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Abstract

The main purpose of this paper is to design a numerical method for solving the space—time fractional advection-diffusion
equation (STFADE). First, a finite difference scheme is applied to obtain the semi-discrete in time variable with con-
vergence order O(t>~#). In the next, to discrete the spatial fractional derivative, the Chebyshev collocation method of the
fourth kind has been applied. This discrete scheme is based on the closed formula for the spatial fractional derivative.
Besides, the time-discrete scheme has studied in the L, space by the energy method and we have proved the unconditional
stability and convergence order. Finally, we solve three examples by the proposed method and the obtained results are
compared with other numerical problems. The numerical results show that our method is much more accurate than existing
techniques in the literature.

Keywords Fractional derivatives and integrals - Diffusion processes - Partial differential equations - Stability -
Convergence
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1 Introduction attention in the physical environment, statistical

mechanics and continuum [1, 7, 8]. These physical

Fractional calculus (FC) is extended variants of classical
integer-order ones that are produced by replacing frac-
tional integer-order derivatives. Many applications of FC
are in the branch of science and engineering such as
physics, optimal control, chemistry, economics, poly-
meric materials and social science [3, 15, 17, 21-25].
Because of FC’s non-local, the solution of fractional
differential equations (FDEs), such as the diffusion and
reaction-diffusion models, has been considerable
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models explain the action of the plural movement of
microparticles in a material resulting from the random
movement of each microparticle. It is also suitable as a
topic relevant to the Markov system in mathematics as
well as in different fields. These subjects can be
explained using the diffusion equations named Brown
equations. In the Brownian case, diffusion with an
additional field of velocity and diffusion under the
influence of a constant field of external force are both
based on the equation of advection-dispersion. This is no
longer true in the case of anomalous diffusion, i.e., the
fractional generalization that varies in the case of
advection and carries an external force field in [20]. A
straightforward extension of the model of continuous-
time random walk results in a fractional advection-dis-
persion equation (FADE).

Space and time-fractional diffusion equation are two
main types of FADEs [13]. In the current paper, we
investigate the STFADE, as follows:
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OD{}u(x, 1) = a(x, 1)oDu(x, 1) + b(x,t)oDlu(x, ) + q(x, 1),
0<x<1,0<t<T,0<f,y<1,1<a<2,
(1)

where a(x, t) and b(x, f) are known functions and g(x, 1) is
the source term. An initial condition and the boundary
conditions are also assumed:

u(x, 0) =g(x),
u(L, 1) =v (1),

O<x<L,
0<t<T,

M(O’ t) = UO(t)v (2)

where on is the right Caputo fractional of the order f5. For
n—1<¥<n,ne N, the left and right Caputo fractional
derivative of order 4, is defined by

g o (1)
CDﬁ / n—19-1 g
a XM(XJ) F(I’l 19) a (X T) o T,

C _ (_l)n /b N ,1719716’11,{(‘[71‘)
xDbu(x,t)—ir(n_ﬁ) : (t—x) A dr

If n—1<¥<n € N, then we have

0"u(x,1)

ox"

lim {DYu(x, 1) = lim {Dju(x, 1) =

. For a = 0, we introduce the notation D? for the space
derivative. Equation (1) is the classical advection-disper-
sion equation (ADE) in the case of f =7 =1 and o = 2.
We presume that STFADE has a unique and smooth
solution under the initial and boundary conditions of rela-
tion (2).

In recent years, several methods have been proposed for
solving the ADEs. Liu et al. applied the Mellin and Laplace
transform for solving the time-fractional ADE in [18].
Moreover, [16] represented practical numerical schemes
with variable coefficients on a finite domain to solve the
one-dimensional space fractional ADE. Huang and Nie [9]
by using Green functions and applying the Fourier—Laplace
transforms approximated the STFADE. Momani et al. [12]
produced an accurate algorithm for the Adomian decom-
position to build a numerical solution of STFADE.
Recently, the theorems of existence and uniqueness for
STFADE in [10, 19, 23] and collocation method by using
the shifted Chebyshev and rational Chebyshev polynomials
in [4] are discussed.

The main aim of this paper is to represent a new
numerical scheme to solve STFADE. The proposed
scheme is founded on a finite difference method and a
Chebyshev collocation method of the fourth kind. In Sect.
2, we investigate the time-discrete approach in the con-
vergence and unconditional stability case. Then, we apply
the Chebyshev collocation method to discrete the spatial
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direction and to get a full-discrete plan in Sect. 3. Even-
tually, we introduce three numerical examples to depict the
efficiency of the new manner.

