice particle on the bound-
ary surface ℑt . �B∗ is the mirror image of �B ; see Fig. 5.

(12)G0 =
K2
I

E
.

(13)s0 =

√
5K2

I

18E2�
.

(14)sTH
0

=

{
s0 exp

(
−

�
⋅
−�c

�c−�0

)
, � ≥ �c

s0, � ≤ �c,

(15)
�(�*

B
, t

TH + �tTH)
|||�*B∈ℜt

= 2�*(�A, t
TH + �tTH)

|||�A∈ℑt

− �(�B, t
TH + �tTH)

|||�B∈ℜ,
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2.2.2 � Heat flux condition

In peridynamics, heat flux � can be applied as the heat 
resource hs over the surface ℑf  in ice layer of the boundary 
region ℜf  as follows [55]:

where � is the boundary distance, and can be taken as the 
horizon size �.

(16)hs =
− ∫

ℑq
� ⋅ �dℑ

Vf

= −
� ⋅ �

�
,

2.3 � Peridynamic model of inhomogeneous ice

In peridynamic theory, material “bond” is used to model 
material integrity, and the break of bonds can describe crack 
formation in an elastic brittle material. The break of a bond 
is determined by the critical stretch s0 . The critical stretch 
s0 is often a constant due to the assumption that the physical 
properties are the same in the homogeneous material. How-
ever, sea ice is an inhomogeneous material, and its physical 
properties are different. Thus, the material parameters for 
the bond be chosen as constants if a material is inhomog-
enous. Thus, for inhomogeneous ice, its critical stretch s0 is 
a variable.

As shown in Eq. (15), the critical stretch of the ice sTH
0

 
is influenced by the temperature. Figure 6 shows all the 
material points surrounding the material point �A within 
the distance of � , which is the radius of the horizon H�A

 . 
For all these material points, their bonds with �A have dif-
ferent temperatures, and hence, different critical stretches 
si, (i = 1, 2,… , n) and the sTH

0
 can be determined by the fol-

lowing equation:

where �i denotes the temperature at the material point 
�i, (i = 1, 2,… n) . sTH

i
 is the temperature-dependent critical 

bond stretch at the material point �i, (i = 1, 2,… n) . The set 
of material points �i, (i = 1, 2,… n) is a family points inside 
the horizon HA with the radius � , and each material point �i 
has different s

i
 and �i . Comparing with Eq. (14), the critical 

stretch defined in Eq. (17) changes from bond to bond.
To take into account the random distributed damage, it is 

reasonable to think that the material damage or defect in an 

(17)sTH
i

= sTH
0
(si,�i) =

{
si exp

(
−

�i−�c

�c−�0

)
, �i ≥ �c

si, �i ≤ �c,

Fig. 5   Thermal boundary condition [55]

Fig. 6   The material point �A and its family member with different 
bonds
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ice material may obey certain probability distribution, and 
this may be model by assuming that the bond critical stretch 
si is a random variable.

Thus, we assumed that the critical stretch s0 of each bond 
obeys the Weibull distribution function. The probability den-
sity function (PDF) can then be expressed as follows:

where sTH
i

 is the critical stretch variable, si
TH is the average 

critical stretch, and m is the shape parameter.
Subsequently, we can write the cumulative distribution 

function (CDF) as follows:

When choosing si
TH

= 1.0 × 10−3 and m = 2 , m = 3 , m = 4 , 
m = 5 , m = 6 , we plot the corresponding Weibull probabil-
ity distribution function (PDF) and the thermo-mechanical 
coupling bond variable sTH

i
 in Fig. 7. It can be seen from 

Fig. 7 that as the value of m increases, the distribution range 
and peak value of the Weibull probability density function 
increase, and the mean critical stretch will approach to the 
critical stretch obtained based on the material energy release 
.

Once we choose s̄TH
i

 and m, we can randomly gener-
ate the critical stretch for each material point under the 
Weibull distribution, which provides a nonuniform, vari-
able spatial distribution of sTH

0
 . Figure 8 shows several 

(18)fS
�
sTH
i

�
=

⎧
⎪⎨⎪⎩

m

si
TH

�
sTH
i

si
TH

�m−1

exp

�
−

�
sTH
i

sTH
i

�m�
, sTH

i
≥ 0

0, sTH
i

< 0,

(19)FS

�
sTH
i

�
=

⎧⎪⎨⎪⎩

1 − exp

�
−

�
sTH
i

sTH
i

�m�

0, sTH
i

< 0

, sTH
i

≥ 0.

such spatial distribution of sTH
0

 with different values of m, 
which are different heterogeneous peridynamic ice models.

