Engineering with Computers (2022) 38:2051-2066
https://doi.org/10.1007/500366-020-01194-6

ORIGINAL ARTICLE q

Check for
updates

Existence and uniqueness results and analytical solution

of the multi-dimensional Riesz space distributed-order
advection-diffusion equation via two-step Adomian decomposition
method

Pratibha Verma' - Manoj Kumar'

Received: 28 July 2020 / Accepted: 6 October 2020 / Published online: 22 October 2020
© Springer-Verlag London Ltd., part of Springer Nature 2020

Abstract

In this article, we introduced for the first time the two-step Adomian decomposition method (TSADM) for solving the
multi-dimensional Riesz space distributed-order advection—diffusion (RSDOAD) equation. The TSADM was successfully
applied to obtain the analytical solution of the multi-dimensional (RSDOAD) equation. The analytical solution has been
obtained without approximation/discretization of the Riesz fractional operator. Furthermore, new results for the existence
are obtained with the help of some fixed point theorems, while the uniqueness of the solution was investigated employing
the Banach contraction principle. Finally, we included a generalized example to demonstrate the validity and application of
the proposed method. The obtained results conclude that the proposed method is powerful and efficient for the considered
problem compared to the other existing methods.
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1 Introduction

The theory of fractional calculus has been more focused
and getting attention of the researches in the different areas
of science and engineering [1-3]. Fractional calculus is an
updated version of the standard calculus, in which the the
operators (derivative/integral) are of fractional order. Nowa-
days, studies of fractional calculus have received consider-
able attention [4—8]. The authors proposed a unified method
to solve time fractional Burgers’ equation with the Caputo
derivative. Using numerical methods, the authors obtained
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approximate solution and compared the obtained results with
the exact [9, 10].

Furthermore, the analytical solution of fractional differ-
ential equations are difficult to find and has not been the
focus of much attention. Therefore, a numerical approach is
needed for solving fractional differential equations (FDEs)
[11, 12]. The most developed methods for the numerical
approximation of FDEs are spectral methods, spectral col-
location method, Adomian decompostion method (ADM),
improved collection method, Sinc collocation methods, and
so on. Many works have done on the existence and unique-
ness of the FDEs. The most urgent problems listed are how
to confirm the existence and uniqueness of the FDEs for the
solution and find the existence of the method which provides
the analytical solution of the FDEs [13-15].

For the first time, Caputo investigated the use of differen-
tial equations with distributed-order derivatives for general-
izing stress—strain relations of unelastic media. Further, He
discussed distributed-order time/space fractional differen-
tial equations and obtained the solutions with closed-form
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formulae of the standard problems. The difference between
these two problems is also significant, according to the
results funded by the Caputo. There are several numerical
methods developed for obtaining the approximate solution
of these equations, but such a method does not discuss which
gives the accurate solution without the use of the discre-
tization, linearization, and other approximations process
for the operators. In [16], the author uses the second-order
accurate implicit scheme for the one/two-dimension Riesz
space distributed-order advection—dispersion equations in
which the Riesz space distributed-order advection—disper-
sion equations are converted into multi-terms Riesz space
distributed-order advection—dispersion equations with the
help of discretization by using the midpoint quadrature rule
of the operators. Additionally, we discuss the stability and
convergency of the method and also analyze the obtained
results. Hui Zhang et al. [17] investigated the approximate
solution of the two-dimensional Riesz space distributed-
order advection—diffusion equation by using a Crank—Nicol-
son alternating direction implicit (ADI) Galerkin—Legendre
spectral scheme, in which they have used approximation for
the distributed-order Riesz space derivative to convert the
considered problem into a multi-term fractional equation.
The obtained solution has higher computational accuracy
compared to other numerical methods. Moreover, discussion
on the solution of the Riesz space distributed-order advec-
tion—dispersion equations was done in literature for one/two
dimensions, not more than two dimensions, and the approxi-
mate solution w as obtained by using numerical techniques
with high computation.

The Adomian decomposition method (ADM) was used
to obtain the approximate solution of FDEs and is very reli-
able for these problems. Further modification was done to
improve the method. Namely, the modified ADM [18], the
new improved ADM [19], the new modification ADM [20]
and also many improved versions of the ADM have been
presented in previous works. All improved versions of the
ADM always gives the approximate solution for non-linear
FDE:s. In this article, we consider the method, which is also
an improved version of standard ADM, but reduces the com-
putation and provides an analytical solution for non-linear
FDEs in just one iteration called the two-step Adomain
decomposition method (TSADM) [21-24]. If the TSADM
applies to the problem, then the method always provides the
analytical solution; applicability means the zeroth term of
the series has included the term, which satisfies the problem
and associated initial/boundary conditions.

We consider the multi-dimensional Riesz space distrib-
uted-order advection—diffusion (RSDOAD) equation and tar-
get to find the analytical solution of the RSDOAD with the
help of the TSADM. The target was achieved without con-
verting the operators into multi-operators, which reduces the
difficulties of the problem. If we choose any approximation
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technique, the problem becomes more and more complicated
by increasing the dimensions of the problem. All numerical
methods can be used to solve these types of equations with
some drawbacks for one/two dimensions, but after increas-
ing the dimension finding an approximate solution becomes
highly complicated. The proposed method in this paper is
highly efficient than other numerical methods for the solu-
tion of the Riesz space distributed-order advection—diffu-
sion equation for multi-dimension and gives the accurate
solution without the use of the approximation/discretization
such as numerical methods. The applicability of the pro-
posed method can be proved by taking arbitrary dimensions
of the equation and the analytical solution is obtained in just
one iteration.