2 The convergence analysis of the time-
discrete method

In this section, we obtain the semi-discrete scheme and
prove the convergence and stability of the new numerical
technique for Eq. (1). To obtain this, we need some pre-
liminaries. Now, we define the functional space

Ho(p) = {@ € L*(Q),D ¢ € L*(Q),Y|a| <n},

where D? = aa_; and L*(Q) is the Lebesgue integrable in Q
with the inner product.

(o)1) = [ o,
and the standard norm ||u(x)||, = (u(x), u(x)>%. Fory >0,
the semi-norm and norm for right fractional derivative
space Jy are defined as follows

1

L 2 ) 2 2
1015, = 1Dl Il = (olRsey + Dol

respectively. Similar to the above relationship for left
fractional derivative space Jﬁ, we have

1
» » 2
ol = 1ol ol = (lola + 1 Dio N ) -

It should be noticed that the notations J;,J; denote the
closure of C;°(R) with respect to || - HJE’ I| - ||J;,;, respec-
tively. We define symmetric fractional derivative space J
fory>0,7#n f%,n € N with the semi-norm and norm

1
. ) 2 2 )2
|QD|J; = |<aID)/¢§DmD}ﬁ,(P>|L2(R)7 ”(pHJS = (”@HLZ(R) + |¢|JS) ’

respectively. Let us introduce some lemmas for developing
and proving the stability of the numerical solution of (1)
that are listed below.

Lemma 1 (See [24].) Assume 0 be non-negative constant,
Sm and ry are non-negative sequences that the sequence v,
satisfies

U()Se, 0 >0,

m—1

m—1
O <O+ > 1+ > Skom, m>1,
=0 =0

then v, satisfies
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< <9 + z) o (Z)

k=0 k=0

Lemma 2 (See [6, 9].) For any u,v € Hé we have
o o o 112

<anu’XDbu> = COS((ZTC)”aD}CUHLZ(Q)
= cos(am) [\ Diull}, ) Yo > 0,

(D?u,v) = <a1>iu,xp§v>, (:Dlu, v)

- <X'Déu,a'D§V>,VO€ e (1,2).

Lemma 3 (See [5].) If ¢ € J;,J% and 0<y <o, then we
have

lollizm < Cloly. ol <Clo

o
JR?

(4)

Il < Cloly. ol < Clo

T
where C is constant. The analogous results exist for u € J§

withy > 0,7 #n—1,neN.

Lemma 4 (See [14].) Let f € (0,1) then the following
>"P-order of the Caputo derivative approximation formula
(CDAF) into each subintervals [0, T] with the uniform step

size T= % such that the node points are t; = jt,j
=0,1,...,M, holds
§ . 2-p
Dlu(x,t) = WZSMJM(X7 )+ O,
Jj=0
where
17 j:M7

Suy=Q M—j—D)'" =2 —j)' P —j+ )T 1<j<m,

M =)' =)', j=o.
Lemma 5 The coefficients Suyj,j=0,1,...,M, in the

CDAF defined by Lemma 4 satisfy the properties:

1. Sym=1,

2. —1<8y;<0,j=0,1,..,M—1,
3. ‘ZjﬁiIISMJ‘<1,

4. —2<Syo+ 31 Suy<l.

Proof Let f(x) = (x)' ¥, that is strictly increasing for all
x > 0. By using the mean value theorem and describing
fM—j) =M —j)lfﬁ,M > j, we can prove the lemma.
We are not going to cover the details here. O

Now, we obtain the semi-discrete form of Eq. (1) at
points {#; ]’igl By using Lemma 4, we can write

UM — a D™ — b DU

M—1
= Z EMJUj + TﬁQM + r/f9{9ﬁ7 (5)
=0
O0<y<1,1<a<2,
where
UM = u(x, ty), oM = I'2-—p)qglx,tn),a
=T(—pa(x, ta),b=T(— p)b(x, tm)
and Sy j = —Su,. The truncation term is R™ where a

positive constant C exists such that R™ <€O(t~F). By
omitting the truncation term, we can get the following
numerical approach, in which U™ and N are the approxi-
mation solution of Eq. (5) and the total number of the
points in the x domain, respectively.

Ug = u(0,1) = wolt), U, = u(1,5) = vi(5),j =0,1,...M,  (6)

{ UM — ot D2UM — (P DIUM = YOSy U7 + PV,
U = g(x),

O<x<l.

We suppose that in the current section for x € [0, 1], we
have a,b > .

Lemma 6 Let U* € H},k=1,2,....M and C,,C; € R,
be the solution of time discrete (6), then

U <Cillt’] + € max [|Q].
0<r<N

0<I<M

Proof We use the mathematical induction on k to prove
the above inequality. For k = 1, we get

U' — at D — b DI = S+ FQ. (7)

Multiplying Eq. (7) by U' and integrating on Q, it results

(U', U"y — adf (D11, 1)
+0" U").

