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Abstract

In this article, we present two conservative and fourth-order compact finite-difference schemes for solving the generalized
Rosenau—Kawahara—RLW equation. The proposed schemes are energy-conserved, convergent, and unconditionally stable,
and the numerical convergence orders in both /,-norm and /_-norm are of O(z* + h*). Numerical experiments demonstrate

that the present schemes are efficient and reliable.

Keywords Rosenau—Kawahara—RLW equation - Conservation - Compact difference scheme - Stability - Convergence

1 Introduction

Nonlinear phenomena play important roles in various fields
of science and engineering. In recent years, there has been a
growing interest in the computation of nonlinear wave phe-
nomena using different mathematical models. These models
include the KdV equation [1-3], the Benjamin—-Bona—Mah-
ony equation or RLW equation [4—6], the Rosenau equation
[7, 8], the Rosenau—RLW equation [9, 10], the Kawahara
equation [11, 12], the Rosenau—Kawahara equation [13], and
many others [14-17].

In this article, we consider the following initial-boundary
value problem of the generalized Rosenau—Kawahara—RLW
equation: [18]:

u,+ au, + puu, +yu,, — ou
—6u

o T AU
=0, xe€Q, 0<t<T,

XXXXt (1)

XXXXX
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u(x,0) = uy(x), xe€Q, 2)

u(xy, 1) = u (x, 1) =0,

3
ulx,,t) = u(x,, 1) = u,(x,,1) =0, )
where Q = [x,,x,],0<t<T,a,f, v, and 0 are real positive
constants, 6 and A are positive constants, p > 11is a positive
integer, and u(x) is a given smooth function. It should be
pointed out that, here, u(x, r) represents the wave profile,
which has the following asymptotic values [19]:

u—0, J"u/ox* -0, as x— xo0, n>1. 4)

Thus, the boundary conditions (3) are meaningful for the
solitary solution of Eq. (1).

It is easy to verify that the problem (1)—(3) has the fol-
lowing conservation law [20, 21]:

E() = / W+ u? + A )dx = Jlull,
X -

+ 6l |17, + AlluwglI7,
= llugll7, + 611ug) 17,
+ All o), lI7, = E0), 6> 0,

A>0, te]0,T].

Lemma 1.1 (See [20]) Suppose that u, € Hy(Q), and then,
the solution u(x, t) of the problem (1)—(3) satisfies:
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ull;» <C, U, <C, u <C, dG(t

lulle <€ Nltglle <€ gl < 50 P

lulle <C, lule < C.

Theorem 1.2 Suppose that u, € HS(Q), and then, the prob-
lem (1)—(3) is well posed.

Proof Assume that u; and u, are two solutions of the problem
(1)—(3) satisfying the initial conditions uf)l) and uf)z), respec-
tively. Let # = u; — u,, and then, # satisfies:

n, +an, + ﬂ[u?(ul )x - Mg(MZ)x] + Vo — 5nxxt + A"xxxxt - erlxxxxx =0,
(2)

ne,0) =u)) —ul’, xeQ,
5
nex, ) =n,0(,0) =0, n.,t)=n(x.,1)
=n,(x,0=0, te[0,T]. ©)

Multiplying Eq. (5) by #, and then, integrating it over [x;, x,],
we obtain:

X, X,
/ n <’1t - 5’1xxt + A‘”xxxxt) dx -6 / nnxxxxxdx
X X

. %
= _/ ’7<a’7x + ﬁ[ullj(ul)x - ug(MZ)x] + yﬂxxx>dx'

Using the integration by parts and the boundary conditions
(6), we have:

* 1
/ nn,dx = 5(112) =0, 8)
X

'xl’
X

1

X,

r )(’_ 1
— dx=—-=(n.)?
/X[ UUR 2(11)5)

X

'xf

X,
/ MMy dx = (11, =0,
X

X

)

- X, X,
- / r’xxxxdn =- / nxd(rlxxx)
X X

X

r 'xl’
+ / N M dX
Xi

X

X, X
/ MMy X = (M)
Xy

X,

= _(nxnxxx)

XI‘

1

1
= 50| = =3l .
X
(10)
Letting:
G(t) = / R4+ antydx, 60, A>0, (€[0T,

Substituting Egs. (8)—(10) into Eq. (7), we obtain:
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=28 / i (uy), — ), )dx
= -2 / i (1 + wy), — 1) (uy), Jdx

=28 / il dx - 2p / 0 = i)(uy) dx

1 1

X, X, p=l

=-2§ / nn,dx — 2 / [nz(uz)x Z(uly’-l—"wz)"] dx.
X X k=0

(1n

By Lemma 1.1 and the Cauchy—Schwarz inequality, we

obtain:
sc/ I'II-IrIxIdeC[/ nde+/ (nx)zdx],
X, X X,

/ nutn,dx

X 1 1
X, p-1 X,

/ [n2<u2)XZ<ul>P-'-k(u2>k]dx <C / ndx,

R k=0 X

where C is a constant. Substituting the above two inequali-
ties into Eq. (11), we obtain:

/’nzdx+/'(nx)2dx], 6> 0.
X X

Since 6 is a positive constant, we have:

% + 01, (x, H)*dx < C

dG

ﬁ <CG(@), te]0,T].
dt

This leads to:

G() <eTG0), 0<r<T.

Thus, if ugl) = ugz), we have 7(x, 0) = 0 and, hence, G(0) = 0,
implying that G(¢) = 0. By the Sobolev inequality, we obtain

lInll,_ = 0andu; = u,. Furthermore, if

nx,0)<e, nx0<e n,(x0) <e,

we obtain G(0) < € and hence:
Gt <eTG(0) < ee’’, 0<r<T,

implying that the solution is continuously dependent on the
initial condition. We conclude that the problem (1)—(3) is
well posed. This completes the proof. O
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For the generalized Rosenau—Kawahara—RLW equa-
tion (1), He and Pan [18] presented a second-order accu-
rate implicit difference scheme, which is energy-conserved
and unconditionally stable. Wang and Dai [20] proposed a
fourth-order accurate conservative finite-difference scheme
and their numerical analysis showed that the method can
be applied to study the solitary wave traveling in a long
time. Ghiloufi et al. [21] proposed two conservative finite-
difference schemes for the Rosenau—Kawahara—RLW equa-
tion, and both schemes are fourth-order convergent in space
variables. However, the above finite-difference schemes in
Refs. [20, 21], although they have the fourth-order numerical
precision, employ a nine-point discrete method. Thus, the
purpose of this paper is to establish two new conservative
high-order compact finite-difference schemes for solving
the generalized Rosenau—Kawahara—RLW equation. The
coefficient matrices of these new schemes are both seven-
diagonal. And we rigorously prove that the two schemes
are unconditionally stable and conserve the energy in the
discrete sense.

The outline is as follows. In Sect. 2, a nonlinear conserva-
tive difference scheme for the problem (1)—(3) is described
in detail, and corresponding conservation, stability, and
convergence are proved. In Sect. 3, a three-time-level lin-
earized compact finite-difference scheme is constructed.
The discrete conservative law, the unique solvability, the
prior error estimates, and the unconditional convergence

of the difference scheme are shown. In Sect. 4, an iterative
algorithm for the nonlinear compact scheme is given and its
convergence is proved. In Sect. 5, we present some numeri-
cal examples to show the performance of the schemes and
confirm our theoretical analysis. Finally, conclusions are
drawn in the last section.

2 Nonlinear compact difference scheme

In this section, we propose a two-time-level nonlinear and con-
servative fourth-order compact finite-difference scheme for the
problem (1)—(3).