It can be seen more intuitively from Fig. 8 that the 
larger the value of m, the smaller the value of the “bond” 
sTH
i

 of the material point, and the more divergent and more 
uniform distribution of material particles. When the value 
of m is infinite, the material is equivalent to a homogene-
ous material model.

To establish an realistic ice micro-structure model and 
carried out the corresponding uniaxial test, the operation 
steps are adopted as follows: First, we determine the dis-
tance between the particles, and then, we set the neigh-
borhood radius as � = 3�x . Subsequently, we generate the 
Weibull distribution function to build new neighbor lists. 
The interaction between the particles is connected by the 
thermo-mechanical bond (t-bond) sTH

i
 , and the failure of 

the material is determined by the break of the “t-bond” 
sTH
i

 , which is controlled by the critical stretch sTH
0

 that is 
related to the shape parameter m and temperature differ-
ence �i . As a result, as shown in Fig. 9, the distribution 
of “bonds” under different grain sizes can be visually dis-
played. The microstructure characteristics of ice are shown 
in Fig. 9a–c, and the corresponding numerical model with 
different grain size is shown in Fig. 9d–f. From Fig. 9, we 
can find the distribution of the “t-bond” sTH

i
 with different 

grain size �x ; the color denotes the different value of the 
sTH
i

.

2.4 � Numerical procedures

In this work, the discretized equation of motion can be 
written as

and

where N is the total number of ice points that interact with 
�A through bonds in the horizon.

The displacement and the temperature at the n + 1 time 
step can be calculated using the following time stepping 
algorithm:

(20)

𝜌(�A)�̈(�A, t) =

N∑
B=1

g(�AB, �AB, 𝜃AB, t)𝜇(�AB, �AB, 𝜃AB, t)

�AB + �AB
||�AB + �AB

||
𝛥V(B) + �(�A, t),

(21)

𝜌(�A)cv(�A)𝛩̇(�A, t) =

N∑
B=1

fh(𝛩B − 𝛩A, �B − �A, t)

𝜇h(�AB, �AB, 𝜃AB, t)𝛥V(B)+hs(�A, t),

Fig. 7   The Weibull distribution function with different values of 
parameter m 
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where the superscript n is the time step number, and

Note that in above equations, �t is the time step size, and 
�tTH is the thermal time step size.

To do so, we can finally calculate the velocity, the dis-
placement, and the temperature at the particle point �A of 
the ice layer at time step n + 1

(22)

�n+1
A

=�n
A
+

�t

�(�A)

{
N∑

B=1

gn
AB

(�AB, �AB, �AB, t)

�(�AB, �AB, �AB, t)
�AB + �AB
||�AB + �AB

||
�V(B)+�

n(�A, t)

}
,

(23)

�n+1
A

=�n
A
+

�tTH

�(�A)cv(�A)

{
N∑

B=1

f n
h
(�B − �A, �B − �A, t)

�h(�AB, �AB, �AB, t)�V(B) + hn
s
(�A, t)

}
.

(24)�̇n+1
A

= �̈n
A
+ �̇n

A
𝛥t,

(25)�n+1
A

= �n
A
+ �̇n

A
𝛥t,

The stable time step in solving the thermo-mechanical peri-
dynamics equations can be determined by the following 
criteria[54]:

and

An adaptive dynamic relaxation method is adopted in this 
simulation; according to the study by Kilic [20], the adap-
tive dynamic relaxation method is applicable in nonlinear 
peridynamic equations.

A flowchart of the numerical procedure is shown in 
Fig. 10.

(26)�n+1
A

= �n
A
+ �n

A
�tTH.

(27)�t ≤
�����

2�(�A)∑
�B∈H�A

VBc(�B − �A)
,

(28)
�tTH ≤ �(�A)cv(�A)

N∑
j=1

�

���2 Vxj

.

