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Abstract

In the current work, the dynamic behavior of functionally graded carbon nanotube-reinforced composite (FG-CNTRC) plate
with negative Poisson’s ratio (NPR) is investigated by combining higher-order shear deformation theory and large deflection
theory. First, explicit solutions are proposed to predict the effective Poisson’s ratio (EPR) of the laminates. Taking carbon
nanotube-reinforced composite (CNTRC) as an example, the maximum NPR is obtained for (+6);r laminate as well. Results
show that the EPR (v{,,5,) can range from a positive value of 0.311 to a negative value of 0.63. For the dynamic response
problem, the asymptotic solutions with a two-step perturbation approach are derived for FG-CNTRC plates to capture the
relationship between the center deflection and time. Several key factors such as functionally graded distribution, variations
in the elastic foundation, and thermal stress produced by changing the temperature field are considered in the subsequent
analysis. Numerical simulations are carried out to examine the corresponding dynamic behavior of FG-CNTRC plates when

these factors are taken into account.

Keywords Nonlinear dynamics - Auxetic laminated plate - Negative Poisson’s ratio - Functionally graded carbon

nanotubes - A two-step perturbation method

1 Introduction

Laminated structures made from fiber reinforced compos-
ite (FRC) are becoming of importance in many engineer-
ing fields due to excellent performance of these reinforced
materials. The structural use of FRCs requires the response
analysis of structures under static load and dynamic actions.
A series of work has been dedicated to the study of compos-
ite plates, in particular, the investigation into their dynamic
behavior [1-5]. Materials having negative Poisson’s ratio
(NPR) have great potential applications on the basis of their
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unusual properties. Related survey for the dynamic behavior
of laminated plate made of auxetic honeycomb core has been
performed by Li et al. [6] and Nguyen et al. [7].

In addition to the development of sandwich structures
with auxetic honeycomb core, many investigations have been
conducted regarding FRC laminates with NPR. Zhang et al.
[8] showed that both the particular stacking sequence and the
individual ply material (strongly anisotropic) were essential
for the laminate to exhibit a negative Poisson’s ratio. The
authors also presented an optimal angle for ply and particu-
lar stacking sequence. Evans et al. [9] specially designed
a software to predict the effective engineering constants.
It was reported that the NPR property can be obtained by
designing stacking sequences in the laminated plates. Lem-
priere [10] measured that the effective Poisson’s ratio (EPR)
in orthotropic materials was — 0.4, occurring at 8 =45°
orientation. Clarke et al. [11] reported that the EPR of the
laminates showed negative values for lay angle in a range
between 15° and 30° for a (+0). Herakovich [12] investigated
the auxetic characteristics of laminated structure made of
graphite—epoxy to determine the value of v{,. Such lami-
nates exhibited a very wide range of NPR from a peak of
0.49 for a laminate with ply angle of 90° to a trough value of
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—0.21 for laminate with ply angle of (+25)g. Hine et al. [13]
reported that the out-of-plane Poisson’s ratio reached — 1/2
when a high modulus of elasticity carbon fiber was used in
the laminates. Matsuda et al. [14] observed that the peak
values of NPR in carbon fiber-reinforced plastic laminates
were around — 0.7 when the axis was oriented at 25°. The
influence of Young’s modulus ratio (E,;/E,), the type of resin
and the volume of fraction on the ERP (v{,) of an angle-ply
[+60],, plate were investigated by Harkati et al. [15, 16]. It
was shown that the NPR of Kevlar and carbon-reinforced
composite plate was —(0.746 at 8 =20°. From the above dis-
cussion, it can be concluded that the maximum value of NPR
of the laminates greatly depends on the ply orientations and
stacking sequences in laminates [17].

Carbon nanotubes (CNTs) have been extensively used in
the different fields of industry and research with the devel-
opment of fabrication technology. CNTs are commonly
deemed to be one of the most effective reinforced materials
in manufacturing high strength composite material. In par-
ticular, it has led to a rapid development of carbon nanotube-
reinforced composite (CNTRC) materials in the structural
applications. Hence, numerous studies have been conducted
on the effect of CNTs on the reinforcement of the laminates
[18-20]. Moreover, the reinforced composites with func-
tionally graded (FG) material properties have gained much
attention. The concept of FG materials has been applied to
multi-scale structures to present their excellent performance.
Extensive studies on the forced vibration [21-23] and low
impact [24-26] of FG structures have been carried out. How-
ever, all these interesting studies are limited to the structure
with macroscale. Many researches have investigated the
static and dynamic behavior of FG nanostructures [27-29].

Based on the above-mentioned studies, this study
attempts to observe the relationships between the CNTs’ lay-
ing angle and volume fractions in FG materials and EPRs.
A composite laminated structure made from CNTRCs with
strong anisotropy can easily develop auxetic performance.
FG materials have a wide use in engineering applications
and laminates with various CNT volume fractions are used
to achieve their excellent mechanical properties [30]. Shen
was the first investigator to analyze particular characteris-
tics and behavior of the FG-CNTRC structures in different
scales [31]. The dynamic behavior of FG-CNTRC plate rest-
ing on elastic foundations was further investigated in [32].
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Considering the matrix cracks, the dynamic behavior of the
hybrid laminated plate made from either FRC or CNTRC
was investigated by Fan and Wang [33]. In addition to the
above-mentioned studies, more studies have been carried out
based on different approaches [34—38].

