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Abstract
This paper introduces the free vibrational response solution of a functionally graded (FG) “sandwich plate” resting on a 
viscoelastic foundation and subjected to a hygrothermal environment load using an accurate high-order shear deformation 
theory. In this study, three different types of FG “sandwich plate” geometries were investigated. Only four unknowns were 
considered in the displacement field, including an indeterminate integral, along with a sinusoidal shape function to represent 
transverse shear stresses. Hamilton’s principle was utilized to obtain the equation of motion by considering infinitesimal 
deformation theory combined with a generalized Hook’s law. The variables studied are the damping coefficient, aspect ratio, 
volume fraction density, moisture and temperature variation, and thickness. The results showed that the increase in damping 
coefficient (c

t
) as a property of the viscoelastic foundation would enhance the free-vibrational response of the plate. However, 

the degree of enhancement would be influenced by the hygrothermal environment.

Keywords  Vibration · Sandwich plate · Functionally graded material · Viscoelastic foundation · FGM · Hygrothermal · 
Non-uniform temperature

1  Introduction

Lightweight sandwich structures which adopt a high stiff-
ness–weight ratio and a high strength–weight ratio have 
been manufactured and used for engineering applications 
such as in the aircraft industry [1–8]. However, classic sand-
wich plates are incapable of withstanding high-temperature 

environments. A new class of composite materials that has 
drawn extensive attention is functionally graded materi-
als (FGMs) [1, 9]. A typical FGM is an inhomogeneous 
composite structure made up of different phases of mate-
rial constituents (usually ceramic and metal) with a high 
bending–stretching coupling effect. By gradually varying the 
volume fraction of the constituent materials, their material 
properties show a smooth and continuous change from one 
surface to another, consequently eliminating interface prob-
lems and mitigating thermal stress concentrations [10–12]. 
By merging the extraordinary behavior of FGM in conjunc-
tion with the sandwich plate, researchers have tried to inves-
tigate the behavior of an FGM “sandwich plate” (FGSP). 
Moreover, as the FGSP uses three layers, this opens the door 
to studying the plate with a range of different possibilities. 
Considering FG face sheets and a homogeneous core is one 
case that is investigated from different perspectives [13–23]. 
On the other hand, FGM could be placed in the core of an 
FGSP, and the other two faces could be comprised of either 
FGM or homogeneous sheets [13, 16, 24–28]

Nguyen [29] proposed a “high-order shear deformation 
theory” (HSDT) to evaluate the dynamic behavior of an 
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FG sandwich beam; moreover, HSDT is used frequently to 
solve composite problems as it reaches the solution accu-
rately and efficiently compared to others [30]. An analytical 
solution was developed using a method employing Lagrange 
multipliers for three different boundary conditions (sim-
ply supported–simply supported, clamped–clamped, and 
clamped–free). Zenkour investigated the effect of trigo-
nometric shear deformation theory on a “sandwich plate” 
behavior with FG faces in terms of buckling and natural 
frequency [31]. Meksi et al. [32] proposed an HSDT and 
impeded an indeterminate integral term in the displacement 
field to evaluate the bending, buckling, and vibrational 
behavior of an FGSP with a homogeneous core and FG face 
sheets. Di Sciuva [33] investigated the vibration and buck-
ling behavior of an FG carbon nanotube reinforced sandwich 
plate using an extended refined Zigzag theory in parallel 
with the Ritz method. The mechanical behavior of FGSP 
resting on an elastic foundation and subjected to a thermal 
environment while using refined quasi-3D shear deformation 
theory was studied by Mahmoudi et al. [34]. Ghumare et al. 
[35] considered a new fifth-order shear deformation theory 
accounting for transverse shear and normal deformations 
to analyze the bending behavior of an FG plate subjected 
to a hygro-thermal environment and resting on an elastic 
foundation. Fu [27] utilized a two-dimensional differential 
quadrature (DQ) method developed by Bellman [36] in 
the calculation of an nth order shear deformation theory to 
evaluate the free vibrational response of an FGSP resting 
on an elastic foundation. Madenci [37] extended the method 
of Mixed Finite Element Method (MFEM) to account for 
static and vibrational analysis, while other works contin-
ued evolving numerical techniques to optimize the solution 
using methods such as Artificial Neural Networks (ANN) 
[38–40]. Nebab et al. [36] considered a nonlinear elastic 
foundation in deriving the dynamic behavior of FG plates 
using the four-unknown shear deformation theory. Akbas 
et al. [37] investigated the case of an FG thick beam rest-
ing on a viscoelastic foundation focusing on the dynamic 
responses under a dynamic sine pulse load. The case of FG 
nanobeams resting on a viscoelastic foundation was further 
investigated by Ebrahimi et al. [41]. They studied the effect 
of a hygrothermal environment on the dynamic behavior of 
FG nanobeams using nonlocal strain gradient theory.

