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Abstract
A finite element model using four-unknown shear deformation theory integrated with the nonlocal theory is proposed for the 
bending and free vibration analysis of functionally graded (FG) nanoplates resting on elastic foundations. The present study 
developed the four-node quadrilateral element using Lagrangian and Hermitian interpolation functions for analysis of the 
membrane and bending displacement fields of FG nanoplates. Such a finite element formulation is suitable to investigate for 
the FG nanoplates resting on the elastic medium foundation with the stiffness matrices, the mass matrices and the load vectors 
using the second derivatives. The material properties of FG nanoplates are assumed to vary through the thickness direction 
by a power rule distribution of volume-fractions of the constituents. The equation of motion for FG nanoplates resting on 
the elastic foundation is obtained through Hamilton’s principle. Several numerical results are presented to demonstrate the 
accuracy and reliability of the present approach in comparison with other existing methods. In addition, the effects of geo-
metrical parameters, material parameters, nonlocal parameters on the static bending and the free vibration responses of the 
nanoplates is also investigated in detail.

Keywords  Nonlocal elasticity · FG material · Elastic foundation · Four-unknown shear deformation theory · FEM

1  Introduction

Due to superior mechanical, chemical, thermal and elec-
tronic properties, in recent years, nanostructures have been 
widely interested by many scientists in the micro-electro-
mechanical system (MEMs) and nano-electro-mechanical 
system (NEMs). However, nano experiments and molecular 
dynamics (MD) simulation is not only difficult but also very 
expensive, and hence the development of mathematical mod-
els in evaluating the mechanical behavior of structures at 
the nanoscale becomes an urgent problem. In the literature, 

there are three general types of mathematical models to per-
form the analysis of nanostructures including atomistic [1], 
hybrid atomistic continuum mechanics [2] and continuum 
mechanics. For continuum mechanics, the nonlocal elastic-
ity theory [3, 4], which considers small-scale effects with 
good accuracy and satisfactory agreements with molecular 
dynamics has been used. In this theory, the stress at one 
point is assumed as a function of the strain field at its neigh-
boring. Besides, the inter-atomic forces and the atomic size 
scales, called the nonlocal parameters, are incorporated into 
constitutive equations in a nonlocal theory. This nonlocal 
model showed a good agreement with MD simulations and 
experiments for free vibration of the nanoplate problems 
[5–8], and was extensively applied to investigate the various 
performances of nanoplates [9–21].

Recently, the application of FG materials has been widely 
spread in nanoscale devices such as thin films [22, 23], and 
NEMS [24] due to their excellent performance. It is well 
known that FG materials are the advanced engineering 
composite materials with continuous variation of material 
properties from one surface to the other through the thick-
ness and thus eliminate the concentration stress found in 
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laminated composites. Many works have been proposed for 
the bending, free vibration and buckling analyses of the FG 
nanoplates considering the small-scale effects. For exam-
ple, Natarajan et al. [25] investigated the free flexural vibra-
tion of FG nanoplates with power-law distribution model 
and computed the effective properties by the Mori–Tanaka 
homogenization scheme. Jung and Han [26] studied bend-
ing and vibration responses of the Sigmoid FGM nanoplates 
using the Navier’s solution. Nami et al. [27] analyzed the 
thermal buckling of the FG rectangular nanoplates with 
assuming the material properties of FG nanoplates accord-
ing to the power-law distribution. In this study, the authors 
used the third-order shear deformation plate theory includ-
ing nonlocal elasticity to build the governing equations of 
the nanoplates. Hashemi et al. [28] studied the free vibration 
of FG circular/annular plates with moderately thick based on 
the Mindlin plate theory and considered a small-scale effect 
on natural frequencies. Salehipour et al. [29] established the 
exact analytical solution of the free vibration of FG micro/
nanoplates by the three-dimensional theory of elasticity 
accounting small-scale effect. Salehipour et al. [30] devel-
oped the modified nonlocal elasticity for the examination of 
the natural frequency of the FG micro/nanoplates. Ansari 
et al. [31] analyzed the bending and vibration of FG nano-
plates with three-dimensional plate theory in conjunction 
with Eringen’s nonlocal theory. In addition, the use of sur-
face effects or the nonlocal plate theories to investigate for 
nanostructure behaviors has been conducted in many works. 
For instance, Karimi et al. [32] combined surface effects 
and nonlocal refined plate theories to analyze the buckling 
and vibration of the silver nanoplates. Karimi and Shahidi 
[33, 34] used the theories of the nonlocal, refined plate, and 
surface effects to investigate the free vibration response of 
square and skew magneto-electro-elastic nanoplates resting 
on elastic foundations. Also, using the Galerkin and Navi-
er’s method to investigate the magnitudes of surface energy 
stress in synchronous and asynchronous bending/buckling 
analysis of slanting double-layer was introduced in Ref.
[35, 36]. Farajpour et al. [37] developed the Brinson model, 
nonlocal elasticity and Pasternak foundation model to study 
the effect of biaxial preload on the vibrational behavior of 
small-scale composite sheets reinforced by shape memory 
alloy nanofibers. Karami et al. [38] used the generalized dif-
ferential quadrature method and nonlocal elasticity theory to 
examine positive and negative surface effects on the buck-
ling and vibration of nanoplates subjected to biaxial and 
shear in-plane loadings. In addition, the use of the finite 
difference method based on surface effects combining with 
nonlocal elasticity theories was proposed to analyze nano-
structures in Refs.[39–42]. Farajpour et al. [43] proposed 
an integral form of nonlocal elasticity with two distinct 
phases to investigate wave propagations in carbon nanotubes 
conveying nanofluid under the magneto-hygro-mechanical 

loading. Karimi and Rafieian [44] based on the nonlocal 
strain gradient and modified couple stress models to inves-
tigate the free vibration of BiTiO3–CoFe2O4 nanoplates.

Recently, the nanostructures such as graphene sheets 
have also been founded to be embedded in various medi-
ums (such as polymer composites) with the aim of enhanc-
ing the strength of parent material. To date, some studies 
have been performed to model the mechanical behaviors of 
nanostructures embedded in elastic mediums. For exam-
ple, Wang and Li [45] studied the bending behavior of the 
nanoplates embedded in an elastic matrix. Narendar and 
Gopalakrishnan [46] investigated the wave dispersion of 
a single-layered graphene sheet embedded in an elastic 
polymer matrix at Terahertz frequency level. Pouresmaeeli 
et al. [47] examined the vibration of viscoelastic orthotropic 
nanoplates embedded in a viscoelastic medium. Zenkour and 
Sobhy [48] investigated thermal buckling of nanoplates rest-
ing on the Winkler-Pasternak elastic medium, based on the 
sinusoidal shear deformation plate theory. Panyatong et al. 
[49] investigated the bending behavior of nanoplates embed-
ded in an elastic medium including nonlocal elasticity and 
surface stress. In the above-mentioned works, most of them 
used analytical solutions to investigate the behavior of FG 
nanoplates resting on the elastic foundation. However, the 
analytical solutions are limited or even impossible when 
the geometry, boundary conditions and types of the load 
become more complicated. As an alternative, numerical 
methods have been proposed to overcome the limits of of 
these problems.

In the other front of developing the numerical methods 
for plate structures, Shimpi [50] proposed a displacement 
field with the separation of the bending and shear compo-
nents to improve the first-order shear deformation theory 
(FSDT). The most interesting points of this theory are the 
use of fewer unknowns in the governing equations than the 
original FSDT and have no requirement of any shear correc-
tion factor. Some researchers developed the four-unknown 
shear deformation theories for the analysis of various prob-
lems. Specifically, Mechab et al. [51].conducted the static 
analysis of the functionally graded plates using the refined 
plate theory with four unknowns. In this study, the Navier 
method was used to build the governing equation for the 
FG plates under the sinusoidal distributed load. Benachour 
et al. [52] extended the four-unknown refined plate theory 
and the Navier method to derive the governing equation for 
free vibration analysis of the FG plates. Thai et al. [53] pre-
sented the finite element method using the four-unknown 
shear deformation theories to study the bending and free 
vibration analysis for FG plates. Based on the four-unknown 
shear deformation theories and the nonlocal theory, Sobhy 
[54] studied the static, free vibration and buckling response 
of the FG nanoplates resting on the elastic foundation. To 
the best of authors’ knowledge, most of above-mentioned 
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works only focus on using the finite element method com-
bining the four-unknown shear deformation theories to study 
for macrostructures, and there have been very few articles 
using numerical methods for the analysis of FG nanoplates. 
It hence motivates us to develop a finite element method 
using the four-unknown shear deformation theory for analy-
sis of the FGP nanoplates.

To fill in the above-mentioned research gaps, this article 
is performed to develop a finite element method using the 
four-unknown shear deformation theory and nonlocal theory 
to accurately describe the stress and the displacement field 
of the FG nanoplates resting on the elastic foundation. Due 
to using the techniques of a numerical method, the proposed 
method will be very suitable to analyze for the complex 
nanostructures with arbitrary boundary and load conditions. 
The accuracy and reliability of the proposed method will be 
demonstrated by comparing the present numerical results 
with those of published works. Furthermore, the influence of 
geometrical parameters, material parameters, elastic founda-
tion parameters to the static bending and the free vibrations 
of the FG nanoplates are also examined. The paper is organ-
ized as follows: A brief review of materials and works deal-
ing with this problem is introduced in Sect. 1. Theoretical 
formulations are presented in Sect. 2. Verification examples, 
numerical results, and discussions are performed in Sect. 3. 
Section 4 concludes some highlight results and new contri-
butions of this work.