The primary objective of the present work is to find the
analytical solution for the multi-dimensional RSDOAD
equation by using the TSADM. Moreover, we have obtained
new results for the existence and uniqueness of a solution.
To prove the efficiency of the TSADM, we have consid-
ered a generalized example with a generalized source term,
compared them with other numerical methods and then
concluded the analysis of the result. The TSADM gives the
analytical solution in just one iteration, and this is one of the
main advantages of the proposed method.

The plan of this paper is listed as follows. In Sect. 2, we
present some preliminaries from fractional calculus and
introduce definitions, properties, and lemma of fractional
operators based on Caputo sense, and also some essential
theorems and lemmas, which are needed in the proof of the
main results. In Sect. 3, the main results based on the Banach
contraction principle and some fixed point theorems have
shown and proved. In Sect. 4, we describe the TSADM for
the muti-dimension RSDOAD equation. In Sect. 5, the pro-
posed method was applied to solve the generalized example.
Finally, conclusions are drawn in Sect. 6.

2 Preliminaries

We describe some basic concepts of fractional integrals
and derivatives, along with their properties. We adopt the
Caputo’s definition of fractional derivatives, which is very
popular in the field of applied mathematics. Furthermore,
we describe some theorems and lemmas, which are further
used to prove the existence and uniqueness conditions of the
considered problems.

Definition 1 ( [22, 23]). A real function g(y), y > 0, is said
to be in the space Cy, if § € R, there exists a real number
v(> 0), such that g(y) = y"g,(y), where g,(y) € C[0, o0) and
it is said to be in the space Cy if g" € Cy, n € NU {0}.
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Definition 2 ( [22, 23]). The Riemann-Liouville fractional
integral operator of order ¢ > 0, of a function g € Cy,
6 > —1, is defined as

Jo8(n) = o)
10,800 = g).

/(y &) 'g(&)ds, >0, y>0.
ey

The following properties of the operator J°: can be found in
[22,23].Forg e Cy,0 > —1,0,w > 0and { > —1,

(i) J7I7g(3) = I g(y). @
(i) JTIY8(y) = JPT7 (). 3)
U e+ .

(lll) Jy 9 = my +§. (4)

The Caputo derivative is a modified version of the Riemann—
Liouville derivative, which removes some disadvantages of
the Riemann—Liouville derivative for fractional derivatives.

Definition 3 ([22, 23]). The fractional derivative of g(y) in
the Caputo sense is defined as

_ 1 Y ol
DO' = Jl’l O'D’l - - n—o n d s
V80 =J°Dig(y) =0 /O =8 g (6)dg
)
forn—-1<o<n neN, y>0, geC’il,and
D;’A =0. (6)

The Caputo’s fractional derivatives are linear operators, as
we have

DZ(As(y) + Bh(y)) = AD?s(y) + BDIh(y), 7
where A and B are constants.

Definition 4 ( [22, 23]). For every smallest integer n, which
exceeds o, we can define the Caputo time-fractional deriva-
tive operator of order ¢ > 0 as

9°w(y, &)
I
1 & n—o—10"w(y,7)
I'(n—o) -/O (é T) : Jat : dT

w(y,8) =

n—-1<o<n,

w8 .

PR c=n€eN.

3
Definition 5 ([22]). Consider the function F,(n) = #"(1 — 1)',
n €[0,1], wherer=1,2,3, -+

The analytical expression for the Riesz derivatives of the
above function is as follows:

IEM _ Z (=D)Lri(r + L)
aglr 7 Lir=DIT(r+L+1-p)
[ 77 + (1 =)+, )
where , = 5. p # 1.

The following basic lemma also helps us to obtain the
solution of some considered problems.

Lemma1 ([22-24]). Ifn—1<oc<n,neNand g € (7,
60 > —1, then

D,°J78(y) = gy, (10)

n—1 q
SD,7g0) =0 = L g"0D, v >0, (1n)
q=0 '

Definition 6 An operator is called completely continuous, if
it is continuous and maps bounded sets into precompact sets.

Definition 7 Let (Y, || - ||) be a normed space. A contrac-
tion of Y is mapping P : Y — Y that satisfies, for every

Yy €7,

I1PG) = PO < Sy — 2l

for some real values 0 < 6 < 1.

The following lemma was obtained by using the Caputo’s
derivative definition, which has played a significant role in
our analysis.

Lemma 2 ( [22-24]). Let 6 > 0, then a general solution to
the homogeneous equation

D3y () =0 (12)
is given by

w(y) = ay+ayy +ay? +ay’ + - +a,_y"!