Fig. 8   Probabilistic peridynam-
ics ice model with different 
values of parameter m 
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3 � Numerical examples

The formation process of ice has undergone internal 
changes, especially for multi-year ice, which is affected 
by the flow field of water and air in nature, or the collision, 
polishing, and transformation of rocks and other external 

bodies, so that various textures and impurities are formed 
inside, and many initial defects. These initial defects affect 
the mechanical properties of ice. In this section, the effect 
of the initial defects, temperature is studied based on the 
proposed nonhomogeneous ice model.

Fig. 9   Inhomogeneous ice mod-
els with different grain sizes: (a) 
microstructure of ice [4] (b) 
aligned ice [4] (c) fine grain [4].
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3.1 � Wing crack failure

The “Wing-shaped” cracks can be formed on freshwater 
ice, saltwater ice, and granular ice. It is a main deforma-
tion characteristic of ice under high strain rate deforma-
tion. “Wing-shaped” cracks mainly exist on ice plates with 
initial crack defects. To verify the proposed nonhomoge-
neous ice model, the numerical models of ice with initial 
defects are based on the research reported by Schulson 
[49], as is shown in Fig. 11. The ice plate is subjected to 
a compressive load. 2a represents the length of the ini-
tial crack and � is the angle of the crack. The rectangular 
ice plate with a single preformed crack is chosen to be 
2a = 0.05 m, � = 45◦ , as shown in Fig.11a; four preformed 
cracks 2a = 0.025 m, � = 45◦ , and the compressive load 
is chosen to be 6 MPa. The corresponding peridynamic 
heterogeneous discrete model is shown in Fig. 11b, d. 
According to the research reported in the literature, the 
ice material may experience a ductile-to-brittle transi-
tion during the failure process, and in this process, the ice 
grain size plays a major role. Generally, the diameter of ice 
crystal grains is in the range of 0.001–0.010 m. Based on 
these requirements, the ice model size is set to be 0.40 m 
× 0.20 m; the total number of ice particles is 80,000; the 
grid size is taken as �x = 0.001m , and the neighborhood 
radius is taken as � = 3.015�x . Using an adaptive dynamic 
relaxation approach [20], we choose �t = 1 s, and the total 

number of the calculation time steps is 1000 steps. The 
material properties of the ice are given in Table 1.

The initial conditions are

The boundary conditions are

The comparison between numerical calculation results and 
experimental observation results is shown in Fig. 12. It can 
be seen from Fig. 12 that the calculation method in this 
paper can simulate the “Wing-shaped” crack of the ice plate 
under the compressive load. The formation of the wing-
shaped crack obtained by the numerical calculation results 

(29)ux(x, y, t = 0) = uy(x, y, t = 0) = 0,

(30)�0(x, y, t = 0) = −25 ◦C.

(31)ux(x = ±L∕2, y, t) = uy(x = ±L∕2, y, t) = 0,

(32)vx(x = ±L∕2, y, t) = vy(x = ±L∕2, y, t) = 0,

(33)�yy(x, y = ±L∕2, t) = ±6MPa,

(34)�x(x = ±L∕2, y, t) = 0◦C,

(35)�y(x = ±L∕2, y, t) = 0◦C.

Fig. 10   Flowchart of thermal-
mechanical peridynamics simu-
lations of crack growth in ice
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in this paper is consistent with the results of the experiment. 
In essence, “Wing-shaped” cracks are caused by local tensile 
deformation, due to possible ice crystal slip and dislocations. 
The “Wing-shaped” crack initiates at the crack tip, as shown 
in Fig. 12. The “Wing-shaped” crack initiating at the crack 
tip starts from the direction perpendicular to the maximum 
local tensile stress and expands to the maximum compres-
sive stress direction. Another remarkable feature of crack 
growth is that the growth rate of “Wing-shaped” cracks at 
the free boundary is faster than the growth of wing-shaped 
cracks inside the structure. The characteristics of crack 
growth simulated by this paper are completely consistent 
with the conclusions of the experimental study by Schul-
son [49]. It can be seen from Fig. 12 that according to the 
deformation of the ice material, at the microscopic level, it 
is considered to be the deformation of the “bonds” between 
the ice particles, and the microcrack propagation process in 
ice can be categorized into four stages: (1) elastic deforma-
tion stage (the destruction factor is 0 ≤ � ≤ 0.25 , indicated 
by the blue particles in the figure). The deformation of the 
material is linear and meets the elasticity law without cracks; 
(2) the elastoplastic deformation stage (destruction factor 
0.25 ≤ � ≤ 0.5 , indicated by the green particles). In the 
elastoplastic deformation stage, the deformation energy of 
the ice material is less than the internal energy of the mate-
rial, and the material is in the elastoplastic stage without 
failure or failure; (3) the viscoelastic–plastic deformation 
stage (the failure factor is 0.5 ≤ � ≤ 0.75 , indicated by the 
yellow particles); (4) fracture deformation stage (damage 
factor � ≥ 0.8 , indicated by the red particles). In this stage, 
the macroscale crack initiates and grows steadily.