2 � Theoretical formulation

2.1 � FG nanoplates resting on elastic foundations

We consider a square FG nanoplate with the length a, the 
width b and the thickness h, which is made from mixture 
of ceramics and metals as shown in Fig. 1. The material 

properties are assumed to change continuously from a top 
surface ( z = +h∕2 ) to the bottom ( z = −h∕2 ) surface accord-
ing to a power-law distribution. The FG nanoplates rest on 
elastic foundations via the Pasternak-type consisting of two 
overlapping layers. The first layer is expressed as a spring 
system with the stiffness coefficient kw , and the second layer 
is the sliding layer represented as parallel lines with a sliding 
stiffness coefficient ks.

The effective property of FG material is given by a power 
law of volume fraction as:

where P is the effective material property such as Young’s 
modulus E, mass density ρ, and Poisson’s ratio ν; subscripts 
m and c denote the metallic and ceramic constituents, respec-
tively; and Vc is the volume-fractions of the ceramic, n is the 
volume-fraction exponent. The volume-fractions of ceramic 
and metal varying through the thickness via the volume-
fraction exponents n are illustrated in Fig. 2.

2.2 � Nonlocal elastic theory

In the classical elasticity theories, the stress tensor at any 
point only depends on the strain tensor at that point. How-
ever, in the nonlocal continuum theory, the stress tensor at 
a point depends on the strain tensor at all the points of the 
continuum. According to the nonlocal theory proposed by 
Eringen [3], the nonlocal constitutive relation of a Hooke 
solid is given by:

(1)

{
P(z) = Pm +

(
Pc − Pm

)
Vc

Vc =
(

1

2
+

z

h

)n ,

Fig. 1   Model of FG nanoplates resting on two-layer elastic founda-
tions
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where �ij is the nonlocal stress tensor; �l
ij
 is the local stress 

tensor; Cijkl is the elastic constant-coefficient; �ij is the local 
strain tensor; � represents the small-scale effect in nano-
structures; l is an internal characteristic length and e0 is a 
constant. ∇2 =

�2

�x2
+

�2

�y2
 is the two-dimensional Laplacian 

operator.

2.3 � Four‑unknown hyperbolic sine shear 
deformation theory

In present work, the displacement field at any point of the 
FG nanoplate ( U1,U2,U3 ) is written as [53]:

where U1,U2,U3 are the displacements in the x, y, and z 
directions, respectively; u0 and v0 are respectively the in-
plane displacements of the middle surface; wb and ws are 
the bending and shear components of the transverse dis-
placement, respectively. In the general case, the various four 
unknowns of the displacements u0, v0,wb and ws are the func-
tion depending on the variables x and y.

The linear strain components of the FG nanoplate are 
written based on the displacements field in Eq.  (3) as 
follows:

(2)
�ij − �∇2�ij = �l

ij

�l
ij
= Cijkl�ij;� =

(
e0l

)2
,

(3)

⎧⎪⎨⎪⎩

U1(x, y, z, t) = u0(x, y, t) − z
�wb

�x
− f (z)

�ws

�x

U2(x, y, z, t) = v0(x, y, t) − z
�wb

�y
− f (z)

�ws

�y

U3(x, y, z, t) = wb + ws

(4)f (z) = z − �(z);�(z) = h × sinh

(
z

h

)
− z × cosh

(
1

2

)
,

(5)
�xx =

�U1

�x
=

�u0

�x
− z

�2wb

�x2
− f (z)

�2ws

�x2
= u0,x − zwb

,xx
− f (z)ws

,xx

(6)

�yy =
�U2

�y
=

�v0

�y
− z

�2wb

�y2
− f (z)

�2ws

�y2
= v0,y − zwb

,yy
− f (z)ws

,yy

(7)

�xy =
�U1

�y
+

�U2

�x
=

�u0

�y
+

�v0

�x
− 2z

�2wb

�x�y
− 2f (z)

�2ws

�x�y

= u0,y + v0,x − 2zwb

,xy
− 2f (z)ws

,xy

(8)�xz =
�U1

�z
+

�U3

�x
= g(z)

�ws

�x
= g(z)ws

,x

(9)�yz =
�U2

�z
+

�U3

�y
= g(z)

�ws

�y
= g(z)ws

,y
,

where

In Eqs. (8) and (9), the components of the transverse 
shear strains�xz,�yz are equal to zero on top ( z = +h∕2) and 
bottom surfaces (z = −h∕2) of the FG nanoplate. These for-
mulations can be briefed as vectors as follows:

where

According to the nonlocal elasticity model in Eq. (2), the 
constitutive relations (between nonlocal stresses and strains) 
for elastic nanoplates can be given as follows:

in which Cij can be expressed as:

Next, the equations of motion of four unknowns using the 
hyperbolic sine shear deformation theory are derived from 
Hamilton’s principle for the FG nanoplate resting on the 
elastic foundation as:

(10)g(z) =
��(z)

�z
= cosh

(
z

h

)
− cosh

(
1

2

)
.

(11)

� =

⎧
⎪⎨⎪⎩

�xx
�yy
�xy

⎫
⎪⎬⎪⎭
= �

0 + z�1 + f (z)�2;� =

�
�xz
�yz

�
= g(z)�0,

(12)

�
0 =

⎧
⎪⎨⎪⎩

u
0,x

v
0,y

u
0,y + v

0,x

⎫
⎪⎬⎪⎭
; �

1 = −

⎧
⎪⎨⎪⎩

wb
,xx

wb
,yy

2wb
,xy

⎫
⎪⎬⎪⎭
;

�
2 = −

⎧⎪⎨⎪⎩

ws
,xx

ws
,yy

2ws
,xy

⎫⎪⎬⎪⎭
; �0 =

�
ws
,x

ws
,y

�
.

(13)

⎧⎪⎪⎨⎪⎪⎩

�xx − �∇2�xx
�yy − �∇2�yy
�xy − �∇2�xy
�xz − �∇2�xz
�yz − �∇2�yz

⎫
⎪⎪⎬⎪⎪⎭

=

⎧
⎪⎪⎨⎪⎪⎩

C
11

C
12

0 0 0

C
12

C
22

0 0 0

0 0 C
66

0 0

0 0 0 C
55

0

0 0 0 0 C
44

⎫
⎪⎪⎬⎪⎪⎭

⎧
⎪⎪⎨⎪⎪⎩

�xx
�yy
�xy
�xz
�yz

⎫⎪⎪⎬⎪⎪⎭
=

�
�b 0

0 �s

��
�

�

�

(14)

C11 = C22 =
E(z)

1 − v(z)2
;C12 =

v(z)E(z)

1 − v(z)2
;C66 = C55 = C44 =

E(z)

2(1 + v(z))

�b =

⎡
⎢⎢⎢⎣

C11 C12 0

C21 C22 0

0 0 C66

⎤
⎥⎥⎥⎦
;�s =

�
C55 0

0 C44

�

(15)

t2

∫
t1

(�U + �V − �W − �T)dt = 0,
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where �U, �V , �W  and �T  are the variation of the strain 
energy of the FG nanoplates, the energy stored in the 
deformed elastic medium, the work done by applied force 
and the kinetic energy, respectively. The variation of the 
strain energy can be given as

The variation of the energy stored in the deformed elastic 
foundation is expressed by

where R = kw
(
wb + ws

)
− ks∇

2
(
wb + ws

)
 is the reaction 

force of an elastic foundation.
The variation of work done by applied force can be 

expressed by

The variation of kinetic energy is given by

where S is the area of the element.
By substituting Eqs. (16), (18), (19) and (20) into Eq. 

(15) and integrating by parts, the equations of motion of FG 
nanoplates can be obtained as:

(16)

�U = ∫
S

+h∕2

∫
−h∕2

(
�xx��xx + �yy��yy + �xy��xy + �xz��xz + �yz��xz

)
dzdS

(17)

= ∫
S

⎛
⎜⎜⎜⎜⎝

Nxx

��u0

�x
−Mxx

�2�wb

�x2
− Lxx

�2�ws

�x2
+ Nyy

��v0

�y
−Myy

�2�ws

�y2

−Lyy
�2�ws

�y2
+ Nxy

�
��u0

�y
+

��v0

�x

�
− 2Mxy

�2�wb

�x�y
−

2Lxy
�2�ws

�x�y
+ Qxz

��ws

�x
+ Qyz

��ws

�y

⎞
⎟⎟⎟⎟⎠
dS.

