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Abstract
In the present paper, a new trigonometric two-variable shear deformation beam nonlocal strain gradient theory is developed 
and applied to investigate the combined effects of nonlocal stress and strain gradient on the bending, buckling and free vibra-
tion analysis of nanobeams. The model introduces a nonlocal stress field parameter and a length scale parameter to capture 
the size effect. The governing equations derived are solved employing finite element method using a 3-nodes beam element, 
developed for this purpose. The predictive capability of the proposed model is shown through illustrative examples for bend-
ing, buckling and free vibration of nanobeams. Comparisons with other higher-order shear deformation beam theory are also 
performed to validate its numerical implementation and assess its accuracy within the nonlocal context.

Keywords  Nonlocal strain gradient theory · Variational formulation · Finite element method · Static analysis · Free 
vibration · Elastic buckling

1  Introduction

Nowadays, nanostructures such as nanorods, nanobeams and 
nanoplates are receiving a great attention in nanoscience and 
nanotechnology, due to their extraordinary mechanical, ther-
mal, electrical, magnetic, and other properties [1–5]. Exam-
ples of applications and devices related to such nanostruc-
tures are oscillators [6], clocks [7], sensors [8–10], atomic 
force microscopy [11, 12], nano/micro electro-mechanical 
systems (NEMS/MEMS) [13, 14] and nano actuators [15, 
16]. In nanostructures, the size effect is no longer negli-
gible and becomes rather important. It is then necessary 
to take it account into the design of applications, such as 

those mentioned above. There have been many theoreti-
cal and experimental investigations for better understand-
ing and designing the mechanical and physical behavior 
of such small-scaled structures [17, 18]. It is known that 
classical continuum mechanics is a local theory that is size-
independent. So, it is not really appropriate for small-scaled 
structures as it does not allow to capturing the size effect 
in such small structures. To overcome this limitation, non-
classical continuum theories are developed. Whether being 
of integral or gradient types, these theories utilize one or 
several material internal length scale parameters. Examples 
of such nonlocal theories are the pioneer elasticity theory 
of [19, 20], the strain gradient theory [21–23], the modified 
couple stress theory [24], and the nonlocal strain gradient 
theory [25]. The nonlocal elasticity theory has widely been 
employed to analyze the bending, vibration, buckling and 
wave propagation of nanostructures. Among recent works, 
there are [26–30], and the critical review on the topic of 
nanobeam and nanoplate modeling [31].

The above-mentioned studies all point out the signifi-
cant influence that non-local factors can have on the static 
and dynamic responses of nanobeams. In particular, non-
local elastic theory can only be used to describe material 
softening effect, the hardening effect reported in many 
experimental studies cannot be handled by such theories 
[32–34]. The strain gradient theory proposed by Mindlin 
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[22] is a microstructure-dependent continuum theory 
developed to capture the hardening effect by enriching 
the classical continuum with additional material charac-
teristic length scales. In this theory, the total stress is a 
function of additional strain gradient terms to consider 
microstructural deformation contributions at small scale, 
hence, including higher-order strain gradients [35]. Based 
on such nonlocal strain gradient elasticity theoretical 
framework, several works have been devoted to study the 
mechanical behavior of small scaled structures. In [24, 
36–38], the linear and non-linear static, free vibration, 
and buckling responses of homogeneous or inhomogene-
ous small scaled structure are studied based on various 
shear deformation theories. In Li et al. [39], the flexural 
wave frequency response of small-scaled functionally 
graded Euler–Bernoulli beams is studied using a nonlocal 
strain gradient theory. Li et al. [40] studied the vibrational 
behavior of functionally graded nano/micro-scaled using 
a nonlocal strain gradient extension of a Timoshenko 
beam theory. Xu et al. [41] studied the nonlinear bend-
ing and buckling of nanobeam by a nonlocal strain gradi-
ent extension of Euler–Bernoulli beam model. Li et al. 
[42] examined bending, buckling and vibration of axially 
functionally graded beams by a nonlocal strain gradient 
extension of Euler–Bernoulli beam theory. Sahmani et al. 
[43] presented analytical solutions for nonlinear bending 
behavior of functionally graded porous micro/nanobeams 
reinforced with graphene platelets.

Allam et al. [44] analyzed the bending, buckling and 
vibration behaviors of viscoelastic FG curved nanobeam 
embedded in an elastic medium based on nonlocal strain 
gradient theory. Radwan et al. [45] studied the dynamic 
deformation of orthotropic viscoelastic graphene sheets 
under time harmonic thermal load. All of the previous 
mentioned studies were based on classical beam theory 
(CBT), first-order shear deformation beam theory (FSDT) 
and higher-order shear deformation beam theory (HSDT). 
The CBT is only applicable for thin beam, ignores shear 
deformation effects and provides reasonable results for 
slender beams only. However, it underestimates deflection 
and overestimates buckling load and frequency of moder-
ately short or short beams [46]. The FSDT accounts for 
the transverse shear deformation effect and gives accept-
able results for moderately short and slender beam [47], 
but needs a shear correction to compensate for the differ-
ence between the actual stress state and the constant stress 
state due to a constant shear strain assumption through 
the thickness [48]. In order to include shear deformation 
effects, several polynomial [49–51] and non polynomial 
[52–58] higher-order shear deformation theories (HSDTs), 
which are based on a non-linear variation through the 
thickness of the in-plane displacements, are developed. 
These theories provide a better prediction of response of 

short beam and do not require any shear correction factor 
and satisfy zero shear stress conditions at top and bottom 
surfaces of beams.

The aim of this paper is to extend the two variables trigo-
nometric shear deformation theory of Thai [59] within a 
nonlocal context in order to study the bending, vibration and 
buckling of nanobeams. The nonlocal extension is based on 
the use of strain gradient constitutive relations. The most 
interesting features of this theory is that it accounts for a 
trigonometric variation of the transverse shear strains across 
the thickness and satisfies the zero traction boundary condi-
tions on the top and bottom surfaces of the beam without 
using any shear correction factor. It should be noted that the 
trigonometric function was used in the first time by Levy 
[60] and assessed by Stein [60], and later widely used by 
[52] and [61]. These theories are capable of representing 
the section warping in the deformed configuration and the 
results obtained from these theories show that this theory 
is capable to calculate the stresses and natural frequencies 
more accurately than other theories. The governing equa-
tions derived are used to develop a finite element model 
using a 3-node beam element. Analytical solutions for bend-
ing, vibration and buckling loadings are also presented for 
simply supported beams. These analytical solutions are used 
to validate the finite element implementation of the nonlo-
cal problem. Comparisons with existing solutions from the 
literature are used to assess the relevance and the accuracy of 
the proposed nonlocal theory in describing the mechanical 
behavior of nanobeam.