To the best of the authors’ knowledge, the dynamic
response of FG-CNTRC with NPR at different external
conditions has not been reported in literature. Therefore,
the primary objective of the current work is to apply the aux-
etic concept in FG-CNTRC laminate and study the dynamic
response of these auxetic structures. Contents of this inves-
tigation are summarized as follows. The analytical model
for EPR of the FG-CNTRC laminated plate is presented in
Sect. 2. This model can be applied to both symmetrical and
arbitrary laminates. The formulae for predicting the EPR are
derived with the maximum NPR given. Further, in Sect. 3,
the motion equations for the dynamic response of the plate
with NPR are proposed and solved by a two-step perturba-
tion method. The second-order ordinary differential equation
(SOODE) can be obtained by applying the Galerkin method
to the asymptotic solution of the motion equations. Given the
initial value, the fourth-order Runge—Kutta method is used
to solve the SOODE of a plate considering time variation.
Several numerical cases are subsequently given in Sect. 4
regarding the dynamic behavior of FG-CNTRC plates with
NPR.

2 Theoretical modeling of laminate
with NPR

2.1 Theoretical approaches to evaluate effective
Poisson’s ratio

The effective engineering constants such as EPR are pre-
sented for the convenience of engineers in describing the
mechanical behavior of the laminates. Sun and Li [17] pre-
sented the relationships for EPR for general thick laminates.
However, only the extensional response was taken into con-
sideration, while the bending and bending—extension cou-
pling characteristics of the laminates were neglected. There-
fore, their model fails to provide accurate solutions for the
EPR of an asymmetric angle-ply laminated plate. Consider-
ing the effects of bending and bending—extension coupling,
the general solutions of the effective Poisson’s ratios for an
arbitrary angle-ply laminates are derived as follows:

; ey
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expression simplifies as follows: (3a)

In particular, for symmetrical laminates, where the mate-
rial parameters of the layer are distributed symmetrically
along section, the bending—extension coupling stiffnesses B;;
(i,j=1,2...6) are zero. Therefore, the preceding expression
simplifies as follows:

Aj6(ApAze—ApAsg)+A ]3(A§6_A22A66)+A 12(A23A66—A26A36)
AleA33=2A03A0As6+AT, Ae+An (A3 ~A33A66)

(ij=13)

€
V’j T ) Al An—AlApAstAAx)FA A AG—A 1 (A3 A —AxAse) (ij = 23) ’
AT A33—2A13A 6 A36+AT Ao +A | (A2 —A33A46)
(3b)
where Aij, B, D; (i, j=1-06) are the plate stiffnesses, which
/Y 2 are defined in terms of the transformed elastic coefficients
Z,3 (Cij)k as:

nate and the material coordinate system consisting of longitudinal

. . . N hk J—
Fig.1 Reference coordinate system (X, Y, Z)=(1, 2, 3) of the lami- (Aij’Bij’Dij) — Z / (Cij)k(ls Z. Zz)dZ Gj=1- 6), 4)
_ h
(fiber, 1'-), transverse axes (2'-), and CNT fiber orientation angle (0) - -
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Ival':l'led‘lff:f:;th;‘;c;;rgﬁ::‘?;“ Vey E, (MPa)  E,(MPa)  G,(MPa) v, @ (X1077K) (X 1075/K)
CNTRC ply T=300K

0.11 94,416.77 2203.74 822.280 0.3219 3.5830 5.3182

0.14 120,384.60 2297.68 857.328 0.3169 3.5531 5.1582

0.17 144,771.38 3493.88 1303.660 0.3120 3.5337 4.9979

T=400 K

0.11 92,708.58 1710.53 638.253 0.3219 42514 5.5640

0.14 118,327.70 1783.46 665.460 0.3169 4.2269 5.3949

0.17 142,387.80 2711.95 1011.91 0.3120 42111 5.2255

T=500 K

0.11 91,682.21 1217.32 454.222 0.3219 4.6123 5.8198

0.14 117,144.40 1269.22 473.586 0.3169 4.5940 5.6414

0.17 141,057.96 1930.01 720.144 0.3120 4.5821 5.4627
[Cij]—l = [Sij], (5) where the basic material parameters of each layer are intro-

where the compliance constants (Eij) of an orthotropic mate-
rial whose principle direction 1’ makes an angle 6 with the
X axis (see Fig. 1) and ¢ = cos 6, s = sin 6.

duced as follows by referring to Fig. 1.