(18)�V = ∫
S

R�
(
wb + ws

)
dS,

(19)�W = ∫
S

−q(x, y)�
(
wb + ws

)
dS

(20)𝛿T = ∫
S

+h∕2

∫
−h∕2

𝜌(z)
(
U̇1𝛿U̇1 + U̇2𝛿U̇2 + U̇3𝛿U̇3

)
dzdS

(21)= ∫
S

⎛⎜⎜⎜⎜⎜⎝

I0
�
u̇0𝛿u̇0 + v̇0𝛿v̇0 +

�
ẇb + ẇs

�
𝛿
�
ẇb + ẇs

��
−

I1

�
u̇0𝛿ẇ

b
,x
+ ẇb

,x
𝛿u̇0 + v̇0𝛿ẇ

b
,y
+ ẇb

,x
𝛿v̇0

�
+ I2

�
ẇb
,x
𝛿ẇb

,x
+ ẇb

,y
𝛿ẇb

,y

�
−

J1

�
u̇0𝛿ẇ

s
,x
+ ẇs

,x
𝛿u̇0 + v̇0𝛿ẇ

s
,y
+ ẇs

,y
𝛿v̇0

�
+ K2

�
ẇs
,x
𝛿ẇs

,x
+ ẇs

,y
𝛿ẇs

,y

�
+

J2

�
ẇb
,x
𝛿ẇs

,x
+ ẇs

,x
𝛿ẇb

,x
+ ẇb

,y
𝛿ẇs

,y
+ ẇs

,y
𝛿ẇb

,y

�

⎞⎟⎟⎟⎟⎟⎠

dS,

(22)𝛿u0 ∶ Nxx,x + Nxy,y = I0ü0 − I1ẅ
b

,x
− J1ẅ

s

,x

(23)𝛿v0 ∶ Nyy,y + Nxy,x = I0v̈0 − I1ẅ
b

,y
− J1ẅ

s

,y

where the dot (.) superscript convention indicates differ-
entiation with respect to the time variable t; q(x, y) is the 
transverse load, and (Ii,Jj,Kk) are the mass moment of inertia 
defined by

The local stress resultants are given as

Substituting Eq. (11) into Eq. (13) and subsequent results 
into Eqs. (27) and (28), the stress resultants in terms of dis-
placement fields (u0, v0,wb and ws) for a nonlocal model can 

be introduced as follows:

(24)

𝛿wb ∶ Mxx,xx + 2Mxy,xy +Myy,yy + q(x, y) − kw
(
wb + ws

)

+ ks∇
2
(
wb + ws

)

= I0
(
ẅb + ẅs

)
+ I1

(
ü0,x + v̈0,y

)
− I2∇

2ẅb − J2∇
2ẅs

(25)

𝛿ws ∶ Lxx,xx + 2Lxy,xy + Lyy,yy + Qxz,x + Qyz,y + q(x, y) − kw
(
wb + ws

)

+ ks∇
2
(
wb + ws

)

= I0
(
ẅb + ẅs

)
+ J1

(
ü0,x + v̈0,y

)
− J2∇

2ẅb − K2∇
2ẅs,

(26)

(I0, I1, I2, J1, J2,K2) =

h

2

∫
−h

2

(
1, z, z2, f (z), zf (z), f (z)2

)
�(z)dz.

(27)
{
Nl
ij
;Ml

ij
;Ll

ij

}
=

h

2

∫
−h

2

�l
ij
{1;z;f (z)}dz;ij = xx, yy, xy

(28)
{
Ql

xz
;Ql

yz

}
=

h

2

∫
−h

2

{
�l
xz
;�l

yz

}
g(z)dz.

(29)

{
NxxNyyNxy

}T
− �∇2

{
NxxNyyNxy

}T
= A�0 + B�1 + Bb

�
2;

(30)

{
MxxMyyMxy

}T
− �∇2

{
MxxMyyMxy

}T
= B�0 + B�1 + Fb

�
2;

(31)

{
LxxLyyLxy

}T
− �∇2

{
LxxLyyLxy

}T
= Bb

�
0 + Fb

�
1 +H�2;
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where:

Next, substituting Eqs. (29)–(33) into Eqs. (22)–(25), the 
equations of motion can be rewritten in terms of displace-
ments as follows:

Finally, the variation form or weak forms can be 
obtained for Eqs. (34)–(37) by multiplying them with 
( �u0, �v0, �wband�ws) respectively, and integrating over the 
element domain S and adding together the same sides of 
each equation, we obtain the following results

(32)
{
QxzQyz

}T
− �∇2

{
QxzQyz

}T
= Ab

�
0;

(33)
(
A,B,Bb

,F,Fb
,H

)
=

h

2

∫
−h

2

Db(1, z, f (z), z
2, zf (z), f (z)2)dz;Ab =

h

2

∫
−h

2

Dsg
2(z)dz,

(34)Nxx,x + Nxy,y =
(
1 − 𝜇∇2

)(
I0ü0 − I1ẅ

b

,x
− J1ẅ

s

,x

)

(35)Nxy,x + Nyy,y =
(
1 − 𝜇∇2

)(
I0v̈0 − I1ẅ

b

,y
− J1ẅ

s

,y

)

(36)

�
1 − 𝜇∇2

�⎛⎜⎜⎝

�
Mxx,xx + 2Mxy,xy +Myy,yy

�
=

−q(x, y) + kw
�
wb + ws

�
− ks∇

2
�
wb + ws

�
+

I0
�
ẅb + ẅs

�
+ I1

�
ü0,x + v̈0,y

�
− I2∇

2ẅb − J2∇
2ẅs

⎞⎟⎟⎠

(37)

�
1 − 𝜇∇2

�⎛⎜⎜⎝

Lxx,xx + 2Lxy,xy + Lyy,yy + Qxz,x + Qyz,y =

−q(x, y) + kw
�
wb + ws

�
− ks∇

2
�
wb + ws

�
+I0

�
ẅb + ẅs

�
+ J1

�
ü0,x + v̈0,y

�
− J2∇

2ẅb − K2∇
2ẅs

⎞⎟⎟⎠

(38)∫
S

(
Nxx𝛿u0,x + Nxy𝛿u0,y −

(
1 − 𝜇∇2

)(
I0ü0 − I1ẅ

b

,x
− J1ẅ

s

,x

)
𝛿u0

)
dS = 0

(39)∫
S

(
Nxy𝛿v0,x + Nyy𝛿v0,y −

(
1 − 𝜇∇2

)(
I0v̈0 − I1ẅ

b

,y
− J1ẅ

s

,y

)
𝛿v0

)
dS = 0

(40)∫
S

⎛⎜⎜⎝

Mxx𝛿w
b
,xx

+ 2Mxy𝛿w
b
,xy

+Myy𝛿w
b
,yy
−

�
1 − 𝜇∇2

��−q(x, y) + kw
�
wb + ws

�
− ks∇

2
�
wE + wE

�
+

I0
�
ẅb + ẅs

�
+ I1

�
ü0,x + v̈0,y

�
− I2∇

2ẅb − J2∇
2ẅs

�
𝛿wb

⎞⎟⎟⎠
dS = 0

(41)∫
S

⎛⎜⎜⎝

Lxx𝛿w
s
,xx

+ 2Lxy𝛿w
s
,xy

+ Lyy𝛿w
s
,yy

+ Qxz𝛿w
s
,x
+ Qyz𝛿w

s
,y
−

�
1 − 𝜇∇2

��−q(x, y) + kw
�
wb + ws

�
− ks∇

2
�
wb + ws

�
+I0

�
ẅb + ẅs

�
+ J1

�
ü0,x + v̈0,y

�
− J2∇

2ẅb − K2∇
2ẅs

�
𝛿ws

⎞⎟⎟⎠
dS = 0

2.4 � Finite element formulation

In this work, the four-node plate element with 8 degrees of 

freedom for each node as shown in Fig. 3 is used, the nodal 
displacement vector can be defined as follows

The displacements at the node i, (i = 1∕4) are expressed 
as:

The displacement field of the plate element is interpolated 
through the displacement node as:

where Nu,Nv,Nwb,Nws are the shape functions with size 
(1 × 32)

(42)qe =
[
qT
1
qT
2
qT
3
qT
4

]T

(43)qi =
{
u0i v0i w

b

i
ws

i
wb

i,x
ws

i,x
wb

i,y
ws

i,y

}

(44)

{
u0 = Nuqe;v0 = Nvqe;w

b = Nwbqe;w
s = Nwsqe;

wb

i,x
= Nwb,xqe;w

b

i,y
= Nwb,yqe;w

s

i,x
= Nws,xqe;w

s

i,y
= Nws,yqe

,

(45)

{
Nu =

[
N

(1)

1
N

(1)

2
N

(1)

3
N

(1)

4

]
; Nv =

[
N

(2)

1
N

(2)

2
N

(2)

3
N

(2)

4

]
;

Nwb =
[
N

(3)

1
N

(3)

2
N

(3)

3
N

(3)

4

]
; Nws =

[
N

(4)

1
N

(4)

2
N

(4)

3
N

(4)

4

]
;
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The shape functions N(j)

i
(j = 1 ÷ 4) in Eq. (45) have the 

size (1 × 8)

where ∖�i(i = 1 ÷ 4) is the Lagrange interpolation functions 
and ℏk(k = 1 ÷ 12) is the Hermit interpolation functions. The 
functions are given by Appendix A.

Next, substituting Eq. (44) into Eqs. (38) and (41), the 
finite element model for the static and vibration analysis of 
the FG nanoplates resting on the elastic foundation, respec-
tively, can be expressed as:

in which Ke represent the stiffness matrices; Me is the mass 
matrices and Pe is the load vector of each nanoplate element 
and the matrices are computed as:

with

(46)

⎧
⎪⎪⎨⎪⎪⎩

N
(1)

i
=
�

∖�i 0 0 0 0 0 0 0
�
;

N
(2)

i
=
�
0

∖�i 0 0 0 0 0 0
�
;

N
(3)

i
=
�
0 0 ℏ3i−2 0 ℏ3i−1 0 ℏ3i 0

�
;

N
(4)

i
=
�
0 0 0 ℏ3i−2 0 ℏ3i−1 0 ℏ3i

�
.