The increase of temperature and moisture concentration 
exposure on the structures has a very strong adverse impact 
on its performance. Therefore, the dynamic properties of an 
FGSP resting on a viscoelastic foundation will be affected 
when subjected to this type of exposure. In addition, the 
literature review showed that no research work is conducted 
on the vibrational behavior of the FGSP resting on a viscoe-
lastic foundation and subjected to a hygrothermal environ-
ment. Therefore, the impact of the damping coefficient for 
the viscoelastic foundation of the plate using an efficient 

“four-unknown” HSDT with sine function is explored, along 
with the effect induced by hygro-thermal conditions on the 
FGSP. FGSP will be modeled as a continuous variation of 
material constituents along the thickness using a “power law 
variation.” Therefore, the material properties would change 
gradually. The analytical solutions for the “fundamental fre-
quency” of an FGSP resting on a viscoelastic foundation can 
be obtained using Navier’s procedure.

1.1 � Sandwich assembly

This study considers a rectangular FGSP. Cartesian coordi-
nate (x, y, z) systems are utilized to describe the infinitesimal 
deformations of a typical plate. The origin of a “sandwich 
plate” with respect to z (z = 0) is considered to be at the 
middle surface of the plane. The top and bottom surfaces 
are defined at = ±h∕2 . The material properties vary along 
the z-direction continuously based on the following power 
law equation:

where n denotes the number of each layer n = (1,2, 3), while 
PcandPm denote the properties of ceramic and metal of the 
FGSP, respectively. The volume fraction 

(
Vn

)
 of the material 

is defined below for each FGSP. The effective change of the 
material properties in the direction of Z, such as Young’s 
modulus (E) , thermal expansion coefficient (�) , moisture 
expansion coefficient (�) and mass density ( �) are consid-
ered in Eq. (1). We consider in this work three types of FG 
Sandwich Plate as shown in Figs. 1, 2 and 3.

1.2 � Types of FG sandwich plate

Type A: sandwich plate with homogeneous ceramic core 
and FG face sheets.

This type of sandwich plate has a ceramic core, and the top 
and bottom layers are FGM sheets. The top layer is metallic 
on its upper surface and ceramic on the lower side. In contrast, 
the bottom layer is metallic on its lower surface and ceramic 
on its upper surface. The volume fraction 

(
Vn

)
 of the ceramic 

in this type can be determined by the following formulas [42]:

where z = z∕h and Hj = hj∕h (j = 1,2) . (r ≥ 0) represents the 
material index. A fully homogeneous ceramic plate is in the 
case of r = 0. However, it is a metal–ceramic–metal plate 
(m–c–m) when r → ∞.

(1)P((n))(z) = Pm +
(
Pc − Pm

)
Vn,

(2)

V1 =

(
1 + 2z

1 + 2H1

)r

, −
1

2
≤ z ≤ H1,

V2 = 1, H1 ≤ z ≤ H2,

V3 =

(
1 − 2z

1 − 2H2

)r

, H2 ≤ z ≤ 1∕2
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Fig. 1   Illustration of FGSP rest-
ing on the viscoelastic founda-
tion: Type A

Fig. 2   Illustration of FGSP rest-
ing on the viscoelastic founda-
tion: Type B

Fig. 3   Illustration of FGSP rest-
ing on the viscoelastic founda-
tion: Type C
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Type B: sandwich plate with homogeneous metal core 
and FG face sheets.