E;, (i=1,2,3)=Young’s moduli in i, (i = 1,2, 3) direc-
tions.
G,-j, (if = 12,13, 23)=Shear moduli in i — j planes, respec-

Si [ 4 20242 ¢ 252 7 tively.
S, 22 dist 28 _g2 s v;» (i = 12, 13,23)=Poisson’s ratios (the subscripts i and
3, 5 2e252 o 22 Sll Jj represent the loading and strain directions, respectively).
- 12 . _ . .. .
Sic 26% 2es® — 3s) —2¢5% —es(@ —52) || Sy | %,.(z —1 12,23.— tltl.ermal expansion coefficient in the
5 2¢s3 2(A3s —cs?) =235 es(c? — 5?) Se6 (i = 1,2) directions.
26
_ 4252 —8¢%s? 452 (% = §2)? . . .
See| - ( ) 2.2 Design of CNTRC laminate with NPR
(6a)

_ 5 The theoretical solution presented above is capable of
Si3 62 s2 Ol Sis predicting the out-of-plane EPR of an arbitrary angle-ply
Sy |5 8” ¢ Ol S2s (6b)  Jaminates. A systematic investigation of the antisymmetric

[ 533 0 0 1f S5 laminates has been carried out. Several types of CNT lami-

. nates are taken into consideration and the type of CNT vol-

where S;; are given as follows: . o

v ume fraction (V) is given. The temperature-related mate-

Si1 Sy Si3 1/E,, —v;,/E,, —vi3/Ey, 1'12‘11 prope}rltle§ olf CI\LTF(;SI are predlctefi bg/ .theT eljlteridid

Spp Sp3 Sy | =| VEy —vis/Eyy 1/Es; |, ) Itggrsmeihanfca'm(t) § 5 t] s sutlnmaﬁze in, ? d?) .thn

Sus Sss Ses 1/Gy; 1/Gys 1/G,, addition, the laminated plates are also characterized by the
following parameters:

Table 2 Dist.ribution and Types

volume fractions of CNT for

CNTRC plate Each ply UD FG-X FG-O FG-A FG-V Antisymmetric laminates in the case

study
Case A:(+22);3r Case A: (£70)37
Plyl 0.14 0.17 0.11 0.11 0.17 22 70
Ply2 0.14 0.14 0.14 0.11 0.17 -22 =70
Ply3 0.14 0.11 0.17 0.14 0.14 22 70
Ply4 0.14 0.11 0.17 0.14 0.14 -22 =70
Ply5 0.14 0.14 0.14 0.17 0.11 22 70
Ply6 0.14 0.17 0.11 0.17 0.11 -22 -70
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Fig.3 Effective Poisson’s ratio (v‘l’3,v§3) for (+6),(n=1,2,3) lami-
nates

Fig.5 Variation of EPR with 6, for antisymmetric angle-ply
(£22/ £ 0,/ +22)and (x70/ + 0,/ + 70) plates

.. volume of carbon nanotubes
Carbon nanotube volume ratio : Vqy = -
volume of composite

volume of matrix

Matrix volume ratio : V= — =
volume of composite

m

VCN ’

where the subscripts CN and m refer to carbon nanotube
and matrix, respectively. To assess how the distribution and
volume fractions of CNT influence the dynamic behavior
of CNTRC laminated plate, we considered five configura-
tions as shown in Table 2. These configurations are for an
identical material and one layer of the constant thickness
of 0.5 mm with density p = Vo p™ + V,,p™. It differs in
the following characteristics: FG-A: (0.11),/(0.14),/(0.17),,
FG-V: (0.17),/(0.14),/(0.11),, FG-X: [0.11/0.14/0.17],
FG-0O: [0.17/0.14/0.11],, and uniform distribution (UD)
which is used for reference.
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Table3 NPRs (v{, and v5,) of

FG-CNTRC plates for various ' 22y and v, (7057 and v,

temperature conditions 300 K 400 K 500 K 300 K 400 K 500 K
UD -0.63 -0.74 —-0.90 -0.63 -0.77 -0.97
FG-V -0.56 —-0.67 -0.83 -0.55 —0.69 —-0.88
FG-A -0.56 —-0.67 -0.83 -0.55 -0.69 —-0.88
FG-X -0.54 —-0.65 —-0.81 -0.53 —0.66 —-0.86
FG-O -0.57 —-0.68 -0.84 -0.56 -0.70 —-0.90

As a part of the verification of the proposed method,
Fig. 2 shows the comparisons of the EPR (v{,) of Yeh
[39] with the present solutions of symmetrical laminates.
The material properties of the laminates are taken as:
E,=200GPa, v|,=0.2, v;;=0.4, v;,=0.6. The effective
Poisson’s ratios v{, are calculated for a range of relative elas-
tic modulus E,/E}. As described in Fig. 2, the values of v{, of
laminates (45/—45),5 with E;=E, and E;=0.2E, are plotted
with varying relative elastic modulus G,,/E,. The proposed
predictions of v?3 agree well with the results of Yeh [39].

The CNT distribution patterns significantly affect the
mechanical behavior of composites with identical V. The
effects of CNTs orientation angle on the buckling behavior
of CNTRC plate were investigated by Zhang et al. [40] and
Jam and Maghamikia [41]. The above researches made the
assumption that CNT fibers with sufficient length have to
be placed in a specified direction. This assumption is also
adopted in this study.