4 €R,j=1,2,~,m~1(m=[o]+1). (13

Lemma 3 ([22-24]). Let 6 > 0, then we have
Jg. DL ()

=wO) +ag+ay + @y’ +ay + o a, Y (14)
ajER,jz 1’2’...’m_ 1(m= [G]+l)

Theorem 1 (Banach fixed point theorem, [22-24]). Every
contraction mapping on a complete metric space has a
unique fixed point.

Theorem 2 (Schaefer’s fixed point theorems, [22-24]).
Let P . Y — Y be a completely continuous operator. If the
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set S(P)={y€Y :y=c*PQ@y) forsomec* €[0,1]} is Ql{(alf) >0, Ql((alf) Z 0, alf € (1,2),

bounded, then, P has fixed points in P. 1 (18)
0< / Ql(a))da; < oo,

Theorem 3 (Arzela-Ascoli Theorem, [22-24]). Let Y be a 0

compact metric space. Let C(Y,R) be given the sup norm

metric. Then a set P C C(Y) is compact iff P is bounded, — Qmsj@n) 20, Opifa, ) # 0, a,,; € (1,2),

closed and equicontinuous. 2 (19)
0< /1 O,sj(aty,,)day, ; <

3 Main results for the existence Qﬁ,,ﬂ-(aﬁ,,ﬂ-) 20, Q@)% 0.

and uniqueness of solution m+] e (1,2), 0)

Consider the multi-dimensional Riesz space distributed-
order advection—diffusion (RSDOAD) equation, which is
described as follows:

aV( m+]’ o 2 0%V
— Zw,- / 0, 3o

9%+
+ 3 oy [ Oufan) i,
] —1

a)f/] Qf(af)ﬂdaf (15)

+ Z m+j/ m+j m+j

]—1 xm+j|
i=j
+F( i m+179) ( i m+j’9) S QXI,

with the initial and boundary conditions

V( m+j’ ) ( m+j’ 9)

(S 0Q X I,Xi = (X-)i_() 1,2, ...m’Xm+j = (xm+j)j—l 2,n ? (]6)
V( m+/’ 0) VO( m+1) (X m+1) € Q

where [I=(0,0], Q:H;’;O(O,k)xﬂ'}_l(o,k),

i=j

F(X; m+],9) is the source and sink wi,wl’. >0,
i= 0, 1,2 ,m are the diffusion coefficients,
Wipjs W > 0,j=1,2,-,mare the average velocities, and
Oi(a)), Qm+j(am+j) Q:(a’) Q;nﬂ(ocer ) are non-negative and

bounded weight functions that satisfy the following
conditions:

Qi(ai) >0, Qi(ai) ¢ 0,

2
o €(1,2), 0< / Qi(a))da; < o0, {17
1
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/ ! /
0< /0 Qm+j(am+j)dam+j < 0.

The Riesz fractional derivatives [25, 26] on a finite domain
[0, k] are described as follows:

0%V
o|x;|%

1 a
=———(,DV +,D'V), (21
2cos(—0!’2 ) O ok

O<a;<2,0;#1,i=0,1,2,---m

9%V
alxm+j|am+j
= ; it
2 cos( am+f77) 0™ X
V+Xm+, wv) O0<a,<2a,,;#1j=12,-
(22)
Forc—1 <y < ¢, c €N, the operators ODV, ODV and DV
xmﬁDk are defined as follows:
DIV = —
i Ie=p)
¢ X (23)
/ (o — a)c—y—l V(xy, %y, ,X;_1,a,0)da,
ox; Jo
1)
DYV ( )
F(C =)
(24)
Xp, v, Xy, 4y 0)da,
D V=1
m - Te=p)
C Xntj
: / / (25)
axm+j
(xm+j - a)ﬁ—}'—l Vixy,xy, Xpj1- Gs 0)da,
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(=1
DV=—o——r
ik e =)

o [*
o0x* ;
m+j

m+j

(26)

(a—=x,,.)7" Wy, x,, s Xpij15 as 0)da.

In this section, we demonstrate the existence and uniqueness
of the solution for the problem given by the Egs. (15, 16) by
using a fixed point theorem.

We denote C(y, R) as the Banach space of all continu-
ous functions from Q X I = y into R with the norm || - ||,
defined by |Vl = sup {IV(X;. X, O1:(X;. X,,,. 0) €y}
('see [22-24]).

Definition 8 A function V(X;,X,,,;,0) € C(y,R) is known
as a solution of the problem (15 16), if V(X;, X,,;, 0) sat-
isfies the multi-dimensional Riesz space distributed-order
advection—diffusion (RSDOAD) equation and the associated
initial/boundary conditions.

The following assumptions are use to prove the unique-
ness and existence of solution for the problem (15, 16).