The growth process of a single pre-crack is shown in 
Fig. 13. “Wing-shaped” cracks are initiated from the tip of 
the pre-set crack and grow along the loading direction. The 
expansion process of multiple pre-cracked ice plates under 
compressive load is shown in Fig. 14. It can be seen from 
Fig. 14 that the cracks initially originated at the tip of the 
ice plate defect. At the 300th time step, a connection occurs 
between the adjacent pre-cracks.

The macroscopic crack propagation in ice can be defined 
as three stages. The first stage, i.e., the dynamic crack propa-
gation stage. In the first stage, at the crack tip of the initial 
notch the ice is affected by tension and shear. The greater 
the amplitude of the load, the faster the crack grows. In the 
second stage, the stress wave “accumulates” at crack tip. 
The crack propagation causes the stress wave to propagate 
from the crack surface to the interior of the ice. The Ray-
leigh wave on the crack surface acts on the material points 
near the surface, causing the rotation of the velocity vector. 
When the load, along with the strain energy flux, reaches a 
certain value, the stress wave is generated at the crack tip 
at a faster speed and concentrated on the crack tip, and the 
stress wave is reflected and deflected at a certain angle, so 

Fig. 11   Sketch map of the ice plate with pre-existing flaw crack under 
the compression load

Table 1   Parameters in numerical model

Parameters Unit Ice

Youngs modulus E GPa 9.31
Poisson’s ratio � – 1/3
Density � kg/m3 897
Specific heat capacity C

v
J∕kg ◦C 2030

Fracture toughness K
I J/m2 134

Thermal conductivity k W∕(m ◦C) 2.13
Thermal expansion coefficient � ×10−6∕◦C 46.0
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that the bond perpendicular to the crack tip, which is differ-
ent from the initial defect direction, may exceed the critical 
stretch. The third stage, i.e., the stage of crack bifurcation 
and material fragmentation. In this stage, when the deforma-
tion of the “bond” exceeds the critical stretch, the “bond” 
breaks, and the broken bond causes the cracks start to grow 
and propagate.

To discuss the influence of the initial flaw angle of the 
“W” crack. The numerical ice layer used in the simulation 

has the dimension of 0.05 m × 0.05 m, 2a = 0.025 m, � = 0◦ , 
� = 15◦ , � = 30◦ , � = 45◦ , � = 60◦ , � = 75◦ , � = 90◦ , 
respectively. The material properties are similar with the 
previous study, as is shown in Table 1. The total number 
of discrete particles is 250,000. The grid size is taken as 
�x = 0.0001 m, and the neighborhood radius is taken as 
� = 3.015�x . The dynamic relaxation technology is being 
used, the time step size is chosen to be �t = 1 s, and the 
total calculation time is 1000 steps. The initial conditions 

Fig. 12   W-crack under the 
compressive pressure: a results 
in the present study; b experi-
mental data (From Schulson 
et al. [49])

Fig. 13   The crack pattern of the ice plate with single pre-existing 
flaw crack under the compression load

Fig. 14   The crack pattern of the ice plate with multiple pre-existing 
flaw crack under the compression load
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are  �0(x, y, t = 0) = −20 ◦C  ,  �0(x, y, t = 0) = −10 ◦C  , 
�0(x, y, t = 0) = −6 ◦C , �0(x, y, t = 0) = −4 ◦C , respectively.

