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Abstract
Structures face different types of imperfections and defects during the fabrication process, installation and working envi-
ronment. In this paper, the imperfection effects in the coupled vibration behaviour of axially functionally graded carbon 
nanotube (CNT)-strengthened beam structures with different boundary conditions are analysed considering porosity as well 
as geometric and mass imperfections in the structure. Porosity is modelled using different types of formulations for simple-
cell, open-cell and closed-cell porous structures. The porosity is assumed to be either uniform or by varying through the 
thickness of the hollow beam using different functions. Mass imperfection effect is added to the system by considering a 
concentrated mass in the system affecting the mass homogeneity of the structure. Geometry imperfection is also considered 
by having an initial deformation in the structure which could be caused by an improper fabrication process. Coupled axial 
and transverse equations of motion are obtained using Hamilton’s principle and the von Kármán geometrical nonlinearity. 
Governing equations are solved for different types of boundary conditions using a semi-analytical modal decomposition 
technique. It is shown that strengthening the base matrix with CNT fibres can improve the vibration behaviour of imperfect 
structures and the influence of CNT volume fraction and distribution through the length of the beam is discussed. The results 
provided in this paper may be used as a benchmark to validate future experimental results to prevent imperfection, delamina-
tion and stress singularities in the structures.

Keywords  Porosity · Geometrical imperfection · Mass imperfection · Porous beam · Imperfect beam · CNT strengthened

1  Introduction

Imperfections in mechanical structures are among the 
main reasons of inaccuracy in predicting the mechanical 
behaviour which can lead to high errors and failure of the 
whole system. Some of the common imperfections which 

structures face are porosity, mass imperfection, and geo-
metrical imperfection.

Porosity can be caused by many reasons such as weld-
ing and fabrication procedure [1–3] which in some cases is 
desirable and in some unpleasant. Porosity imperfections 
are mainly seen when the structures are multi-phase and are 
manufactured using different elements. Functionally graded 
(FG) structures are one of the well-known structures, the 
physical properties of which are varied functionally from 
a phase to another to obtain advantages of both phases 
[4–11]; for instance, grading from metal to ceramic to have 
the strength, deformability of metal and heat resistance of 
ceramic and different positions of the structure. However, 
mixing two or more elements in FG structures can cause 
porosity in the structure which may change the mechanical 
behaviour of the structure significantly.

In the past few years, porosity in beam structures and their 
influence on changing the mechanical behaviour of such 
structures have attracted a lot of attention. For structures 
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resting on a foundation, Jena et al. [12] studied the vibration 
behaviour of FG porous beams resting on an elastic founda-
tion. The phase change from ceramic to metal was assumed 
to be through the thickness direction with uniform porosity. 
A higher-order beam theory was used to model the structure 
which was solved via the Navier and Rayleigh–Ritz meth-
ods; it was shown that the presence of porosity affects the 
frequency response differently for ceramic and metal phases. 
Other studies on beams/plates with different types of poros-
ity can be found in Refs. [13–25], where it was highlighted 
that the static deformation, buckling and vibration behaviour 
of structures are significantly impacted by porosities.

For multi-layered FG porous structures, Akbaş et al. [26] 
examined the dynamic response under pulse loads. Three 
different types of porosity models (uniform and two sym-
metric models) were analysed and the FEM results were 
compared with those of ANSYS; it was shown that porosity 
in the system leads to softening behaviour and increases the 
steady-state response of the beam model. Alambeigi et al. 
[27] investigated the free and forced vibration responses of 
layered FG beams with the porous core using uniform, sym-
metric and asymmetric porosities; it was highlighted that 
higher stiffness was obtained using the symmetric porosity 
model compare to asymmetric and uniform models. Other 
studies on the mechanics of layered/sandwich [28–35] FG/
porous [36–40] structures (beams, plates and shells) with/
without thermal loads [41–46] can be found in literature 
where it was discussed that increasing the number of layers, 
properly grading the properties, considering thermal load 
and porosity, vary the mechanical behaviour of the structure 
which depending on the characteristics of the structure, these 
effects vary.

Bi-directional functionally graded (BDFG) beam models 
with porosity have been examined by Shafiei et al. [47] for 
small-scale beams. Porosity was assumed to be either uni-
form or linear-symmetrical variation through the thickness; 
it was found that the natural frequency terms of the sym-
metric porous BDFG beam model are larger than those of 
perfect beam models.