In this study, the auxetic concept of FRC laminates is
extended to design FG-CNTRC laminate with NPR. The
mechanism of auxetic laminates was reported theoretically
by Yeh et al. [42, 43]. In their study, the detailed theory for
a (0,/0,)g laminate can be found. The explicit solutions in
Eq. (1) are used to study the effect of the stacking sequence

and the FG type on the EPR (v{,,v3,). Figure 3 plots the

Fig.6 Various types of FG-
CNTRC plates and the reference
system adopted

effects of the CNT orientation angle (6) on the EPR of the
[£0],7» (n=1,2,3) UD plates. The variety of v{, and v5, ver-
sus 6 is same for all the antisymmetric plates. It is found
that the value of v{, decreases by increasing the magnitude
of 4. It attains a minimum negative value between 20° and
25° after which it reaches its maximum value. v5, is posi-
tive at #=90° and decreases rapidly after attaining its max-
imum negative value between 65° and 70°. For the three
types of antisymmetric laminates with same thickness, the
minimum negative value of EPR occurs at CNT orienta-
tion (+6); Moreover, the EPRs for FG-X plate is plotted in
Fig. 4. The curves describe the variation in EPR for FG-X,
(+60,/+60,/+0,), 0 <0, <90 with equal thickness layers.
These curves show the effect of both 6, and 8,. In Fig. 5, the
values of NPR for two antisymmetric FG-CNTRCs consist-
ing of six layers, (+22/+6,/+22) and (+70/+0,/+70), are
plotted with varying orientation angle 6,. The out-of-plane
Poisson’s ratio has its most negative value at (+6);,=(+22
)ar for vi; and (£60);7=(£70);7 for v5,. They correspond to
a reflection of the value of EPR at about 45° orientations.
In all the FG-CNTRC plates, (£68);7=(£22);7=(£70);7 is
considered. Table 3 shows the values of the minimum NPR

for these two CNTRC plates at temperature ranging from
300 K to 500 K.

K,; (Winkler foundation)
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3 Theoretical modeling of nonlinear
dynamic response

3.1 Motion equations for nonlinear dynamic
response

Laminates consist of layers of composites reinforced with
CNTRC. Consider a square laminated plate composed of
six plies of equal thickness (#,=0.5 mm) with each side
a=b=60 mm resting on a continuous elastic foundation as
shown in Fig. 6. Figure 6a defines the coordinate system to
be used in developing the FG-CNTRC plate analysis. The
XYZ coordinate system is assumed to have its origin on the
middle face of the plate, so that the middle surface lies on
the XY-plane. The displacement at a point on the X, Y, and
Z directions is U,V, and W, respectively.

The simply supported plate is resting on a two-parameter
elastic foundation including the Winkler foundation (K ) and
shearing layer stiffness (K,). The force per unit py(X, Y,?)
is given by:

po=K\W — K, (0*W/9X* + 9*W/oY?). 8)

The method of analysis is based on the third-order shear
deformation theory [44] for the laminated plate undergo-
ing large deflection. The effect of the elevated temperature
is considered by introducing thermal stress resultants N7
,MT,and p" as shown in Appendix 1. In all the cases, a sud-
denly applied load Q is considered. The motion equations
are given as follows:

Ly,(W)—L,(P,) - 1213(97/}') + Ly (F) = Lis(N") = Lis(M") + p,

. op, 0P,

=L;(W)+LW,F)+I X 37 + 0,
)

Ls(N") = =3 LW, W),
(10

Ly (F) + Lyy(P,) + Lys(P,) — Ly (W) —

Lyy(W) + Lyy(P,) = Ly3(P,) + Ly (F)

o . oW - (11)
—Lys(NT) = Ly(S") = Igﬁ + 1Y,

Ly(W) = Lipy(P) + Ly (P) + Loy (F)

. . oW (12)
—L,s(NT) = Lis(ST) = I9W + 110\11

where the nonlinear operator (L()) and a stress function (F)
can be expressed as follows:
= 0> 0? 0> 9? 0> 0°

LHy=22 _, 2 ¢ 9 9% 1
()= 5xov2 " *oxar axor * oviox (13)

N,=0°F/0Y*,N, = 0°F/0X*,N,, = —0°F /oX0Y,  (14)
'i’x and Sf’y denote rotation about the Y- and X-axes, respec-
tively. The coefficients S;; and generalized inertias /; are
given in Appendix 1. The lmear operators (L; ;) introduced
in the above motion equations are defined from [45].
Depending upon the in-plane behavior at the edges, two

boundary conditions (BCs) used are:

-

W=¥ =M =P=0
AtX =0,a : 3 bex dY + o, bh = 0 (movable) (15a)
’ U=0 (immovable),
W=¥ =M =P=0
AtY=0,b: 4 faNy dX + o,ah = 0 (movable) (15b)
’ V=0 (immovable),

\

in which the quantities (4, M,) denote the flexural moments
and (P,P,) represent the higher-order moments given by
[45).

In Eq. (15), the immovable in-plane BCs are converted
to integral form:

“oU
—dXdYy =0,
/o | OX (16a)
//—deX 0, (16b)
where

7 4E% \ 0P, 4E* \ 0¥,
%Y - Ana F+A720 F+ BTI 5 BTz_ 2 )=
0X 0Y? 0X? 3n2 ) oX 3h2 ) oY

4 0w 1 T T
_3?< zlax2+Ezzay2> §< ) A*N +A*N)
(172)

oy ~fugxa Thegyr TP T 3 302
4 (W L PW\ 1 [oW s T o A% NT
3 (E21 axz Ty > 2 ( 0X ) ~ Al + AR,
(17b)
where the reduced stiffnesses (A%, B*, D%, E*, F*,H?) are the
gy T T it

functions of the geometry, materials properties, and the
stacking sequence of the individual as given in Appendix 2.

ov _ . 0*F . 0*F ( 4E;‘1>a¢x <*_4E;2>%
22

3.2 Solution of the nonlinear equations

The nonlinear motion equations for the dynamic response
can be solved by a two-step perturbation approach proposed
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by Shen [45]. Equations (9)—(12) can be converted to dimen-

sionless forms by defining the following dimensionless

parameters:

Lyy(W) = Liy(F) = Lis(Py) + 714 Liy(F) = Lig(M")
=L;(W)+ A, — K,W + K,V*W

+ 7. fPL(W,F) + %, +/3an
Y14 > 730 ox dy

[AT DT FT]
X X X —_—

AT pI' FT (23)
Yy y oy

hk
/ l ] (1,2,2%dz,
Ty ,

In Egs. (18)—(21), the dimensionless linear operators
(L ) are defined in [45].