This type of sandwich plate has a metallic core, whereas 
the top and bottom layers are FG. The upper surface of the 
top layer is ceramic, and it is graded to be metallic on its 
lower face. However, the bottom layer is metallic on the 
upper face and ceramic on the lower one. The formulation 
of the volume fraction in this type is defined as follows [42]:

(3)

V1 =

(
2H1 − 2z

2H1 + 1

)r

, −
1

2
≤ z ≤ H1,

V2 = 0, H1 ≤ z ≤ H2,

V3 =

(
2H2 − 2z

2H2 − 1

)r

, H2 ≤ z ≤ 1∕2.

A plate represents the case of ceramic–metal–ceramic 
(c–m–c) when r → 0 , and its fully homogeneous metallic 
plate when r → ∞.

Type C: sandwich plate with homogeneous face sheets 
and FG core.

The top layer is fully ceramic, followed by a core layer, 
which is functionally graded as ceramic on the upper face 
and metallic on the lower face. The bottom layer is fully 
metallic in this type of sandwich plate. The formulation of 
the volume fraction, in this case, is given by [42]

(4)

V1 = 0,
1

2
≤ z ≤ H1,

V2 =

(
z − H1

H2 − H1

)r

, H1 ≤ z ≤ H2,

V3 = 1, H2 ≤ z ≤ 1∕2.

Table 1   Comparison of non-dimensional natural frequencies �h
√
�c∕Gc of a homogeneous square plate without viscoelastic foundations 

a∕h = 10, ν = 0.3

m n Exact (Srinivas 
et al. [43])

Hellal et al. [42] Present Sobhy [16]

RPT TPT SPT HPT1 EPT HPT2

1 1 0.09315 0.09304 0.09303 0.09315 0.09303 0.09303 0.09303 0.09304 0.09304
1 2 0.22260 0.22203 0.22198 0.22261 0.22195 0.22198 0.22195 0.22204 0.22200
2 2 0.34207 0.34082 0.34069 0.34215 0.34063 0.34069 0.34063 0.34084 0.34075
1 3 0.41714 0.41535 0.41516 0.41729 0.41507 0.41516 0.41507 0.41538 0.41524
2 3 0.52391 0.52125 0.52096 0.52424 0.52081 0.52096 0.52081 0.52131 0.52109
3 3 0.68893 0.68473 0.68423 0.68974 0.68396 0.68423 0.68395 0.68483 0.68445
2 4 0.75111 0.74628 0.74569 0.75217 0.74536 0.74569 0.74535 0.74640 0.74596
1 5 0.92678 0.92013 0.91922 0.92886 0.91869 0.91922 0.91866 0.92031 0.91963
4 4 1.08890 1.08050 1.07923 1.09232 1.07845 1.07923 1.07842 1.08074 1.07981

Table 2   Comparison of non-dimensional natural frequencies �h
√
�
m
∕E

m
 of FGM square plate resting on elastic foundation

Method k
w
= 100, k

s
= 0 k

w
= 100, k

s
= 100

h/a = 0.05 h/a = 0.1 h/a = 0.15 h/a = 0.2 h/a = 0.05 h/a = 0.1 h/a = 0.15 h/a = 0.2

Hellal [42]
 r = 0 0.0298 0.1163 0.2520 0.4275 0.0411 0.1619 0.3561 0.6163
 r = 1 0.0233 0.0911 0.1983 0.3384 0.0384 0.1520 0.3362 0.5856
 r = 2 0.0214 0.0837 0.1819 0.3098 0.0381 0.1505 0.3330 0.5803
 r = 5 0.0208 0.0812 0.1760 0.2989 0.0381 0.1507 0.3333 0.5807