(§)) There exist non-negative constants M, , M,,, M,

m+j

andM, ,i=0,1,2,---m, j=1,2, - nsuch that
m+j
0%V, 0%V,
e | < MalVi = Val
AR |x;|%
%'V, 0%V, | Vil
X - —r — ai’ - Vab
olx; | olx;|%
aanﬁ-j Vl 3 aamﬂ' V2
012,41 Ol
! !
<M, |V, =V, oV I,
= ey L 2D ) Qo9 @
B 7] b A

S Ma//rx+/| V2| V( m+]7 0) E II/

(S,) There exist non-negative constants v, , ¥,/ X . and
2 A s

Xo -1=0,1,2,---m, j=1,2, - nsuch that
m+j

2 1
=/ |Q;(a)|da; < 00 X! :/ |Q;(al{)|dal( < o,
1 0
2
Iam*—] :/ |Qm+J(am+J)|dam+J

1
_ ’ ’ ’
<00, Yoy = /0 1Q,,4(@,, lday, . < 0

(S3) The function F : C(y) — C(y)is continuous and there
exists B, > 0 such that

|F(X;, X4, )] < By, V(X;, X4, 0) € 0.

(S,) The function V,, : C(Q) — C(2)is continuous and there
exists B, > 0 such that

|V0( m+j)| < B29V(X m+j) € Q

(Ss) There exist non-negative constants p, , p,, p,, . and
> Pal> Pa,,,

Py -1=0,1,2,--m, j=1,2,---nsuch that

m+j

L% 0%V

<1, |‘ : _,,,|V|,|—
a|xi|a, i x| “ 01,41 "
a mﬂv
<P, WV | ————| S pw IVI VX, X, 0) Ew.
alx | m+j

m+j

(S¢) There exist non-negative constants Hays Hats Mo and

m+j

“a,’,,+,-” =0,1,2,---m, j= 1,2, --- nsuch that
0%V o | 0%V | 0%V
P R P I A P
L 1 l
0%V 9"
< /’la»lx:’, YN < My |x/'/|7 N7 o
' x| R 7 1 P
i m+j
, aar/n+jv ,
Mamﬂ| m+j|, W S Ha xm+j|,
xm+j ’
!
()O’ij " ()amﬂ' 1%
2 < Y P S,
' Al o | < Hans P | 25—
m+j |xm+j| !

< oy VG X, 0 0) € v
Our first result is based on the Banach fixed point theorem.

Theorem 4 Let the hypotheses (S1) — —(S2) hold. If

@( 2 || o M

+2|w | oMoy + Z |y Ay M,

j=1 @7)
i=j
n
) |win+j|%af,,+,-Ma;+,> <l
j=1
i=j

then, the problem (15, 16) has a unique solution on C(y, R).
Proof We will convert the problem (15, 16) into a fixed point

problem. Consider the operator X : C(y,R) —» C(y,R)
given by

@ Springer
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VX, X,ps ) = Vo(Xi, X))
+ Jg< Z a)i/ Qi(ai)aal—‘l/ad

+ 2 m+j/ Qm+j(am+] 0| |am+jd
j = 1

3 w’. / 1 Q’.(a. ‘)a"rv da! @85
9%V
+ 2 m+j/ Qm+j 'In+j ——da r/n+j
j=1 Ixm+j| m
i=j

+ F(X, mﬂ,e)).

2 9%
|2V = ZV,| = ‘(Vo( Xnas) +Je< Z / Qi)
1

olx;

We observe that the fixed points of the operator X are the
solution of the the problem (15, 16), and with the help of
the Banach contraction principle, we prove that X has a
fixed point. We shall first prove that X is a contraction. Let
V1.V, € C(y, R). Then, for every (X; 0) ey

m+/ ’

V1 J n 2 0“m+iV1 4
o 4%+ Z D | Qm+.f(“m+j)_a|xm+j|am+, %+
i=

=1
i=j
m+[V1
Q(a) d P+ Z Qmﬂ i) 3y Wy + F 0 X0
m+j
i _]
aﬂ‘mwv2
— VO( m+j)+‘]9 Q(a)a| d(x + Z m+] Qm+j m+] |0‘m+j am+j
i=j
oy, 29)
/
/ Q( ) + Z m+// m+/ m+/ a d m+/+F( m+l’9)>>‘
m+j| K
l—]
m 2 ] ; a, Qi
0% Vl 0% V2 0 m+j‘/ 0%m+i V2
</J . (a: - a; + O
- 6(; |wl|—/1 |Ql(al)| ()|xl.|‘1i a|xi|a Z |wm+j|/ |Qm+j(am+])| | m+j|am“ 0|Xm+j|am” "
i =j
aa; V2 aaiﬂﬁ Vl aa:ﬂﬂ' V2 ,
+ |w|/|Q( )|‘—1 ,da;+ ) I/IQm a ‘ . " |da! .
Z ol alx” & o e
i=j

<Z |60 |)(aM + Z |a)m+f|'¥am+/ Finj + Z |Cl) |}(a/M + Z m+/ m+/ am+/> IVl - V2|

j=1 j=1
i=j i=j
(ZkomM + Z |0yl £, M +Z|co | Moy + Z |0, Xe a;,”)uvl—vznoo
j=1 j=1
l—j l—]

@ Springer



Engineering with Computers (2022) 38:2051-2066

2057

Hence, X is the contraction due to the condition (27). By
Banach contraction principle, we can deduce that X has an
unique fixed point which is the unique solution of the prob-
lem (15, 16). O

Proof We subdivide the proof into several steps.

Step 1: The map X is continuous.