,

(47)Meq̈e + Keqe = 0,

(48)Keqe = Pe

(49)Ke = Kb

e
+ Ks

e
+ Kfou

e

(50)Kb

e
= ∫

S

�
BT

1
BT

2
BT

3

�⎡⎢⎢⎣

A B Bb

B F Fb

Bb Fb H

⎤⎥⎥⎦

⎡⎢⎢⎣

B1

B2

B3

⎤⎥⎥⎦
dS

(51)Ks

e
= ∫

S

(
Bb

1

)T
AbBb

1
dS

(52)Kfou

e
= ∫

S

⎛⎜⎜⎝
kw

�
BT

w
Bw + �

�
BT

wx
Bwx + BT

wy
Bwy

��
+ ks

�
BT

wx
Bwx + BT

wy
Bwy

�

+�ks

�
BT

wx2
Bwx2 + BT

wy2
Bwy2 + BT

wx2
Bwy2 + BT

wy2
Bwx2

�
⎞⎟⎟⎠
dS

(53)Me = ∫
S

[
NTDmN + �

(
NT

x
DmNx + NT

y
DmNy

)]
dS

in which the unknown variables are the strain matrices and 
defined in Appendix B.

3 � Numerical results and discussions

In this section, several numerical examples are performed 
to investigate the influences of some geometric parameters, 
material properties, the elastic foundations, the nonlocal 
parameters and the various boundary conditions on the 
responses of the bending and the free vibration of FG nano-
plates resting on the elastic foundation. In most examples 
of this paper, the FG nanoplates are made from the material 

properties: Al∕Al2O3 with the ceramics are Al2O3; Al repre-
sents the metals. The length of the nanoplates is a = 10 nm. 
For finite element analysis, this work uses Gauss integral 

(54)

Pe = ∫
S

(
1 − �∇2

)
q(x, y)BT

w
dS

= ∫
S

qB
T

w
dS − � ∫

S

q(x, y)
(
B
T

w,xx
+ B

T

w,yy

)
dS

− � ∫
S

B
T

w

(
q,xx(x, y) + q,yy(x, y)

)
dS

Fig. 3   Four-node element plate
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2 × 2 to calculate the stiffness matrices, the mass matrices 
and the load vector of the nanoplate elements. The bound-
ary condition symbols are used in this study: C (clamped), S 
(simple supported), and F (free) as shown in Fig. 4.

For convenience in comparing its numerical results with 
the exact solutions in the literature, the following dimension-
less forms are given:

The sinusoidal distributed load has the form of 
q(x, y) = q0sin(

�x

a
)sin(

�y

b
) , whereq0 is the maximum load at 

the central point of the plate.

3.1 � Convergence and accuracy study

Before evaluating the accuracy and the convergence of the 
present finite formulation for analysis of FG nanoplates, this 

w∗∗ = wmax ×
100Ech

3

q0a
4

; w1 = wmax ×
100Ech

3

12
(
1 − v2

)
q0a

4
; �∗∗

xx
(z) =

10h

q0a
�xx

(
a

2
,
b

2
, z
)
;

�∗∗
xy
(z) =

10h

q0a
�xy(0, 0, z); �

∗∗
xz
(z) =

10h

q0a
�xz

(
0,

b

2
, z
)
;

Ω∗ = �11

a2

h

√
�c
/
Ec;Ω = �11h

√
�m

/
Em;Ω1 = �11h

√
�c
/
Ec

Kw =
(kwa

4)

Dc

;Ks =
(ksa

2)

Dc

;Kw1 =
(kwa

4)

Dm

;Ks1 =
(ksa

2)

Dm

;Dc =
(Ech

3)

12(1 − �2
c
)
;Dm =

(Emh
3)

12(1 − �2
m
)

part conducts some analysis of the FG plates and compares 
their results with those available in the literature. Firstly, we 
investigate the bending and free vibration responses of the 
simply supported FG plate (the length a = 10 and h = 1 ) 
subjected to the sinusoidal load. Table 1 provides the results 
of dimensionless deflection w1 by the proposed method for 
the uniform meshes 2 × 2, 4 × 4.8 × 8.10 × 10.16 × 16 and 

20 × 20 and compared with the results by Thai et al. [55, 
56]. From Table 1, it is observed that the numerical results 
of the bending and free vibration responses of the present 
method agree well with those given in Ref [55]. with mesh 
size 10 × 10 , and those in Ref [56]. with mesh size 8 × 8 , 
respectively. Hence in this paper, the model of the nano-
plates will use the mesh size 10 × 10 and 8 × 8 for the bend-
ing and the free vibration analysis, respectively.

Fig. 4   Boundary conditions of 
the nanoplates
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Next, Table 2 presents the numerical results of the dimen-
sionless central deflections w∗∗, the dimensionless in-plane 
normal stress �∗∗

xx
(h∕2) , the dimensionless in-plane shear 

stress �∗∗
xy
(−h∕3) and the dimensionless transverse shear 

stress �∗∗
xz
(0) of the simply supported Al2O3∕Al square plate 

(with the length and thickness ratio a/h = 10) subjected to 
sinusoidal load with the volume-fraction exponent varying 
from 0 to 5 (n = 0, 1, 2, 5) and the various foundation stiff-
ness Kw and Ks . It is found that the present results match 
well with the exact solution produced by Ameur et al. [57].

Next, Table  3 shows the numerical results of the 
dimensionless center deflection of the isotropic nano-
plates subjected to the uniform load q0 = 1 . The nano-
plate has the length and thickness ratio a∕h = 10 , width-
to-length ratio b∕a = 1, 2 ; and the material properties 
E = 30 × 10

6
, v = 0.3 . The results of the proposed method 

are compared with the Navier’s exact solution of Aghababaei 
and Reddy [58]. It is seen that the present results are in a 
good agreement with those given in Ref.[58].

Next, Table 4 displays the numerical results of the dimen-
sionless frequency Ω of the square FG nanoplates made from 
Si3N4∕SU3S3O4 as given in Table 5. The FG nanoplates have 
the length-to-thickness ratio ( a∕h = 5, 10, 20, 50 ), the non-
local coefficient � = 0∕4 and the volume-fraction exponent 

varies from 0 and ∞ ( n = 0, 1, 5,∞) . It can be seen that the 
present results agree well with the Navier’s exact solutions 
performed by Sobhy [59]. Table 6 shows the results of the 
dimensionless frequency Ω of the square FG nanoplates 
with aluminum at the bottom surface and zirconia at the 
top surface (Al∕Al2O3) resting on the elastic foundation. 
The various foundation stiffness coefficient Kw1 , Ks1 , the 
volume-fraction exponent n (n = 0.5and2 ), the nonlocal 
coefficient � = 1 and length-to-thickness ratio a∕h = 5 are 
examined in this table. It can be found that the increase of 
the elastic foundation stiffness leads to the increase of the 
dimensionless fundamental frequency Ω and the increase of 
the volume-fraction exponents n leads to the reduce of the 
dimensionless fundamental frequency Ω . This implies that 
the increase of the volume-fraction exponents n makes the 
FG nanoplates become weaker. It is seen again that the pre-
sent finite element formulation shows a very good agreement 
with those produced by Panyatong et al. [60].

Through the above-compared results, it can be found that 
the proposed finite element formulation is accurate and reli-
able. In addition, it is suitable for analysis of the thick and 
thin nanoplates which do not requirement any shear correc-
tion factor.

3.2 � Static bending problem

This sub-section investigates the effects of the nonlocal 
coefficient � , the elastic foundation stiffnesses Kw , Ks , the 
volume-fraction exponent n and the geometric parameters 
such as length-to-thickness ratio ( a∕h) , width-to-length ratio 
b∕a) , the various boundary conditions on the maximum 
deflection w∗∗ , the in-plane normal stress �∗∗

xx
(z) , the in-plane 

shear stress �∗∗
xy
(z) and the transverse shear stress �∗∗

xz
(z) of 

the FG nanoplates resting on elastic foundation. The mate-
rial properties of FG nanoplates are given in Table 5.

Table 3 presents the results of the dimensionless central 
deflection w∗∗ and comparison with those given by Aghaba-
baei and Reddy [58]. In addition, Table 3 also shows the 
values of the in-plane normal stress �∗∗

xx
(h∕2) , the in-plane 

shear stress �∗∗
xy
(−h∕3) and the transverse shear stress �∗∗

xz
(0) . 

It is seen that the obtained results agree well with published 
results in Ref.[58]. It is also found that the increase of the 
nonlocal coefficient � leads to the increase of the transverse 
displacements, the in-plane normal stress, the in-plane shear 
stress and the transverse shear stress. This is because the 
increase of the nonlocal coefficient � leads to the larger 
detachment of the distance between molecules and thus 
makes the structural stiffness decrease.