2 � Nonlocal strain gradient theory

When dealing with nanostructures, the effect of size is 
important and can’t be ignored in the analysis and dimen-
sioning of the structure. In the nonlocal strain gradient elas-
ticity, the total stress tensor is expressed as a function of 
the standard nonlocal stress tensor and the strain gradient 
stress one:

where the stresses �(0)

ij
 and �(1)

ij
 are related to strain �ij and 

strain gradient �ij,x , respectively, and are defined as 
follows:

(1)�ij = �
(0)

ij
−

��
(1)

ij

�x
,

(2)�
(0)

ij
=∫

L

0

Cijkl �0
(
x, x�, e0a

)
��kl

(
x�
)
dx,

(3)�
(1)

ij
=l2 ∫

L

0

Cijkl �1
(
x, x�, e1a

)
��kl,x

(
x�
)
dx�,
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in which Cijkl are the elastic constants, e0a and e1a are non-
local parameters to consider the significance of the nonlo-
cal stress field, l is a material length scale parameter that 
introduces the influence of higher-order strain gradient 
stress field. When the nonlocal functions �0(x, x�, e0a) and 
�1(x, x

�, e1a) satisfy the developed conditions by Eringen 
[62–64], the constitutive relation can be stated as:

in which ∇2 denotes the Laplacian operator. By assuming 
e = e0 = e1 , the general constitutive equation for the size-
dependent continuum can be simplified as follows:

Thus, the nonlocal constitutive relations for a shear deform-
able nanobeam can be stated as follows:

where � = (ea)2 and � = l2.
It is of interest that (6) can be simplified to some inter-

ested cases.

2.1 � Nonlocal elasticity theory

The constitutive equation of the nonlocal elasticity theory 
can be easily obtained by setting � = 0 in the nonlocal strain 
gradient constitutive (6) as follows:

which are identical to Eringen [62–64].

2.2 � Strain gradient theory

The constitutive equation of the strain gradient theory can 
be easily obtained by setting � = 0 in (6), that is:

which are identical to Aifantis [65, 66].
It is shown that the general constitutive (6) can reason-

ably explain size-dependent phenomena and there is a good 
agreement between the molecular dynamics simulations and 
the nonlocal strain gradient theory [67, 68].

(4)

(
1 − (e1a)

2∇2
)(
1 − (e0a)

2∇2
)
�ij

= Cijkl

((
1 − (e1a)

2∇2
)
�kl − l2

(
1 − (e0a)

2∇2
)
∇2�kl

)
,

(5)
(
1 − (ea)2∇2

)
�ij = Cijkl

(
1 − l2∇2

)
�kl.

(6)
�xx − ��xx

�� = C11

(
�xx − ��xx

��
)

�xz − ��xz
�� = C66

(
�xz − ��xz

��
)
,

(7)
�xx − ��xx

�� = C11�xx

�xz − ��xz
�� = C66�xz,

(8)
�xx = C11

(
�xx − ��xx

��
)

�xz = C66

(
�xz − ��xz

��
)
,

3 � Governing equation for size‑dependent 
nanobeams

To write the governing equations, we consider a straight 
nanobeam of length L, and a rectangular cross section 
b × h . The variable x is taken as the cartesian coordinate 
along the length of the beam with x ∈ [0.L] , whereas z is 
assumed the coordinate along the thickness direction of 
the beam, and z ∈ [−h∕2, h∕2] . In this work, the y coor-
dinate associated with the width direction is not consid-
ered in the formulation. Here, a wide range of slenderness 
ratios L/h can be studied by varying the length L and the 
thickness h of the beam.

3.1 � Kinematics

A trigonometric shear deformation beam theory considering 
shear deformations is adopted in this study. The displace-
ment field of the proposed theory is chosen based on the 
following assumptions: (1) the transverse displacement is 
partitioned into bending and shear components; (2) the axial 
displacement consists of extension, bending and shear com-
ponents; (3) the bending component of axial displacement 
is similar to that given by the Euler–Bernoulli beam theory; 
and (4) the shear component of axial displacement gives rise 
to the trigonometric variation of shear strain and hence to 
shear stress through the thickness of the beam in such a way 
that shear stress vanishes on the top and bottom surfaces.

Based on the assumptions made above, the displacement 
field of the present theory can be obtained as:

where u0 is the axial displacement along the midplane of 
the nanoscale beam; wb and ws are the bending, shear com-
ponents of the transverse displacement along the midplane 
of the beam. t is the time, derivations are denoted ( )� = �

�x
 

and ̇( ) = 𝜕

𝜕t
 for the time. f(z) is a shape function represent-

ing the variation of the transverse shear strains and shear 
stresses through the thickness of the beam and is given as 
[69] follows:

The nonzero strains associated with the displacements field 
in (9) are as follows:

where

(9)
u(x, z, t) = u0(x) − z wb

�(x) − f (z) ws
�(x)

w(x, z, t) = wb(x) + ws(x),

(10)f (z) = z − z

(
� + 2 cos

(
�z

h

))

(� + 2)
.

(11)
�x = �0

x
+ z kb

x
+ f (z) ks

x

�xz = g(z) �0
xz
,
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and

3.2 � Variational statements

The governing equations of motion in terms of displace-
ments are derived using Hamilton’s Principle.

The variation of strain energy �U is expressed according 
to the nonlocal strain gradient theory [67]:

(12)�0
x
= u0

�, kb
x
= −wb

��, ks
x
= −ws

��, �0
xz
= ws

�

(13)g(z) = 1 − f �(z).

(14)

�U =∫
L

0
∫

h∕2

−h∕2

(
�(0)
xx
��xx + �(0)

xz
��xz + �(1)

xx
∇��xx + �(1)

xz
∇��xz

)
dzdx

=∫
L

0
∫

h∕2

−h∕2

((
�(0)
xx

− ∇�(1)
xx

)
��xx +

(
�(0)
xz

− ∇�(1)
xz

)
��xz

)
dzdx

+

[

∫
L

0
∫

h∕2

−h∕2

(
�(1)
xx
��xx + �(1)

xz
��xz

)
dzdx

]L

0

=∫
L

0
∫

h∕2

−h∕2

(
�xx��xx + �xz��xz

)
dzdx

+

[

∫
L

0
∫

h∕2

−h∕2

(
�(1)
xx
��xx + �(1)

xz
��xz

)
dzdx

]L

0

.

The variation potential energy �W  of external loads can be 
written as:

where q is the distributed transverse load applied on the 
upper surface, and N0 is the axial load acting through the 
mid plane.

According to Hamilton’s principle, we have:

The following governing equations are derived from 
the variational principle (20) by introducing (16), 
(17), (19), and proceeding to some integrations by 
parts:

(18)

[
I0, I1, I2, I3, I4, I5

]
= ∫

h∕2

−h∕2

�
[
1, z, z2, f (z), zf (z), f (z)2

]
dz.

(19)�W = −∫
L

0

(
q �w + N0

(
w� �w�

))
dx,

(20)0 = ∫
T

0

(�U + �W − �K) dt.

We define the force and the moment resultants as follow:

Thus, the virtual strain energy can be rewritten as follows:

The variation of the kinetic energy is obtained as follows:

(15)

[
N,M, M̃

]
=∫

h∕2

−h∕2

[
1, z, f (z)

]
𝜎xx dz, Q = ∫

h∕2

−h∕2

𝜎xz g(z) dz

[
N(1),M(1), M̃(1)

]
=∫

h∕2

−h∕2

[
1, z, f (z)

]
𝜎(1)
xx

dz, Q(1) = ∫
h∕2

−h∕2

𝜎(1)
xz

g(z) dz.

(16)

𝛿U =∫
L

0

(
N 𝛿u0

� −M 𝛿wb
�� − M̃ 𝛿ws

�� + Q 𝛿ws
�
)
dx

+
[
N(1) 𝛿u0

� −M(1) 𝛿wb
�� − M̃(1) 𝛿ws

�� + Q(1) 𝛿ws
�
]L
0
.