Besides, strengthening base structures with fibres is a 
method to overcome the weak properties of the base struc-
tures along with preventing crack and delamination in the 
structures. A detailed discussion on CNT-strengthened 
structures can be found in Ref. [48]; porosity is an unpleas-
ant phenomenon in structures which adding CNT fibres can 
reduce the pore sizes [49, 50] and cause the porosity by itself 
as well [51].

Geometrical imperfections can occur in a structure during 
the fabrication process especially when the structure is made 
of more than one element (FG structures, layered structures 
and matrix/fibre structures). In the past few years, research-
ers have analysed the influence of geometrical imperfections 
on the vibration response of beam structures [52–58].

However, there is a gap in analysing the porosity as well 
as geometric and mass imperfection effects on axially func-
tionally graded CNT-strengthened structures in the frame-
work of coupled vibrations. In this study, a comprehensive 
model for considering different types of imperfection on 
AFG CNT-strengthened beams is presented for the first time 
by varying porosity through the thickness and CNT fibre 
volume fraction through the length for different boundary 
conditions (Fig. 1 presents a schematic of the current prob-
lem). Geometrical imperfection is considered along with 
mass imperfection and the advantage of having CNT fibres 

Fig. 1   Schematic representation 
of (a) geometrical and mass 
imperfect porous AFG beam 
model strengthened with CNT 
fibres, (b) uniform and (c) non-
uniform porosity through the 
thickness
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in overcoming the imperfection in the structure is discussed 
in detail. Accordingly, this paper is structured as follows: 
in Sect. 1, an introduction on imperfections and defects in 
structures is presented by briefly discussing porous beam 
models in the literature. Section 2 presents a general for-
mulation for imperfect AFG CNT-strengthened beams by 
presenting five different models of porous variation for 
simple-, open- and closed-cell structure models. Coupled 
axial and transverse motion equations are obtained for mass/
geometrical imperfect CNT-strengthened structures consid-
ering CNT volume fraction variation through the length. 
Figure 2 shows a schematic of the current problem for differ-
ent types of boundary conditions. In Sect. 3, coupled equa-
tions of motion are transformed to non-dimensional forms 
and a decomposition technique is presented for solving the 
equations of motion. In Sect. 4, the current formulation and 
solution procedure are first verified using an FE simulation 
software for simplified models and the fast convergence of 
the method for complicated models is shown for different 
boundary conditions. After verifying the accuracy of the 
current methodology, the influence of different types of 
imperfections on varying both axial and transverse vibra-
tion behaviour is discussed in details and the possibility 
of strengthening the structure and decreasing the defects 
using CNT fibres and its distribution is discussed. Finally, 
in Sect. 5, the outcome of this paper is listed and future pos-
sible work is discussed. Previously, in Ref. [59], AFG CNT-
strengthened beam model was presented and discussed for 
only transverse vibrations; beam was modelled without any 
geometrical/mass imperfection and porosity. The equation of 

motion was solved for transverse vibration only using gen-
eralised differential quadrature method (GDQM) and results 
for CNT distribution were presented. However, in this study, 
the vibrations is coupled axially and transversely in the pres-
ence of porosity, mass and geometric imperfections, a modal 
decomposition technique is presented and employed to solve 
the coupled equations of motion and both coupled axial/
transverse vibrations are obtained by considering different 
types of geometry/mass imperfections, boundary conditions 
and porosities.

2 � Problem formulation

2.1 � CNT strengthening and porosity of the beam

Different models for porosity have been presented by 
researchers in the past few years. One of the well-known 
formulations for modelling porosity in multi-phase struc-
tures was presented as [60]

where α is the porosity coefficient term which could vary 
through any xi axis following any arbitrary function, sub-
scripts 1 and 2 show different phases of the structure, and 
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(
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)
= −
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2
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)
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(
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)

2
,

Fig. 2   Geometric and mass 
imperfect porous axially func-
tionally graded CNT-strength-
ened beams with (a) clamped–
clamped, (b) clamped–pinned, 
and (c) pinned–pinned bound-
ary conditions



2316	 Engineering with Computers (2022) 38:2313–2339

1 3

E and ρ are the Young’s modulus and mass density of the 
structures and V indicates the volume fraction.

Another model used indicates that the magnitude of E and 
ρ vary differently by having [61]

The main problem with the first model formulation [Eqs. 
(1) and (2)] is that porosity effect is considered independent 
from the volume fraction of phases; for instance, if the vol-
ume fraction of V1 is zero, still the effect of porosity in phase 
1 part of the structure is considered. In the second model 
[Eqs. (3) and (4)], the porosity in presented for only one base 
structure which is useful for isotropic one-phase structures.