The boundary conditions are

The comparison of calculation results under different 
pre-crack angles and different temperature conditions are 
shown in Fig. 15. It can be seen from Fig. 15 that the 
angles of crack initiation and propagation are all along the 
direction of loading stress. The crack propagation forms 
at different initial ice temperatures are the same, but the 
crack area is slightly different. The higher the initial ice 
temperature, the larger the expanded crack area is. The ini-
tial temperature of ice affects the strength, and the strength 
of ice decreases with the increase of temperature. When 
the initial defect crack angle is � = 0◦ , the shape of the 
branch is similar to “H” type crack, and it is formed as “I” 
type crack when the initial flaw angle is � = 90◦ . When 
the initial defect crack angle is � = 15◦–75◦ , “W”-shaped 
crack appears.

(36)�yy(x, y = ±L∕2, t) = ±6MPa,

(37)�x(x = ±L∕2, y, t) = 0 ◦C,

(38)�y(x = ±L∕2, y, t) = 0 ◦C.

3.2 � Uniaxial tensile failure of ice with different 
initial flaw

To analyze the crack propagation process and crack forma-
tion of nonhomogeneous ice, and explain the mechanism 
of the initiation and propagation of the crack in the sea ice 
plate with initial defect. We present several sea ice models 
with different initial defects. The initial defect of rhombus, 
square, longitudinal rectangle, and transverse rectangle 
are, respectively, selected. The geometric model is cho-
sen to be x = y = 0.05 m, and the specific initial defect 
hole size is as follows: x = y = 0.01 m in rhombus model; 
x = y = 0.01 m in square model; x = 0.005 m, y = 0.01 m in 
longitudinal rectangle model, and x = 0.01 m, y = 0.005 m 
in transverse rectangle model, as is shown in Fig. 16. The 
ice plate under the action of tensile load on the top and 
bottom of the ice plate, and the tensile stress value is 0.1 
MPa. The ice plate is discretized into 250,000 particles, 
using adaptive dynamic relaxation technology, t = 1 s. The 
total calculation time is 1000 steps.

Initial conditions are

Boundary conditions
Case 1:

Case 2:

Figure 17a, c, e, g shows the result of the crack propa-
gation form in case 1, and Fig. 17b, d, f, h shows the result 
of the ice cracking form in case 2.

It can be seen from Fig. 17a, c, e, g that under the single 
stress load, the crack form of the ice plate with the ini-
tial defect is a radial crack. The crack starts from the tips 
of the defect, then grows laterally along the mechanical 
loading direction, and there is no bifurcation crack. One 
may also find from Fig. 17b, d, f, h that under the coupled 
thermo-mechanical load, the crack initiates from the tip 
and grows horizontally and longitudinally. When the crack 
expands to a certain range, bifurcation begins to appear. 

(39)ux(x, y, t = 0) = uy(x, y, t = 0) = 0,

(40)�0(x, y, t = 0) = −25 ◦C.

(41)�yy(x, y = ±L∕2, t) = ±0.1MPa.

(42)�yy(x, y = ±L∕2, t) = ±0.1MPa,

(43)�x(x = ±L∕2, y, t) = 0 ◦C,

(44)�y(x = ±L∕2, y, t) = 0 ◦C.

Fig. 15   Crack patterns at different pre-crack angle and different initial 
temperature conditions



589Engineering with Computers (2023) 39:575–606	

1 3

Fig. 16   The ice model with a 
pre-existing flaw: geometrical 
model (a–d); nonhomogenous 
model (e–h)



590	 Engineering with Computers (2023) 39:575–606

1 3

Fig. 17   Comparison between 
the crack pattern in the ice plate 
with different pre-existing flaw
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Such crack form and crack propagation process of sea ice 
are more close to the realistically.

3.3 � Crack in ice containing bubbles

After the sea water freezes into ice, crystals are formed, caus-
ing voids in the ice. At the same time, the gas dissolved in 
the water is forced out to form tiny bubbles, which makes the 
density of the ice smaller and larger than the original water, 
and the water freezes. When the water freezes, the gas can 
no longer be dissolved by the ice, it will slowly reduce to gas 
during the freezing process, and become many small bubbles. 
To simulate the crack in the ice with bubbles, several sea ice 
numerical models with random pores are taken in this study, 
and the relationship between porosity and failure strength is 
discussed.