Substltutlon of dimensionless parameters into Eq. (15)
yields:

1 (
(18) W=%=M=P,=0
1 _ . 6, = O(immovable edges)
Ly (F) + 724Ln(Fy) + 124L3(F)) = 124Lpg(W) = —57’24ﬁ2L(W, w), Atx=0,a: 1 .
(19) / p? de +44,p% = 0 (movable edges),
o oW -
Ly (W) + L3y(F,) — Lz (P) + 714L3u(F) — L3(S7) = 90750 + 7107, (24a)
(20) (
; W=¥=M=P,=0
LaW) = Lio(F) + Lig(#) + 714Laa(F) = Lag(S7) Atv=0.bh: d,= O(immovable edges)
oW iy ty=0.b: ;
= 79oﬂa_y +710¥ys @1 f dx+4ﬂ = 0 (movable edges)
where it is convenient to introduce dimensionless parameters ) (24b)
and nonlinear operator (L()). where 5, and 8, are given as:
X Y a w F
wy.p = (272 5). W, >—< — S >
a’"b’'b (D}, D3,A7,A5,1/4 " [D}, D3, 11/
Y7 V7, £ 1/2 * 1/2 *
(Tx,lluv)—g - ():U :U)* 1/4,(7147724,}’5) = <Diz> ,<A_>lsl> ,_A_iz s
’ 7 [D}D3,A7145] Dy, A A5,
T
(12 (A A ) a T 4 T 4 T
ri:vm2) = _ZWa(yT37yT49YT6ayT7) ZhDTl ( o 3h2FX’ 3/’12 y>,
a? 1 _ 4 -
M, PY= G (Mx, —_P,).
=2 D}, (D}, D3,AT A5, 114 3h2 (22)
a - -
Ky, Ky) = ——(a’K,, K;), (ky, k) = (szl, K,).
T D11
; Ey LEy @’ _4EUsly - 1LTy)
= — ) Y = —*7 7 —9
a \ 2% 170 250 D 171 = 321 D,
( ) ) E, (O'sz, ayaz)h
Y80> Y905V :(]9]9] *’(j’)ml)_T’
802 Y902 V10 8-49- 110 oD, y ir Q[D D2]1/2
1= Qa* L( )= 0% 0% 02 0 + 0> 0°
17 m4D [DF Di AR AL 1A T 0X20Y2 T 0XoY 0XoY = oY2?ox?’

in which E,=E", p,=p™", AT, DT, FT, etc. are the functions
0 Po
X X X

of the thickness. A, A'v can be defined by:
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Fig.7 Comparison of the dynamic response curves for angle-ply
[0/90],, (n=1,4) laminated plates under a suddenly applied load

9*F oY,
+ Vol V5115 ox

/ / [ zaz_F_y
ﬂ2ﬂ2724 T2 S ox?
2

ﬁ ‘W +2y, g *W
~ Y24\ V244 Y155 o2 Y516 oxdy
1 oW
- 57@4(5) + (7/2247T1 = VsyTz)AT] dxdy,
0%F oY,
2 X
%= 4n2ﬁ2y24/ / [axz o ”2“(”2" ox
W W
Y <7’240 EYD) 7/622ﬂ2 }’széﬂa ay>
1

ow
- —3/24ﬂ2< dy > + (o — 757T1)AT]dXdy7

W(x, v, 7,€)=ew (x,y,7) + £2w2(x, v, 7T)+ £3w3(x, VoT)+ -
P (x,9,7,€) = ey (X, ), T) + €W (X, ), T) + £y 5 (4, y, T) + - - -
Py, 7,8) = ey (6,3, 7) + EW (5,3, 7) + £y 3(5,y,0) + - -
Fx,y,7,€) = f,(x,y,7) + &fy(x,,7) +£2f3(x V,T)+ -

A (x ¥, T,€) = €A,(x, y,T)+e Ay (x, y,r)+5 A0y, T)+ -
(26)

Following the perturbation solutions procedure, one
assumes that the following form of the first term of w; (x,
y,7) satisfies the simply supported BCs:

wi(x,y, 1) = A( )(T) sin mx sin ny, 27

where the terms (m, n) are used to describe the waveform.
The following initial BCs are adopted in the present work

ow ~ v,
_|1=() =0, Tx't:() =—

ov.
— ), =0.
ot ot ot "=

(28)

Motion equations converted to their perturbation expan-

6?’
+ V23— PR >

Wl = lizo = 0,%¥)|,0 =

(25a)

ow,
+ V5208 d_y>

(25b)

with Yiik given in Shen [45].