Let V, be a sequence such that V, — V in C(y, R). Then
for each (X; Knsjs 0) € v, we have

2 a4V,
|2V, —2ZV| = ‘ <V0( X)) + Je( Z /1 Qi(ai)md“z

aam+/V 1 aa,,V
{
+ 2 @ty [ Q@) @ / 0 ——
Z +j / +j + |’1m+/ - 0 al xtla’
j=1
i=j
PR
4
+ Z m+]/ Qm+] m+J o d +F( m+/’ 9)))
x | m+j
j=1
i=j
2 (30)
0%V
- <V0( X)) +J0< Z / 0/@)5rrard
1 !
9% fv , 1oy 9%V
+ Wy, Qm (am wi / Qi(ai !
Z +J/ +j +j al m+/ - 0 alxlla,
j=1
i=j
%V
+ Z m+]/ Qm+J m+] "ﬂ+ d +F( i m+/’9)>)’
j=1 Oy
i=j
< @( Dol 2, M, + Z |y Xy, M, Zw ZaMy + Z 1],y M, ) IV = Vil
i=0 ] =1 ] =1
i=j i=j
Our second result is based on the Schaefer’s fixed point ~ Since X is continuous, we imply that |2V, — 2V]|, — Oas

theorem.

Theorem 5 Assume that (S1) — —(S6) hold. Then, the prob-
lem (15, 16) has at least one solution on C(y, R).

{ — o0

Step 2: The map X maps bounded sets into bounded sets
in C(y, R).

Let r. :={VeCw,R): ||V],<ee>0}
IVilg := {sup |V| (X;, X4, 0) € 1//}. We have, for all
Venrn,
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IZV(X; 0| =

m+/’

+ Z O / Qo (U)) 57— a| il

j=1
i=j
’ a m+]V
+ Z m+]/ m+j m+j |x |a
] =1 m+j
i=j

: 0%V
< Voo Xl + lel |Qi<a,«>|‘w

9%+
+ Z |04, / 14 ()] Wa’“m

m+j

j=1
i=j

aar/‘rt+jV
+ Z m+j|/ |Qm+j m+j o d

i | Xt
m+j

i=1 olx

i=j

n

m
SBZ++19<Z|w,-|xafpa,.|V|+ Y 0wl e, P

i=0 ]_1

i=j

m n
= B2 + 9< Z |wi|){”‘ipai + 2 |wm+f|xam+_;‘pam

m+j

VO( m+]) + J0 < / Q ( ) la
i=0

5" of / 0/ LY e
- 0 olx;|%

——dd .+ F(X;

m+j

m+]’ 0)> ’

oV iV, ‘d(xl'
olx;|*
da!, 4T IF er,,19)I>
MR CAPA SR Y AP |V|+B>
i=0 —
j=1
i=j

2 | | Yo P + Z m+] X!, jpar/n+f>|V| + 0B;.

i=0 j=1 j=1
i=j i=j .
“zv( mﬂ,a)” < 00, Y(X;, X, 0) € . (33)

Hence,

|EV( m+j70)| SBZ+®<Z|wt|/¥(11pal
i=0

+ Z |wm+/|Xam+jpam+/ + Z |(,0 I/’{/a pa

j=1

i=j
+ Z m+/ xam-ﬂ r’n+>€+®Bl =C
j=1

i=j

Finally, we observe
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(32)

Therefore, we conclude that the operator £ maps bounded
sets into bounded sets in C(y, R).

Step 3: The map X maps bounded sets into equicontinu-
ous sets of C(y, R).

Let us consider V€, (X, m+j, 0) € v, where
i=0,1,2,--,m, j=1,2,---,n and X <X/, X,’H] X:};H
0 < 9”.Then,
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IZV(x.. X, .00 - ZVX]. X, . 0")] = ‘(Vo(X', X,.)
a m+j )
+J9’< / Q(a) a| ’|a da + 2 m+1/ O /(@) ! |a,u+,d m+j
i=0
i =]
0“ "’*fv 1yt ’
/ Q( ) | ,la d 1+ Z m+]/ Qm+] m+] |.X | ,’n+jd +F(X’Xm+] 0)>>
i =j
0d m+/V
- <V0( ,{/9X,,,£+j)+*]6”< / Q((X) | ,,|ad + Z m+j/ Qm+j(am+j | 1" |amﬂdam+j
i =]
9"V 1"y 7
/ Q( ) | ,,la + z m+j/ Qm+/ m+/ | ) |ar,n+jd m+]+F(X ’Xm+] o )>>‘
gl
i =J
< |VO(X,’ m+_]) - VO(X// Xl:’:+j)| + ]9'< / Q (a) I lla @
i=0

0%+
+ Z m+1/ Qe (Xys) ol | I“'"ﬂ Fme, /Q( )al '|“ i

J _ 1 m+]
i=j
a m+/ v m
+ z m+j/ Qm+j m+j , mﬁd r/rl+j> = Jon < z / 0 (a)a| //la @;
j=1 |xm+j " i=0
i=j

i
+ Z m+j/ Qm+] m+] Iu |0’m+/ Ay, /Q( ol ”Ia i

j= 1
a m+/V ,
m+j/ Qm+] m+] | 1" |am+jd >

l_

+Jy|FX, X!

m+j’

0)| = Jgu|FX!, X!

m+j’

0//)|

n

=1
=j
m
Dl o b (X = WD+ Y 10l e, e, (| = B D
i=0 _
j=1
i=j

(

m
+ D10 o (6] = 1) +
=0

VR

n
/ !
3 b2, s ) = Wi )
j=1
i=j

(34)
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This implies that |2V (X, X! ., 0") — ZV(X' X"

m+j’ m+j’ 0,/)”00 -
le’, X}’n X” ,0" — 0" the right-hand side of
the above inequality tends to zero. As a direct consequence
of the steps mentioned above along with the Arzela-Ascoli
Theorem, we conclude that £ : (y,R) - C(y,R) is con-
tinuous and completely continuous.