3.3.1 � Numerical model

In this study, the geometrical model is shown in Fig. 18a, the 
radius of the initial round pore hole is R, and the pore hole 
diameter is chosen to be R = 0.001–0.015 m, respectively. 
Vertical pulling force is applied on the boundary between 
the top and bottom of the plate. The established numerical 
models based on the peridynamics are shown in Fig. 18b–e. It 
can be seen from Fig. 18b–e that the uniformity of the mate-
rial is affected by the shape parameter m. As the value of m 
increases, the value of the material bond gradually decreases, 
which tends to be a homogeneous material. In this simulation, 
the particle dispersion rate is chosen to be m = 4 . The particle 
distance is chosen to be �x = 0.1 mm. The ice plate is discre-
tized into 250,000 particles, using adaptive dynamic relaxation 
approach, t = 1 s. The total calculation time is 1000 steps.

Initial conditions are

Boundary conditions
Case 1:

Case 2:

(45)ux(x, y, t = 0) = uy(x, y, t = 0) = 0,

(46)�0(x, y, t = 0) = −25 to − 4 ◦C.

(47)�yy(x, y = ±L∕2, t) = ±0.01MPa,

(48)�x(x = ±L∕2, y, t) = 0 ◦C,

(49)�y(x = ±L∕2, y, t) = 0 ◦C.

(50)�yy(x, y = ±L∕2, t) = ±0.02MPa,

In this work, the simulation is conducted with a num-
ber of threats 64(N) in a CPU model of Intel(R)Core(TM) 
i7-8700U CPU, of main frequency 3.20 GHz. The Fortran 
90 code is compiled using the Intel Parallel Studio XE 2012. 
The total simulation time is around 0.5 h. We first compared 
the uniform mesh and the nonuniform mesh, respectively. 
The comparison results are shown in Fig. 19. It can be seen 
from Fig. 19 that it is more prone to reveal cracks using the 
nonuniform mesh.

3.3.2 � Mechanism of crack formation in ice containing 
bubbles

The crack shape of the ice plate under the thermo-mechan-
ical coupling loading condition is shown in Figs. 20, 21, 22 
and 23.

It can be seen from Figs. 20, 21, 22 and 23 that the tem-
perature difference is the main influencing factor of the crack 
shape, and the temperature difference leads to the bifurca-
tion of the crack. Under the mechanical loading conditions, 
the ice plate is dominated by type I cracks. However, under 
the thermo-mechanical coupling loading condition, the ice 
plate has type II bifurcation cracks. The greater the tem-
perature difference, the more cracks will branch, and the 
higher the initial temperature, the earlier the crack arrest 
time will be. Besides, the crack growth is affected by the 
heat flux, it expands linearly without considering the heat 
flux, and branching and expansion occurs under the action 
of the heat flux. Under coupled thermo-mechanical condi-
tions, the stress concentration phenomenon of the velocity 
field occurs during the wave propagation in the ice medium, 
which is the internal mechanical mechanism of crack bifur-
cation and propagation.

Figure 24 shows the average elastic wave velocity of an 
ice plate with pre-crack before crack propagation occurs. 
From Fig. 24, we can find that the calculation results in this 
work are basically consistent with the changes in the wave 
velocity measured by the experiment [24]. The wave prop-
agation velocity decreases with the increase of the initial 
ice temperature; under the same temperature condition, the 
transverse wave speed is about 1.6 times that of the longi-
tudinal wave, the transverse wave speed is about 400–1400 
m/s, and the longitudinal wave speed is about 800–2100 m/s.

(51)�x(x = ±L∕2, y, t) = 0 ◦C,

(52)�y(x = ±L∕2, y, t) = 0 ◦C.
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Fig. 18   The ice model with 
a pre-existing hole under the 
tensile velocity condition
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Figure 25 shows the crack propagation process under case 
1. The damage index range is 0.05–0.90, the blue area rep-
resents the undamaged area, the red area represents the area 
with 90 percent damage index, and the corresponding veloc-
ity cloud diagram are shown in Fig. 26. In Fig. 26, the right 
part shows the velocity vector diagram of the node near the 
crack tip, corresponding to the speed vector magnified cloud 
diagram in the red dashed box, explains the crack based 
on the velocity vector curve reasons for initiation, expan-
sion, and bifurcation. The length of the velocity vector is 
proportional to the velocity of the corresponding node. The 
direction of the velocity vector represents the direction of 
the velocity. The blue arrow is negative, and the red arrow 
is positive.