The solutions for Eqs. (18)—(21) consist of an additional
deflection term and initial deflection term as a result of
the varying temperature. For convenience, we only dis-
cuss the solution process of the first term. The solutions
of initial deflections can be obtained in the same way
[46]. By considering 7 = € ¢, the solution equations can be
expanded as a function with a small perturbation parameter
g(=1,2,3,...)as given below:

75,3, = e €0 + E0) cos masinny + £2C 0y sin 2m

sions are derived from the substitution of Eq. (26) into
Egs. (18)—(21). The asymptotic solutions obtained for the
perturbation equations with order equal to € = 1,2,3 are
given below:

W, y,0)=¢ A(l)(t) sin mx sin ny] + € [A(S)(t) sin mx sin 3ny

+A%) () sin 3mxsin ny] + 0,
(29)

(30)

+e [ CO(1) cos mx sin 3ny + CL)(r) cos 3mux sinny| + O(e"),
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Fig. 8 Comparison of the dynamic response curves for CNTRC lami-
nated plate under a suddenly applied load. The distribution of CNTs
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Fig.9 Central deflection versus time (f) of CNTRC plates with NPR
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Fig. 10 Deflection versus time () of CNTRC plates with various tem-
perature conditions (7=300 K, 400 K, 500 K)

7,(x,y.0) = e Do) + B0 sinmx cos ny

Feeyn=-BO /2 =602 /2 + ¢ [Bﬁ?(t) + B¢

+ ezDézz)(t) sin 2ny + €° [D(133)(t) sin mx cos 3ny

+D(#) sin 3mx cos ny] + 0",
3D

3)

1 (t)] COS mX COS ny

0
+ &2 (—B(%)yz/2 - hézo)xz/Z
+BE)22)(1) cos 2ny + B(;))(t) cos 2mx)

+& [B(l?(t) cos mx cos 3ny

+B§31)(t) cos 3mx cos ny] + 0(54),
(32)
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Fig. 11 Deflection versus time (f) of CNTRC plates with various elas-
tic foundation constants at the reference temperature (7=300 K)

A Xy, 1) = [81A(111)(t) + g4A(]11)(t)] € sin mx sin ny
RS (33)
+ <£A(11)(t)> g3 sinmxsinny + O(e").

In Eq. (33), sAﬁll)(t) is considered as the second perturba-
tion parameter which is the function of the deflection by
taking (x, y) = (#/2m, n/2n)
eAY () =W, —0,W) +- - (34)

Substituting Eq. (34) into Eq. (33) and applying Galerkin
procedure yielded the Eq. (33) which can be re-written as:

d*(eA'))
8407 gz

(22/-22) 1:P/P, =05 —=—UD&l  ——UD&3
o 2: P/P. =0 - FG-X&1 - O-FG-X&3
—A—UD&2
4t 3:PP,=05 o pooxsn

Central Deflection(mm)

Time (ms)
(a)
5
(70/-70) 1:P/P,=-05  —w—UD&l  ——UD&3
T PP =0 - 0-FG-X&I - ©-FG-X&3
al o —e—UD&2
3: P/P,=0.5  0-FG.X&2

Central Deflection(mm)

Time (ms)

(b)

Fig. 12 Deflection versus time (f) of CNTRC plates with in-plane
movable edges

with g4/(j=0,1,2,3) defined in Eqgs. (45)—-(47) of the Appen-
dix 3, and

7,0 = % / / 2,08y, 1) sin(m) sin(ny)dxdy. (36)
0 0

Given the initial value W,,(#,) and W(z,) at the initial time

t, = 0, Eq. (35) can be solved to obtain the center deflec-
tion—time relationship for the plate by employing the fourth-
order Runge—Kutta method.

2 3
+ 84 (514(111)) + g42<5A(111)) + 843 (5/4(111)) = A4(x,y,1) =0, (33)

@ Springer



566

Engineering with Computers (2022) 38 (Suppl 1):555-570

ol @222

a/b=1, b/h =20,h =3mm
T=300K

——FG-A
4} —8—FG-X
—e—FG-0
0.0 0.2 0.4 0.6 0.8 1.0
Wih
(a)
1
(70/-70),,
OF  wh=1,bh=201=3mm
T=300K

®>m -2+ * X __ng—__gxgx=
V/A
’:’/’”
3+ \e DA —e— UD
"/ ——FG-V
—4—FG-A
-4+ —a— FG-X
——FG-O
_5 Il Il Il Il
0.0 0.2 0.4 0.6 0.8 1.0
Wih

(b)

Fig. 13 EPR-deflections relationships of FG-CNTRC plates at refer-
ence temperature (7=300 K)

4 Numerical results and discussions
4.1 Verification studies

To verify the proposed model, two case studies are
reported. Unless otherwise stated, immovable in-plane
condition is considered in the following analysis. First, as
a part of the verification of the proposed method and the
finite element modeling, Fig. 7 shows the comparison of
the solutions of a cross-ply square plate using the present
method, finite element method and the method proposed
by Reddy [47]. The dimensions and material proper-
ties of the square laminated plate are taken as: a=25 cm,
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Fig. 14 EPR-deflections relationships of CNTRC plates at various
temperatures

h=1 cm, E;=52.5%x10%° N/cm, E,=2.1x10° N/cm,
Gy=G3=1.05x10° N/cm, G;=4.2x 10° MPa, v;,=0.25,
p=8x10"Ns*cm®. In the forced vibration stage (time range
0-1 ms), the plate is subjected to a uniformly distributed
load ¢g,. As described in Fig. 7, the dimensionless deflection
(W = wy (E,1? /q4a*) X 10%) time curves agree well with the
results of Reddy [47].