By using of Lemma 2, the second term of the left-hand side
of the above inequality is negative, i.e.,

(DU, U"Y =(,DiU",\ DU
—cos (3 7) D’
:cos(gn> 1.5 > <0,¥1 <o <2.

Regarding Lemmas 2 and 3 for the third term of left-hand
side Eq. (8), one can obtain

@ Springer
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DU, U :<[,D§U‘,XD%U1>
<c< DU, DU ><o

The aforesaid relation and by using Lemma 5 can be
rewritten as

IU") < Si0llU°] + < max IIQ I <IU°)| + max [lQ;].

0<r<N

Now, assume that the induction principle is true for all
k=1,2,...M—1,

k < 0 k )
0¥ < 07+ max (104

Multiplying Eq. (6) by UM and integrating on €, it follows
that

<UM UM> o [}<Dau‘)ﬁ u93i> o bTﬁ(pzu‘Jﬁ’u‘DI>
M-1
9
Sy (U7, UM) + P (oM, UM). ®)
Jj=0

From Lemmas 2, 3 and 5 and using the Cauchy—Schwarz
inequality, we deduce the following relation

M—1
UM< D SwgllU]| + max (10| = Swol|U°]

J=0

M—

Z SujllU7]| + max [|Q)]

0<r<N

M—1
<SuollU°ll + D Su(IU°]
=
Jj M
+max [0]1) + max, 0¥

< <3M0+ZSM,> |U°|+ZSM, max_ [0/
+ max ||d”’h<clw°||+cé ||Q I,

0<I<M
(10)

where C; and C; are constants. This concludes the proof of
Lemma 6. O

Theorem 1 Assume UM € Hpy is the solution of semi-
discrete scheme (6). Then, system (6) is unconditionally
stable.

Proof We suppose that ﬁ-i,j =1,2,...,
of scheme (6) with the initial condition U° = u(x,0). Then,
U/, Eq. (5) is converted as

M, is the solution

given the error &/ = U/ —

@ Springer

follows
NM—

nguéli, (11)
i=

M _ cm:ﬁijasm — brﬁDZs:gR =

from Lemma 6 and the above relation, we have

I/ <clell, j=1,2,...M

which completes the proof of the unconditional stability.

Theorem2 If¢f = U* — Uk,k =1,2,...,M, be the errors
to Eq. (6), then the time-discrete scheme is convergent with
the convergence order O(7).

Proof From Eq. (5), we get the following round-off error
equation

—
¢ — a! Dl — b Dl =) " Syjel + PR (12)
i=
There is a positive constant C where R™ < €O(zF).
With multiplying Eq. (12) by ¢* and integrating, we get
the following relation

(5, ey — atf (D! &'y — biP (DIl &)
k-1
= Z k,/ b'<in,8f>.
j=0

Using the Cauchy—Schwarz inequality, Lemmas 2, 3 and 5,
we can write the following inequality

k—1
° j i
151 < > Segllelll + P IR
=0
—_ kiz_ .
<SSkl + D Sgllelll + IR
=0

k=2
_ < j i
<[+ D Sl + PR

J=0

or in the equivalent form, we can get

k-2
] = 1181 < > Sigllel | + PR
=0

Summing the above equation for k form 1 to M and since
19| = 0, we get

M k-

M
111 < Z eille [+ IR,
k=1

k=1 j=0

by changing index,
rewritten as

the above relation simply can be



Engineering with Computers (2022) 38:1409-1420

M—

1]} < Z

k=0

el +f"z [RialP

We will write on the other hand

E

1611 < 111 + Sprar—1lle" "] Z e

+TBZH“R”H

Now, using Lemmas 1 and 5 we gain
M-1 M=1_
= (5 e 355
k=0 k=0
M-1
< (fﬂ > ||5Rf+||> exp(2)
k=0

T
< (rl ﬂlg}(azMHiR ||> exp(2) < CrO(7),

where Cr is a constant. The proof is finished. O

3 Space-discrete method

In this section, we employ the Chebyshev collocation
method to discrete the space direction and obtain a full-
discrete scheme of (5). Firstly, we define some notations
and get the closed form of the fractional derivative of the
Chebyshev polynomials of fourth kind (CPFK) that have
applications in the current section.