Therefore, in this paper, a modified model for AFG CNT-
strengthened porous structures is presented by assuming the 
porosity effects as a function of the volume fraction of each 
part varying through the thickness direction (z) as

where e1 is the effective coefficient [59], αi can take the 
forms of,
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through any xi axis in the general form which in this paper, 
the porosity is assumed to be through the thickness of the 
beam (xi = z). The relation between α10 and α20 is presented 
for simplified models [60], open-cell solids [61–63] and 
closed-cell solids [64, 65] as:

Moreover, the distribution of CNT fibre is assumed to 
vary through the length following a power-law function; 
therefore, the volume fraction of the base element (m) and 
the CNT fibres is [59, 66]
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where k is the power term, and subscripts L and R indicate 
the left and right sides of the beam, respectively.

2.2 � Geometric and mass imperfect 
CNT‑strengthened porous beam model

By considering the geometrical imperfection of the struc-
ture, the strain–deformation and stress–strain behaviour can 
be modelled using the von Kármán geometrical nonlinearity 
as

where u and w are the axial and transverse displacements 
and w0 is the geometrical imperfection of the beam. For the 
given assumptions, the kinetic (K) and potential (U) energy 
terms are
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where x0 is the axial location of the lumped mass M as the 
representation of mass imperfection, δ is the Dirac delta 
function and A is the area cross section of the beam (it is 
assumed that the area cross section is not a function of x). 
Using Hamilton’s principle [67, 68], one can reach the cou-
pled axial–transverse equations of motion as
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where I0, I1 and I2 are the area moments of inertia about the 
z axis and A11, B11 and D11 are the stiffness terms defined as,

where b is the width of the beam which is assumed to be 
constant.

3 � Solution procedure

To solve the coupled motion equations, since the scale of 
defined terms are considerably different, non-dimensional 
terms are defined as

By assuming small deformations in the system, higher-
order deformation terms are neglected and the non-dimen-
sional equations of motion are rewritten as

in which * is dropped in Eqs. (25) and (26) for the sake of 
convenience. It can be seen from Eqs. (25) and (26) that the 
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linearized non-dimensional equations of motion are coupled 
due to the geometry imperfection terms and porosity through 

the thickness. Using a modal decomposition, the deforma-
tions in the system can be presented in a series function as,

(27)u =

N∑
j=1

�j�j(x)e
i�t,

and the governing coupled equations of motion can be dis-
cretised. Besides, by assuming harmonic response in the 
system and imperfection as a scale (A0) of the first mode of 
vibration, axial and transverse natural frequency terms are 
obtained via a modal decomposition method [69, 70] where 
the matrix coefficients Kij and Mij are defined as,
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(30)
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Table 1   Comparison between 
modal decomposition and 
ANSYS natural frequency 
results (Hz) for transverse 
vibrations of clamped–
clamped isotropic non-porous 
geometrically perfect beam 
models with mass imperfection

C–C Mode M = 0 kg ANSYS M = 10 kg ANSYS M = 20 kg ANSYS

1 16.54498 16.654 15.25697 15.228 14.16834 14.256
X0 = 0.3 2 45.53588 45.468 40.36990 39.961 37.59152 37.517

3 89.05181 88.582 86.15985 86.076 84.94882 84.49
1 16.54498 16.654 14.49581 14.589 13.02662 13.107

X0 = 0.4 2 45.53588 45.468 43.13506 43.019 41.84945 41.676
3 89.05181 88.582 87.32389 86.05 86.38937 84.744
1 16.54498 16.654 14.20903 14.301 12.63347 12.713

X0 = 0.5 2 45.53588 45.468 45.53588 45.355 45.53588 45.24
3 89.05181 88.582 81.06108 80.238 77.22323 76.393

Table 2   Comparison between 
modal decomposition and 
ANSYS natural frequency 
results (Hz) for transverse 
vibrations of pinned–pinned 
isotropic non-porous 
geometrically perfect beam 
models with mass imperfection

P–P Mode M = 0 kg ANSYS M = 10 kg ANSYS M = 20 kg ANSYS

1 7.299368 7.2937 6.702680 6.6974 6.222592 6.2176
X0 = 0.3 2 29.15756 29.064 26.46747 26.385 24.92880 24.844

3 65.45570 64.963 64.85182 64.179 64.53172 63.669
1 7.299368 7.2937 6.516071 6.5116 5.936170 5.9323