The second comparison is made for the forced vibra-
tions of CNTRC plates with a/h =10, b=a=25 cm and
Ven=0.11. Constituent materials of the CNTRC plates are
listed in Table 3. In Fig. 8, the results predicted by the pre-
sent model are compared with the numerical results obtained
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from Lei et al. [34]. A theoretical model developed by Fan
et al. [48] is also adopted as a benchmark. Good agreement
can be observed between the existing results and the present
method, which demonstrates the accuracy of the proposed
model.

4.2 Parametric studies

After verifying the correctness of the present method, sev-
eral case studies are conducted to estimate the effects of
CNT distribution, temperature field, and foundation type on
the dynamic response of FG-CNTRC plates. Let us exam-
ine the dynamic behavior with application to the above-
discussed case of (+22);, and (+70);, Figure 9 exhibits the
nonlinear dynamic response curves of UD and FG-CNTRC
at the room temperature (7=300 K). Five different distribu-
tion patterns mentioned above are taken into consideration.
The value of the parameters used are: a=60 mm, 2=3 mm.
In addition, the curves of the UD pattern are used at the
same temperature for reference. It can be observed that the
FG-X plate has the lowest deflection among the five, while
the uniformed distribution (UD) plate has the highest deflec-
tion. This is because increasing CNT volume fraction in the
surface layer where the higher normal stresses occur can
improve the bending stiffness of the plate. Note that UD
and FG-X are also considered in the next parametric study.

The present approach is also used to investigate the influ-
ence of changing temperature field in UD and FG-X plates.
Figure 10 describes the influence of the thermal stress on
UD and FG-X plates. The applied load is 4 MPa for (£22
)37 and (£70);5 Incremental temperatures are marked on
these curves. The curves show that the amplitude and period
of response increases with increase in temperature. This is
attributed to the fact that increase in temperature leads to
the weakening of the materials, thereby reducing the overall
plate stiffness which in turn increases the central deflection.

Figure 11 reveals the maximum deflection with time vari-
ation of square antisymmetric laminates (+22);, and (+70
)3 for different elastic foundations stiffness ((k;, k,) = (0, 0),
(107, 0), (102, 10)). Plates without the foundation (k, =k, =0)
are selected as a comparative example. It appears that the
results confirm that the influence of foundation stiffness is to
decrease the deflection. It means that the effective stiffness
of FG-CNTRC plate enhances as the coefficients of founda-
tion (k,, k,) enlarges, which would result in the decrement
of the central deflection.

Figure 12 shows the deflection—time curves for movable
edges conditions. The predicted results for three different
initial edge loads are P=P,.(—0.5, 0, 0.5). P, refers to the

critical load of the plates itself. In this case, P=0.5P_, and
P=-0.5P, respectively, refer to the compressive and ten-
sile loading. We can note that the compressive loading leads
to an increase in the deflection; whereas, increasing tensile
loading suppresses the maximum deflection.

The variations of EPR with dimensionless deflection
(W /h) for CNTRC laminated plates in the dynamic response
region are obtained using numerical method and are shown
in Figs. 13, 14. It can be found that the value of EPR first
decreases and then increases smoothly with the increasing
value of W/h. Meanwhile, one can also see that the differ-
ence in the EPR is particularly small for the large values of
W/h. The FG-X plate has shown the lowest EPR—deflec-
tion curve and the curve from UD is positioned between
FG-X and FG-O (see Fig. 13). Meanwhile, the variation of
EPR tends to be flatter when the deflection has become suf-
ficiently large. A similar trend can also be found in Fig. 14.
Next, the EPRs of UD and FG-X plates under different tem-
peratures are given. The EPR—deflection values of (+22);;
and (+70);7 increases when the temperature is increased
between 300 and 500 K as shown in Fig. 14.

5 Conclusions

In this study, theoretical model for the nonlinear dynamic
response of FG-CNTRC plates with various external con-
ditions is proposed. The asymptotic solutions developed
accounts for the functionally graded configurations and
NPRs during the dynamic behavior of plates. Five types of
volume fractions of the CNTs are considered which include
UD, FG-A, FG-V, FG-X, and FG-O. The solutions for non-
linear dynamic responses are derived using a two-step per-
turbation approach by utilizing a fourth-order Runge—Kutta
method. The influence of the temperature variation and
elastic foundation stiffnesses on the dynamic behavior of
CNTRC laminated plates is investigated in detail. The con-
clusions drawn may be summarized as:

e The (+22);rand (+70);; laminates attain a larger mag-
nitude of NPR than those of the same thickness (+ ) or
(% 0),r angle-ply laminates.

e Among the five types of CNTs distribution, the FG-X
arrangement has the minimum central deflection, fol-
lowed by FG-V&A, UD and FG-O, respectively. Moreo-
ver, the FG-X plate showed better performance than that
with UD under different external conditions.
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e A rise in temperature leads to increase in the central
deflection; whereas, the increasing foundation stiffness
will result in an opposite effect.