2.1 Construction of nonlinear-implicit scheme

We first define the solution domain to be [x;, x,] X [0, T'], which
is covered by a uniform grid (xj, "), where:

X=X +jh, " =nt, h=(x, —x)/J,
t=T/N,0<j<J,0<n<N.
At each point (x;, "), the symbol u(x;, ") is denoted as the

exact solution, while the associated numerical solution is
represented by UJf“ ~ u(x;, 1"). The following notations are

introduced for the simplicity:

Table 1 Comparison of errors and temporal convergence order with various z and 2 = 0.05 at T = 4 for Example 5.1

T Scheme A Rate CPU Scheme B Rate, CPU
0.4 3.327729E-02 - 1.014 4.737335E-02 - 0.322
0.2 8.340172E—03 1.996388 1.272 1.190285E-02 1.992768 0.399
0.1 2.106104E—03 1.985500 1.881 2.992169E-03 1.992043 0.756
T Nonlinear [21] Rate CPU Linear [21] Rate_ CPU
0.4 4.229686E—-02 - 32272 6.903704E—-02 - 9.940
0.2 1.087472E-02 1.959572 60.132 1.747506E—-02 1.982072 14.850
0.1 2.738395E-03 1.989575 96.653 4.392520E-03 1.992177 29.656
Table 2 Comparison of errors and spatial convergence order with various 4 and z = 0.0002 at T = 4 for Example 5.1

h Scheme A Rate,, CPU Scheme B Rate,, CPU
0.8 1.163633E-03 - 29.075 1.158113E-03 - 12.425
0.4 7.236478E—05 4.007205 56.919 7.221965E—05 4.003241 22.670
0.2 4.545498E—-06 3.992777 125.432 4.547780E—-06 3.989157 56.744
h Nonlinear [21] Rate,, CPU Linear [21] Rate,, CPU
0.8 1.786716E—03 - 75.261 1.786723E-03 - 24.132
0.4 1.160013E—-04 3.945096 242.745 1.160089E—-04 3.945008 90.677
0.2 7.408240E—06 3.968867 2253.152 7.410765E—-06 3.968469 533.263
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Un — l(Un+l + Un—l) Un+% — l(U”'H + Un)
AN i i i’
Wy, = i(u'?+1 —Urh, Wy = l(Uf“1 —um,
J J J J
n n n 1 n ny __ n
(U] ))? = ( j+1 U/ )7 (U ) - Z( ljj_])’ (lj] )j ( J+1 (]j—l)’
J-1
(WYY =h YUV U = (U0, U = max U
j=1
-1 -1
To get the high-order scheme, we use the following two Hy =M, H,=M,.
fourth-order compact finite-difference operators [22]:
AU":U”+h—2(U”)~_= 1( +10U"+U ),
R 12012 1z
n __ h2 n —_ n n .
BxUj—Uj"‘g(Uj)xx—g(U +4U +U+1) 1<j<J, 0<n<N

For the discretization of the first-order derivative u, and the
second-order derivative u,, of the function u(x, f), we have
the following formulas [23]:

X, 0 = BUN; + O,y (x, 1) = AT (U + O,
Omitting the small terms O(h*), we obtain:

(. ")~ BT (U, x5, ")~ AL (U )

We now introduce the vector and matrix notations as:
U=U.U,,....U;_)",
Ahu = [u,(x)), u, (xy), ...

= [u, (X)), Uy (X5), ..

U (x]—] )]T,

ot (eI,

101 0 -0
1 10 1 - 0
1 10 1
110 (J-Dx(I-1)
410 -0
) 1 41 -0
M, = gl Dol )
0.1 41
0014 T=1x(I=1)
where [, 1T is the transpose of the vector [, ]. Thus, the cor-

responding matrix form is:
~ -1 ~ -1
Apu, = M5 Uy, Ayuy, = M7 Usz.

Since M, and M, are two real symmetric positive definite
matrices, there exist two real symmetric positive definite
matrices H, and H,, such that [24]:

@ Springer

Introducing the new functions y, z, w, d, g, and ¢, Eq. (1)
can be written as:

yy=2+d, d=au, w=u,, (12)

g=w,, z=pp+yw, —0g, (13)

b= ——@*), y=—utow—ig (14)
p+1 o ’

Therefore, the original problem (1)—(3) is changed to an
equivalent system of the second-order differential equa-
tions (12)—(14). Using the above notations, we construct the
nonlinear compact difference scheme for solving the system
(12)—(14) as follows:

n+l

+
)
o>
)

Il

¥y = L BT =aU] ) (1)
! ! atd
AW =W ) AGT =Wy, (16)

1 il 1
N LR (AR NI V)
1 1 nt+l ntl n+ il
dU U 2)=—{(U.“)P(U.“)X+[(U.+2)P+1],;},
p J J J
(18)
Yf = —U;‘+5WJ.”—AG;’. (19)

From Egs. (15)—(19), we have:



Engineering with Computers (2022) 38:1491-1514 1495
n n+% n+% n+% -1 n+% _ -1 n
BUM;+a(U) ) 4 ppU) 7 U 4y AT U gy = 8AT B(U g 0
1
+ ACAL fBaﬂyw epgb%qfﬁmﬁzo, n>1, j=2,...,0-2.
Thus, the compact finite-difference scheme (20) can be
rewritten in the following matrix form:
U + aH,U, - PH,O(U™:, U™3) + yH1H2U~_ —8H\ U+ AHU? . en
—OHH U2 =0, n=0,1,2,..,N—1,
where
n+l ntd ntt ntt ntt ntl ntt ntl T
QU™ U = U U, UL UL, U U
The initial condition (2) is discretized as: (ur,2 203 D) = U137, (Ur,20") = ||U”||§,
U0 = up(xy), j=0,1.2,....J. 22 (U2 Uty = —||lUn?, (UL, 20" = —|| U212,
n+l _ n 12 n 2
It should be pointed out that since Uj = (Up); =0, (Uaen 2U72) = IULIIF, <Uﬁm,2U )= ||Uxx||t

U} = (U)); = (U} = 0 from Eq. (3) and 0"ufox" — 0 as
x = +ooin Eq. (4), n > 1, we may assume:

=0, ==

J+1

=0, n=0,1,....N

(23)
for simplicity, where j = —1,J + 1 are ghost points. We fur-
ther denote:

Ul =Up=Ur=0, Uy,

Ul =Ur=U"

Ry ={U = (U U, = Uy = U} =0, T+l

Lemma 2.3 [18] For any discrete function U" on the finite
interval [x;, x,], there exist two positive constants C, and C,,
such that:

10Ul < CUIUM T+ GIIUEN, n=0,1,2,...,N

0, n=0,1,...,N}.

Hence,U" € R),0 <n <N.

2.2 Auxiliary lemmas

To analyze the discrete conservative properties for the
compact finite-difference scheme (5)—(7), the following
lemmas should be introduced.

Lemma 2.1 [25, 26] For any two mesh functionsU,V &€ R/,

we have:

(Ue V) = ~(U. V). (Us V) = ~(U. V),
(Uge: Uy = =IULIP,  (Usgeen U) = | Usel

Lemma2.4 [27] The eigenvalues of the matrices M, and M,
are, respectively, in the following forms:
z
1 9

in 1 i
C A= (24
J+1> My 3< A

Ay i = é<5 + cos
i=12,...,J

Lemma 2.5 [24] For any real value symmetric positive defi-

nite matrices H and forU,V € RO, we have:

(U)'o'c’ V> = <U5c’ Vx) - <U’ xx)

Lemma 2.2 [20] For any mesh function U" € Ré, we have:
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(HU,. V) = ~(HU,V;) = (U, HV;),
(HUg, V) = =(HU;, Vi) = —(RU;, RV5),

(HUs;, U) = =(RU;, RU;) = _”mUXHZ’

where R is obtained by the Cholesky decomposition of H,
denoted as H = RTR.