Table 1   The convergence of dimensionless deflection w
1
 and fun-

damental frequency Ω
1
 of SSSS square plate under sinusoidal loads 

(a/h = 10)

Mesh Power-law index ( n)

Dimensionless deflection w1

0 1 4 10

2 × 2 0.3918 0.7511 1.1143 1.3077
4 × 4 0.3111 0.6145 0.9187 1.0558
8 × 8 0.2976 0.5910 0.8844 1.0129
10 × 10 0.2964 0.5889 0.8813 1.0090
16 × 16 0.2953 0.5870 0.8785 1.0054
20 × 20 0.2951 0.5867 0.8779 1.0047
Navier’s [55] 0.2961 0.5890 0.8815 1.0087
Fundamental frequency Ω

1

 2 × 2 0.0544 0.0420 0.0363 0.0345
 4 × 4 0.0568 0.0436 0.0376 0.0359
 8 × 8 0.0576 0.0442 0.0381 0.0364
 10 × 10 0.0577 0.0442 0.0381 0.0364
 16 × 16 0.0578 0.0443 0.0382 0.0365
 20 × 20 0.0578 0.0443 0.0382 0.0365

Navier’s [56] 0.0577 0.0442 0.0381 0.0364
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Table 7 and Table 8 show the dimensionless central 
deflection w∗∗ and the in-plane normal stress �∗∗

xx
(h∕2) of 

the simply supported nanoplates resting on the elastic foun-
dation subjected to the uniform distribution load and the 
sinusoidal distribution load, respectively. The variation of 
the elastic foundation coefficient, the volume-fraction expo-
nent (n = 0.5, 1, 5, 10) and the nonlocal coefficient � (from 0 
to 4) are examined in these tables. The results show that the 
values of the dimensionless central deflection w∗∗ and the in-
plane normal stress �∗∗

xx
(h∕2) of the FG nanoplates without 

resting on elastic foundation increase rapidly as the nonlocal 
coefficient � and the volume-fraction exponent n increase. 

However, it is noted for the case of the FG nanoplates rest-
ing on the elastic foundation that the dimensionless cen-
tral deflection w∗∗ and the in-plane normal stress �∗∗

xx
(h∕2) 

increase slowly versus to the increase of the elastic founda-
tion coefficient. It is observed that the elastic foundation 
makes the nanoplates become much harder and hence makes 
both the displacement and stress of nanoplates decrease.

Let us next consider the FG nanoplates with the length-to-
thickness ratio a/h = 10 resting on the elastic foundation with 
the foundation stiffness Kw = Ks = 10 under the sinusoidally 
distributed load. Table 9 shows the influence of the boundary 
conditions on the dimensionless central deflection w∗∗ of the 

Table 2   The dimensionless 
deflection of the simply 
supported FG plate resting on 
the elastic foundation under the 
sinusoidal distributed load

n Kw Ks Method w∗∗

10

�∗∗
xx
(h∕2)

10

�∗∗
xy
(−h∕3)

10

�∗∗
xz
(0)

10

0 0 0 [57] 0.2960 1.9955 0.7065 0.2461
This work 0.2962 1.9866 0.7131 0.2440

100 0 [57] 0.2328 1.5699 0.5558 0.1936

This work 0.2330 1.5627 0.5610 0.1883
0 10 [57] 0.1928 1.2999 0.4602 0.1603

This work 0.1929 1.2939 0.4644 0.1594
100 10 [57] 0.1638 1.1048 0.3912 0.1362

This work 0.1639 1.0996 0.3947 0.1385
1 0 0 [57] 0.5889 3.0869 0.6110 0.2461

This work 0.5892 3.0703 0.6159 0.2476
100 0 [57] 0.3825 2.0054 0.3970 0.1337

This work 0.3827 1.9943 0.4001 0.1414
0 10 [57] 0.2852 1.4952 0.2959 0.1192

This work 0.2853 1.4869 0.2983 0.1154
100 10 [57] 0.2261 1.1855 0.2347 0.0945

This work 0.2262 1.1789 0.2365 0.0936
2 0 0 [57] 0.7573 3.6093 0.5441 0.2265

This work 0.7555 3.5849 0.5489 0.2250
100 0 [57] 0.4472 2.1312 0.3213 0.1337

This work 0.4465 2.1190 0.3244 0.1393
0 10 [57] 0.3197 1.5236 0.2297 0.0956

This work 0.3194 1.5155 0.2320 0.0982
100 10 [57] 0.2473 1.1785 0.1777 0.0740

This work 0.2471 1.1726 0.1795 0.0725
5 0 0 [57] 0.9118 4.2488 0.5754 0.2016

This work 0.9118 4.2071 0.5814 0.1998
100 0 [57] 0.4969 2.3154 0.3136 0.1099

This work 0.4939 2.3043 0.3185 0.1066
0 10 [57] 0.3443 1.6043 0.2173 0.0762

This work 0.3429 1.5996 0.2211 0.0732
100 10 [57] 0.2618 1.2197 0.1652 0.0579

This work 0.2609 1.2174 0.1682 0.0565
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Table 3   The dimensionless 
deflection and stress of the 
simply supported isotropic 
nanoplates versus to the 
variation of length-to-width 
ratio and nonlocal coefficient 
under the sinusoidal distributed 
load

Method w∗∗ �∗∗
xx
(h∕2) �∗∗

xy
(−h∕3) �∗∗

xz
(0)

[58] This work This work This work This work

b∕a � a∕h = 10

1 0 4.1853 4.2667 2.8840 1.3122 0.4708
0.5 4.5607 4.6157 3.0775 1.6177 0.7560
1.0 4.9362 4.9647 3.2711 1.9232 1.0411
1.5 5.3116 5.3137 3.4647 2.2287 1.3263
2.0 5.6871 5.6627 3.6583 2.5342 1.6114
2.5 6.0625 6.0116 3.8519 2.8397 1.8965
3.0 6.4380 6.3606 4.0454 3.1452 2.1817

2 0 0.7169 0.7152 0.6950 0.4680 0.2405
0.5 0.8767 0.8683 0.8069 0.7517 0.5219
1.0 1.0364 1.0272 0.9187 1.0355 0.8032
1.5 1.1961 1.1861 1.0306 1.3192 1.0845
2.0 1.3558 1.3450 1.1424 1.6030 1.3659
2.5 1.5155 1.5039 1.2543 1.8867 1.6472
3.0 1.6752 1.6728 1.3661 2.1704 1.9285

Table 4   The dimensionless 
fundamental frequency Ω of the 
simply supported FG nanoplates 
versus to the variation of the 
volume-fraction exponent n , the 
nonlocal coefficient � and the 
length- to-thickness ratio a∕h

a/h � Si3N4 n = 1 n = 5 SU3S3O4

[59] This work [59] This work [59] This work [59] This work

5 0 5.10702 5.11002 3.01860 3.02108 2.42443 2.43619 2.11261 2.11650
0.25 4.98549 4.98841 2.94677 2.94919 2.36674 2.37821 2.06234 2.06613
1 4.66713 4.66986 2.75859 2.76086 2.21560 2.22634 1.93064 1.93419
2.25 4.24976 4.25224 2.51190 2.51396 2.01747 2.02724 1.75799 1.76122
4 3.81763 3.81986 2.25648 2.25833 1.81232 1.82110 1.57923 1.58213

10 0 1.38829 1.38957 0.82250 0.82372 0.66485 0.66676 0.57695 0.57825
0.25 1.35525 1.35650 0.80292 0.80412 0.64903 0.65089 0.56322 0.56449
1 1.26871 1.26987 0.75165 0.75277 0.60758 0.60932 0.52725 0.52845
2.25 1.15525 1.15631 0.68443 0.68545 0.55325 0.55483 0.48010 0.48119
4 1.03778 1.03873 0.61484 0.61575 0.49699 0.49842 0.43128 0.43226

20 0 0.35558 0.35594 0.21083 0.21118 0.17077 0.17114 0.14799 0.14835
0.25 0.34712 0.34747 0.20581 0.20616 0.16671 0.16707 0.14447 0.14482
1 0.32495 0.32528 0.19267 0.19299 0.15606 0.15640 0.13524 0.13557
2.25 0.32495 0.29619 0.17544 0.17573 0.14210 0.14241 0.12315 0.12344
4 0.26581 0.26607 0.15760 0.15786 0.12765 0.12793 0.11063 0.11089

50 0 0.05730 0.05736 0.03398 0.03404 0.02754 0.02759 0.02385 0.02392
0.25 0.05593 0.05599 0.03317 0.03323 0.02688 0.02694 0.02329 0.02335
1 0.05236 0.05242 0.03105 0.03111 0.02517 0.02522 0.02180 0.02186
2.25 0.04768 0.04773 0.02827 0.02833 0.02291 0.02296 0.01985 0.01990
4 0.04283 0.04287 0.02540 0.02545 0.02058 0.02063 0.01783 0.01788

Table 5   Material properties of 
the FG nanoplates

Properties 1 E(GPa) v �(kg/m3) Properties 2 E(GPa) v �(kg/m3)

Si
3
N
4

348.43 0.24 2370 Al
2
O

3
390 0.30 3800

SU
3
S
3
O

4
201.04 0.30 8166 Al 70 0.30 2707
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FG nanoplates. The obtained results of FG nanoplates with 
the different boundary conditions can help fill in the gap that 
the analytical method is missing in published works. The 
values of displacement decrease gradually corresponding to 
the following order of boundary conditions: CFFF, CCFF, 
SSSS, CFCF, CSSS, CCCS, CCCC.