X0 = 0.4 2 29.15756 29.064 28.08131 27.967 27.41953 27.28
3 65.45570 64.963 63.12118 62.489 61.77384 60.963
1 7.299368 7.2937 6.449979 6.4459 5.839414 5.8361

X0 = 0.5 2 29.15756 29.064 29.15756 29.02 29.15756 28.975
3 65.45570 64.963 59.21094 58.77 55.96950 55.51
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(32)

K22(l, j) = −
1∫
0

𝜑̃l(x)
d2D11(x)

dx2

d2𝜑̃j(x)

dx2
dx + 2A2

0

1∫
0

𝜑̃l(x)A11(x)
d𝜑̃j(x)

dx

d𝜑̃1(x)

dx

d2𝜑̃1(x)

dx2
dx

+A0

1∫
0

𝜑̃l(x)
d2B11(x)

dx2

d𝜑̃j(x)

dx

d𝜑̃1(x)

dx
dx + A0

1∫
0

𝜑̃l(x)B11(x)
d𝜑̃j(x)

dx

d3𝜑̃1(x)

dx3
dx

+A0

1∫
0

𝜑̃l(x)
dB11(x)

dx

d2𝜑̃j(x)

dx2

d𝜑̃1(x)

dx
dx + 2A0

1∫
0

𝜑̃l(x)
dB11(x)

dx

d𝜑̃j(x)

dx

d2𝜑̃1(x)

dx2
dx

− 2
1∫
0

𝜑̃l(x)
dD11(x)

dx

d3𝜑̃j(x)

dx3
dx + A0

1∫
0

𝜑̃l(x)B11(x)
d2𝜑̃j(x)

dx2

d2𝜑̃1(x)

dx2
dx

+A2
0

1∫
0

𝜑̃l(x)
dA11(x)

dx

d𝜑̃j(x)

dx

(
d𝜑̃1(x)

dx

)2

dx −
1∫
0

𝜑̃l(x)D11(x)
d4𝜑̃j(x)

dx4
dx

+A2
0

1∫
0

𝜑̃l(x)A11(x)
d2𝜑̃j(x)

dx2

(
d𝜑̃1(x)

dx

)2

dx,

Table 3   Comparison between 
modal decomposition and 
ANSYS natural frequency 
results (Hz) for transverse 
vibrations of clamped–
pinned isotropic non-porous 
geometrically perfect beam 
models with mass imperfection

C–P Mode M = 0 kg ANSYS M = 10 kg ANSYS M = 20 kg ANSYS

1 11.40214 11.442 10.85069 10.89 10.34649 10.386
X0 = 0.3 2 36.89672 36.833 32.47127 32.412 29.77571 29.700

3 76.80116 76.137 72.65092 71.854 70.85106 69.879
1 11.40214 11.442 10.02127 10.058 9.036036 9.0692

X0 = 0.5 2 36.89672 36.833 36.24040 36.105 35.82365 35.621
3 76.80116 76.137 70.74049 70.109 67.72722 67.034
1 11.40214 11.442 10.13585 10.168 9.196766 9.2234

X0 = 0.7 2 36.89672 36.833 34.29688 34.241 32.90268 32.836
3 76.80116 76.137 76.75441 75.759 76.72843 75.27

Table 4   Comparison between 
modal decomposition and 
ANSYS natural frequency 
results (Hz) for transverse/axial 
vibrations of clamped–clamped 
AFG CNT-strengthened non-
porous geometrically perfect 
beam models with mass 
imperfection

C–C Mode M = 0 kg ANSYS M = 20 kg ANSYS M = 40 kg ANSYS

Transverse vibration mode
 X0 = 0.3 1 65.45766 65.47 54.23521 54.436 46.94808 47.179

2 180.6386 179.18 152.0502 150.2 142.5023 140.4
Axial vibration mode
 X0 = 0.3 1 1002.068 958.64 840.0320 764.11 682.6930 640.53

2 2025.172 1917.3 1768.550 1672.7 1689.980 1577.7
Transverse vibration mode
 X0 = 0.5 1 65.45766 65.47 50.34475 50.302 42.34610 42.285

2 180.6386 179.18 178.8222 177.74 178.0160 177.09
Axial vibration mode
 X0 = 0.5 1 1002.068 958.64 792.0218 759.75 670.2931 639.36

2 2025.172 1917.3 1974.037 1852.4 1946.530 1788.4
Transverse vibration mode
 X0 = 0.3 1 65.45766 65.47 57.92392 57.686 52.02157 51.647