Lemma 2.6 For any mesh function U € R., we have:

IUI1* < (H,U,U) = IR, UII* < S1UIP,

\SNRON]

Proof For U,V € R/, from Lemma 2.1, we have:
(leUm’ V)= <H12U5rj’ Vx-x) = (Hl Usss Hlvfo-c)-
Furthermore, we obtain:

(H}Usgss U) = (H Uz, H U

XX XX

)= I1H Uz l*.

This completes the proof. O

IUII* < (H,U,U) = IR, UI1* < 31U,

where R, is obtained by the Cholesky decomposition of H,,
denoted as H; = RTR,,i = 1,2.

Proof 1t follows from Lemma 2.4 that the eigenvalues of the
matrices M, and M, satisfy:

<Ayi<1, i=1,2,...J

= =1 P

2
5</1M.<1

W | =

This implies that:

1< Ay, < % 1< Ay, <3 i=12...J

Thus, we obtain:
3
1< ||H|l = pH) £ 5 1 < ||H,|| = p(H,) £ 3, 24)

where p(H,) is the spectral radius of the matrices H;,i = 1, 2.

Note that:
(HU,U) = (R,U,R,U) = |R,U|I?, i=1.2.

It follows from Eq. (24) that:

3
IUI? < (H, U, U) = IR UI < IH KU, U) < 10T,
IUI1* < (H,U. U) = |R,UI12 < L IKU, U) < 311U,

This completes the proof. O

Lemma 2.7 [24] For any mesh function U € R/, we have:

WU < WU:% UL = UL
IR,UI* < CIR,UIA  UI* < IIHUII* < CIU|I*

Lemma 2.8 [24] For any mesh functionU € R/, we have:

(HyU,, Uy =0, (HH,U;, U)=0,

XX

(H,®(U, 1), U) =0.
Lemma 2.9 For any two mesh functionsU,V € R!, we have:

<H%Ui}}x’ V)= (Hl UJ?X’HIVX;?)’ (HfU‘ X

XXXX?

U) = |H Uxll*.

@ Springer

Lemma 2.10 For any mesh function U € R, we have:
<H12H2 Ussses U) = 0.

Proof ForU € Ré, from Lemmas 2.1 and 2.5, we have:

(HszU ~~~~~ JUY = Uz HszUf) = _<(U5CX‘)5@’H%H2U2>

XXXXX XXXX*
= _<U)?X’H12H2U5o'dc> = _(U’leHzUmxx
= —<H12H2Umx~i’ U>,

XXXXX?

proof. O

and then, we have (H12H2U ~~~~~ U) = 0. This completes the

2.3 Discrete conservative law

We now analyze the discrete conservation for the nonlinear
compact finite-difference scheme (21)—(23).

Theorem 2.11 The nonlinear compact finite-difference
scheme (21)—(23) is conservative in the sense of the discrete
energy, that is:

E'= U + SIR, UL + ANH, U1
=E = = B0 = | UP)P + SR U2 + AIH, U1,

where 5 >0,A>0,n=0,1,2,...,N.

Proof 1 Computing the discrete inner product of Eq. (21) with
2U™ 2 and using Lemmas 2.2, 2.5, 2.8, and 2.10, we obtain:

Uz 203y = LU - U,
ntl 1
(H\ Uz, 205) = =L (IR, U2 2 = R, U2
1

1 n -

(U 2U™ ) = LU, U I = UL U )
1

(HH, U2, U3y = 0,

XXXXX

1=

1
(H,H,U2, U3y =0,

1 1 1
<H2ch+27 Un+%> = 05 <H2q)(Un+%s Un+§)’ Un+§> = O
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Therefore, we have:
Lo + 2y, ot + 2 g, vt 2
T T T
1 ny 2 6 n2 A n (2
= U+ IR ORI + 2 UGl >0, 4> 0.

Consequently, we obtain E} = E:"l = = E?. This com-
pletes the proof. O

2.4 A priori estimates

Theorem 2.12 Suppose that u, € Hé([xl,xr]), and then, the
solution U" of the compact finite-difference scheme (21)—(23)

satisfies:

E° E°
n n 1 n 1
Ul < \/EY, Ut < 5 MUEl<y/—

6>0, A>0,

1
2U™E = UM+ BH,®U™ 3, U3 + yH Hy U2 = 26H, (U5 — U™

n+l 2 +l n+l
+ O!HQUJQ ? + ZAHl(Un 2= Un))bb?)? - xxxfcx

OHTH,U_ 2 = 0.

2.5 Solvability

To prove the solvability of the nonlinear compact finite-
difference scheme in Eqgs. (21)-(23), the following variant
of Brouwer fixed point theorem will be used.

Lemma 2.13 [28-30] Let (H, (-, -)) be a finite-dimensional

inner product space, || - || be the associated norm, and
g . 'H — 'H be continuous. Assume that:
>0, VzeH, |zll=¢ (g),2)>0.

Then, there exists a z* € H, such that g(z*) = 0 and||7*|| < &.

Theorem 2.14 The compact finite-difference scheme (21)—
(23) is solvable.

Proof We know U° exists. To prove the theorem by using
mathematical induction, we assume that U, ..., U" exist.
Forn > 1, we rewrite Eq. (21) in the form of:

XX

which yield||U"||,, < C and||UZ||, < C forany0 <n < N.

Proof By the assumption that § and A are positive constants,
from Lemmas 2.6, 2.7 and Theorem 2.11, it yields:

Letg : Ré - Ré defined by:

g(V) =2(V = U + BH,D(V, V) + yH H,Vooy — 26H,(V — U™,
+ aH, Vi + 2AH}(V = UM)zaz — OH H, Vigase = 0.

XXXX XXXXX

(25)

IU"1P + S UL + ANUEI? < NUIP + SR UL + AlH UL |I? = EY.

Therefore, we obtain:

Ul < \/EY, llU7) <

(H,®(V,V),V) =0,

ULl < , 6>0, A>0.

By
Ny

XXXXX?

(HIH,Viize: V) = 0,

<H|2VXX)”C5C’ V)= lH, V.

Then, g is obviously continuous. Taking the inner product of
Eq. (25) with V and using Lemmas 2.5, 2.8-2.10, we obtain:

(HyVe, VY =0, (HH,Vi, VY =0, (HVi,V)=—||R, Vil
(26)
112 Q7

xx

By Lemma 2.3, we obtain ||U"]|, < C, U]l < C, where:

- [ BB E
czmax{c1 E'+C, = G5 +G 7}, 5>

Thus, from Egs. (26) and (27) and Young’s inequality, we
obtain:

0, A>0.

This completes the proof. O
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(&), VY =2||V|*> = 2(U", V) + 28||R, V;I* + 26(H, U™,
+ 2A|H, Viell> = 24(H, U, Hy Vi)

xx’

V)

> 20VIP = AU + IVIP) + 28 IR Vell> = SUIR UZIP + 1R, Vil

1
+2A1H, Vel ~ 2AC; 1I1H, ULI? + 1H Vsl

n n }' n
> [IVIP = (U1 + SIR, UL + 514, UL, >0,

A>0.

Hence, for:

n n )’ n
IVIZ = 10117 + SR, Us 11> + 514, ULIP +1,

1 L
R' = Q +aH, Q. % 4 BH,[O(V™3, V™) = O(U™3, U™2)] + yH H QL

1
— SH\ QY+ AHXQY.  — OHPH, QL2 n=1,2,...

XXXXX

According to the Taylor expansion, we have:
| 7S CE+hY, j=1,2,....J, n=0,1,...,N.