e For the plate subjected to initial edge loads, it is seen that
initially tensile plates have the lowest central deflections;
while the initially compressed plates have the highest
central deflections.

e The EPR-deflection curves tend to be smooth when W/h
is sufficiently large.
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Appendix 1

In Egs. (9)~(12), the thermal resultants N7, M and P| are
given by

NP k[,

NT T BT

N, M, P, :Z/ A, |(LZ.Z)ATdZ,  (37a)
N MT P | k=1 [ A
[ Yy Py Ty e L2 g
and 87, (i = x,y, xy) are given as
[ 57T T pr

r Vil 4 | pr

S 1= M =52 B | (37b)
ST M P
| Pxy xy xy

in which AT is temperature increment from an initial state
(Ty), AT=T-T,, and

Ax Qll le Ql6 C2 S2 a,
A=020n Ox|| & & || " G
A Q16 O Oss 2¢cs —2cs 22

xy

where Qij are the component of the transformed lamina stiff-
ness matrix which are evaluated as follows:
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(0] _
1 ct o 2038? st 4c2s%
Qi 22 st 8P —4c%s? (O
? 4 2.2 4 22
On| | s 2c7s c 4c*s O»
0. | | S3s es® —c3s —es® —2es(c? — §* ’
Q16 22
O cs® ASs—cs? =3s 2es(c? =57 || O
0 252 =2¢252 AsE (R — sP)?
66
(39a)
[ Q44 2 2 0
Qs |=| —cs cs [ Q:: ] (39b)

| Q55 S2 6‘2
where

Q11 = E; (1= vipvp) ™ 0 = Exy(1 = vipvy)) ™,
Q1p = vy Ej (1 = vipvy)) 7' Q16 = a6 = 0,
Qo6 = G12, Qus = Gp3, 055 = Gy3. (40)

The coefficient [; can be calculated as:

N Iy
(11,12,13,14,15,17)=Z/ 0e(1,2,22,2%,2*,2%)dz,
k=1 Y

(41a)
and
} 4l, - 4l 8I, 16l
= I — 515 = - _?I = I + )
2T 3t T g T 3 T ogpd
LL, . 4. 4 (- Ll LI, -
=22 ——Ily=— (I, - 22 ), 1,y= 2= -
8 1, 37T st 3h2<5 1, 10 1, 3
(41b)
Appendix 2
The matrices in the Eq. (17) are derived in Shen [49]
|:A’.‘. B D.*.]
iy
E* F* H*
g y 1
A -AZ'B;, D,—BA'B.|
= 4 g T LG =1,2,6),
—A; By Fy— E;A; By Hy — E;ACE,
42)
in which Aij, Bij, D_zi" etc. refer to the plate stiffnesses, which

are functions of (Q;);
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4 2 4p4 2 2,202 .
(AU’BU’DU’EU’FU’H ) ZM (immovable)
I Cy; = Y2475 s 48)
: 0 (movable)

/(Q,,)k (1.2,2°,2°,2*,2°)dZ (i.j = 1,2,6),

(43a)

Iy

(A Dy Fy) = 2/

@0(1.2%,ZHdZ (i,j = 4.5)(i.j = 4.5).

(43b)

In the general case, the matrices A* D* and H* are sym-
metric although the matrices B},E7 and F* might be not.
In the case of (+6)5, lammated plate

1= 16

(rr3 = Yre)M* 8100 + Yy —

where the other symbols are given in Shen [45]

805807
Q)1 = 8og + V1aYagm’n* fF =" P + [K, + Ky(m* + n*5%)],
06
4m2714724}’2230 ) 4’12/327147/2472223
Vo=ld——— =yt ——— .
Yar + Yazodm 731 + V304n°p
49)
D(T)=A+0;(A)° +--- (50)

The coefficients A and @; can be obtained as follow for
m=n=1

AT

<(yT3m2 + Vm”zﬂz) -
% h
[D* D* A* A*z] 1/4°

_ Via¥as (m* 4ﬂ4
6, = —+—+4C
37 16Gyg < T Cn

72Gyg

8102

Gos =0y — V|4(J’T1m + Yront ﬂz)AT-

800

7T7)”2ﬁ28101 >

61Y)

[8101 ] _ [ (731 + v300m? + Y3222 B%) (Y230 + Vo301 B%) = 13310 B2 (Yaz 1 m* + Yap3n* %) ]
(7’42 + Vaz0m® + Vazoht ﬂz) (7’221’”2 + 7223”2.52) - 7331’"2(7230’”2 + 7232”2ﬁ2)

{ Ays =Dys =Fys =0
k. Ik R¥* . %
Fo=Fg=Bg=Ec=0

Ar=Dy=F;=H; =0 =12=6) (@4)
B =E =0 Gj=1,2)
Appendix 3
In Eq. 35),
g05g07
840 = —[1170 = Vi1 (M* + 1* )| — gig — V1avagm®n® [ —— P
06
m*gy + 12 F28o1 805 M 8os + NP7 803
+ 70| V14Y24 — - ,
00 806 800
(45)
_f Qu- Y1a(rpim? + ypn? BOAT + 3g,,@(T) (immovable )
Bu oy [1 P ('"erﬂ] (movable),
(46)
_ Y1aYo4 4.34
8ar = 3843P(T), 8 <— + 2 4c 47
4 43 8= 6 vr e 33 47)
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