Present
 r = 0 0.0298 0.1163 0.2519 0.4274 0.0411 0.1619 0.3561 0.6162
 r = 1 0.0233 0.0911 0.1983 0.3383 0.0384 0.1520 0.3361 0.5855
 r = 2 0.0214 0.0837 0.1819 0.3098 0.0381 0.1505 0.3330 0.5802
 r = 5 0.0205 0.0795 0.1716 0.2900 0.0384 0.1515 0.3349 0.5834
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2 � Problem formulation

2.1 � Kinematics and constitutive equations

For the plate in x-, y-, and z-directions, the u, v, and w terms 
represent the displacement components, respectively. They 
can be expressed as

where u0 and v0 represent the displacement of the mid-plane 
of the plate in both directions z and y , respectively. While 
w0 and � are the bending and shear components of transverse 
displacement ( z-direction). k1 and k2 are geometry-dependent 

(5)

u(x, y, z, t) = u0(x, y, t) − z
dw0(x, y, t)

dx
+ k1f (z)∫ �(x, y, t)dx,

(6)

v(x, y, z, t) = v0(x, y, t) − z
dw0(x, y, t)

dy
+ k2f (z)∫ �(x, y, t)dy,

(7)w(x, y, z, t) = w0(x, y, t),

constants. In this study, a novel shape function f (z) is pro-
posed to satisfy the boundary conditions of zero transverse 
shear stresses at the top and bottom faces and written as

Considering infinitesimal deformation theory for the 
plate, the displacements in Eqs. (5)–(7) are evaluated in 
terms of strains as follows:

(8)f (z) =
h

�
sin

(
�z

h

)
.

(9)�x = �0
x
+ z�1

x
+ f (z)�2

x
,

(10)�y = �0
y
+ z�1

y
+ f (z)�2

y
,

(11)�xy = �0
xy
+ z�1

xy
+ f (z)�2

xy
,

(12)�xz = g(z)�0
xz,

Table 3   Non-dimensional 
natural frequencies �h

√
�
m
∕E

m
 

of FGM square plate resting on 
a viscoelastic foundation

Method k
w
= 100, k

s
= 0 k

w
= 100, k

s
= 0

h/a = 0.05 h/a = 0.1 h/a = 0.15 h/a = 0.2 h/a = 0.05 h/a = 0.1 h/a = 0.15 h/a = 0.2

Present

 C
t
= 0

  r = 0 0.0298 0.1163 0.2519 0.4274 0.0411 0.1619 0.3561 0.6162
  r = 1 0.0233 0.0911 0.1983 0.3383 0.0384 0.1520 0.3361 0.5855
  r = 2 0.0214 0.0837 0.1819 0.3098 0.0381 0.1505 0.3330 0.5802
  r = 5 0.0205 0.0795 0.1716 0.2900 0.0384 0.1515 0.3349 0.5834

 C
t
= 0.05

  r = 0 0.0300 0.1169 0.2535 0.4303 0.0412 0.1624 0.3572 0.6182
r = 1 0.0235 0.0921 0.2006 0.3425 0.0386 0.1526 0.3375 0.5880

  r = 2 0.0217 0.0848 0.1845 0.3147 0.0382 0.1512 0.3345 0.5828
  r = 5 0.0208 0.0808 0.1746 0.2956 0.0385 0.1522 0.3365 0.5862

 C
t
= 0.1

  r = 0 0.0301 0.1176 0.2551 0.4332 0.0413 0.1629 0.3583 0.6203
  r = 1 0.0238 0.0931 0.2029 0.3468 0.0387 0.1532 0.3389 0.5905

r = 2 0.0220 0.0860 0.1872 0.3195 0.0384 0.1518 0.3359 0.5854
  r = 5 0.0211 0.0821 0.1776 0.3011 0.0387 0.1529 0.3380 0.5889