Subtracting Egs. (28)—(30) from Eqs. (21)—(23) and letting
Q" = V" — U", we obtain the following error equation:

€19

’N_l?

then we have (g(V),V) > 0, and from Lemma 2.13, we
deduce the existence of V* € Ré, such that g(V*) = 0. Thus,
the existence of U"*! = 2V* — U" is obtained. This com-

pletes the proof. O

2.6 Convergence and stability
Define the grid function uj" = u(x;, "), wj” = uj” — U;’ and:

V=, ), Q= (0],

)T, R =,

where Q° = 0.

Lemma 2.15 (See [24]) Assume that {S"} is a non-negative
sequence and satisfies:

n—1
SO <A, S"§A+BTZSi, n=12,...,
i=0

where A and B are non-negative constants. Then, S" satisfies

T
AN

J

and then, the truncation errors of the scheme (21)—(23)
satisfy:

ntl
VI +aH,V,

X
n+l

—6HH,V_2 =R', n=0,1,2,...,N—1,

S"<AeP" n=0,1,...

1 1
+ BH, (V™ 3, V') £ yH Hy Vi ? — GH\VI 4 AHV!

17 xxxxt (28)

T
Vo= <u0(x1), Uy (%), - . ,uo(x,)> , (29)
u', =u8=u'1’=0, ”‘;—1 =u;=u;+l =0, n=0,1,...,N.
(30)

@ Springer

1 ntt ntl ntd
Lemma2.16 ForQ"t: = (0, >0, HT

, , we have:

@

<H2[q)(vn+%, VVH'%) _ (I)(UVH%, Un+%)]’ Qn+%>
< COTL I + IR QP + R + 1R,

Proof According to Lemma 2.1, we obtain:
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h n+t\7 n+% I\ [l n+%
= — V] Vj - M] I/t] C()/
p+2},=1 4 . )
J-1 p p (32)
- b () Saci () e } (w>
p+2]:] J J J J J .
J-1 p 1 1 1\7? 1\ 7 1 1
h n+> n+> n+s n+> n+> n+s n+>
= 207 () (07) - () () )
p+2j: X x

Note that: <H2 [@(V’H—%, Vn+%> _ CD(U'H'%, Un+% )] i Qn+%>

J-1 p p ntt 1
(- el
=1 3

I o1k k < CURQL + IR + 1R, + R, Q" 17).

1 1 1 1 1

— Z vn+5 un+§ a)n+i Mn+§ wn+5
il el AN J i i )7 f°  This completes the proof. O

Theorem 2.17 Assume that u, is sufficiently smooth and

u(x,t) € Cff([x,,xr] X [0, T]), and then, the solution U" of

J-1 e\ I\ el el the compact finite-difference scheme (21)—(23) converges to

Z { [( ’ > - <”j ’ > ’ < ’ ) } the solution of the problem (1)—(3) with the convergence rate
* of O(z* + h*) in the sense of || - ||and || - ||, norms.

4 L ntt poik ntl ¢ ntl onel gl
= Z { ;) [<Vj > (”j > ]wj “; <wj >X} Proof Taking the inner product of Eq. (31) with 203 and
(34) using Lemmas 2.2, 2.8-2.10, we have:

It follows from the Cauchy—Schwarz inequality, Lemma 2.7,
and Egs. (32)-(34), and we obtain:

K[d)(vwg’vﬁg) B ¢<un+;,un+;)]’wn+;>

1
ntso0 ) 12 2 12 2
SC<II% 12+l 2| > < C(N 1P + N> + Nl 1> + l"[1).

Thus, applying Lemma 2.5, we have:
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n n+l ny2 ny2 n 12
(R, 2003 = Q2 + IR, Q2112 + AllH, QL)

+ B[OV, VIF3) — DU, UM3)], 2003,
According to Lemmas 2.6, 2.7, and 2.16, we obtain:

<H2[d)(V"+%, V"+%) _ q)(U"J'%, Un+%)]’29n+%>
< CUR QL+ IR, QL+ 1R, QP+ 1R, Q1P
< CUIR QP + IR QP+ 112 + 19281,
(36)

Furthermore, we have:
n l n 1 YA n
(R",2Q"%) < IR"IIP + SUIQHI + 19711, (37)

Substituting Eqgs. (36) and (37) into Eq. (35) gives:

12
Q1" —

+ 2[RI + Ce( Q™ |1* + Q")

Since wj(.) =0,j=12,...,J, we have B? = 0. Therefore,
from Lemma 2.15, we obtain B! < C(z* + h*)*. This yields:
1Q"] < C(z* + k%), IR, < C(* + R,

IH, QL < O + 1),

From Lemmas 2.6 and 2.7, we obtain:

I < C@® + 1Y), Q4N < O + 1.

According to Lemma 2.3, we conclude that
19", < C(z? + h*). This completes the proof. O

Theorem 2.18 Under the conditions of Theorem 2.17, the
solution U" of compact finite-difference scheme (21)—(23) is
unconditionally stable in the sense of || - ||and|| - ||, norms.

= Q" I17 + SAIR QP = IR Q) + ANH, Q1P = I1H Q%)
< Co(IR QP + IR Q) + I1H Q1P + 1 H Q1)

(38)

Setting:

By = Q17 + 81IR, QLI + AlH, P,
we can obtain from Eq. (38) that:

B! — B! < 1||IR"||* + Cz(B} + B/™").
Hence, we obtain:

(1-Co)B! - B™") < 7||R"||* + 2CzB~".

If 7 is sufficiently small, such that 1 — Cz > 0, then we
obtain:

B'—B"' < Ct||R"|I* +2CtB"". (39)

Summarizing Eq. (39) from 1 to n, we obtain:

B} <B)+Ct ) |R|I*+2C7 ) B,
=1 =1

Proof Suppose that there are solutions U” S RJ and U "e RJ

which both satisfy the nonlinear finite- d1fference scheme in
Egs. (21)—(23), such that UJQ = uy(x;) and UJ(.) = fig(x;). Set

Fl=U!- f]jf’, 0<j<J,0<n<N.Using a similar proof
as that for Theorem 2.17, we conclude that:

IF < CIFll, IIF" Il < CIIF |l

This completes the proof. O

2.7 Uniqueness
We now show the uniqueness of the numerical solution.

Theorem 2.19 The compact finite-difference scheme (21)—
(23) has a unique solution.

Proof Assume that both U” and U" satisfy the scheme (21)—
(23), and let ®" = U" — U, and then, we obtain:

where
@Yl H 2 ﬂH [q)(UIH-- Un+ ) q)(f]n+l Uﬂ+l)] H H ®n+%

+ a + 2 2, 2 + o

2 2 N V1O (40)
n 2N 2 _

—6H 07, + AH O] . — OH HZ@xxm n=0,1,2,...,N—1,

- 0 — <ji<
o Y IR? < ne max IR < CT(2* + h*)?. 0 =0 0<j</. D

1<i<n

=1
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n=0,1,...,N.

(42)
Taking the inner product of Eq. (40) with 20" and using
Lemmas 2.8-2.10, we obtain:

@, =0,=0"=0, ©_ =01=0" =0,

J+1 =

10117 + 8|I1R,©717 + AllH, O |7

+ BUHL[ U™, U™ 3) — &0, )], 20 1) = 0.
From Lemmas 2.6, 2.7 and 2.16, we have:
10117 + 8|IR, O717 + AllH, O |7

< C(IR, O + IR, O + 107> + [10"]%)

< CUOFIP + 1021 + 101> + |e" ).

Applying Lemmas 2.6, 2.7, 2.15, and Eq. (42), we obtain
that for z small enough:

107117 + 511©2° + AIIOLI* =0, 5>0, A>0.