Step 4: The map X is priori bound.

Finally, we show that the set

0 :={V e Cy,R);V =ex(V)forsome0 < & < 1}

is bounded.

LetV € O, then

is as Xl’

VX, X, 0] = [€2(V(X;, X,

VO( m+J)

m 2

0 IYX+_/V
+ Z D / ) dlx,, |am+,d

N

<eXx

j= 1
t=J (35)
9% V
0 m+jV
+ Z m+// Qm+/ m+/ "’,’n ——da r,n+j
] =1 'xm+]| ]
i=j
+F(X, mﬂ,o))‘.

From the Eq. (32), we obtain the following expression:

m
|V( m+j79)| SEX <BZ+®<Z|w1|Ia1pa,

i=0

+ Z |a)m+]|)(am+/pam+j + Z |a) |)(aa paa’

j=1 (36)
i=j
+ z m+] /Yam-u r’n+j>€+®Bl>'
j=1
i=j

Hence, ||V]|, < o

The above proof shows that O is bounded. As a conse-
quence of the Schaefer fixed point theorem, we deduce that
V has a fixed point which is a solution of the problem on
Cly,R). O

@ Springer

4 Description of the TSADM

Considering the Eqgs. (15, 16), we describe the TSADM as
follows:
The operator form of the Eq. (15) can be written as

m 2 gay
D9 V( m+j’ 0) = Z ; / Qi(ai)mdai
i=0

+ 2 m+j/ Qm+j(am+j a| I“m+jd

J = 1
1 ’
ai 7
a):/ Q:(a;)a—‘f‘,da; 37
3%V i ,
+ Z m+]/ Qm+j m+j - m+j
j=1 A T
i=j
+ F(X;, X, 0)-

Applying the inverse operator J, of D, into Eq. (37), we
obtain

V( m+j’ 9) VO( m+j)

( /Q()

0%V
+ Z / Qm+/ m+/ al |am+]d m+j
+j

77'[

j= 1
i=
0% V (38)
/ Oi(a )
o 0d '/"*jv ’

+ Z m+j/ J m+] |a,’n+j dam"'j

j=1 xrn+j

i=j
+ F(X; m+], 9)) .

The recursion formula for the TSADM from the Eq. (38)
is given as

V()( m+]’ )

+J, (F( Xype 9)),

VO(X m+/)
(39)

and
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Vit (X X, 0) = Jg< /Q(a)al -
i=0
a“mﬂv

+ Z / Qm+/ m+/ |am+] dam-l—j
j=1
i=j

m 1 aa{ 1%
+ Yol [ o
i=0 0

L da;
9lx;|%
n

1 0% v,
+ C(), . / Q, A((X, ) —da’ .
“ m+j 0 m+j T mtj a |X |ar’”ﬂ m+j |’

m+j

(40)

=J
where p =0,1,2, ---.

The first iteration for the Eq. (39) can be split into several
components as

where 6, 6, 0,, - -+, 8, are the terms obtained from integrat-
ing the source term F and from the given conditions.

If we choose any of the terms from Eq. (41) as V;, and it
satisfies the main Eq. (15) and the given conditions, then we
get the exact solution and terminate the process. If V;, does
not satisfy the Eq. (15), then we choose another term and
repeat the process until we get the exact solution. If any term
in the Eq. (41) does not satisfy either the given condition or
the Eq. (15), then we will go to the next step of applying the
ADM to obtain the solution by choosing V,, = 6. Since this
method involves two steps, this method is known as the two-
step Adomian decomposition method (TSADM).

If the present method is applicable to the problem, then
the obtained solution is an analytical solution of the prob-
lem. The only limitation in this method is that the first term
(zeroth term) of the series contains verifying the term,
which satisfies the considered equation and associated with
the initial and boundary conditions. If there is no such term
involved in the zeroth term of the series, then we will obtain
a semi-analytical solution with its next step. For the next
step, we apply the ADM on the considered problem and
obtain the approximate solution without use of linearization
and discrtization. Moreover, the TSADM is a powerful and
efficient method for such types of the problem in caparison
with other numerical methods without linearization, discre-
tization and Adomain polynomial.

5 Applications

In this section, we consider a generalized example to show
the efficiency and applicability of the method in the present
article. We compare the obtained results with the other exist-
ing numerical methods and draw a conclusion on the basis
of the obtained result.