(17)

𝛿K =∫
L

0

𝜌(u̇𝛿u̇ + ẇ𝛿ẇ) dx = ∫
L

0

((
−I0 ü0 + I1 ẅb

� + I3 ẅs
�
)
𝛿u0

+
(
I1 ü0 − I2 ẅb

� − I4 ẅs
�
)
𝛿wb +

(
I3 ü0 − I4 ẅb

� − I5 ẅs
�
)
𝛿ws

+
(
−I0 ẅb − I0 ẅs

)
𝛿wb +

(
−I0 ẅb − I0 ẅs

)
𝛿ws

)
dx,

3.3 � Nonlocal strain gradient equilibrium equations

Substituting (6) into (15), one obtains

with the force/moment resultants in strain gradient theory 
defined as follows:

Substituting the expressions of stress and moment resultants [
N, M, M̃, Q

]
 from (22) into (21) and then simplifying the 

resulting equations, we obtain the following nonlocal strain 
gradient equations of motion as:

(21)

𝛿u0 ∶ − N� =
(
−I0 ü0 + I1 ẅb

� + I3 ẅs
�
)

𝛿wb ∶ −M�� − q + N0

(
wb

�� + ws
��
)
=
(
I1 ü0 − I2 ẅb

� − I4 ẅs
� − I0 ẅb − I0 ẅs

)

𝛿ws ∶ − M̃�� − Q� − q + N0

(
wb

�� + ws
��
)
=
(
I3 ü0 − I4 ẅb

� − I5 ẅs
� − I0 ẅb − I0 ẅs

)

(22)

[
(N − 𝜇 N��), (M − 𝜇 M��), (M̃ − 𝜇 M̃��), (Q − 𝜇 Q��)

]

=
[
NSG, MSG, M̃SG, QSG

]
,

(23)

[
NSG, MSG, M̃SG

]
= ∫

h∕2

−h∕2

[
1, z, f (z)

]
C11

(
𝜀xx − 𝜆𝜀xx

��
)
dz

[
QSG

]
= ∫

h∕2

−h∕2

[
g(z)

]
C66

(
𝛾xz − 𝜆𝛾xx

��
)
dz.
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4 � Matrix formulation of the nonlocal strain 
gradient variational problem

From (16), (17) and (19) and introducing nonlocal strain 
gradient equilibrium equations (24), a finite element for-
mulation is applied considering static, free vibration and 
buckling problems. After simplification, the equation is 
expressed in matrix form as follows:

[D] denotes the elastic moduli matrix. The displacement u 
of (9) and the strain � functions of (11) can be redefined as 
follows:

where 
[
ℕu(z)

]
 and 

[
ℕ�(z)

]
 depend only on the normal coordi-

nate z, and are defined as follows:

Equation (25) can be expanded as follows:

(24)

𝛿u0 ∶ −NSG� =

(
1 − 𝜇

d
2

dx2

)(
−I0 ü0 + I1 ẅb

� + I3 ẅs
�
)

𝛿wb ∶ −MSG�� =

(
1 − 𝜇

d
2

dx2

)(
q − N0

(
wb

�� + ws
��
)

+ I1 ü0 − I2 ẅb
� − I4 ẅs

� − I0 ẅb − I0 ẅs

)

𝛿ws ∶ −M̃SG�� − Q� =

(
1 − 𝜇

d
2

dx2

)(
q − N0

(
wb

�� + ws
��
)

+ I3 ü0 − I4 ẅb
� − I5 ẅs

� − I0 ẅb − I0 ẅs

)
.

(25)

∫
L

0
∫

h∕2

−h∕2

(
{𝛿𝜀}T [D]{𝜀} − 𝜆

d2

dx2
{𝛿𝜀}T [D]{𝜀}

)

= ∫
L

0

(
1 − 𝜇

d2

dx2

)
q𝛿wdx + ∫

L

0
∫

h∕2

−h∕2

[(
1 − 𝜇

d2

dx2

)
{𝛿u}T

]
𝜚{ü}dzdx

+ ∫
L

0

[(
1 − 𝜇

d2

dx2

){
𝛿𝜀u

}T

]
[kgg]

{
𝛿𝜀u

}
dx,

(26)
{u}T = [ℕu(z)]

{
Eu

}
with

{
Eu

}T
=
[
u0 wb ws wb

� ws
�
]
,

(27)
{�}T = [ℕ�(z)]

{
E�

}
with

{
E�

}T
=
[
u0

� wb
� ws

� wb
�� ws

��,
]
,

(28)[ℕu(z)] =

[
1 0 0 − z f (z)

0 1 1 0 0,

]

(29)[ℕ�(z)] =

[
1 0 0 − z f (z)

0 0 1 + f (z)� 0 0.

]

where

(30)

∫
L

0

({
𝛿E𝜀

}T
[k𝜀𝜀]

{
E𝜀

}
− 𝜆

d2

dx2

{
𝛿E𝜀

}T
[k𝜀𝜀]

{
E𝜀

})
dx

= ∫
L

0

(
1 − 𝜇

d2

dx2

)
q𝛿w dx

+ ∫
L

0

(
1 − 𝜇

d2

dx2

){
𝛿Eu

}T
[muu]

{
Ëu

}
dx

+ ∫
L

0

(
1 − 𝜇

d2

dx2

){
𝛿Eu

}T
[kgg]

{
Eu

}
dx,

(31)[k��] = ∫
h∕2

−h∕2

[ℕ�(z)]
T [D][𝔽�(z)]dz,

(32)[muu] =∫
h∕2

−h∕2

�[ℕu(z)]
T [ℕu(z)]dz.

[k��] is the stiffness matrix, [muu] is the masse matrix. [kgg] is 
the geometric stiffness matrix of 5 × 5 dimensions, is sym-
metric and the non zero terms are as follows:

The weak forme is then applied considering static problems, 
and the equation is simplified after integration by parts on 
RHS:

For free vibration analysis, after performing integration by 
parts, a weak form is derived for the following dynamic 
equation:

(33)
kgg(4, 4) = 1, kgg(4, 5) = 1, kgg(5, 4) = 1, kgg(5, 5) = 1.

(34)
∫

L

0

({
�E�

}T
[k��]

{
E�

}
− �

{
�E�

��
}T

[k��]
{
E�

��
})

dx

= ∫
L

0

(
�w − �w��

)
q� dx.

(35)

∫
L

0

({
𝛿E𝜀

}T
[k𝜀𝜀]

{
E𝜀

}
− 𝜆

{
𝛿E𝜀

��
}T

[k𝜀𝜀]
{
E𝜀

��
})

dx

= ∫
L

0

({
𝛿Eu

}T
[muu]

{
Ëu

}
+ 𝜇

{
𝛿Eu

��
}T

[muu]
{
Ëu

��
})

.
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Considering buckling problem subjected to axial force N0 
applied in the mid plane, the weak form is given after inte-
gration by parts on RHS as follows:

The above equations are used for FE modelenig, and this 
will be described in the next section.

5 � Finite element approximations

To develop the finite element model, the beam is discretized 
into a set of elements of length le . The beam element given 
in Fig. 1 is defined by three nodes along the element local 
x-axis. The nodal coordinates x is approximated based on the 
reference length with respect to the reduced coordinate � by 
the following:

The generalized displacements and strain are given in 
(9) and (11) and have to be approximated by finite element 
method. In the present work, the Hermite interpolation is 
employed to satisfy C1 and C2 continuity requirement for the 
axial and transversal displacements, respectively. The displace-
ments u0(�) and wi(�) are defined as follows:

where
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with [Nu] and [Nw] being the Hermite interpolation functions, 
qu0 and qw are the nodal degrees of freedom (dof) vectors of 
each elementary element (Fig. 1) while subscripts 1–2–3 are 
the node numbers (� = −1, 0,+1) (Fig. 1).