This yields @™ = 0; that is, Eq. (21) only admits a zero
solution. Therefore, the compact finite-difference scheme
in Eqs. (21)—(23) determines U"*! uniquely. This completes
the proof. O

3 Linearized compact difference scheme

3.1 Construction of linearized compact difference
scheme

In this section, we construct a linearized compact finite-
difference scheme for solving the system (12)—(14):

" =Z + D}, BD!=a)), (43)
AW = (@ AG) = (W, (44
B.Z} = (U, U + y(W)); — (G, (45)

B (U + a(U); + U] UM + y AL (Ui = 8A; Bo(U s
+ )“(A;I)ZBx(U;)f'-wt - 9(“4;1)2(0;1)}2@% =0,

(48)
where j=1,2,...,J,n=1,2,...,N — 1. Since the scheme
(48) is a three-time-level method, to start the computation,
we may get U' by the following two levels in time method
(21) as:

BUY;+a(U} ) + BOU; , UP) + 7 AT (U] )z = 6AT B(UD)i

+ AAT B s = OCA, Y (U s = 0, j=1,2,...,J.

(49)

The compact finite-difference scheme (48)—(49) can be
rewritten in the following matrix form:

U + aH, U} + pH,®U", U") + yH Hy U2, — 6H UZ + AHTUT

XXX X7 1™ xxexi
-0H*H,U" . =0, n=12,..,N-1,
1772 xxaek

(50)
1 1 1 1
Uy + aH,U? + pH,®(U?, U?) + yH HyU2, — 6H\UY, + AHUY
1
- 0HH,U:__ =0,

(5D

and the initial-boundary conditions are discretized as:

0 .

Uj = uo(xj), j=0,1,2,...,J, (52)

U, =UL=U"=0, Ul =U'=U!, =0, n=01,..N,
(53)

where:

n

_ _ _ _ T
DU, T = | U, T, p(UL, T, ..., p(U", U")] .

3.2 Conservation

Theorem 3.1 The finite-difference scheme (50)—(53) is con-
servative in the sense of the discrete energy, that is:

n 1 n n 5 n n A n n
E=3(U P+ 0P + E(Ilf’hU;frlII2 + IR, UL + 5 (IH, U + 11H, UL

XX

=B = = E) = U0 + 8I1R, V2N + AllH, U2 1%,
n o ymmy _— 1 n rTn n\p T 11
Yj” = —Ujfl + 6Wj" - AGJ’?. 47)

From Egs. (43)-(47), we have:

whereé >0,A>0,n=0,1,2,..., N— 1.

Proof Computing the discrete inner product of Eq. (50) with
20", and from Lemmas 2.2, 2.5, 2.8-2.10, we obtain:
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1 5 A 1 8 A
— U™ + =R, U + = H US> = — | U712 + — IR, U712 + = |H, U Y)2
| I+ S IR U + S 1H U = l +21||911 i IT A I U

Consequently, we obtain E} = E;~' = - = EJ. Similarly,
taking the inner product of Eq. (51) with 2U2 yields to:

1 n+1 1 1 1 o n+1
U+ alL Ut + BH, U™, UM + yH Hy UL — = H U
+%H§U%g—erH2U;;}(i=o, n=12..,N-L

Lot + 2w, ot 2 + 2m v 2 = Liooge + Sim, 002 + Ay, 00 2,
T T T T T T

Thus, we obtain:

E) = IU°|1” + 81K, U2N1° + AIH, UL |?, 6>0, A>0.

This completes the proof. O

3.3 Unique solvability

Theorem 3.2 The linearized compact finite-difference
scheme (50)—(53) has a unique solution.

Proof By the mathematical induction, it is obvious that U°
and U are uniquely solvable by Egs. (52) and (51), respec-
tively. Now, suppose that U°, U!, ..., U" are uniquely solved.

2E° 2E?
WU < A/2ES, U <=2, U<y =2 &>
X 5 XX ){

Taking the inner product of Eq. (54) with U™*!, we obtain
from Lemmas 2.1, 2.8-2.10 that:

Lo+ Zmom 2+ 20 P =0, 60, A 0.
2t 27 * 27 o
This yields U™! = 0; that is, Eq. (50) only admits a zero

solution. Therefore, there exists a unique solution Ut that
satisfies Egs. (50)—(53). This completes the proof. O

3.4 A priori estimates

Theorem 3.3 Suppose that u, € Hg([xl,xr]), and then, the
solution U" of the compact finite-difference scheme (50)—(53)
satisfies:

0, 4>0,

Then, Eq. (50) is a linear system about U"*!. By considering
Eq. (50) for U™*!, we have:

which yield||U"||, < C and||U%||, < C forany0 <n < N.

Proof By the assumption that é and A are positive constants,
from Lemmas 2.6, 2.7, and Theorem 3.1, we obtain:

IO+ 1012 + AU + UL + 20U + UL
S HUHE + N0 1P+ SAIR UFHP + IR UL + AN H U P + 1 H U P

=2E] = - =2E).

Therefore, we obtain:

2E° 2E?
|0 < 4/2E0, U<\ =2, WUl <y =2 6>0, 4>0.
X 5 XX ){
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By Lemma 2.3, we obtain [|U"||, < C, || Ul < C, where: the compact finite-difference scheme (50)—(53) converges to
the solution of the problem (1)—(3) with the convergence rate

2EO 2E0 of O(z* + h*) in the sense of || - ||and || - ||, norms.
maX{C”/ZE +C, C,

Proof The truncation error equations of the compact finite-

This completes the proof. difference scheme in Egs. (50)—(53) are:

=Q' + aH,Q + BH,[®(V", V") — d(U", U")] + yH H, Q. — 6H, Q"
+AHIQ . —OHTH)QY .. n=12,... N-1,

1 1
= Q0+ aH,Q + ﬂHz[CI)(V% Vi) = ®U?, UD] + yH H Q2 — 6H, Q0

+ AH; QY. . — OH H, P

XXXXX

(35)

(56)

3.5 Convergence and stability Lemntas 2.2. 2.9. and 2.10. we have:

. 2R, Q") = |Q"I17 + IR, QLI + AllH, Q|17
Lemma3.4 For Q" = (a)’l', a);, ,a)j) , we have:
+ f(H,[D(V", V") — DU, UM)], 2QM).

Taking the inner product of Eq. (55) with 2Q" and using

6p))

(HZ[(D(V’!7 ‘7”) - (D(Uns U”)]s Qn>
< CURQ + 1R + IR Q™2 + [R,Q71° + 1R,Q71).

Proof Similar to Lemma 2.16, we obtain:

(Hy(@(V", V") = @(U", T"), Q")
< CURZN? + IRQ"I17 + 1R,Q"117)
< CARI + IRQTHI + IRQ™ + IR, Q117 + (R,

This completes the proof. O

. - mas 2.6, 2.7, and 3.4, we obtain:
Theorem 3.5 Assume that uy is sufficiently smooth and

u(x,t) € C93([x,, X 1[0,T]), and then, the solution U" of

According to the Cauchy—Schwarz inequality and Lem-

(Hy[D(V", V") — ®(U", U™)],2Q")
< CUR QP + IR+ IR, QMP + IR, Q1P+ 1R, Q1P
S COIR QL + IR QP+ 117 + 1717 + 1Q717),

(58)

and
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= 1 -
(R",2Q") < EIIR”II2 QP+ QR (59)

Substituting Eqs. (58) and (59) into Eq. (57) gives:

QU = 1% + SUIR QP — IR, Q711 + AUIH, Q@

B) =I1Q'|I” + 811K, 1” + AlH, Q1
< CUIRQP + S + Q)

12 -2
w1 = IH, Q1)

XX

< 2)IRMP + Crl Q™ P + 1017 + 1L + IR Q1P + IR, Q1% + 1R, 2711 (60)

+ Cr(|H, QP + I H QN + 11 H 1.