 C
t
= 0.2

  r = 0 0.0305 0.1190 0.2582 0.4389 0.0416 0.1639 0.3605 0.6243
  r = 1 0.0243 0.0951 0.2075 0.3550 0.0390 0.1544 0.3416 0.5953
  r = 2 0.0225 0.0883 0.1924 0.3289 0.0387 0.1531 0.3388 0.5906
  r = 5 0.0217 0.0847 0.1834 0.3117 0.0391 0.1543 0.3411 0.5944
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where

The shear part, which includes the integrals, has been 
evaluated using the analogy of the Navier method in which 
a sinusoidal behavior of transverse displacement is assumed 
as follows:

where

and

The constitutive relation considered in the formulation of 
a linear-elastic sandwich plate is as follows:

Considering C(j)

11
= C

(j)

22
=

E(j)(z)

1−�2
,C(j)

66
= C

(j)

44
= C

(j)

55
=

E(j)(z)

2(1+�)
 , 

where ΔT and ΔC represent the temperature and moisture 
differences, respectively, such as

(13)�yz = g(z)�0
yz
,

⎧
⎪⎨⎪⎩

�0
x

�1
x

�2
x

⎫
⎪⎬⎪⎭
=

⎧
⎪⎨⎪⎩

�u0

�x

−
�2w0

�x2

k1�

⎫
⎪⎬⎪⎭
,

⎧
⎪⎨⎪⎩

�0
y

�1
y

�2
y

⎫
⎪⎬⎪⎭
=

⎧
⎪⎨⎪⎩

�v0

�x

−
�2w0

�y2

k2�

⎫
⎪⎬⎪⎭
,

⎧
⎪⎨⎪⎩

�0
xy

�1
xy

�2
xy

⎫
⎪⎬⎪⎭
=

⎧
⎪⎨⎪⎩

�u0

�y
+

�v0

�y
x

−2
�2w0

�x�y

k1
�

�y
∫ � dx + k2

�

�x
∫ � dy

⎫
⎪⎬⎪⎭
,

{
�0
xz

�0
yz

}
=

{
k1 ∫ � dx

k2 ∫ � dy

}
, g(z) =

df (z)

dz
.

(14)�

�y ∫ � dx = A� �
2�

�x�y
,

�

�x ∫ � dy = B� �
2�

�x�y
, ∫ � dx = A� ��

�x
, ∫ � dy = B� ��

�y
,

A� = −
1

�2
, B� = −

1

�2
, k1 = �2, k2 = �2,

� = m�∕a, � =
n�

b
.

(15)

⎧
⎪⎪⎨⎪⎪⎩

�x
�y
�xy
�yz
�xz

⎫⎪⎪⎬⎪⎪⎭

(n)

=

⎡⎢⎢⎢⎢⎢⎣

C11

C12

0

0

0

C12

C22

0

0

0

0

0

C66

0

0

0

0

0

C44

0

0

0

0

0

C55

⎤⎥⎥⎥⎥⎥⎦

(n)⎧⎪⎪⎨⎪⎪⎩

�x − �ΔT − �ΔC

�y − �ΔT − �ΔC

�xy
�yz
�xz

⎫
⎪⎪⎬⎪⎪⎭

(n)

.

(16)Δk = k − k0, (k = T ,C),

T0,C0 are the reference temperature and moisture, 
respectively.

2.2 � Governing equation

The governing equation used in this paper is developed with 
the help of Hamilton’s Principle, which is stated as follows:

where �U is the variant of strain energy, �K is the variant 
of kinetic energy, and �V  is the variant of the external work 
implied by the reaction force of the foundation. The follow-
ing equation represents the variant of the strain energy of 
the plate:

Considering (A) as the plane surface of the plate in the 
(x, y) directions, and the terms N,M, and S are defined as

Thereafter, the variation of kinetic energy (�K) is 
expressed as

(17)∫
T

0

(�U − �K + �V) = 0,

(18)

�U =
h∕2∫

−h∕2 ∫
A

[
�x��x + �y��y + �xy��xy + �yz��yz + �xz��xz

]
dAdz

= ∫
A

[
Nx��

0

x
+ Ny��

0

y
+ Nxy��

0

xy
+Mb

x
�kb

x

+ Mb
y
�kb

y
+Mb

xy
�kb

xy
+Ms

x
�ks

x
+Ms

y
�ks

y
+Ms

xy
�ks

xy
+ Ss

yz
��yz + Ss

xz
��xz

]
dA.