Example Consider the multi-dimensional Riesz space dis-
tributed-order advection—diffusion equation, described as

follows:
m 2
0%V
= z,wi/ Qi(ai)a—a

9%+
+ Z m+]/ Qm+/(am+1 al |am+]d

V(X

i’ m+j’

] = 1
6"{ V da (42)
a m+jV ,
’ Z i / Qi) | %y
j=1 xm+j
i=j
+F( m+/’0) ( m+/’9) S QX[,

with the boundary and initial conditions

VX, X s 0) = 0, (X, X, 0)
€ o0Q x1,

V(X X, 0) = [ [ 221 = x)?
i=0

n
2
X H xm+j m+]) (Xl’ m+j)EQ’

j=1
i=j
(43)
where I = (0,1], Q = J]7,(0, 1) x H’; _1 0, 1),
i=j
Qia;) = =2I'(5 — ;) cos =, Qj() = =215 - a’)cos =,
Qm+f (am+1) = =206 - m+j) cos mﬁ :n+/( r/n+/) -

m+/

- am +J) cos i
The source term is given by
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DH V( m+j’ 9)

w,’ / Qi) a()_“{l

F(X;, X1, 0) = e‘ngl-z(l - x;)?
i=0

n
x 1 1 =5

j=1 + Z Dt / Qs (Ws) a| |am+j T [ L
i=j ] = 1
e 2 2 -
—e J] 2t =% " | y (45)
%V
j=1
i=j
m a m+jV ’
[ Z - <G (x) + G,(1 —x, )) + Z m+] / m+] m+] o« dam+j
] =1 xm+j|
i < 0 ﬁ 2 2 i=j
+ ) o G(x)+G(1—x)>]—e x (1 —x)
P : ? 1 + F(X,, X, 0).
[ O <G 1 (o) + G (1 = xm+j)> On applying the inverse operator J, of D, into the Eq. (45),
iz we obtain
[ =j V( m+]7 9) V[)( m+])
- v
j=1 =
i=j 9%V
(44) + Z Wy / Qm+](am+] olx, |a i e de it
where i = : !
§2 -2 s*—5 m 1 PYaY (46)
G\(9) =T —ar | 222 - 22 + 3 / 0t
ra) [ Ss l -
+——|6s—2- = 9"V
Ins Ins + Z m+} / Qm+j m+] a,,n+. da;rH_]
3, 2% 2 j=1 Wl
(Ins)?2  (Ins)?|’ i=j
and + F(X; m+j,9)>~
G —3s
2(s) = T The recursion formula for the TSADM from Eq. (46) is
_ S3 - 52 V()( i’ m+]7 9) VO(XZ’ m+/)
(In 5)2 @7
+J9<F( m+,9)>,
+ IO e e L (705522 L 25| ’
ln Ins Ins Ins

and
The exact solution of the Eq. (42) is

H, =0 12(1 - X )2 X H =1 r2n+j(1 m+j)2'

i=j
The operator form of the Eq. (42) can be written as
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m
Vo1 (X, X4, 0) = Jg< / Q(oc)aI |a AO:eGHxiz(l —xl.)z
i=0 i=0
0%m+i V n
2 2 (51
+ Z / Ot (Cnsy) e s L x T %0 =57
j=1 j=1
i=j i=j
/ 48)
m 1 0%V
Yo [ o nd
i Jo 0lx;|% m
n 1 0% v, Ay = Hxi2(1 - x)
/ / ! !/ i —|
+ wm‘*’j '/() Qm+j(am+j) alx |ar’”+f dam+j> ’ =0 n n
i =1 m+j )
_. X 2 (=x, P =e ] 2,0-x,,"

where p =0,1,2, ---.
By solving Eq. (47), we obtain

VO—H 201 -x)* x H
j=1
i=j

2 (1

m+j m+J

+é’ Hxiz(l —x;)°

X H m+j (1 m+j)

j=1
i=j
9 2 2
H m+](1 m+]
j = 1

(o
i=0

+G,(1 —xl-)> w: <Gz(x)+G2(1 x))]

—eGsz(l —x)z[

m+j (Gl(xm-i—j) + Gl(l - xm+j)>

1
i=j

<G2(xm ) +G(1—x, +J.)>].
49)

From the above Eq. (49), the first iteration (zeroth term) of

the TSADM can be split into two parts as follows:
Vo=Ag+ A, (50)

where

j=1
i=j

Jj=1
i=j

[2 a)i<G1(xl~) +G,( —xi)>
+ ) o] <G2(x)+G2(1 —x))] —eGsz(l —x)

i=0
[ a)m+j<G1 (xm+j) + Gl(] - xm+j)>
j=1
i=j
+ m+, <G2(xm+j) +Gy(1 - xm+j)>]‘
j=1
i=j

(52)
Here, we generalize our problem and discover the general
analytical solution of the multi-dimensional Riesz space
distributed-order advection—diffusion equation.

According to the TSADM process, we choose the first
iteration as the term involved in the Eq. (50) and the term
satisfies the problem and the given conditions, so we termi-
nate the process and we obtain the solution of the problem.

Let us take Vj; = A and check that the assumption of V,
satisfying the Eq. (42) and also the given conditions. If this
choice of V,, is approved, then this implies that the chosen
term is a solution to the problem.