Let us consider the following vector qe of total nodal dof for 
a generic elementary domain Ωe:

Fig. 1   Beam element with the degrees of freedom per node

From (26) and (27), the vectors 
{
�u
}
 and 

{
��
}
 are expressed 

from the dof vector 
{
qe
}
 using (38) and (39):

where 
[
Bu

]
 and 

[
B�

]
 are 5 × 18 and 2 × 18 matrices, respec-

tively, containing the shape function Nu , Nw and their deriva-
tive terms.

The final expressions of the system could be written as 
follows:

•	 Static analysis: a transversal load q is applied on the top 
surface of the beam, and we have the following system 
to solve: 

•	 Free vibration analysis: 

•	 Buckling analysis: a constant axial force is acting through 
the mid-line and the deduce system is given by 

where {q} is the global dof vector of the beam.
[K] , [M] and 

[
Kg

]
 , are the stiffness, mass and geometric 

stiffness matrices, respectively, and {F} is the load vector. 
They are obtained by assembling the individual element con-
tributions using the elementary matrices given as follows:

Where {q} is the global dof vector of the beam. [K] is 
global the stiffness matrix, [M] is the mass matrix, 

[
Kg

]
 is the 

geometric stiffness matrix and {F} is the load vector. They 
are obtained by assembling the individual element contribu-
tions using the elementary matrices given as follows:
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(42)[K]{q} = {F}.
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6 � Results and discussion

The first results are presented to test the robustness of the 
developed finite element model by considering problems for 
which analytical solutions are available. The study is carried 
out by varying parameters such as slenderness ratio S = L∕h , 
nonlocal and strain gradient parameters ( � = ea2, � = l2 ). 
The results are presented to show the size dependency in the 
nonlocal response of the nanobeams.

The considered problem is presented as a straight nanobe-
ams with fixed thickness h = 10 nm, and the length L (nm) 
is considered to be a variable. Different values of the slen-
derness ratio are considered allowing to study thick to thin 
beams S = {5, 10, 20, 50} . The values for nonlocal param-
eter � (nm2) = (ea)2 for the detailedd analysis are assumed 
to belong to {0, 1, 2, 3, 4} . The strain gradient parameter 
� (nm2) = l2 is considered to belong to {0, 1, 2, 3, 4} . Differ-
ent Boundary conditions are considered, simply supported 
beam, clamped-simply supported, clamped–clamped, can-
tilever beam. The considered material is an isotropic with 
Young modulus E and Poisson’s ratio � . In the present paper, 
the following dimensionless quantities are introduced:

w̄ = w
100E

qhS4

𝜔̄ = 𝜔L2
√

m

EI
, m = 𝜌h, I =

h3

12

N̄ = N0

L2

EI

6.1 � Assessment of the present formulation

To verify the reliability of the present formulation, an assess-
ment of the present formulation is carried out on a simply 
supported nanobeams subjected to uniform load. Before pro-
ceeding to the analysis, a convergence study is considered by 
varying the number of elements for both local and nonlocal 
nanobeams. The results are presented in Tables 1, 2 and 3 
along with those of analytical solutions obtained using Navier 
approach. The tables present the dimensionless maximum 
deflection, dimensionless buckling loads and dimensionless 
fundamental frequency, respectively, for different values of 

(45)
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slenderness ratio (L/h), nonlocal parameter (ea) and strain gra-
dient parameter (l). It is seen from these tables that four ele-
ments’ idealization is sufficient in obtaining converged results.

It can be seen that the nonlocal parameter and the strain 
gradient parameter have significant effects on the response 
of the nanobeam. With increasing in nonlocal parameter 
value, the dimensionless deflection value increases and the 
dimensionless critical buckling load and the frequency value 
decrease. Nonlocal parameter � and strain gradient parameter 
l have the opposite effect. The results are compared to the 
analytical ones obtained using Navier approach and with those 
available in the literature [17, 18]. It is seen that from tables, 
the results obtained using the present formulation are found 
to be in good agreement with the analytical ones and with 
those in the literature.

Figures 2, 3 and 4 illustrate the influence of slenderness 
ratio of the simply supported nanobeam for different values 
of nonlocal and strain gradient parameters. It is clearly seen 
that when the nonlocal effect dominates ea > l , the dimen-
sionless deflection is larger than those obtained by classical 
continuum theory l = ea , and the nanobeam is softened and 
becomes easy to deform. Also, the dimensionless buck-
ling loads and the dimensionless fundamental frequency 
are lower than those of classical theory. However, when 
the strain gradient effect dominates l > ea , the deflection 
is lower than those of classical continuum theory l = ea , 
and the nanobeam is hardened and becomes difficult to 
deform. This is opposite to the case of buckling and vibra-
tion response. In addition, with the increasing slenderness 
ratio, the dimensionless deflection decreases when ea > l 
and increases when l > ea , which is also counter to the situ-
ation of buckling and vibration response. Also, it can be seen 
that the differences between results predicted by classical 
theory and nonlocal strain gradient are significant for lower 
values of slenderness ratio but they are diminishing as the 
increase of slenderness ratio. Similar conclusions have also 
been observed about dynamic response based on the nonlo-
cal strain gradient theory [17, 18, 40, 70].

6.2 � Bending, vibration and buckling analysis 
of nanobeams

The second result is a nanobeam with one end fixed and 
the other simply supported. Tables 4, 5 and 6 depict the 
dimensionless maximum deflection, dimensionless buckling 
loads and dimensionless fundamental frequency for different 
values of nonlocal parameter (ea), strain gradient parameter 
(l) and slenderness ratio (L/h). From the tables, the deflec-
tion decreases with increase in nonlocal parameter value, the 
dimensionless critical buckling load and the dimensionless 
frequency decreases. The strain gradient parameter l has a 
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Table 1   Comparison of dimensionless maximum deflections of simply supported nanobeam

ea (nm) Beam theory L∕h = 10 L∕h = 20 L∕h = 50

l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm

0 Present (FEM)
No of elements

   2 1.3345 1.2168 0.9598 1.3102 1.2794 1.1945 1.3034 1.2984 1.2836
   4 1.3344 1.2167 0.9597 1.3102 1.2794 1.1944 1.3034 1.2984 1.2836
   8 1.3344 1.2167 0.9597 1.3102 1.2794 1.1944 1.3034 1.2984 1.2836
   16 1.3344 1.2167 0.9597 1.3102 1.2794 1.1944 1.3034 1.2984 1.2836
   32 1.3344 1.2167 0.9597 1.3102 1.2794 1.1944 1.3034 1.2984 1.2836

Present (Navier) 1.3344 1.2167 0.9597 1.3102 1.2794 1.1944 1.3034 1.2984 1.2836
EBT [18] 1.3021 1.1870 0.9360 1.3021 1.2715 1.1870 1.3021 1.2971 1.2823
TBT [18] 1.3346 1.2169 0.9598 1.3102 1.2794 1.1944 1.3034 1.2984 1.2836
TSDBT [18] 1.3346 1.2169 0.9598 1.3102 1.2794 1.1944 1.3034 1.2984 1.2836
SSDBT [18] 1.3345 1.2168 0.9597 1.3102 1.2794 1.1944 1.3034 1.2984 1.2836
HSDBT [18] 1.3346 1.2169 0.9598 1.3102 1.2794 1.1944 1.3034 1.2984 1.2836
ESDBT [18] 1.3344 1.2167 0.9596 1.3102 1.2794 1.1944 1.3034 1.2984 1.2836
ASDBT [18] 1.3344 1.2167 0.9596 1.3102 1.2794 1.1944 1.3034 1.2984 1.2836