(19)

⎧⎪⎨⎪⎩

Nx Ny Nxy

Mb
x
Mb

y
Mb

xy

Ms
x
Ms

y
Ms

xy

⎫
⎪⎬⎪⎭
= ∫

h∕2

−h∕2

�
�x, �y, �xy

�⎧⎪⎨⎪⎩

1

z

f (z)

⎫
⎪⎬⎪⎭
dz,

(
Sxz, Syz

)
=

h∕2∫
−h∕2

(
g(z)

(
�xz, �yz

)
dz.

(20)

�K = ∫
h∕2

−h∕2∫ A

�(z)
[
�u

�t
�

(
�u

�t

)
+

�v

�t
�

(
�v

�t

)
+

�w

�t
�

(
�w

�t

)]
dAdz.
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The variation of external energy caused by the reaction 
force of the foundation is given by

where Rf  represents the density of the reaction force of the 
visco-elastic foundation:

Kw represents Winkler parameter, while Ks and Ct are the 
shear layer foundation stiffness and viscosity parameter, 
respectively.

The governing equation would be a result of solving 
Eq. (17) using the principle of variational calculus. Thereaf-
ter, the solution would be expressed in terms of �u0, �v0, �w0 
and �� as

where 
(
I1, I2, I3, I4, I5, I6

)
 are mass inertias, and written as

(21)�V = ∫ A

Rf �wdA,

(22)Rf =
(
kw − ks∇

2 + ct
�

�t

)
w(x, y),

(23)

�u0 ∶
�Nx

�x
+

�Nxy

�y
− I1

�2u0

�t2
+ I2

�3w0

�x�t2
− I3k1A

� �3�

�x�t2
= 0,

(24)

�v0 ∶
�Ny

�y
+

�Nxy

�x
− I1

�2v0

�t2
+ I2

�3w0

�y�t2
− I3k2B

� �3�

�y�t2
= 0,

(25)

�w0 ∶
�2Mb

x

�x2
+

�2Mb
y

�y2
+ 2

�2Mb
xy

�x�y

− Kww0 + Ks∇
2w0 − ct

�w0

�t
− I1

�2w0

�t2

− I2

(
�3u0

�x�t2
+

�3v0

�y�t2

)
+ I4

(
�4w0

�x2�t2
+

�4w0

�y2�t2

)

− I5

(
k1A

�
�4�

�x2�t2 + k2B
�

�4�

�y2�t2

)
= 0,

(26)

��0 ∶ − k1A
�
�2Mxs

�x2
− k2B

�
�2Mys

�y2

−
(
k1A

� + k2B
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Fig. 4   Effect of the power-law index and damping coef-
ficient on the Eigen frequency ω of FGSP (Type A): 
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Using the constitutive equation in Eq. (15) and incorpo-
rate Eq. (19), the resultant forces of the FG plate including 
the effect of both temperature and moisture would be evalu-
ated as follows:

where

Stiffness elements are evaluated as

(28)
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Fig. 5   Effect of the power-law index and damping coefficient on the 
eigenfrequency ω of FGSP (Type B): 
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and

The applied temperature T and moisture C are assumed to 
vary along with the thickness of the FGSP, while the varia-
tion depends on the exponent P. In the case where P = 1 , the 
variation would be linear along with the thickness, while it 
is nonlinear when P > 1 according to the following relation:

where ΔT = Tt − Tb and ΔC = Ct − Cb are the tempera-
ture and moisture differences, respectively. The subscript 
t  denotes the top surface, while the subscript b is for the 
bottom surface of the sandwich plate.