2 180.6386 179.18 148.4752 147.37 135.6000 134.75
Axial vibration mode
 X0 = 0.7 1 1002.068 958.64 878.1353 832.73 775.0976 726.31

2 2025.172 1917.3 1681.209 1579.9 1554.255 1449.3
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(33)

M11(l, j) =

1

∫
0

I0(x)�l(x)�j(x)dx +M

1

∫
0

�l(x)�j(x)�
(
x − x0

)
dx,

(34)M12(l, j) = −

1

∫
0

I1(x)𝜑l(x)
d𝜑̃j(x)

dx
dx,

(35)

M21(l, j) =

1

∫
0

I1(x)𝜑̃l(x)
d𝜑j(x)

dx
dx +

1

∫
0

dI1(x)

dx
𝜑̃l(x)𝜑j(x)dx,

Table 5   Comparison between 
modal decomposition and 
ANSYS natural frequency 
results (Hz) for transverse/axial 
vibrations of simply supported 
AFG CNT-strengthened non-
porous geometrically perfect 
beam models with mass 
imperfection

P–P Mode M = 0 kg ANSYS M = 20 kg ANSYS M = 40 kg ANSYS

Transverse vibration mode
 X0 = 0.3 1 29.27224 29.264 24.62097 24.626 21.59304 21.604

2 116.3363 116.07 100.6153 100.2 94.48223 94.019
Axial vibration mode
 X0 = 0.3 1 952.7078 957.26 767.4379 762.54 680.1441 639.58

2 1910.283 1914.5 1714.302 1671.5 1647.493 1577.5
Transverse vibration mode
 X0 = 0.5 1 29.27224 29.264 23.49565 23.483 20.16564 20.151

2 116.3363 116.07 115.8651 115.63 115.6187 115.4
Axial vibration mode
 X0 = 0.5 1 952.7078 957.26 763.9377 758.95 650.7854 638.8

2 1910.283 1914.5 1857.427 1848.7 1828.645 1785.1
Transverse vibration mode
 X0 = 0.7 1 29.27224 29.264 25.34383 25.317 22.59212 22.557

2 116.3363 116.07 99.21084 98.937 92.09834 91.822
Axial vibration mode
 X0 = 0.7 1 952.7078 957.26 836.0688 831.9 739.6047 725.79

2 1910.283 1914.5 1607.139 1577.7 1490.695 1447.0

Table 6   Comparison between 
modal decomposition and 
ANSYS natural frequency 
results (Hz) for transverse/
axial vibrations of clamped 
simply supported AFG CNT-
strengthened non-porous 
geometrically perfect beam 
models with mass imperfection

C–P Mode M = 0 kg ANSYS M = 20 kg ANSYS M = 40 kg ANSYS

Transverse vibration mode
 X0 = 0.3 1 43.76022 44.106 38.78227 39.174 34.96295 35.354

2 145.1754 145.24 117.3377 117.07 106.4362 105.93
Axial vibration mode
 X0 = 0.3 1 989.3234 958.64 796.6410 764.11 676.1579 640.53

2 1982.381 1917.3 1730.486 1672.7 1654.463 1577.7
Transverse vibration mode
 X0 = 0.5 1 43.76022 44.106 34.55089 34.815 29.41392 29.631

2 145.1754 145.24 144.0274 143.91 143.4597 143.25
Axial vibration mode
 X0 = 0.5 1 989.3234 958.64 786.2982 759.75 667.3437 639.36

2 1982.381 1917.3 1949.808 1852.4 1930.514 1788.4
Transverse vibration mode
 X0 = 0.7 1 43.76022 44.106 36.12708 36.336 31.34248 31.486

2 145.1754 145.24 127.5133 127.68 120.8768 121.08
Axial vibration mode
 X0 = 0.7 1 989.3234 958.64 859.6768 832.73 755.6723 726.31

2 1982.381 1917.3 1664.560 1579.9 1548.265 1449.3
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By solving the discretised non-dimesnional coupled equa-
tions of motion, the vibration response of the system can be 
obtained.