1 Present (FEM)
No of elements

   2 1.4623 1.3344 1.0534 1.3416 1.3102 1.2234 1.3084 1.3034 1.2886
   4 1.4619 1.3344 1.0533 1.3416 1.3102 1.2233 1.3084 1.3034 1.2886
   8 1.4620 1.3344 1.0533 1.3416 1.3102 1.2233 1.3084 1.3034 1.2886
   16 1.4620 1.3344 1.0533 1.3416 1.3102 1.2233 1.3084 1.3034 1.2886
   32 1.4620 1.3344 1.0533 1.3416 1.3102 1.2233 1.3084 1.3034 1.2886

Present (Navier) 1.4620 1.3344 1.0533 1.3416 1.3102 1.2234 1.3084 1.3034 1.2886
EBT [18] 1.4271 1.3021 1.0275 1.3333 1.3021 1.2157 1.3071 1.3021 1.2873
TBT [18] 1.4622 1.3346 1.0535 1.3416 1.3102 1.2234 1.3084 1.3034 1.2886
TSDBT [18] 1.4622 1.3346 1.0535 1.3416 1.3102 1.2234 1.3084 1.3034 1.2886
SSDBT [18] 1.4621 1.3345 1.0534 1.3416 1.3102 1.2234 1.3084 1.3034 1.2886
HSDBT [18] 1.4622 1.3346 1.0535 1.3416 1.3102 1.2234 1.3084 1.3034 1.2886
ESDBT [18] 1.4620 1.3344 1.0533 1.3416 1.3102 1.2233 1.3084 1.3034 1.2886
ASDBT [18] 1.4620 1.3344 1.0533 1.3416 1.3102 1.2233 1.3084 1.3034 1.2886

1 Present (FEM)
No of elements

   2 1.8460 1.6872 1.3344 1.4359 1.4024 1.3102 1.3234 1.3183 1.3034
   4 1.8445 1.6875 1.3344 1.4358 1.4025 1.3102 1.3234 1.3183 1.3034
   8 1.8447 1.6875 1.3344 1.4358 1.4025 1.3102 1.3234 1.3183 1.3034
   16 1.8447 1.6875 1.3344 1.4358 1.4025 1.3102 1.3234 1.3183 1.3034
   32 1.8447 1.6875 1.3344 1.4358 1.4025 1.3102 1.3234 1.3183 1.3034

Present (Navier) 1.8447 1.6875 1.3344 1.4359 1.4026 1.3102 1.3234 1.3184 1.3034
EBT [18] 1.8021 1.6475 1.3021 1.4271 1.3940 1.3021 1.3221 1.3170 1.3021
TBT [18] 1.8450 1.6877 1.3346 1.4359 1.4026 1.3102 1.3234 1.3184 1.3034
TSDBT [18] 1.8450 1.6877 1.3346 1.4359 1.4026 1.3102 1.3234 1.3184 1.3034
SSDBT [18] 1.8449 1.6876 1.3345 1.4358 1.4026 1.3102 1.3234 1.3184 1.3034
HSDBT [18] 1.8450 1.6877 1.3346 1.4359 1.4026 1.3102 1.3234 1.3184 1.3034
ESDBT [18] 1.8447 1.6874 1.3344 1.4358 1.4025 1.3102 1.3234 1.3183 1.3034
ASDBT [18] 1.8447 1.6874 1.3344 1.4358 1.4025 1.3102 1.3234 1.3183 1.3034
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Table 2   Comparison of dimensionless buckling loads of simply supported nanobeam

ea (nm) Beam theory L∕h = 10 L∕h = 20 L∕h = 50

l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm

0 Present (FEM)
No of elements

   2 9.6241 10.5740 13.4240 9.8070 10.0491 10.7751 9.8596 9.8985 10.0153
   4 9.6240 10.5739 13.4235 9.8070 10.0490 10.7749 9.8595 9.8985 10.0152
   8 9.6240 10.5739 13.4234 9.8070 10.0490 10.7749 9.8595 9.8985 10.0152
   16 9.6240 10.5739 13.4234 9.8070 10.0490 10.7749 9.8595 9.8985 10.0152
   32 9.6240 10.5739 13.4234 9.8070 10.0490 10.7749 9.8595 9.8985 10.0152

Present (Navier) 9.6251 10.5751 13.4250 9.8073 10.0493 10.7753 9.8596 9.8985 10.0152
EBT [18] 9.8696 10.8437 13.7660 9.8696 10.1131 10.8437 9.8696 9.9086 10.0255
TBT [18] 9.6227 10.5724 13.4216 9.8067 10.0487 10.7746 9.8595 9.8984 10.0152
TSDBT [18] 9.6228 10.5725 13.4217 9.8067 10.0487 10.7746 9.8595 9.8984 10.0152
SSDBT [18] 9.6231 10.5729 13.4222 9.8068 10.0488 10.7747 9.8595 9.8984 10.0152
HSDBT [18] 9.6228 10.5725 13.4217 9.8067 10.0487 10.7746 9.8595 9.8984 10.0152
ESDBT [18] 9.6242 10.5741 13.4237 9.8071 10.0491 10.7750 9.8595 9.8985 10.0152
ASDBT [18] 9.6242 10.5741 13.4237 9.8071 10.0491 10.7750 9.8595 9.8985 10.0152

1 Present (FEM)
No of elements

   2 8.7595 9.6242 12.2181 9.5709 9.8071 10.5156 9.8208 9.8596 9.9759
   4 8.7595 9.6240 12.2176 9.5709 9.8070 10.5155 9.8208 9.8595 9.9758
   8 8.7595 9.6240 12.2176 9.5709 9.8070 10.5155 9.8208 9.8595 9.9758
   16 8.7595 9.6240 12.2176 9.5709 9.8070 10.5155 9.8208 9.8595 9.9758
   32 8.7595 9.6240 12.2176 9.5709 9.8070 10.5155 9.8208 9.8595 9.9758

Present (Navier) 8.7605 9.6251 12.2190 9.5712 9.8073 10.5158 9.8208 9.8596 9.9758
EBT [18] 8.9830 9.8696 12.5294 9.6320 9.8696 10.5826 9.8308 9.8696 9.9860
TBT [18] 8.7583 9.6227 12.2159 9.5706 9.8067 10.5151 9.8207 9.8595 9.9758
TSDBT [18] 8.7583 9.6228 12.2160 9.5706 9.8067 10.5151 9.8207 9.8595 9.9758
SSDBT [18] 8.7587 9.6231 12.2165 9.5706 9.8068 10.5152 9.8207 9.8595 9.9758
HSDBT [18] 8.7583 9.6228 12.2160 9.5706 9.8067 10.5151 9.8207 9.8595 9.9758
ESDBT [18] 8.7597 9.6242 12.2179 9.5709 9.8071 10.5155 9.8208 9.8595 9.9759
ASDBT [18] 8.7597 9.6242 12.2179 9.5709 9.8071 10.5155 9.8208 9.8595 9.9759