3 � Analytical solution

The analytical solution for the natural frequency of an FGSP 
resting on a viscoelastic foundation would be resolved based 
on a Navier’s type solution. The solution only considers the 
case of simply supported “boundary conditions” by expand-
ing the displacement as a double trigonometric Fourier 
series as functions of unknown parameters. Therefore, the 
displacement could be represented as

where Umn,Vmn,Wmn and �mn are unknown coefficients, 
� = m�∕a , � = n�∕b . Also, � represents the eigenfrequency 
of the plate at each m and n half wave numbers. The equa-
tion of motion would be a result of substituting the Eqs. (30) 
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Fig. 6   Effect of the power-law index and damping coefficient on 
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into (23–29). Therefore, it would appear in the form of an 
Eigen-value problem as

where

Solving Eq. (31) would lead to the following analytical 
solution:

where

(31)
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Fig. 8   Effect of the temperature difference ΔT  and damping 
coefficient on the eigenfrequency ω of various types of FGSP; 
(a∕h = 10, r = p = 1,ΔC = 10 %, kw = 100, ks = 20) : a Type A, b 
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▸

4 � Numerical results

The following parameters have been considered in this 
study:

and the sandwich plate is composed of metal (aluminum) 
and ceramic (alumina) material.

•	 The material properties of Alumina are
	   Ec = 380 Gpa, �c = 3800 kg/m3,�c = 7 × 10

−6(1∕◦C),

	   �c = 0.001 (wt % H2O)−1, �c = 0.3

•	 The material characteristics of Aluminum are
	   Em = 70 Gpa, �m = 2707 kg/m3, �m = 23 × 10

−6(1∕◦C),

	   �m = 0.44 (wt % H2O)−1, �c = 0.3.

The solutions in the graphs are shown in non-dimensional 
units that are proposed as

� = �h
√
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The novel proposed shear deformation theory is proved in 
the first place in Table 1 by comparing the natural frequency 
of a homogeneous square plate excluding a visco-elastic 
foundation with the exact result published by Sirivas et al. 
[43]. Furthermore, the proposed theory is also compared 
with the results obtained by Sobhy [16], in which several 
theories were used, such as the refined plate theory (RPT), 
Third-order Plate Theory (TPT), sinusoidal plate theory 
(SPT), hyperbolic plate theory (HPT1), exponential plate 
theory (EPT) and HPT2. The comparison concludes that 
the proposed theory is functioning properly and matches the 
results of the other previously puplished papers mentioned 
above. Thereafter, Table 2 includes the effect elastic founda-
tion. The newly proposed theory is compared with Hellal’s 
[42] results for an elastic foundation by considering that the 
damping coefficient ct is equal to zero, where the table shows 
a very good agreement between both theories.    

m23 = −I2�,

m24 = −I3�,

m33 = I1 +
(
�2 + �2

)
I4,

m34 =
(
�2 + �2

)
I5

m44 =
(
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)
I6.

Tb − T0 = 25 ◦C, Cb − C0 = 0%
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The effect of the damping coefficient ( ct) is tabulated in 
Table 3, where a non-dimensional natural frequency is cal-
culated for an FGM square plate considering different sce-
narios of visco-elastic foundation. The effect over the natural 
frequency is examined among ten different foundation mod-
els (two columns representing the elastic part with five rows 
imitating the viscosity in the foundation). Furthermore, each 
natural frequency is controlled with respect to the effect of 
the thickness to length ratio (h∕a) and the power-law index; 
as the value of the damping coefficient increases, the natural 
frequency increases. The effect would be more significant as 
the (h∕a) and power-index (r) are increasing.