Table 10 presents the values of the dimensionless central 
deflection w∗∗ of the FG nanoplates resting on the elastic 
foundation with the foundation stiffness Kw = 30;Ks = 10 
subjected to sinusoidally distributed load. We consider the 
FG nanoplates with the volume-fraction exponent n = 1, the 
change of nonlocal coefficient, the length-to-thickness ratio 
and the various boundary conditions. it can be observed that 
the increase of the nonlocal coefficient and the volume-frac-
tion exponent n leads to the increase of the dimensionless 
central deflection. In addition, it can be seen that the present 
finite element method eliminates the shear locking phenom-
enon and obtains good results when the thickness of the FG 
nanoplates becomes very thin.

Figure 5 illustrates the dimensionless central deflec-
tion w∗∗ , the in-plane normal stress �∗∗

xx
(z) , the in-plane 

shear stress �∗∗
xy
(z) and the transverse shear stress �∗∗

xz
(z) of 

the simply supported FG nanoplates resting on the elastic 
foundation. In Fig. 5a, it can be seen that the dimension-
less central deflections of the FG nanoplates increase rap-
idly corresponding to the increase of the volume-fraction 
exponent n from 0 to 2. However, they increase more slowly 

corresponding to the increase of the volume-fraction expo-
nent n from 2 to 10. Figure 5b, Fig. 5c and Fig. 5d depict 
the in-plane normal stress �∗∗

xx
(z) , the in-plane shear stress 

�∗∗
xy
(z) and the transverse shear stress �∗∗

xz
(z) at points on the 

vertical line passing through the centroid of FG nanoplates 
with a∕h = 10 . It is noted that the values of the in-plane 
normal stress �∗∗

xx
(z) , the in-plane shear stress �∗∗

xy
(z) are not 

equal zero at the point z∕h = 0 in Fig. 5b and Fig. 5c. In 
addition, when n = 1.5 the in-plane normal stress �∗∗

xx
(z) 

and the in-plane shear stress �∗∗
xy
(z) have the value of zero at 

z∕h ≈ 0.1481 . The transverse shear stress �∗∗
xz
(z) obtains the 

maximum value at z∕h ≈ 0.220.
Figure 6 shows the dimensionless deflection w∗∗ of the 

full clamped FG nanoplates resting on the elastic foundation 
under sinusoidally distributed load. The influences of length-
to-thickness ratio a∕h and the volume-fraction exponent n 
on the deflection of nanoplates are examined. It is observed 
that the dimensionless deflections w∗∗ decreases rapidly 
when the length-to-thickness ratio a∕h increases from 5 to 
10. However, they decrease slowly in the case of variation 
from 10 to 20. Figure 6b, Fig. 6c and Fig. 6d depict the in-
plane normal stress �∗∗

xx
(z) , the in-plane shear stress �∗∗

xy
(z) 

and the transverse shear stress �∗∗
xz
(z) at points on the vertical 

line passing through the centroid of FG nanoplates with the 
length-to-thickness ratio a∕h = 10.

Figure 7a shows the dimensionless deflection w∗∗ of 
the simply supported FG nanoplates resting on the elastic 

Table 6   The dimensionless fundamental frequency Ω of the simply supported FG nanoplates versus to the variation of the volume-fraction expo-
nent n and the elastic foundation coefficient (� = 1, a∕h = 5, SSSS)

Kw1 Ks1 n = 0 n = 0.5 n = 2 n = 5 n = ∞

This work [60] This work [60] This work This work This work

0 0 0.3788 0.3282 0.3241 0.2671 0.2664 0.2475 0.1930
10 0.4040 0.3597 0.3556 0.3089 0.3068 0.2939 0.2531
50 0.4889 0.4650 0.4578 0.4378 0.4307 0.4278 0.3731

10 0 0.3801 0.3299 0.3258 0.2694 0.2687 0.2501 0.1966
10 0.4052 0.3613 0.3572 0.3109 0.3088 0.2961 0.2559
50 0.4899 0.4662 0.4590 0.4392 0.4321 0.4293 0.3731

50 0 0.3854 0.3365 0.3325 0.2783 0.2777 0.2603 0.2104
10 0.4101 0.3673 0.3633 0.3186 0.3166 0.3047 0.2666
50 0.4940 0.4709 0.4638 0.4447 0.4377 0.4352 0.3731

100 0 0.3918 0.3445 0.3407 0.2890 0.2885 0.2725 0.2264
10 0.4162 0.3747 0.3708 0.3281 0.3261 0.3152 0.2794
50 0.4990 0.4766 0.4696 0.4515 0.4446 0.4426 0.3731
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foundation under sinusoidal distributed load versus to the 
variations of the foundation stiffness and the length-to-
thickness ratio a∕h . Figure 7b, Fig. 7c and Fig. 7d illustrate 
the in-plane normal stress �∗∗

xx
(z), the in- plane shear stress 

�∗∗
xy
(z) and the transverse shear stress �∗∗

xz
(z) at points on the 

vertical line passing through the centroid of FG nanoplates 
versus to the variation of the foundation stiffness. It is clear 
seen that when the volume-fraction exponent n is constant, 
the transverse shear stress �∗∗

xz
(z) has the same shape and 

different value.
Figure  8 show the dimensionless deflection w∗∗ and 

the in-plane normal stress �∗∗
xx
(h∕2) of the FG nanoplates 

(n = 1.5,� = 1, a∕h = 10) resting on the elastic foundation 
under sinusoidally distributed load versus to the variations 
of the foundation stiffness, the volume-fraction exponent n 
and the boundary conditions. From Fig. 8c and Fig. 8d, it 
can be found that the displacements of FG plates decrease 

linearly with the increase of the parameter Kw but decrease 
nonlinear with the increase of the parameter Ks.

3.3 � Free vibration problem

This sub-section considers the influences of the elastic foun-
dations, the nonlocal coefficient, the volume-fraction expo-
nent, the geometric parameters and the boundary conditions 
versus to the free vibration of the FG nanoplates.

Table 11 presents the effects of the various boundary con-
ditions and the variation of the volume-fraction exponent 
and the nonlocal coefficient versus to the dimensionless fun-
damental frequency Ω∗ of the FG nanoplates (a∕h = 10) rest-
ing on elastic foundation. It is seen that the dimensionless 
fundamental frequency Ω∗ decreases gradually via the fol-
lowing order of boundary conditions: CCCC, CCCS, CSCS, 
CSSS, CFCF, SSSS, CSFS, SFSS. It is also found that the 

Table 7   The dimensionless 
deflection and maximum 
in-plane normal stress of the 
FG nanoplates resting on the 
elastic foundation versus to 
the variation of the volume-
fraction exponent and nonlocal 
coefficient under the uniform 
distributed load

� w∗∗ �∗∗
xx
(h∕2)

n = 0.5 1\ 4 10 0.5 1 4 10

(Kw,Ks) = (0, 0)

 0 7.1411 9.2661 13.8486 15.8346 38.1813 44.9593 59.2262 74.1338
 1 8.3159 10.7943 16.1059 18.3866 42.9244 50.5434 66.5773 83.3455
 2 9.4907 12.3224 18.3632 20.9387 47.6675 56.1275 73.9283 92.5572
 3 10.6656 13.8506 20.6205 23.4908 52.4107 61.7116 81.2794 101.7689
 4 11.8404 15.3788 22.8778 26.0429 57.1538 67.2957 88.6304 110.9806
(Kw,Ks) = (100, 0)

 0 4.9940 5.9428 7.5130 8.0404 25.7073 27.4403 29.8329 34.6241
 1 5.4597 6.4188 7.9314 8.4129 26.4906 27.7219 29.1234 33.4454
 2 5.8693 6.8261 8.2713 8.7096 27.0396 27.7772 28.2900 32.2001
 3 6.2315 7.1773 8.5508 8.9494 27.3997 27.6623 27.3891 30.9414
 4 6.5536 7.4822 8.7833 9.1456 27.6069 27.4193 26.4580 29.7014
(Kw,Ks) = (0, 10)

 0 3.8703 4.4146 5.2201 5.4676 19.6997 20.1422 20.5716 23.4724
 1 4.3028 4.8783 5.7092 5.9579 20.9512 21.2569 21.5431 24.5809
 2 4.7141 5.3192 6.1789 6.4322 22.2310 22.4333 22.6230 25.8213
 3 5.1048 5.7371 6.6248 6.8836 23.5189 23.6407 23.7711 27.1516
 4 5.4760 6.1329 7.0465 7.3110 24.8013 24.8578 24.9539 28.5296
(Kw,Ks) = (100, 10)

 0 3.1242 3.4640 3.9246 4.0547 15.3978 15.1806 14.6496 16.4282
 1 3.3651 3.6992 4.1367 4.2562 15.6241 15.2058 14.4941 16.2612
 2 3.5823 3.9113 4.3313 4.4433 15.8854 15.3133 14.4762 16.2556
 3 3.7783 4.1020 4.5071 4.6133 16.1621 15.4683 14.5480 16.3617
 4 3.9558 4.2738 4.6654 4.7666 16.4424 15.6493 14.6747 16.5369
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Table 8   The dimensionless 
deflection and maximum 
in-plane normal stress of the 
FG nanoplates resting on the 
elastic foundation versus to 
the variation of the volume-
fraction exponent and nonlocal 
coefficient under the sinusoidal 
distributed load

� w∗∗ �∗∗
xx
(h∕2)

n = 0.5 1 4 10 0.5 1 4 10

(Kw,Ks) = (0, 0)