2 Present (FEM)
No of elements

   2 6.9000 7.5811 9.6244 8.9261 9.1464 9.8072 9.7063 9.7446 9.8596
   4 6.9000 7.5810 9.6240 8.9261 9.1463 9.8070 9.7063 9.7446 9.8595
   8 6.9000 7.5810 9.6240 8.9261 9.1463 9.8070 9.7063 9.7446 9.8595
   16 6.9000 7.5810 9.6240 8.9261 9.1463 9.8070 9.7063 9.7446 9.8595
   32 6.9000 7.5810 9.6240 8.9261 9.1463 9.8070 9.7063 9.7446 9.8595

Present (Navier) 6.9008 7.5819 9.6251 8.9263 9.1467 9.8073 9.7063 9.7446 9.8596
EBT [18] 7.0761 7.7745 9.8696 8.9830 9.2047 9.8696 9.7162 9.7545 9.8696
TBT [18] 6.8990 7.5800 9.6227 8.9258 9.1460 9.8067 9.7062 9.7445 9.8595
TSDBT [18] 6.8991 7.5800 9.6228 8.9258 9.1460 9.8067 9.7062 9.7445 9.8595
SSDBT [18] 6.8994 7.5803 9.6231 8.9258 9.1461 9.8068 9.7062 9.7445 9.8595
HSDBT [18] 6.8991 7.5800 9.6228 8.9258 9.1460 9.8067 9.7062 9.7445 9.8595
ESDBT [18] 6.9002 7.5812 9.6242 8.9261 9.1463 9.8071 9.7063 9.7446 9.8595
ASDBT [18] 6.9002 7.5812 9.6242 8.9261 9.1463 9.8071 9.7063 9.7446 9.8595
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Table 3   Comparison of 
dimensionless fundamental 
frequency of simply supported 
nanobeam

ea (nm) Beam theory L∕h = 10 L∕h = 50

l = 0 nm l = 0.5 nm l = 1 nm l = 0 nm l = 0.5 nm l = 1 nm

0 Present (FEM)
No of elements

   2 9.7082 9.8272 10.1760 9.8630 9.8678 9.8824
   4 9.7082 9.8272 10.1760 9.8630 9.8678 9.8824
   8 9.7082 9.8272 10.1760 9.8630 9.8678 9.8824
   16 9.7082 9.8272 10.1760 9.8630 9.8678 9.8824
   32 9.7082 9.8272 10.1760 9.8630 9.8678 9.8824

Present (Navier) 9.7082 9.8272 10.1760 9.8630 9.8678 9.8824
EBT [17] 9.8293 9.9498 10.3029 9.8680 9.8728 9.8874
TBT [17] 9.7075 9.8265 10.1753 9.8629 9.8678 9.8824
SBT [17] 9.7077 9.8267 10.1755 9.8629 9.8678 9.8824

1 Present (FEM)
No of elements

   2 9.2619 9.3754 9.7082 9.8435 9.8484 9.8630
   4 9.2618 9.3754 9.7082 9.8435 9.8484 9.8630
   8 9.2618 9.3754 9.7082 9.8435 9.8484 9.8630
   16 9.2618 9.3754 9.7082 9.8435 9.8484 9.8630
   32 9.2618 9.3754 9.7082 9.8435 9.8484 9.8630

Present (Navier) 9.2618 9.3754 9.7082 9.8435 9.8484 9.8630
EBT [17] 9.3774 9.4924 9.8293 9.8486 9.8534 9.8680
TBT [17] 9.2612 9.3748 9.7075 9.8435 9.8484 9.8629
SBT [17] 9.2614 9.3750 9.7077 9.8435 9.8484 9.8629

0 Present (FEM)
No of elements

   2 8.2202 8.3210 8.6164 9.7860 9.7908 9.8053
   4 8.2202 8.3210 8.6163 9.7860 9.7908 9.8053
   8 8.2202 8.3210 8.6163 9.7860 9.7908 9.8053
   16 8.2202 8.3210 8.6163 9.7860 9.7908 9.8053
   32 8.2202 8.3210 8.6163 9.7860 9.7908 9.8053

Present (Navier) 8.2202 8.3210 8.6163 9.7860 9.7908 9.8053
EBT [17] 8.3228 8.4248 8.7238 9.7910 9.7958 9.8103
TBT [17] 8.2196 8.3204 8.6157 9.7860 9.7908 9.8053
SBT [17] 8.2198 8.3206 8.6159 9.7860 9.7908 9.8053

Fig. 2   Simply supported 
nanobeam: effect of slenderness 
ratio (L/h) on the deflections, a 
for different values of nonlocal 
parameter with l2 = 2 , b for dif-
ferent values of strain gradient 
parameter with ea2 = 2
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tendency to decrease the dimensionless deflection and also 
to increase the buckling load and the frequency.  

The influence of slenderness ratio, the nonlocal parameter 
and strain gradient parameter is brought in Figs. 5, 6 and 7. 
According to the figures, it can be observed that the effects 
of the nonlocal and strain gradient parameters are qualita-
tively similar to that of simply supported nanobeam. How-
ever, with the increasing of slenderness ratio, the dimen-
sionless deflection increases when l > ea or when l < ea . 
Also, contrary to the simply supported case, the differences 
between the dimensionless deflection predicted by classical 
theory and nonlocal strain gradient are weak for lower values 
of slenderness ratio, and they are diminishing as the increase 
of slenderness ratio.  

The third analysis  is  per formed assuming 
clamped–clamped straight nanobeams under a uniform 
load for the bending analysis. The dimensionless maximum 
deflection, dimensionless buckling loads and dimensionless 
fundamental frequency are highlighted in Tables 7, 8 and 
9 assuming different nonlocal parameter and strain gradi-
ent parameter. It can be noted that the dimensionless maxi-
mum deflection are not affected by the nonlocal parameter, 
and the dimensionless maximum deflection decreases with 
the increase of strain gradient parameter � . The results are 
qualitatively similar to that of clamped-simply supported 
beam with no effect of nonlocal parameter. The influence of 
slenderness ratio, the nonlocal parameter and strain gradient 
parameter are brought in Figs. 8, 9 and 10.

Fig. 3   Simply supported 
nanobeam: effect of slenderness 
ratio (L/h) on the buckling, a 
for different values of nonlocal 
parameter with l2 = 2 , b for dif-
ferent values of strain gradient 
parameter with ea2 = 2
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Fig. 4   Simply supported nano-
beam: effect of slenderness ratio 
(L/h) on the free vibration, a 
for different values of nonlocal 
parameter with l2 = 2 , b for dif-
ferent values of strain gradient 
parameter with ea2 = 2
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Table 4   Clamped-simply 
nanobeam: dimensionless 
maximum deflections

ea (nm) L∕h = 10 L∕h = 20 L∕h = 50

l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm

0 0.5478 0.3195 0.1706 0.5240 0.4098 0.3018 0.5174 0.4747 0.4272
1 0.5801 0.3411 0.1831 0.5319 0.4164 0.3070 0.5186 0.4759 0.4283
2 0.6771 0.4060 0.2203 0.5554 0.4362 0.3226 0.5223 0.4794 0.4316
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Table 5   Clamped-simply nanobeam: dimensionless buckling loads