4 � Results and discussion

A general formulation for AFG CNT-strengthened beams 
with different kinds of porosity, geometric and mass imper-
fections was formulated in the previous section. In this sec-
tion, the results for the axial and transverse frequencies are 
obtained and presented via formulations of the previous 

(36)

M22(l, j) =
1∫
0

I0(x)𝜑̃l(x)𝜑̃j(x)dx −
1∫
0

I2(x)𝜑̃l(x)
d2𝜑̃j(x)

dx2
dx

−
1∫
0

dI2(x)

dx
𝜑̃l(x)

d𝜑̃j(x)

dx
dx +M

1∫
0

𝜑̃l(x)𝜑̃j(x)𝛿
(
x − x0

)
dx.

section and the sensitivity of the system to different types 
of mass/geometric imperfections and porosities is discussed. 
Moreover, for simpler models where there is no geometric 
and porous imperfections, the accuracy and convergence of 
the current methodology are verified using FE modelling 
and the influence of different types of imperfection on the 
vibration response of the non-porous system is discussed. 
Simplified model of the problem is simulated as homogene-
ous or AFG CNT-strengthened non-porous geometrically 
perfect beams with a mass imperfection using ANSYS 
[71] and comparison with the current methodology is pre-
sented in the next subsection for different types of boundary 
conditions.

4.1 � Verification and comparison

For the sake of verification, homogeneous and AFG CNT-
strengthened non-porous geometrically perfect beams with 

Fig. 3   Convergence of the 
coupled axial/transverse vibra-
tion results by increasing the 
number of assumed modes for 
different boundary conditions: 
(a) transverse vibration; (b) 
axial vibration

(a)

(b)
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Fig. 4   Uniform porosity imper-
fection effect in varying the fun-
damental transverse vibration 
frequency term for simple-cell 
and closed-cell models: (a) 
clamped–pinned; (b) pinned–
pinned; (c) clamped–clamped

(a)

(b)

(c)
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Fig. 5   Uniform porosity 
imperfection effect in varying 
the fundamental axial vibration 
frequency term for simple-cell 
and closed-cell models: (a) 
clamped–pinned; (b) pinned–
pinned; (c) clamped–clamped

(a)

(b)

(c)
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a concentrated mass in a certain distance from the left end 
of the beam is simulated using ANSYS [71] and the results 
are compared with those based on the current methodol-
ogy. By having geometrical properties as L = 3 m, h = 0.1 m, 
b = 0.2 m, and physical properties as ρm = 1190 kg/m3, 
ρCNT = 1400 kg/m3, Em = 2.5 GPa, ECNT = 5646.6 GPa, 
e1 = 0.14, ν = 0.3, results for the first three fundamental 
natural frequency terms are presented in Tables 1, 2 and 
3 for isotropic beams and are compared to those obtained 
by ANSYS for clamped–clamped, pinned–pinned and 
clamped–pinned boundary conditions, respectively, for 
simpler models where there is no geometric and porous 
imperfections. Besides, by assuming AFG CNT fibre dis-
tribution through the base matrix by having VCNT,total = 5% 
and VCNT, left = 2.5%, the first three natural frequency terms 
are calculated and compared with ANSYS. Tables 4, 5 and 

6 show the first two frequency terms for axial and transverse 
dynamics of the mentioned AFG CNT-strengthened non-
porous geometrically perfect beam with mass imperfection 
in different positions for clamped–clamped, pinned–pinned 
and clamped–pinned boundary conditions, respectively. It 
can be seen that the results are in a good agreement for all 
the boundary conditions for both homogeneous and AFG 
CNT-strengthened beam models.

Moreover, to show the convergence of the current solu-
tion method, fundamental frequencies for different boundary 
conditions and the total number of modes are calculated. 
The frequency results are shown in Fig. 3a, b for funda-
mental transverse and axial frequencies, respectively, with 
VCNT,total = 5%, VCNT,left = 2.5%, k = 1, A0 = 0.5, α10 = 0.4 
(uniform open cell model), M = 10 kg, x0 = 0.3, L = 1 m, 
h = 0.1 m; it can be seen that increasing the total number of 

Fig. 6   Linear porosity imperfec-
tion effect in varying the fun-
damental vibration frequencies 
for simple-cell and closed-cell 
clamped–pinned models: (a) 
transverse vibration; (b) axial 
vibration

(a)

(b)
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modes leads to convergence in the results for all the bound-
ary conditions and therefore, for the further calculations, ten 
modes for the coupled dynamics are considered.

4.2 � Influence of porosity imperfection

After verifying the current methodology, the influence of 
porosity imperfection on the coupled vibration behaviour of 
AFG CNT-strengthened beams is presented in this section. 
A beam with the length of 2 m, thickness 10 cm is assumed 
with a concentrated mass of 15 kg at x0 = 0.4. The beam 
is strengthened using CNT fibres by having VCNT,total = 5% 
and VCNT,left = 1% and k = 1 and other properties are as 
mentioned in the previous section. For this model, poros-
ity is presented uniformly through the thickness (α1 = α10) 
for simplified models, open-cell models and closed-cell 

models. Fundamental natural frequency terms for transverse 
dynamics are presented in Fig. 4a–c for clamped–pinned, 
pinned–pinned and clamped–clamped boundary conditions, 
respectively, and for axial vibrations in Fig. 5a–c. It can be 
seen that increasing the uniform porosity leads to lower 
fundamental axial and transverse vibration frequencies and 
simple-cell model gives higher-frequency terms for all the 
porosity models and boundary conditions.