 0 4.5398 5.8891 8.8131 10.0899 26.5902 31.3156 41.3178 51.7205
 1 5.4359 7.0516 10.5527 12.0815 31.8389 37.4971 49.4736 61.9298
 2 6.3321 8.2140 12.2923 14.0732 37.0876 43.6785 57.6294 72.1390
 3 7.2282 9.3765 14.0320 16.0648 42.3363 49.8600 65.7853 82.3482
 4 8.1243 10.5389 15.7716 18.0565 47.5850 56.0415 73.9411 92.5574
(Kw,Ks) = (100, 0)

 0 3.2091 3.8292 4.8828 5.2514 18.8047 20.3746 22.9167 26.9510
 1 3.6322 4.2886 5.3729 5.7434 21.2845 22.8203 25.2200 29.4792
 2 4.0113 4.6922 5.7896 6.1569 23.5070 24.9692 27.1789 31.6056
 3 4.3530 5.0496 6.1481 6.5094 25.5104 26.8726 28.8657 33.4193
 4 4.6625 5.3682 6.4599 6.8134 27.3257 28.5702 30.3336 34.9848
(Kw,Ks) = (0, 10)

 0 2.4952 2.8545 3.4014 3.5761 14.6208 15.1892 15.9679 18.3563
 1 2.8642 3.2584 3.8503 4.0373 16.7636 17.3135 18.0286 20.6617
 2 3.2104 3.6360 4.2700 4.4694 18.7798 19.3064 19.9734 22.8479
 3 3.5370 3.9913 4.6645 4.8758 20.6838 21.1854 21.8117 24.9191
 4 3.8465 4.3271 5.0370 5.2597 22.4924 22.9692 23.5621 26.8955
(Kw,Ks) = (100, 10)

 0 2.0319 2.2639 2.5947 2.6952 11.9120 12.0545 12.1953 13.8528
 1 2.2699 2.5106 2.8478 2.9489 13.2876 13.3423 13.3373 15.0934
 2 2.4818 2.7286 3.0703 3.1720 14.5175 14.4870 14.3587 16.2095
 3 2.6722 2.9232 3.2678 3.3698 15.6226 15.5097 15.2681 17.2035
 4 2.8446 3.0984 3.4446 3.5467 16.6240 16.4325 16.0862 18.0978

Table 9   The variation of the 
dimensionless deflection of 
the FG nanoplates resting on 
the elastic foundation under 
the sinusoidal distributed 
load versus to the variation of 
the boundary condition, the 
nonlocal coefficient � and the 
volume-fraction exponent n

n � Boundary condition

CCCC​ CCCS CSCS CSSS SSSS CFCF CCFF CFFF

0 0 0.9103 1.0384 1.1794 1.4839 1.8797 1.4922 5.4828 9.6907
1 1.0407 1.2008 1.3791 1.7255 2.1721 1.7337 6.3688 11.5200
2 1.1611 1.3540 1.5710 1.9555 2.4474 1.9826 7.2131 13.3259
3 1.2727 1.4989 1.7559 2.1751 2.7077 2.2492 8.0205 15.1091
4 1.3767 1.6364 1.9344 2.3854 2.9548 2.5136 8.7948 16.8754

1 0 1.4950 1.6761 1.8728 2.2580 2.7284 2.3059 6.5874 11.0759
1 1.6622 1.8997 2.1617 2.5890 3.1061 2.7277 7.5653 13.1525
2 1.8114 2.1056 2.4354 2.8995 3.4567 3.1453 8.4879 15.2012
3 1.9455 2.2962 2.6958 3.1922 3.7842 3.5586 9.3630 17.2333
4 2.0668 2.4737 2.9444 3.4696 4.0918 3.9681 10.1968 19.2463

4 0 1.9684 2.1657 2.3781 2.7705 3.2344 2.9653 7.1214 11.8054
1 2.1398 2.4157 2.7186 3.1475 3.6505 3.4960 8.1116 14.0098
2 2.2918 2.6448 3.0398 3.5002 4.0361 4.0222 9.0452 16.1870
3 2.4267 2.8552 3.3441 3.8316 4.3955 4.5433 9.9293 18.3564
4 2.5474 3.0496 3.6334 4.1445 4.7324 5.0591 10.7704 20.4976

10 0 2.1758 2.3739 2.5866 2.9712 3.4216 3.2472 7.3029 12.0760
1 2.3414 2.6294 2.9450 3.3636 3.8497 3.8230 8.2873 14.3275
2 2.4901 2.8644 3.2834 3.7308 4.2468 4.3948 9.2186 16.5558
3 2.6218 3.0801 3.6037 4.0759 4.6172 4.9610 10.1010 18.7739
4 2.7394 3.2790 3.9079 4.4015 4.9642 5.5215 10.9785 20.9630
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increase of the nonlocal coefficient makes the FG nanoplates 
become softer, and hence makes the dimensionless funda-
mental frequency decrease. These results again help fill in 
the gap of those that the analytical method is missing.

Figure 9a illustrates the variation of the dimensionless 
fundamental frequency of the FG nanoplates with the vol-
ume-fraction exponents n = 2 resting on the elastic founda-
tion versus to the variation of the length-to-thickness a∕h . It 
can be seen that the dimensionless fundamental frequency 
of the FG nanoplates decreases rapidly when the length-
to-thickness ratio a∕h varies from 5 to 15. However, they 
decrease slowly when the length-to-thickness ratio a∕h var-
ies from 20 to 50. Figure 9b demonstrates the effect of the 
volume-fraction exponents n and the nonlocal coefficient on 
the variation of the dimensionless fundamental frequency of 
the FG nanoplates resting on the elastic foundation. It is seen 
that the dimensionless fundamental frequency decreases rap-
idly when the volume-fraction exponent varies from 0 to 
2, but decreases slowly when the volume-fraction exponent 
varies from 2 to 10.

Figure 10 demonstrates the variation of the fundamental 
frequency Ω∗ of the FG nanoplates resting on the elastic 
foundation(n = 1,� = 1,CCCC ) with different foundation 
parameters versus to the variations of width-to-length b∕a 
and of the volume-fraction exponents n ( a∕h = 20) and of 
the length-to-thicknessa∕h, (b∕a = 1) . Figure  11 shows 
the variation of the dimensionless fundamental frequency 
of the FG nanoplates resting on the elastic foundation 
(� = 1,Kw1 = 10,Ks1 = 10) in the various boundary con-
ditions versus to the variations of the length-to-thickness 
a∕h ( n = 1 ) and of the volume-fraction exponent n ( h = 10 ). 
Figure 12 presents the variation of the dimensionless fun-
damental frequency of the FG nanoplates resting on the 
elastic foundation (n = 1.5, a∕h = 10,CCCC) with different 
nonlocal coefficients versus to the variations of the elastic 
foundation coefficientKw1 , (Ks1 = 10) and of Ks1, 

(
Kw1 = 50

)
. 

The results from these figures show that the increase of the 
width-to-length ratio makes the nanoplates become softer 
and thus makes the fundamental frequency Ω∗ decrease. 
Furthermore, the increase of the elastic foundation stiffness 

Table 10   The variation of the 
dimensionless deflection of 
the FG nanoplates resting on 
the elastic foundation versus to 
the variation of the boundary 
condition, the nonlocal 
coefficient � and the length-to-
thickness ratio a∕h

� a∕h Boundary condition

CCCC​ CCCS CSCS CSSS SSSS CFSS SFSS

1 5 1.9508 2.1595 2.3898 2.7217 3.1185 3.7133 4.2109
10 1.6784 1.9054 2.1545 2.5347 2.9838 3.5912 4.1085
25 1.5879 1.8212 2.0770 2.4635 2.9161 3.4964 4.0060
1000 1.5811 1.8149 2.0713 2.4514 2.8951 3.4549 3.9544
10000 1.5811 1.8149 2.0712 2.4513 2.8951 3.4548 3.9543

2 5 2.0911 2.3600 2.6607 3.0164 3.4385 4.0746 4.7716
10 1.8191 2.0997 2.4125 2.8204 3.2986 3.9499 4.6590
25 1.7274 2.0121 2.3292 2.7446 3.2275 3.8489 4.5458
1000 1.7205 2.0055 2.3229 2.7317 3.2056 3.8043 4.4889
10000 1.7205 2.0055 2.3229 2.7317 3.2055 3.8042 4.4887

3 5 2.2158 2.5435 2.9152 3.2911 3.7341 4.4083 5.3051
10 1.9443 2.2778 2.6552 3.0868 3.5892 4.2806 5.1831
25 1.8518 2.1873 2.5666 3.0068 3.5152 4.1741 5.0603
1000 1.8448 2.1804 2.5599 2.9934 3.4925 4.1271 4.9985
10000 1.8448 2.1804 2.5599 2.9933 3.4924 4.1269 4.9983

4 5 2.3270 2.7124 3.1555 3.5484 4.0088 4.7173 5.8134
10 2.0566 2.4421 2.8846 3.3363 3.8591 4.5867 5.6828
25 1.9637 2.3490 2.7911 3.2527 3.7824 4.4756 5.5513
1000 1.9566 2.3419 2.7840 3.2387 3.7591 4.4266 5.4852
10000 1.9566 2.3419 2.7840 3.2386 3.7590 4.4264 5.4850
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leads to the increase of the fundamental frequency. Form 
Fig. 12, it can be seen that the fundamental frequency Ω∗ 
depends linearly on the elastic foundation coefficient Kw1 but 
depends nonlinearly on the elastic foundation coefficientKs1.