XX

Setting

By = (|1 + 197117 + (IR, 17 + 1R, Q2017
+ AH QP + 1H QP

we can obtain from Eq. (60) that:

B — By <27||R"|I> + C(B) + By V).

Hence, we obtain:

(1 - Cr)(B: — By ") < 2¢||R"||> + 2CzB) "

If 7 is sufficiently small, such that 1 — Cz > 0, then we
obtain:

By - By < Ct||R"||> + CtB, ™. 61)

Summarizing Eq. (61) from 1 to n, we obtain:

n n
By <BY+Ct ) |R|*+Cr ) By,
I=1 I=1
where

n
) IR'? < ne max [|R'||? < CT(z* + h*)?.
= 1<i<n

Since co;) =0,j=1,2,...,J, we have from Lemma 2.6 that:

where 6 > 0, A > 0. Taking the inner product of Eq. (56)
with 203, and using a similar argument in Theorem 2.17,
we obtain Bg < C(7? + h*)2. Therefore, from Lemma 2.16,
we obtain B} < C(z? + h*). This yield:

1Q"l < C* + 1Y), IR, QL < CE* + 1Y,

IH, QLI < C(z” + h*).

From Lemmas 2.6 and 2.7, we obtain:

1 < C(z* + 1Y), IQLI < C(* + ).
According to Lemma 2.3, we conclude that
19|, < C(z? + h*). This completes the proof. O

Using a similar argument, we can prove stability of the
difference solution (50)—(53).

Theorem 3.6 Under the conditions of Theorem 3.5, the
solution U" of compact finite-difference scheme (50)—(53) is
unconditionally stable in the sense of || - || and|| - ||, norms.

4 Iterative algorithm

In this section, we give an approximate solution of nonlin-
ear system (21)—(23) using an iterative method such as the
techniques in Refs. [31, 32]. For fixed n, Eq. (20) can be
written as follows:

2 n+% n n+% n+% n+% -1 n+%
2 O R R G RS CA I

“) - (U;l)m] (62)

el
<U

J

@ Springer

which can be computed by the following iterative method:
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n+= (z+1) n+- (1) n+ (t)

n+> (0)

—B (Un+ 36+ U+ aU oy ) Ejn+ 0 U A Z(U;H +Un-Ur = %(U;H )
FrAT (Un+ (t+1)) 3 —5A B, [(U nt 3 i+1 ))xx — (U] = %(U;‘“ - vl'.’“) + %(\{;’“ — v+ %(vj’.’ - U
L2 /1 (A7 2B [(Un+ (,+1)) U] = %[0(72 + 1Y+ 0(r) + O + hY)] = O(x + h*). o

— (A )Z(U"Jr (l+l))ﬁm =0, n>1, If n > 1, we have:
i=0,1,2,..., j=2,....J =2, (63)
;1+%(0) _ U;H' B U;L+%(0)

= U U = —CU = JU = U 20+ U )
= S = SO =2 = (U =+ (U =

= 0(z* + I + 0(z®) + O(z* + h*) + O(z% + h*) = O(z* + h*).

where:
n+1(0) uv n=0
U B — j 2 9
j Spn— Lty p> .
27 27) =

Theorem 4.1 The iterative method (63) converges to the
solution of the nonlinear compact difference scheme (20).

From Egs. (64), (65), we have:

O(r + h*),
€20 = .
Ot + h*),

Therefore, for sufficiently small # and 7, we have:

n=0,

n>1.

IO < w012, N-1.

[\

1,.
Proof Let Now, suppose that ||£"+3(’)||oo < % It follows from Theo-
] ] 1 rem 2.11 that:
n+=(i) n+> n+-(i) .
& Co= UJ T UJ T i=012., j=2,..,0-2, n1(0) ntl okl ntl n+1 ()
U2l = NU2 = 20| S NNUT 2l + 116727l < C
when n = 0, we have: . .
Subtracting Eq. (63) from Eq. (62), we obtain:
x10™ x107™*
3.5 ; ; ; ; - . . . .
25F .
) 4 N
2» <
250 g
g 2+ 4 E 15 H 1
w w
=] ]
o [=}
2 15} i 2
< < 1t |
1 1 e
05 A
0.5} g
0 V\A T 0 T I T T
-40 -20 0 20 40 60 -40 -20 0 20 40 60
X X

Fig. 1 Absolute error distribution of Example 5.1 computed by Scheme A (left) and Scheme B (right) with s = 0.125and r = h? at T = 4
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—T=0 ——
off == T=20 < ol == T=20 E
- = =T=40 = = =T=40
1.5F b 1.5 1
=] ]
1 E 1+ E
051 b 0.5F b
0 ‘ 0 :
-40 -20 60 -40 -20 60

Fig.2 Numerical solutions of Example 5.1 computed by Scheme A (

13.7308

left) and Scheme B (right) with 2 = 0.25 and 7 = 0.1

13.7308

9

13.7308
13.7308
13.7308

T~ 13.7307F
13.7307
13.7307
13.7307

13.7307

- —= = =@ - M= == = =& =@ = = =S

!

13.7308

13.7308}
13.7308}
13.7308}
13.7308 |

T 13.7307
13.7307}
13.7307}
13.7307%

13.7307

- — -~ - - = W=~ — =@ == —§

Fig. 3 Discrete energy for long-time simulations of Example 5.2 computed by Scheme A (left) and Scheme B (right) when 2 = 0.1 and = = 0.01

Table 3 Discrete conservative
energy computed by Scheme A
and Scheme B with 2 = 0.1 and
7 =0.01

@ Springer

Ey

n 0 0
|E1 _Ell/lEll

E,

n 0 0
|E2 _E1|/|E2|

o N D= O

25.804900860483
25.804901020881
25.804901181559
25.804901503857
25.804901827284
25.804902151586
25.804902476740

6.21579680024E—-09
1.24424427389E-08
2.49322435191E-08
3.74657971585E-08
5.00332343583E-08
6.26337253456E—-08

25.804676511394
25.804676542982
25.804676770300
25.804677029566
25.804677289046
25.804677548535
25.804677807937

1.22411719608E—-09
1.00333170106E—-08
2.00805484975E-08
3.01360867338E—-08
4.01919873363E-08
5.02445189795E—-08
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Table 4 Conserved quantities and error values at 7 = 1

1(1) I" (Scheme A) |1(z) = I"|/1(r) (Scheme A)
I, 16.60435184896979 16.60435186312659 8.525955576365196E—10
I, 11.95361386780281 11.95361818097003 3.608253761929561E—07
1) I" (Scheme B) |1(z) — I"|/I(t) (Scheme B)
I, 16.60435184896979 16.60435003735091 1.091050647342242E—07
I, 11.95361386780281 11.95360645467725 6.201576897581938E—-07
-4 — o — llell_-Scheme A E -2|f — © - llell_-Scheme A g
- —%— - |lel|_-Scheme B - —4%— - |le]l_~Scheme B
-5H 1 -2.5 _ 1
y=4x y=2x
-6 1 -3r ]
i 2 -35} /./‘//,Q
= - e
s O S
g 2
-9l 7 -45} » g
V2 - Vog
-10}+ // - 4 -5 - - - 1
- - e P
11+ //' i -55 ‘/_/ /// J
- -~ e
—12} - 4 -6r .~ J
e ‘ ‘ ‘ ‘ ‘ ‘ <Al ‘ ‘ ‘ ‘ ‘ ‘
-2.2 -2 -1.8 -1.6 -1.4 -1.2 -1 -2.2 -2 -1.8 -1.6 -1.4 -1.2 -1
log(h) log(t)
Fig.4 Spatial convergence order (left) and temporal convergence order (right) of Example 5.2 with different hand r at T = 4
x107 x10°
25 8
i | |
| | |
6 L 4
5 1.5¢ | 5 5r H ]
i i
3 ER) 1
o o
3 L 4
2 L 4
0.5 1
4L J
0 T . T T 0 T
-40 -20 0 20 40 60 -40 -20 0 20 40 60

Fig.5 Absolute error distribution of Example 5.2 computed by Scheme A (left) and Scheme B (right) with 4 = 0.125and 7 = h? at T = 4
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60

Fig. 6 Numerical solutions of Example 5.2 computed by Scheme A (left) and Scheme B (right) with 2 = 0.25and 7 = 0.1

n+L(i+1 n i n+l n i n+i(i
28,6 a3l U - g U ,.+2“)]
T

X7
n+= (z+l) n+- (l+)

+7 AN, izt 5A 'B.(e, )i —l(A By

n+= (l+l)
)X)'c)'c)?