Similarly, for linear and parabolic variation of porosity 
through the beam thickness, the axial and transverse fun-
damental frequency parameters are shown in Figs. 6 and 7, 
respectively. It can be seen that changing the porosity from 
uniform to linear and parabolic models, the same trend of 
stiffness softening behaviour is observed.

By comparing the fundamental frequency terms for axial 
and transverse vibrations in Fig. 8a–d, it can be seen that for 

Fig. 7   Parabolic porosity 
imperfection effect in vary-
ing the fundamental vibration 
frequencies for simple-cell and 
closed-cell clamped–pinned 
models: (a) transverse vibration; 
(b) axial vibration

(b)

(a)
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the simple-cell model, changing the porosity model from 
uniform to linear and parabolic, the fundamental frequency 
terms increase for both the cell models.

4.3 � Influence of mass imperfection

In studying the influence of mass imperfection, the posi-
tion and the mass weight play the dominant role. Accord-
ingly, the previous beam model is considered for closed-cell 
porosity model and different boundary conditions. Figures 9 
and 10 show the variation of the fundamental natural fre-
quency terms for the first three vibration modes of linear 

and symmetric pinned–pinned porous models, respectively. 
Similarly, results for clamped–pinned and clamped–clamped 
beam models are presented in Figs. 11, 12 and 13. It can be 
seen that the first mode of vibration is highly sensitive to 
mass imperfection around the middle of the beam, while 
the second mode is more sensitive to mass around a quarter 
length.

To have a better understanding of the influence of porous 
imperfection on the mass sensing of the structure, Fig. 14 
shows the variation of the fundamental frequency terms for 
different mass and position which shows that symmetric 
porous model shows more sensitivity to mass imperfection 
and this sensitivity becomes close to linear porous model by 
increasing the mass of the imperfection.

(a) (b)

(c) (d)

Fig. 8   Influence of varying the porosity model on the vibration response: (a) transverse vibration of the simple-cell model; (b) axial vibration of 
the simple-cell model; (c) transverse vibration of the closed-cell model; (d) axial vibration of the closed-cell model
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Fig. 9   Influence of mass 
imperfection on the first three 
vibration modes of the pinned–
pinned linear porous model: 
(a) first natural frequency; (b) 
second natural frequency; (c) 
third natural frequency
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Fig. 10   Influence of mass 
imperfection on the first 
three vibration modes of the 
pinned–pinned symmetric 
porous model: (a) first natural 
frequency; (b) second natural 
frequency; (c) third natural 
frequency
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Fig. 11   Influence of mass 
imperfection on the first 
three vibration modes of the 
clamped–pinned symmetric 
porous model: (a) first natural 
frequency; (b) second natural 
frequency; (c) third natural 
frequency
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Fig. 12   Influence of mass 
imperfection on the first 
three vibration modes of 
the clamped–clamped linear 
porous model: (a) first natural 
frequency; (b) second natural 
frequency; (c) third natural 
frequency
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Fig. 13   Influence of mass 
imperfection on the first 
three vibration modes of the 
clamped–clamped symmetric 
porous model: (a) first natural 
frequency; (b) second natural 
frequency; (c) third natural 
frequency
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4.4 � Influence of geometrical imperfection

Geometry imperfection plays a dominant role in varying 
the fundamental frequency terms of multiphase structures. 
Accordingly, in this subsection, the influence of considering 
the geometrical imperfection in obtaining vibration response 
is discussed. The beam is assumed with the length of 2 m, 
thickness of 10 cm and width of 20 cm. The total volume 
fraction of the CNT is varied from 0 to 5% and its volume 
fraction on the left side is assumed to be 0.3 of the CNT 
volume fraction varying through the beam with k = 2. Poros-
ity is varied using the nonsymmetric function presented in 
Eq. (11) with α0 = 0.3. Mass imperfection in the system is 
considered by having x0 = 0.3L and m0 = 10 kg. Figures 15, 
16 and 17 show the variation of the first two fundamental 
frequency terms for different boundary conditions by vary-
ing the geometric imperfection and CNT volume fractions. 
It is seen that for all the three boundary conditions, the first 
natural frequency term is significantly sensitive to imperfec-
tion and this sensitivity slightly increase by increasing the 
CNT volume fraction. The second frequency mode is less 
affected by the imperfection in the beam for all the boundary 
condition models.