Let us take V;, = A as a solution of Eq. (42), so that it
satisfies the Eq. (42).

To prove V,, = A, is the exact solution of Eq. (42), we
substitute V,, = A in the left-hand side of the Eq. (42) and
hence we obtain
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OA -
0—90 =¢f Hxl-z(l - x;)?

X H X2 (= x,)7
j=1
i=j

(33)

Now, we calculate the terms on the right-hand side of the Eq.
(42) for A, by using Definition 5, as follows:

AO
i\&; dat
a|x;|%

1 o
9% A
) / /() ——da]
0 9|

(54
= m+j(1 — X)) [w,. <G1(x,») +G,(1 - x,.)>
! <G2(xi) +Gy(1— x,-)>] ,
and
m+/ AO
m+j Qm+} m+} al |am+/ m+j
() '“+1A0
m+] / Qm+j m+j m+/ a}/n+j

m+ | (55)

=ex*(1 —x,)? [ ,,,+,<G (xm+j)+G1(1—xm+j)>
- m+]<G2(xm+j)+G2(l m+j)>].

Taking summation on the both sides of the above equations,
we get

2 aa,-AO
w; Q,(a))——da;
- 1 x|
m 1 aai’A
o] / Oi(e)= —rda]
- 0 5%

m

=[] fn+j(1—xm+]2[2w<G(x)+G(l ))

]_1 i=0
i=j

m

+ Z o <Gz(x)+ G,(1 - x, ))]
(56)

and
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aam+/A
Z Qm+](am+] al |am+/ d(xm+j

j=1
i=j
0" m”AO ’
+ Z m+j / Qm+] m+J ajn B Fntj
J =1 |xm+]|
i=j
= []x2(1 - x)? (57)
i=0
n
[ z a)m+j<G1(xm+j) + G, (1 —Xm+j)>
j=1
i=j
+ Z m+j <G2(xm+j) + Gy (1 - xm+j)>] :
j=1
i=j

On adding the above equations, we obtain

n

¢ I i+,<1—xm+,->2[2w<6(x>+G(1 ))
_]=1 i=0
i=j

+ Z (Gz(x )+ G,(1 —x, ))]
+éf Hxl-z(l - ,vi)2
i=0

n

|2

m+j <Gl (xtr1+j) + Gl (1 - xm+j)>

j=1
i=j
+ Z m+j<c2(xm+j)+cz(1 —xm+j)>]

j=1

a“mﬂA
+ Z / Qm+j m+/ ()| da m+j

m |(X
Jj=1 v
i=j

m 1 a
0% A\
+Zw; / Qﬁ(a{)—o,
m+/A0

!
+ Z m+// Qm+/ m+/ |a/ _dam+/

J -1 ()| m+j

m+j
i=j

(58)
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By adding the source term F(X;, X, ;, 0) in the Eq. (58),
we finally obtain the expression for the right side of the Eq.
(42) as

¢’ Hx2(1 —x)? X H 22 (=%,

j=1
i=j

-y /ZQ( sl
- R T
dmi A,

+ Z m+j/ Qm+j(am+j ()| |"m+/ dam+j

j=1
i=j

m 1 o
0% A,
+ Z a)'./ 0'(a)—=2
parc i 0 [N ax o

0 m+/A ,
+ Z m+j/ Qm+j m+j P —— —da m+j

| m+j |* e

(39)

j=1
i=j
+ F(X;, X4 0)-

As we see that Eqs. (53) and (59) are the same, we con-
clude that the left-hand side of the Eq. (53) is equal to the
right-hand side of the Eq. (59). The result obtained proves
that V,, = A, satisfies the Eq. (42) and the given condi-
tions. Hence, the obtained solution is the exact solution of
the problem by using the TSADM. For the solution of the
considered problem, using numerical techniques is possi-
ble only on dimensions up to five. For higher dimension,
we face difficulties because the process of the techniques
needs approximation and discretization. The Riesz opera-
tor is involved in Eq. (42) with distributed integral, and the
approximation method firstly deals with this operator by
converting the multi-term Riesz operator after the solution
with the help of approximation. All procedures involved in
these methods increased the computation effort and required
a large size of memory space with time complexity.

6 Conclusion

The two main objectives achieved in this article are
described as follows:

1. Obtained the analytical solution of the multi-dimen-
sional RSDOAD equation.

2. Established the new existence and uniqueness results for
the multi-dimensional RSDOAD equation.

To address the applicability of the proposed method, we con-
sidered the generalized example and solved analytically. We
obtained new results of existence and uniqueness employing
with the fixed point theorem and the Banach contraction
principle.

In this work, the proposed method was successfully
applied to the problem. The obtained results prove that the
TSADM is highly efficient and convenient for solving such
types of problems. The TSADM was used for the first time
to solve the multi-dimensional RSDOAD equation and the
new condition for the existence and uniqueness for the prob-
lem was developed. If we use the numerical method [17] for
solving such types of problems, firstly, we have to approxi-
mate/discretize the Riesz fractional operator, and it causes
the roundoff error in the obtained approximate solution. Fur-
thermore, the adopted method does not use approximation/
discretization and even gives the analytical solution to the
problem in one iteration.
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