Figure 13 shows the variations of the first six fundamental 
frequencies 10�ih

√
�m

Em

(i = 1∕6) of the FG nanoplates versus 

to the variations of the nonlocal parameter � , volume-frac-
tion exponent n and elastic foundation coefficient Kw1 . It can 

be seen that the increase of the nonlocal parameter and the 
volume-fraction exponent n leads to the decrease of all fun-
damental frequencies in which the mode (3,2) and mode 
(3,3) have the largest decrease. For example, the value of the 
fundamental frequency of the FG nanoplates of the mode 
(3,3) decreases more than 2.5 times, from 6.02 (with nonlo-
cal parameter � = 0 ) to 2.365 (with nonlocal parameter 
� = 4 ). The volume-fraction exponent n has a significant 
influence on the fundamental frequency of the FG 

(a) (b)

(c) (d)

Fig. 5   The effect of nonlocal coefficient � and n versus to (a) 
tothedimensionlessdeflection, b to the in-plane normal stress �∗∗

xx

(z ); c to the in-plane shear stress �∗∗
xy

(z) ; d to the transverse shear 

stress �∗∗
xz

(z) of FG nanoplates resting on elastic foundations 
(Kw = 10,Ks = 10, a∕h = 10, n = 1.5, SSSS)
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nanoplates when n changes from 0 to 2 and the value of the 
modes decreases negligibly with n ≥ 2 . Figure 14 shows the 
nine mode shapes of the FG nanoplates resting on the elastic 
foundation. It can be found that the nanoplates resting on the 
elastic foundation still have the same shapes as the nano-
plates without the elastic foundation.

4 � Conclusions

A finite element formulation using four-unknown shear 
deformation theory is developed for bending and free 
vibration analysis of the FG nanoplates resting on the elas-
tic medium foundation. In this formulation, a four-node 
quadrilateral element with eight degrees of freedom per 

(a) (b)

(c) (d)

Fig. 6   The effects of length-to-thickness ratio a∕h and the volume-
fraction exponent n versus to: a the dimensionless deflection; b the 
in-plane normal stress �∗∗

xx
 ( z) ; c the in-plane shear stress �∗∗

xy
(z) ; d the 

transverse shear stress �∗∗
xz

(z) of FG nanoplates resting on elastic foun-
dations (Kw = 10,Ks = 10, a∕h = 10,� = 1,CCCC)
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node and the four-unknown variables are approximated by 
Lagrangian and Hermitian interpolation functions to form 
the finite element formulation of the stiffness matrices, the 
mass matrices and the load vectors of the FG nanoplates 
with the second derivatives. Therefore, it is clear that this 
element is the most suitable for investigating the bending 
and free vibration responses of the FG nanoplates resting 

on the elastic medium foundation. The accuracy and the 
reliability of the present method have been validated by 
comparing its numerical results to those available in the 
literature. In addition, the analyses of the effects of vari-
ous parameters on the bending and the free vibration of the 
FG nanoplates resting on the elastic foundation have been 
examined. It is thus very promising to extend the present 

(a) (b)

(c) (d)

Fig. 7   The effect of length-to-thickness ratio a∕h and the founda-
tion stiffness Kw,Ks versus to: a the dimensionless deflection; b the 
in-plane normal stress �∗∗

xx
(z) ; c the in-plane shear stress �∗∗

xy
(z) ; d the 

transverse shear stress �∗∗
xz

(z) of FG nanoplates resting on elastic foun-
dations (n = 1.5,� = 1)
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method for the analysis of the FG porous nanoplates with 
laws of variable thickness resting on elastic foundation, the 
FG porous plate resting on elastic foundation subjected to 
other loads, and the FG porous nanoshells resting on the 
elastic foundation. It is noted that the proposed method also 
exists a limit regarding using high-order shape functions to 

approximate displacement fields of the FG nanoplates. This 
limit in somehow leads to a rather high computation cost and 
hence should be a topic for improvement in coming studies.
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(a) (b)

(c) (d)

Fig. 8   The effect of the volume-fraction exponent n and the boundary conditions on: a the dimensionless deflection; b the in-plane normal stress 
(h∕2)(Kw = 10,Ks = 10)
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Table 11   The effect of the 
boundary condition, the 
nonlocal coefficient � and the 
volume-fraction exponent n 
(a∕h = 10,Kw1 = 50,Ks1 = 50) 
on the dimensionless 
fundamental frequency of the 
FG nanoplates resting on the 
elastic foundation. .

n � Boundary condition

CCCC​ CCCS CSCS CSSS CFCF SSSS CSFS SFSS

0 0 10.8638 9.9443 9.2609 8.0486 7.0970 7.1115 5.1263 4.8631
1 9.9892 9.1109 8.4792 7.4206 6.7025 6.6109 4.8672 4.6148
2 9.3335 8.4820 7.8846 6.9396 6.3662 6.2236 4.6495 4.4054
3 8.8210 7.9873 7.4134 6.5566 6.0757 5.9127 4.4637 4.2260
4 8.4073 7.5856 7.0283 6.2424 5.8217 5.6561 4.3031 4.0703

0.5 0 9.6900 8.9267 8.3359 7.3379 6.3883 6.5680 4.8465 4.6273
1 8.9836 8.2258 7.6607 6.7951 6.0359 6.1343 4.6149 4.3982
2 8.4520 7.6949 7.1460 6.3784 5.7355 5.7977 4.4198 4.2048
3 8.0350 7.2759 6.7373 6.0456 5.4760 5.5266 4.2529 4.0391
4 7.6971 6.9346 6.4025 5.7719 5.2491 5.3023 4.1083 3.8951

1 0 9.0611 8.3973 7.8542 6.9779 6.0173 6.3008 4.7156 4.5208
1 8.4508 7.7695 7.2361 6.4801 5.6869 5.9019 4.4985 4.3009
2 7.9884 7.2916 6.7637 6.0966 5.4054 5.5909 4.3148 4.1152
3 7.6238 6.9127 6.3876 5.7895 5.1622 5.3397 4.1573 3.9559
4 7.3265 6.6028 6.0788 5.5362 4.9496 5.1311 4.0207 3.8174

4 0 8.2622 7.7550 7.3076 6.6181 5.5740 6.0730 4.6376 4.4759
1 7.8097 7.2399 6.7687 6.1767 5.2754 5.7137 4.4369 4.2637
2 7.4513 6.8370 6.3511 5.8324 5.0202 5.4304 4.2654 4.0840
3 7.1611 6.5122 6.0155 5.5542 4.7993 5.1994 4.1176 3.9297
4 6.9192 6.2431 5.7380 5.3232 4.6059 5.0064 3.9888 3.7954

10 0 8.0327 7.5671 7.1735 6.5507 5.4523 6.0497 4.6458 4.4947
1 7.6433 7.0953 6.6621 6.1263 5.1658 5.7003 4.4496 4.2834
2 7.3224 6.7186 6.2620 5.7926 4.9203 5.4230 4.2810 4.1043
3 7.0576 6.4119 5.9386 5.5217 4.7074 5.1961 4.1352 3.9504
4 6.8337 6.1558 5.6700 5.2960 4.5207 5.0059 4.0080 3.8164

(a) (b)

Fig. 9   The variation of the dimensionless fundamental fre-
quency of the FG nanoplates resting on the elastic foundation 
(Kw1 = 50,Ks1 = 10,CCCC) with the various nonlocal coefficient 

versus to the variation of a the length-to-thickness a∕h ( n = 2) ; b the 
volume-fraction exponents n ( a∕h = 20)
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(a) (b)

Fig. 10   The variation of the dimensionless fundamental fre-
quency of the FG nanoplates resting on the elastic foundation 
(n = 1,� = 1,CCCC ) with different foundation parameters versus 

to the variation of: a the width-to-length ratio b∕a, (a∕h = 20); b the 
length-to-thickness a∕h, (b∕a = 1)

(a) (b)

Fig. 11   The variation of the dimensionless fundamental fre-
quency of the FG nanoplates resting on the elastic foundation 
(� = 1,Kw1 = 10,Ks1 = 10) in the various boundary conditions ver-

sus to the variations of: a the length-to-thickness a∕h ( n = 1 ); b the 
volume-fraction exponent n ( h = 10)
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Appendix A

(� ; � : are natural coordinates)
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(a) (b)

Fig. 12   The variation of the dimensionless fundamental fre-
quency of the FG nanoplates resting on the elastic foundation 
(n = 1.5, a∕h = 10,CCCC) with different nonlocal coefficients versus 

to the variations of: a the elastic foundation coefficient Kw1 , (Ks1 = 
10); and bKs1, 

(
Kw1 = 50

)
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(a) 1 = 10, 1 = 10, = 1 (b) 1 = 10, 1 = 10, = 1

(c) 1 = 10, = 1, = 1 (d) = 1, 1 = 10, = 1

Fig. 13   The variations of the first six fundamental frequencies of the FG nanoplates ( a∕h = 10, SSSS ) versus to the variations of: a the nonlocal 
parameter �; b the volume-fraction exponent n; c the elastic foundation coefficient Kw1; d the elastic foundation coefficient Ks1
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