4.5 � Influence of CNT distribution

In this section, the role of adding CNT fibres and its distri-
bution model in strengthening the system is discussed. By 
varying the CNT volume fraction through the length of the 
beam following

where Vt = 0.05 and k and R as the varying terms, the 
CNT distribution is as shown in Fig. 18. For this type of 
fibre distribution through the length, the fundamental fre-
quency terms are obtained and presented in Fig. 19a–c for 
pinned–pinned, clamped–pinned and clamped–clamped 
models. It can be seen that increasing the CNT fibres has 
a significant effect in stiffening the structure. While for 
clamped–pinned and clamped–clamped beam models, the 
varying term R has higher effect in varying the frequency 
term; however, for the pinned–pinned model, both k and 
R terms show almost the same importance in varying the 
frequency parameter.

(37)V(x) = RVt(1 − x)k +
k + 1 − R

k
Vt

[
1 − (1 − x)k

]
,

Fig. 14   Comparison between linear and symmetric porous CNT-strengthened pinned–pinned beam models in sensing mass imperfection
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5 � Conclusions

A general formulation for modelling different types of 
imperfections (porosity, mass and geometric) in strength-
ened beam structures with different boundary conditions was 
presented in this study and the coupled vibration response of 
the system due to imperfections was investigated. Porosity 

was modelled using simple-cell, open-cell and closed-cell 
porosity models which are assumed to be uniform through 
the thickness of the beam or vary using linear, parabolic, 
symmetric and un-symmetric functions. Mass imperfection 
and geometry imperfection were modelled using a concen-
trated attached mass and initial deformation in the system. 
Coupled equations of motion were obtained and solved for 
pinned–pinned, clamped–clamped and clamped–pinned 

Fig. 15   Influence of the geometrical imperfection on the first two 
natural frequency terms for clamped–clamped non-symmetric CNT-
strengthened beam model: (a) first mode; (b) second mode

Fig. 16   Influence of the geometrical imperfection on the first two 
natural frequency terms for pinned–pinned non-symmetric CNT-
strengthened beam model: (a) first mode; (b) second mode
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imperfect CNT-strengthened beams using Hamilton’s prin-
ciple and a modal decomposition technique, respectively. 
The current methodology is verified using FE simulation for 
simplified models and novel results for complicated models 
were presented. It was shown that:

•	 The porosity imperfection in the system can cause a sig-
nificant effect in decreasing the natural frequency terms 
especially in lower modes of vibration. This effect is 
higher for transverse vibration compared to axial vibra-
tion response.

•	 It is shown that open-cell and closed-cell models give 
almost the same results in both trend and magnitude. 
However, the simple model has higher-frequency results 
for both the axial and transverse vibrations.

•	 Influence of mass imperfection is presented for different 
types of boundary conditions. It is shown that symmetric 
porous AFG imperfect CNT-strengthened model is more 
sensitive to mass imperfection in the system compared 
to linear porous models, especially for lower mass mag-
nitudes.

•	 Even small imperfection can make a considerable 
increase in the fundamental transverse vibration response 
of the system; while for the axial vibration, this effect is 
less.

•	 Varying the distribution of fibres through the length can 
impact the imperfection effect on the system; for the 
studied cases, it was shown that by increasing the CNT 
volume fraction, the fundamental vibration frequency 
increases following the given distribution of fibres.

Overall, since results and discussions in this study are 
presented for the first time, the outcome could be used as a 
benchmark for further theoretical and experimental studies. 
Optimisation methods can also be used for further investi-
gations to optimise the mechanical behaviour of the CNT-
strengthened structures for a specific design purpose.Fig. 17   Influence of the geometrical imperfection on the first two 

natural frequency terms for clamped–pinned non-symmetric CNT-
strengthened beam model: (a) first mode; (b) second mode
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Fig. 18   CNT fibre volume 
fraction distribution through the 
length with respect to R and k 
for (a) k = 1, (b) k = 2, and (c) 
k = 5
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Fig. 19   Influence of CNT 
fibre volume fraction distribu-
tion through the length on the 
fundamental natural frequency 
term for non-symmetric porous 
imperfect beams (a) pinned–
pinned, (b) clamped–pinned, 
and (c) clamped–clamped
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