Figure 26 shows the distribution of the velocity field 
at the corresponding crack tip. It can be seen from the 
figure in the red dashed box that there are opposite veloci-
ties in the positive and negative directions along the crack 
line in the crack tip area, and then, surface separation or 
cleavage appears, and the difference between positive and 
negative particle velocities lead to the fracture of the ice 
material. Figure 26 further reveals the evolution process 
of the velocity vector. When the ice plate is subjected to 
the loading force, the wave propagation starts immedi-
ately. On two sides of the crack surface, the velocity vec-
tor directions are opposite (see square area), the opposite 
velocity direction causes the initial cracks to grow on the 
surface of the material. In the area far from the crack tip, 

Fig. 19   Comparison of ice 
cracking between the uniform 
mesh and the nonuniform mesh



594	 Engineering with Computers (2023) 39:575–606

1 3

there are small vortices (inner circular areas) with mate-
rial point velocity close to zero. As the cracks grow, the 
above area changes its position, trying to reach a steady 
state. Surface waves accumulate at the crack tip, and the 
wave propagates faster on the surface of the crack. When 
the bond between two material points is broken, the wave 
is scattered from it. In the early stage of crack propagation, 
when the strain energy is low, the material enters a steady 
state, and the crack expands directly without branching. 
When the strain energy accumulates to a certain value, the 

speed difference causes the deformation along the bonds 
that are perpendicular to the original crack line to exceed 
the critical elongation. At this time, the strain energy is 
released, and the crack branching process occurs. As the 
crack branch continues to grow, the strain energy con-
tinues to accumulate. When the wave generated by the 
fracture process reaches a higher amplitude, the second 
branch of the crack occurs. When the fracture occurs, the 
material relaxes, so the strain energy at the crack bifurca-
tion tip is released.

Fig. 20   Crack patterns at differ-
ent thermo-mechanical condi-
tions �0 = −20 ◦C
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3.3.3 � Crack in ice containing random bubble pore

To further study the formation of the crack in ice with 
multiple bubble defects, and demonstrate the accuracy of 
our numerical model. The crack shape of an ice plate with 
multiple bubbles is studied using experimental method and 
numerical method. In the experimental test, we made the 
ice samples in the refrigerator, and keep the temperature 
in −18 ◦C . The experimental specimen is shown in Fig. 27.

The experimental ice plate and the numerical ice layer 
have the same dimension of 0.1 m × 0.1 m. The material 

properties are the same as Table 1. The ice plate is discre-
tized into 250,000 particles, using the adaptive dynamic 
relaxation approach, t = 1 s. The total calculation time is 
1000 steps. In this work, the simulation is conducted with 
a number of threats 64(N) in a CPU model of Intel(R)
Core(TM) i7-8700U CPU, of main frequency 3.20 GHz. The 
fortran 90 code is compiled using the Intel Parallel Studio 
XE 2012. The total simulation time is around 0.5 h.

The initial conditions are given as follows:

(53)ux(x, y, t = 0) = uy(x, y, t = 0) = 0,

Fig. 21   Crack patterns at differ-
ent thermo-mechanical condi-
tions �0 = −10 ◦C
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The boundary conditions are given as follows:

(54)�0(x, y, t = 0) = −18 ◦C.

(55)�yy(x, y = ±L∕2, t) = ±6MPa,

(56)�x(x = ±L∕2, y, t) = 0 ◦C,

(57)�y(x = ±L∕2, y, t) = 0 ◦C.

Comparison of crack pattern in the multi-bubble ice 
plate is shown in Fig. 28. From Fig. 28, one can find that 
the simulation results obtained from peridynamics compu-
tation are consistent with the experimental result. Due to 
the mutual influence between the bubble holes, the cracks 
show irregular expansion, and type I cracks and type II 
cracks appear at the same time, and the cracks between 
similar bubble holes appear cross-fusion. These results 
indicate that the calculation method in this paper can sim-
ulate the process of crack initiation, crack propagation, 

Fig. 22   Crack patterns at differ-
ent thermo-mechanical condi-
tions �0 = −6 ◦C
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bifurcation, and crack arrest of ice plate cracks, and the 
calculation results are clear and intuitive.