1
—0ATY (e, 7 Nee =0, n>1, i=0,1,2,...,

which can be rewritten into the following matrix form: (H? 2Hye 2 s (’+1) s (z+1)> 0. (72)

26n+%(i+1) + aH2(£n+%(i+1))X + pH, (D(Un+%, Un+%) _ q)(Un+%(i)’ Un+%(i))]
T

+ yH1H2(6n+%(i+1))m _ ZaHl(6;1+§(i+1>))b_C + %AH?(&"+%(i+l))~-~- (66)

XXXX

— OH?H, ("> G0y —0, p>1, i=0,1,2,....

XXXXX

Computing the inner product of Eq. (66) with ¢™*3@+D and  As shown by Thomee and Murthy [33], we obtain:
using Lemmas 2.1, 2.2, 2.5, 2.8-2.10, we obtain: 1 . . . .
» » L O™, U*2) — o2, U2 M|l < Ch |22

(En+§(t+1)’£n+5(l+1)> — I|£n+§(l+1)”2, (67) (73)

Thus, from Eq. (73), Lemma 2.6 and the Cauchy—Schwarz

(Hye il+ SG+1D) n+%(l-+1)> o, 68) inequality, we have:
<H2[®(Un+§7 Un+%) _ (I)(Un+%(i)’ Un+%(i))],6n+%(i+l)>
(HyHye 300 ey g ©9) S CUIGU™:, U™ = o0, U302 4 [l 2V)2)
< C(hfl ”6ﬂ+%(i)”2 + ||6n+%(i+l)”2).
n+= (1+1) n+ (i+D\ _ n+- (1+1) (70) (74)
(H 5 ) = —Rg 1%, From Egs. (66)—(72) and (74), we obtain:
(H2 '.'i_('“) n+§(i+1)> |H, e rjjr (,+1)” , 1)

@ Springer
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p=2, Scheme A

p=4, Scheme A

p=2, Scheme B

p=4, Scheme B

Fig.7 Wave surface of Examples 5.1 and 5.2 computed by Scheme A and Scheme B with x; = =40, x, =60 atT = 10

Table 5 Invariants " of the T I" (Scheme A) I” (Scheme A) I” (Scheme B) I” (Scheme B)

scheme at different times ! 2 ! 2
0 16.604351863126 11.953961402834 16.604281724673 11.953528188892
5 16.604351867620 11.953955582727 16.604434238999 11.954007524776
10 16.604351871818 11.953950544056 16.604444810036 11.954007289659
15 16.604351878535 11.953944677808 16.604246635121 11.953496800609
20 16.604351884429 11.953939706565 16.604236265093 11.953488999159
25 16.604351889075 11.953934821470 16.604226070513 11.953481957198
30 16.604351893595 11.953929262430 16.604489293334 11.954001890803

15 4 51RO 4 2 e which yields:

< Co(HLIDU™HY, U0y (U, Ut ey (1= Colle™ T V)R < Con e 3O,

1, 1,.
< Cr(h~ e @)% + e, hence, for1 — Ct > % we obtain:

(75)
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Table 6 Comparisqn of error T Scheme A Scheme B B-spline method [34]

values for the invariant [
5 1.7631915617E-04 1.7355102877019E-04 5.29918728551E—03
10 3.3644835342E-04 3.3157677136027E-04 6.03518532620E—03
15 4.7934468186E—04 4.7295621947192E—04 2.04933295955E—-03
20 6.0481156124E-04 5.9740725738314E-04 7.25266964973E—03
25 7.1321896009E—04 7.0521788806528E—04 1.36977191137E-02
30 8.0528054841E-04 7.9702910659994E—04 1.32281178304E—-02
35 8.8190892624E—-04 8.7369075390440E—-04 8.15824940756E—-03
40 9.4415384659E—-04 9.3619669976300E—-04 3.48677246251E—03

p=2, Scheme A p=2, Scheme B

p=4, Scheme A p=4, Scheme B

Fig.8 Wave surface of Examples 5.1 and 5.2 computed by Scheme A and Scheme B with x; = —40, x, = 160 at T = 20

L. 1. 1,. 1,.
”6n+§(l+1)”2 < ZCTh_l ”£n+5(l)”2. (76) ||€;l+§(l+l)”2 < ||m]£n+5(l+l)”2

It follows from Lemma 2.6 and Egs. (75)—(76) that: < Cr |32 + || HD|2) < Coh || 92,
a7
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T=0 T=5
0.7 T 0.6 T
Scheme A Scheme A
----- Scheme B 1= =1Scheme B
0.6 b 0.5F b
0.5F 1 04r 1
0.4} 1 0.3 1
C:S EJ
0.3F b 0.2} b
0.2 b 0.1F b
01} J . 0 ‘J‘ﬂ
0 . L ) . -0.1 L I ! |
-200 -100 0 100 200 300 -200 -100 0 100 200 300
X X
T=10 T=15
0.7 T 0.7 T
Scheme A Scheme A
oekl == Scheme B | oekl= =" Scheme B |
0.5F 1 0.5F 1
0.4} 1 04} 1
S5 0.3 41 = 0.3F 1
0.2f 1 0.2f 1
0.1F R 0.1F R
0 o—-ww\/\/\/\}
~0.1 . . . . ~0.1 . . . .
-200 -100 0 100 200 300 -200 -100 0 100 200 300
X X
T=20 T=25
0.6 T 0.6 T
Scheme A Scheme A
----- Scheme B +==1Scheme B
0.5F 0.5F b
04r 041 |
0.3F 0.3r b
= c
0.2 0.2 1
0.1F 01 R
0 0
~01 . . . . ~0.1 . . . .
-200 -100 0 100 200 300 -200 -100 0 100 200 300

Fig.9 Interaction of two solitary waves of Example 5.3 computed by Scheme A and Scheme B with x; = =200, x, =300 at 7 =0, 5, 10, 15, 20,

and 25, respectively
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Applying Lemma 2.4 with Eqgs. (76)—(77), we obtain:
le™ 2 V2 < Coh e O)12 < CoLh [l 302

Therefore, if 7 is sufficiently small, such that 7 < é, we
have:

1 1 1
n+5(1+l)"oo < %llerﬁi(l)”oo << 1 ”8n+§(0)”oc >0, i- +oo.

lle TS

Therefore, the iterative algorithm is convergent. This com-
pletes the proof. O

5 Numerical experiments

In this section, we present some numerical experiments
to validate our theoretical results. For convenience, we
denote the nonlinear compact difference scheme (21)—(23)
as Scheme A and the linearized compact difference scheme
(50)-(53) as Scheme B. The generalized Rosenau—Kawa-
hara—RLW equation (1) has the following invariant quanti-
ties [34]:

+o00 J
Il(t)z/ udx & I =hZU;,

© j=0
o g h ~

L) = / Euzdx ~I = 5 Z((];)z’
o =

which are computed to check the conversation of the numeri-
cal algorithm.