L/h ea (nm) First buckling load Second buckling load Third buckling load

l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm

5 0 2.4155 3.8287 5.8249 18.1308 39.3600 87.7649 37.9108 136.5981 404.3530
1 2.1977 3.4132 5.0733 9.5836 18.3065 39.9924 10.9021 52.7773 180.7486
2 1.7298 2.5469 3.5993 3.4750 11.7276 15.4692 3.9696 15.4980 53.2982

10 0 2.4616 3.0773 3.9339 21.0819 29.9254 46.5778 53.4035 94.7720 195.4781
1 2.4021 2.9959 3.8182 17.2383 23.9431 36.2702 32.9784 55.5343 112.3988
2 2.2397 2.7748 3.5059 11.1435 14.7124 21.3196 15.3574 23.9315 49.8174

20 0 2.4734 2.7442 3.0953 21.9796 25.4217 31.3975 59.5513 74.4738 106.6443
1 2.4582 2.7265 3.0744 20.8192 24.0194 29.5614 51.5669 64.0462 90.7834
2 2.4136 2.6749 3.0134 17.9724 20.5975 25.1076 36.7749 44.9262 62.2120

50 0 2.4768 2.5709 2.6863 22.2451 23.2645 24.8194 61.5403 65.3204 72.4764
1 2.4743 2.5683 2.6835 22.0485 23.0556 24.5922 60.0525 63.7166 70.6604
2 2.4670 2.5606 2.6753 21.4789 22.4507 23.9344 55.9917 59.3429 65.7140

Table 6   Clamped-simply nanobeam: dimensionless fundamental frequencies

L/h ea (nm) First mode Second mode Third mode

l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm

5 0 3.4254 5.0103 6.7106 18.5342 29.4441 43.0438 27.2417 84.0706 43.0438
1 3.1515 4.4874 5.8972 12.7079 18.7541 26.9064 23.6772 42.9708 71.6460

10 0 3.5028 4.2674 5.1639 21.0100 26.7584 34.4589 55.3320 76.9570 108.9553
1 3.4244 4.1545 5.0079 18.3362 22.8261 28.7976 42.2444 56.7013 78.8647
2 3.2153 3.8596 4.6080 14.0481 17.0436 21.1093 28.6743 37.9554 53.0279

20 0 3.5233 3.8819 4.2973 21.8264 24.4156 27.9957 60.0283 69.4160 84.5772
1 3.5030 3.8574 4.2678 20.9969 23.4030 26.7284 55.0325 63.1483 76.2705
2 3.4438 3.7863 4.1825 18.9742 20.9782 23.7531 45.3876 51.4739 61.4571

50 0 3.5292 3.6591 3.8106 22.0758 22.9504 24.0898 61.6279 64.4705 68.8419
1 3.5259 3.6556 3.8067 21.9337 22.7974 23.9228 60.6962 63.4614 67.7211
2 3.5161 3.6450 3.7953 21.5227 22.3554 23.4414 58.1370 60.6985 64.6637

Fig. 5   Clamped-simply sup-
ported nanobeam: effect of 
slenderness ratio (L/h) on the 
deflections, a for different val-
ues of nonlocal parameter with 
l
2
= 2 , b for different values of 

strain gradient parameter with 
ea

2
= 2
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Fig. 6   Clamped-simply sup-
ported nanobeam: effect of 
slenderness ratio (L/h) on the 
buckling, a for different values 
of nonlocal parameter with 
l
2
= 2 , b for different values of 

strain gradient parameter with 
ea

2
= 2
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Fig. 7   Clamped-simply sup-
ported nanobeam: effect of 
slenderness ratio (L/h) on the 
free vibration, a for different 
values of nonlocal parameter 
with l2 = 2 , b for different val-
ues of strain gradient parameter 
with ea2 = 2
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Table 7   Clamped–clamped 
nanobeam: dimensionless 
maximum deflections

ea (nm) L∕h = 10 L∕h = 20 L∕h = 50

l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm

0 0.2873 0.1217 0.0521 0.2641 0.1742 0.1076 0.2575 0.2217 0.1854
1 0.2873 0.1217 0.0521 0.2641 0.1742 0.1076 0.2575 0.2217 0.1854
2 0.2873 0.1217 0.0521 0.2641 0.1742 0.1076 0.2575 0.2217 0.1854

Table 8   Clamped–clamped nanobeam: dimensionless buckling loads

L/h ea (nm) First buckling load Second buckling load Third buckling load

l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm

5 0 2.4155 3.8287 5.8249 18.1308 39.3600 87.7649 37.9108 136.5981 404.3530
1 2.1977 3.4132 5.0733 9.5836 18.3065 39.9924 10.9021 52.7773 180.7486
2 1.7298 2.5469 3.5993 3.4750 11.7276 15.4692 3.9696 15.4980 53.2982

10 0 2.4616 3.0773 3.9339 21.0819 29.9254 46.5778 53.4035 94.7720 195.4781
1 2.4021 2.9959 3.8182 17.2383 23.9431 36.2702 32.9784 55.5343 112.3988
2 2.2397 2.7748 3.5059 11.1435 14.7124 21.3196 15.3574 23.9315 49.8174

20 0 2.4734 2.7442 3.0953 21.9796 25.4217 31.3975 59.5513 74.4738 106.6443
1 2.4582 2.7265 3.0744 20.8192 24.0194 29.5614 51.5669 64.0462 90.7834
2 2.4136 2.6749 3.0134 17.9724 20.5975 25.1076 36.7749 44.9262 62.2120

50 0 2.4768 2.5709 2.6863 22.2451 23.2645 24.8194 61.5403 65.3204 72.4764
1 2.4743 2.5683 2.6835 22.0485 23.0556 24.5922 60.0525 63.7166 70.6604
2 2.4670 2.5606 2.6753 21.4789 22.4507 23.9344 55.9917 59.3429 65.7140
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The last analysis is about cantilevered nano-beams under 
uniform load and the results are presented in Tables 10, 11 
and 12. From these tables, unlike in the case of simply sup-
ported or clamped-simply supported beam, the deflection 
decreases with the increase of the nonlocal parameter ea or 
strain gradient lvalues. However, the decrease in deflection 
is high compared to those of clamped case. The effect of 

slenderness ratio on the response of cantilever nanobeams is 
plotted in Figs. 11, 12 and 13 for different values of nonlo-
cal parameter and strain gradient parameter. The results are 
qualitatively similar to that of clamped–clamped supported 
beam.

From the results presented in Tables 4 and 12, we can find 
an interesting phenomenon is that for clamped–clamped, 

Fig. 8   Clamped–clamped 
nanobeam: effect of slenderness 
ratio (L/h) on the deflections, a 
for different values of nonlocal 
parameter with l2 = 2 , b for dif-
ferent values of strain gradient 
parameter with ea2 = 2
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Fig. 9   Clamped–clamped 
nanobeam: effect of slenderness 
ratio (L/h) on the buckling, a 
for different values of nonlocal 
parameter with l2 = 2 , b for dif-
ferent values of strain gradient 
parameter with ea2 = 2
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Fig. 10   Clamped–clamped 
nanobeam: effect of slenderness 
ratio (L/h) on the free vibration, 
a for different values of nonlo-
cal parameter with l2 = 2 , b for 
different values of strain gradi-
ent parameter with ea2 = 2
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Fig. 11   Cantilever nanobeam: 
effect of slenderness ratio (L/h) 
on the deflections, a for differ-
ent values of nonlocal parameter 
with l2 = 2 , b for different val-
ues of strain gradient parameter 
with ea2 = 2
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Fig. 12   Cantilever nanobeam: 
effect of slenderness ratio (L/h) 
on the buckling, a for different 
values of nonlocal parameter 
with l2 = 2 , b for different val-
ues of strain gradient parameter 
with ea2 = 2
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Table 9   Clamped–clamped nanobeam: dimensionless fundamental frequencies