The effect of the damping coefficient of a viscoelastic 
foundation with respect to the power index r over the natural 
frequencies is shown in Figs. (4, 5 and 6). Each figure con-
siders one type of FGSP out of the three that were explained 
earlier with specific geometries. Natural frequency looks to 
increase as the damping coefficient increases, which would 
lead to enhancing the rigidity of the plate. The effect of the 
power index, which varies upon the plate type, is also exam-
ined. The natural frequency decreases as the power index 
increases up to a point where r = 1 , thereafter the decrement 
of the natural frequency is minimal. The slope of the first 
portion of the graph is affected by the ratios between the 
three layers: as we increase the density of the core (ceramic), 
the slope tends to decrease. In the case of Type B, the natural 
frequency behaves similar to Type A. However, the natural 
frequency in Type B is the maximum among all of the other 
three types. The plate acquires more rigidity when its core is 
metal, and the other two faces are FG sheets. Furthermore, 
the damping coefficient enhances the vibrational response 
of the plate regardless of the type of the plate.

Figure 7 shows the effect of temperature difference over 
the natural frequency with respect to the aspect ratio. The 
results emphasize the fact that the increase in temperature 
difference reduces the rigidity of the plate significantly. 
Furthermore, the increase in the aspect ratio reduces the 
natural frequency. The decrement in the natural frequency 
for reducing the aspect ratio is less significant when the ratio 
b/a reaches 1, where the geometry of the plate is square. 
Whereas an increase in the damping coefficient would 
enhance the sustainability of the plate linearly in terms of 
the natural frequency, as in Fig. 8.

The effect of moisture concentration works in a similar 
way to temperature. The rigidity of the plate is reduced as 
the moisture concentration increases, as in Fig. 9, where 
a comparison is carried out using four different moisture 
concentrations with respect to two different parameters: the 
aspect ratio and the damping coefficient.

The effect of the temperature study is further extended 
in Fig. 10 to include the temperature variation. This led to 
the conclusion that an increase in the temperature variation 
would elevate the free vibration; a uniform temperature is 

more severe than the case of linear and nonlinear varia-
tion. Finally, the effect of the elastic foundation coefficient 
(Kw,Ks) along with the damping coefficient ct is examined in 
Fig. 11. The natural frequency increases as the coefficient of 
the viscoelastic foundation increases. The increment is linear 
along with the damping coefficient.

Fig. 9   Effect of the a moisture concentration ΔC and b damp-
ing coefficient on the eigenfrequency ω of FGSP (TypeA) 
(a∕h = 10, r = p = 1, kw = 100, ks = 20)
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Fig. 10   The variation of the eigenfrequency ω of FGSP 
(Type A) under various types of hygrothermal with 
respect to a the aspect ratio and b the damping coefficient 
(a∕h = 10, r = p = 1,ΔT = 50◦C,ΔC = 10 %, kw = 100, ks = 20)
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5 � Conclusions

This work studies for the first time the vibrational behav-
ior of a simply supported FGSP resting on a viscoelastic 
foundation subjected to a hygro-thermal environment using 
a newly proposed “four-unknown shear deformation plate 
theory.” This theory assumes a trigonometric distribution 
of the shear stress along with the thickness of the plate. Fur-
thermore, a comparison carried out with previously pub-
lished papers shows a very good agreement. The FGSP is 
examined considering three different scenarios of the panel’s 

arrangement. This work enhanced the understanding of the 
impact of the damping coefficient and drew the following 
conclusions:

•	 The increase in damping coefficient (ct) as a property of 
the viscoelastic foundation would enhance the free-vibra-
tional response of the plate in the same manner among 
all types of FGSP: Type A, Type B, and Type C.

•	 The effect of the damping coefficient (ct) over the natural 
frequency is not influenced by the plate’s configuration.

•	 The natural frequency of FGSP is enhanced by the 
increase in damping coefficient value more significantly 
when the temperature difference (ΔT) is at low levels.

•	 At high moisture concentrations, the damping coefficient 
tends to enhance the rigidity of the plate.

•	 The change of temperature profile would affect the natu-
ral frequency of the plate.

This paper has examined the FGSP in many different 
aspects considering all of the stated variations, including 
temperature variation, moisture, aspect ratio, power index, 
and plate type with different geometries. The analytical solu-
tion is obtained with the help of Navier’s solution, whereas 
Hamilton’s principle is used in the case of the governing 
equation derivation.
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