Example 5.1 We considered the parameters a = 1, f =1,
y=2,0=14=1,0=1,and p = 2in Eq. (1), which gives
the following Rosenau—Kawahara—RLW equation [18, 20]

w4 u, 4+ uu +2u, — =0, (78)

Uy T Upvor — Uprnx

u(x,0) =

sech? <

W

/370 — 54/10
\V5vV37-29
where the exact solution is:

V370 - 54/10
_— SeChz[

V37 —5< 33-54/37

- BV
4 5v/37-29

(80)

In this case, we chose x; = —40 and x, = 60. First,

to investigate the accuracy of the present schemes,

we computed the || - ||, norm error of the numeri-
cal solutions (78)—(80). If 7 is sufficiently small,

@ Springer

then e(h,7) = Oh% +19) =~ O(h?). Consequently,
e(2h,7)/e(h, ) = 291 and, hence, g, ~ log,[e(2h, T)/e(h, T)]
is the convergence order with respect to 4. Likewise, if /4 is
sufficiently small, ¢, = log,[e(h,27)/e(h, 7)] is the conver-
gence rate with respect to 7. In our computation, we calcu-
lated the convergence orders based on the following formula
as: [15, 21]:

e(2h, 1)
e(h,7)

e(h,2t) )

Rate, =1 <
ate, = log, D)

), Rate, = log, (
Tables 1 and 2 give the comparison of error results and CPU
times between the present schemes and the non-compact
methods in [21]. From Tables 1 and 2, we can see that the
convergence orders of the present schemes are equal to
O(z? + h*), which confirms the theoretical order of conver-
gence obtained in Theorems 2.17 and 3.5. Furthermore, we
observe that the errors from the present schemes are much
smaller than that obtained based on the methods in [21].
Also, the present schemes have relatively less computational
cost than the methods in [21] do. Thus, we can conclude that
the present two compact schemes are more effective than the
schemes in [21].

To show that the two compact difference schemes have
the energy conservative properties, we then listed the con-
servative invariants £ and E7 at various times in Table 3,
where i = 0.1, 7 = 0.01. The obtained results in Table 3 ver-
ify that the present schemes preserve the discrete conserva-
tive properties very well as time increases. Moreover, we can
see from Table 3 that both E7 and E} are conserved in our
simulations with at least five-digit correctness after decimal
point. This confirms the theoretical conservation shown in
Theorems 2.11 and 3.1. In Table 4, we listed the theoreti-
cal values I(f), numerical approximations /", and the corre-
sponding error values |I(t) — I"|/I(¢) for the two conserved
quantities, where [x;, x,] = [-30,30], 7 = 1, h = 0.125, and
7 = h%. In Fig. 1, we drew the absolute error distributions
with # = 0.125, ¢ = h? at T = 4. From Table 4 and Fig. 1,
we can see that this numerical approximations are in good
agreement with the analytical solutions. Then, we plotted
the motion of solitary wave with 2 = 0.25 and = = 0.1 at
different time levels in Fig. 2. From Fig. 2, we see that the
agreement between forms of approximate solutions at7 = 0
and T = 20, 40 is excellent. The values of the invariants If
and 7’ at different times are listed in Table 5. The numeri-
cal results in Fig. 2 and Table 5 indicate that the present
schemes can preserve the discrete conservation properties.
Thus, the present schemes are effective for studying the soli-
tary wave traveling at long time.

Example 5.2 We considered the parameters a = 1, f =1,
y=2,0=1414=1,0=1,and p = 4in Eq. (1), which gives
the following Rosenau—Kawahara—RLW equation [18, 20]:
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4
u tu +uu, + zuxxx — Uyt Uy — U = 0, (81)

40(1/127 — 10)? ]i <
sech
3(104/127 — 109)

where the exact solution is:

V127 -10 )
S x),

u(x,0) = [ 3

(82)

Here, we chose the parameters ¢ =5, f = 10, y = 0.2,
6=0.1,1=7,0 =0.1,and p = 2in Eq. (1), which gives the
following Rosenau—Kawahara—RLW equation:

u, + Su, + 10u*u, +0.2u,, — 0.1u,, + Ty, — 011, = 0.

* XXXXX

(85)

In this case, the exact solution is unknown. We calculated
the solution on the domain [—250,500] x [0, 40], with

3

o2 17
40(v/127 - 10) ] Sech[

ux, 1) = [
3(10/ 127 — 109)

\/127—10<x_ 118 =10 127;)]. (83)

10

127 - 109

First, we displayed some values of discrete energy of
Scheme A and Scheme B in Fig. 3, where 2 = 0.1, 7 = 0.01.
The obtained results in From Fig. 3 also verify that the
present two schemes are conservative perfectly for energy.
Then, the spatial and temporal convergence orders for
numerical solutions with different 4 and = at T = 4 are shown
in Fig. 4, where the case of 7 = 0.8, 0.4, 0.2, 7 = 0.0002 is
plotted in Fig. 4a, and the case of 4 = 0.05,7 = 0.4,0.2, 0.1
is plotted in Fig. 4b. From Fig. 4, we can also see that the
convergence orders for both schemes are fourth-order accu-
racy in space and second-order accuracy in time. The abso-
lute error distributions with 4 = 0.125, t = h* at T = 4 are
plotted in Fig. 5. These indicate that numerical solutions are
very accurate as compared with the exact solutions. The pro-
files of the solitary waves with h = 0.25, 7 = K2 at different
time levels T = 0, 30, 60 are plotted in Fig. 6. From Fig. 6,
we can see that the waves at 7 = 30 and 60 agree with the
ones at 7' = 0 quite well, which also demonstrates the accu-
racy and efficiency of the present schemes. The surfaces of
the waves with 4 = 0.1, 7 = k% at T = 10 and 20 are drawn in
Figs. 7 and 8, respectively. We can see that the waves travel
from left to right direction without changing their shapes.

Example 5.3 We considered the interaction of two solitary
waves using the following initial condition [34]:

2
u(x, 0) = Z A;sech? [py/u(x — X)1, (84)
i=1
where:

A =

1

[8y2(/lc,- +0)p+DEP+2)Cp+Hp+ 4)] !

3 ,
Vo= (O +ad)(p? +4p +8)
B (Ay — 66)(p + 2)?

0= (ai+ 0P +4p + 8)* + 16(Ay — 60)(ad + 7)(p + 2)%,

b}

fori = 1,2, X, is arbitrary constant.

X =-10,%=20,¢,=15,¢,=03,Ah=0.1,and 7 = 0.1
Table 6 presents a comparison of the numerical errors of the
invariants obtained by the present methods with those pro-
vided by B-spline collocation method [34], in which one can
see that the present methods are more accurate than B-spline
collocation method in Ref. [34]. Finally, the interactions of
these two solitary waves at different time levels are plotted
in Fig. 9. We can see that the larger wave catches up with the
smaller wave during the time evolution of the solitary waves,
and after the interaction, the two solitary waves regain their
original shapes again.

6 Conclusion

We have developed two conservative and fourth-order compact
finite-difference schemes for the generalized Rosenau—Kawa-
hara—RLW equation. Both schemes have been shown to be
second-order convergent in time and fourth-order conver-
gent in space. Conservation of the discrete energy, existence,
uniqueness, and unconditional stability of the numerical solu-
tions are proved. Numerical experiments show that the present
schemes provide accurate numerical solutions which coincide
with the theoretical results.
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