L/h ea (nm) First mode Second mode Third mode

l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm

5 0 3.4254 5.0103 6.7106 18.5342 29.4441 43.0438 27.2417 84.0706 43.0438
1 3.1515 4.4874 5.8972 12.7079 18.7541 26.9064 23.6772 42.9708 71.6460
2 2.5946 3.5313 4.5155 8.1506 11.8915 17.2785 13.6783 25.1129 42.3937

10 0 3.5028 4.2674 5.1639 21.0100 26.7584 34.4589 55.3320 76.9570 108.9553
1 3.4244 4.1545 5.0079 18.3362 22.8261 28.7976 42.2444 56.7013 78.8647
2 3.2153 3.8596 4.6080 14.0481 17.0436 21.1093 28.6743 37.9554 53.0279

20 0 3.5233 3.8819 4.2973 21.8264 24.4156 27.9957 60.0283 69.4160 84.5772
1 3.5030 3.8574 4.2678 20.9969 23.4030 26.7284 55.0325 63.1483 76.2705
2 3.4438 3.7863 4.1825 18.9742 20.9782 23.7531 45.3876 51.4739 61.4571

50 0 3.5292 3.6591 3.8106 22.0758 22.9504 24.0898 61.6279 64.4705 68.8419
1 3.5259 3.6556 3.8067 21.9337 22.7974 23.9228 60.6962 63.4614 67.7211
2 3.5161 3.6450 3.7953 21.5227 22.3554 23.4414 58.1370 60.6985 64.6637
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clamped-simply supported and cantilever boundary condi-
tions, when the nonlocal parameter is equal to the material 
length scale parameter, the buckling loads and natural fre-
quencies predicted by nonlocal strain gradient theory are 
higher than those obtained by classical continuum theory 

( ea = l = 0 ), contrary for the case of maximum deflec-
tion. This indicates that the combined effects of nonlocal 
and strain gradient depend not only on the relative magni-
tude of the two scale parameters but also on the boundary 
conditions.

Table 10   Cantilever nanobeam: 
dimensionless maximum 
deflections

ea (nm) L∕h = 10 L∕h = 20 L∕h = 50

l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm

0 4.4712 2.5784 1.5580 4.4005 3.3485 2.5263 4.3805 3.9553 3.5276
1 4.3472 2.4934 1.4961 4.3695 3.3229 2.5050 4.3755 3.9507 3.5233
2 3.9752 2.2386 1.3105 4.2765 3.2460 2.4413 4.3606 3.9369 3.5105

Table 11   Cantilever nanobeam: dimensionless buckling loads

L/h ea (nm) First buckling load Second buckling load Third buckling load

l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm

5 0 2.4155 3.8287 5.8249 18.1308 39.3600 87.7649 37.9108 136.5981 404.3530
1 2.1977 3.4132 5.0733 9.5836 18.3065 39.9924 10.9021 52.7773 180.7486
2 1.7298 2.5469 3.5993 3.4750 11.7276 15.4692 3.9696 15.4980 53.2982

10 0 2.4616 3.0773 3.9339 21.0819 29.9254 46.5778 53.4035 94.7720 195.4781
1 2.4021 2.9959 3.8182 17.2383 23.9431 36.2702 32.9784 55.5343 112.3988
2 2.2397 2.7748 3.5059 11.1435 14.7124 21.3196 15.3574 23.9315 49.8174

20 0 2.4734 2.7442 3.0953 21.9796 25.4217 31.3975 59.5513 74.4738 106.6443
1 2.4582 2.7265 3.0744 20.8192 24.0194 29.5614 51.5669 64.0462 90.7834
2 2.4136 2.6749 3.0134 17.9724 20.5975 25.1076 36.7749 44.9262 62.2120

50 0 2.4768 2.5709 2.6863 22.2451 23.2645 24.8194 61.5403 65.3204 72.4764
1 2.4743 2.5683 2.6835 22.0485 23.0556 24.5922 60.0525 63.7166 70.6604
2 2.4670 2.5606 2.6753 21.4789 22.4507 23.9344 55.9917 59.3429 65.7140

Table 12   Cantilever nanobeam: dimensionless fundamental frequencies

L/h ea (nm) First mode Second mode Third mode

l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm l = 0 nm l = 1 nm l = 2 nm

5 0 3.4254 5.0103 6.7106 18.5342 29.4441 43.0438 27.2417 84.0706 43.0438
1 3.1515 4.4874 5.8972 12.7079 18.7541 26.9064 23.6772 42.9708 71.6460
2 2.5946 3.5313 4.5155 8.1506 11.8915 17.2785 13.6783 25.1129 42.3937

10 0 3.5028 4.2674 5.1639 21.0100 26.7584 34.4589 55.3320 76.9570 108.9553
1 3.4244 4.1545 5.0079 18.3362 22.8261 28.7976 42.2444 56.7013 78.8647
2 3.2153 3.8596 4.6080 14.0481 17.0436 21.1093 28.6743 37.9554 53.0279

20 0 3.5233 3.8819 4.2973 21.8264 24.4156 27.9957 60.0283 69.4160 84.5772
1 3.5030 3.8574 4.2678 20.9969 23.4030 26.7284 55.0325 63.1483 76.2705
2 3.4438 3.7863 4.1825 18.9742 20.9782 23.7531 45.3876 51.4739 61.4571

50 0 3.5292 3.6591 3.8106 22.0758 22.9504 24.0898 61.6279 64.4705 68.8419
1 3.5259 3.6556 3.8067 21.9337 22.7974 23.9228 60.6962 63.4614 67.7211
2 3.5161 3.6450 3.7953 21.5227 22.3554 23.4414 58.1370 60.6985 64.6637
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7 � Conclusion

The size-dependent bending, vibration and buckling 
analysis of nanobeams is investigated using finite element 
approach and based on nonlocal strain gradient theory 
using a novel two variable trigonometric shear deforma-
tion beams theory. The size effects are evaluated by intro-
ducing a nonlocal parameter and strain gradient param-
eter. The robustness and the reliability of the developed 
finite element model are tested using analytical solutions. 
Navier’s method is employed to get the analytical solutions 
for bending, vibration and buckling responses of a simply 
supported nanobeam. A parametric study is conducted to 
bring out the influence of various parameters such as non-
local parameter, strain gradient parameter and slenderness 
ratio considering different boundary conditions. The fol-
lowing main points can be drawn from the present study: 

1.	 The present formulation is in good agreement with those 
of analytical results and with those of the literature.

2.	 The response of the nanobeam depends largely on the 
nonlocal parameter, strain gradient parameter and slen-
derness ratio and it can be even qualitatively different.

3.	 With increasing the nonlocal parameter value, the 
dimensionless deflection value increases, the dimen-
sionless critical buckling load and the frequency value 
decrease.

4.	 The nanobeam could exhibit either stiffness-softening 
effect or stiffness-hardening effect, which depends on 
the relative magnitude of the nonlocal parameter and the 
material length scale parameter.

The present novel two-variable theory is not only accurate 
but also simple in predicting the size-dependent bending, 
vibration and buckling analysis of nanobeams.
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