The bubbles in sea ice are randomly distributed, as is 
shown in Fig. 29. The porosity of ice affects the strength of 
ice, and we established ice models containing random bub-
bles. The crack propagation in ice models with different 
porosity p are shown in Figs. 30, 31, 32 and 33, The value 
of porosity p is chosen to be 0.01, 0.03, 0.1, and 0.12, 
respectively. From Figs. 30, 31, 32 and 33, we can see that 

the calculation method proposed in this study can simulate 
the crack initiation process under different porosity.

Finally, we discussed the relationship between poros-
ity and ice tensile strength and compared the results in the 
literature. The comparison results are shown in Fig. 34. It 
can be seen from Fig. 34 that the tensile strength of ice is 
affected by porosity p, The variation trend of the simulation 
in this paper is consistent with the results in the literature, 
which verifies the practicability of the method in this paper.

Fig. 23   Crack patterns at differ-
ent thermo-mechanical condi-
tions �0 = −4 ◦C
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4 � Conclusions

In this work, based on a thermo-mechanically coupled bond-
based peridynamics, we developed a multi-scale model 
for heterogeneous ice. By employing this model, we have 
studied the crack propagation in ice under different thermo-
mechanical conditions. In particular, we introduced the 
Weibull distribution into the t-bond equation of peridynam-
ics and proposes a modeling method to deal with the nonuni-
form stress problems of ice materials such as lattice defects, 
slips, and dislocations, thereby realizing the transition from 
the microstructure of the ice material to the macrostructure. 
The main innovations and main conclusions drawn in this 
study are as follows: 

1)	 By developing a heterogeneous elastic-strain softening 
peridynamic ice material model, we conducted com-
prehensive study the effects of ice microstructure, tem-
perature, and stochastic uncertainty of grain size as well 
as the bond strength between ice particles on ice crack 
formation and fracture.

2)	 From the perspective of microscopic bond crack growth 
and fracture, we studied the crack propagation phenom-
enon of ice under different grain sizes, providing the 
explanation of the effect of grain size on ice crack propa-
gation.

3)	 Unlike most of crack simulations that are using the 
peridynamics solution, which only consider mechani-
cal loading conditions, the bond-based peridynamics 
solution presented in this paper considers the general 
thermo-mechanical loading conditions, and it simulates 
crack propagation in ice by considering both mechanical 
loading conditions as well as the influence of tempera-
ture.

4)	 The numerical simulation results obtained in this work 
are consistent with the crack formations obtained in 
the experimental observation and research of scholars. 
Under the compressive loading, we find that the basic Fig. 24   Ice crack propagation speed in different thermal conditions

Fig. 25   Crack propagation 
process under the thermo-
mechanical field
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Fig. 26   Detailed fracture 
morphology including particle 
velocity field at crack tip open-
ings
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crack failure mode is the wing-shaped cracks, and later 
multiple wing-shaped cracks may be merged, inter-
sected, and connected, until the ice plate is disintegrated.

5)	 The thermo-mechanically coupled peridynamics ice 
model developed in this work is a comprehensive non-
local ice material model, which takes into account the 
influence of the initial temperature of ice, the environ-
mental temperature of ice, the size of ice crystals, and 
the heat conduction between material points. Thus, it 
can predict the ice fracture with high accuracy, including 
crack formations in the ice plates with different initial 
defects. At the same time, it can predict the critical load, 

the critical thermo-mechanical conditions, and fragility 
of ice plates with different initial defects.

6)	 Using the proposed method, we have calculated the 
crack formations in an ice plate with different initial 
defects. By comparing the effects of stress loading and 
thermo-mechanical coupling loading, we find that it is 
the instability of microcrack bifurcation leads to cata-
strophic fracture in ice.

Fig. 27   Experiment setup

Fig. 28   Comparison of crack 
pattern in the multi-bubble ice 
plate

Fig. 29   Ice crack (Photo Courtesy: weekly-wrap-volume-89/ice-
crack-2/)
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Fig. 30   The crack propagation 
in ice under case 1, p = 0.01
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Fig. 31   The crack propagation 
in ice under case 1, p = 0.03
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Fig. 32   The crack propagation 
in ice under case 2, p = 0.1
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Fig. 33   The crack propagation 
in ice under case 2, p = 0.12
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