Definition 1 The Jacobi polynomials J*)(x) are orthog-

onal polynomials with respect to the Jacobi weight function
o) (x) = (1 —x)"(1 4+ x)° in interval [—1,1] as follows
s _ Tr+it) z’: iINT(r+s+i+m+1)

! M(r+s+i+1)4= I'r+m+1)

(X _ 1>m
X .
2

By the analytical form of the Jacobi polynomials, the
CPFK W;(x) of degree i can be restated as below

m

1413
22 (15, 2% 2r +05 <
Wi = JAZZ =
(x) N (x)= kz
i
k c k
27K (i 4 k)i
Z 1'Fk ﬁ?/ﬁ il
é=0 (i—k— +1.5)(k—=¢)!¢!
i—1 k )
=1i Zrlkax g’ xE[—l,l], i=1,2,...,
k=0 ¢=0
where
I 2(i+05)
T ii—2) e

B (=127 (i + k)i!
C(i—k—DIT(k+ 1.5)(k — &)ler

For using these polynomials on the interval [0, 1], we
define the shifted CPFK (SCPFK) W} (x) = W;(2x — 1) by
the change of variable. The analytic form of SCPFK as
follows

—_

i1k
=I; Zr,ngZ x xk 5,
k=0 ¢=0

(13)

Il
o

e,1, i=1,.2,...

These polynomials are orthogonal in the interval [0, 1]
with respect to the following inner product

W0 W) = [\ e
B 0, i#}],
L.

The square-integrable function g(x) in the interval [0, 1]
can be expanded in series of SCPFK as

0= W
i=0

where the coefficients v;,i =0,1,2,...,

= [ o

€ [0,1],

are defined by

(14)
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Now, by using the linearity of the Caputo fractional dif-
ferentiation and Eq. (13) one can get the closed form of the
fractional derivative of SCPFK, as the form

i—[w] k

= Y NG

k=0 ¢=0

—¢—o+[w
- ol

D(U W*

efo,1], i=0,1,2,...,

(15)
where [w] denotes the ceiling part of » and N;; [gﬂ is given by

Nolol _ (=1)*22 ()T +0.5)T(i + k+ [0] + )Tk — &+ [w] +1)

ik T ARG — k— o)k + [@] — Ok + [0] + LTk —¢— o+ [0] +1)°

Notice that for i=0,1,2,...,[w] —1, we have
D?(W:(x)) =0. In practice, only the first N-terms of
SCPFK are considered in the approximate case. Then we
have:

= wW; (x). (16)
i=0

In addition, by means of Caputo fractional differentiation
properties and combinations Egs. (15) and (16), one can obtain

N k
:Z X:W,leg)gcc“”r

i=[w] k=0 ¢=0

i—[w]

(17)
As is discussed in Section 2, the time-discrete scheme is

N—
ZS&J]; A 4 QM

i=

UM — arf DA™ — b DA™

(18)

To get a full-discrete scheme based on the SCPFK, we
apply the following approximate

x 1) =Y w()W; (x). (19)
i=0

From Egs. (17) and (18), we have

N .
1 *
E 1 Wi (=
i=0

N oi-fo] f

ar/jz ZZulﬂllu ot

i—[o] = o=

N iy 1

S WL

i=fy] = &=

—1

~.

N
Z W) + PR ), =,

0 i=

3
Il

@ Springer

€ [0,1].

where uj is the coefficients in the points of (x;,?;). For

positive integer N, {x,}NJrl I denote the collocation

points that they are the roots of SCPFK Wy, _,(x). We

collocate Eq. (20) with the collocation points {)C,}N+1 [

as below

N i—fa] f

IUTTBERED 90 9P LTI

=[] = &=

noi-ly] ot

—brﬂz Zzullgn:fc] At
‘ ~ 4=

i=[y] 1=

N
- Z WWi (x,) + Qe )i = 5, MR
m=0 i=0
(21)

By substituting Eq. (19) in Eq. (2), in case of x =0 and
x =1 we obtain the boundary conditions to get on [«]
equations as

N

> (=1 = (),

’;0 (22)
Z(zl+l)llll :D(tl)ai: ) 7%

i=0

Equation (21), together with boundary conditions (22),
gives N + 1 of linear algebraic equations which can be
determined the unknown uii,i =,,,..., N, in every step of
time j. For obtaining the initial solution u;, we use the

initial condition u(x,0) = g(x) combining with Eq. (14).

4 Numerical examples

The main of this section is to give the numerical conclusion
of the present method. We checked the stability of the
developed method for various values of N and M. We will
calculate the computational order (denoted by C;) by the
following formula

c log (g—;) ’
log (%)

in which E| and E; are errors corresponding to grids with
mesh size 1| and 7,, respectively.

Example 1 Consider the following STFADE
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Table 1 Comparison of Ly, with N =5 M = 400 on interval [0, 1]
for Example 1

T T=2 T=10 T =50
Present method 42 x 1073 2.1 x 10°° 1.1 x 10710
Method of [4] 1.0 x 1072 3.0 x 107° 1.4 x107°
Method of [11] 27 %1075 3.7 67.6
Method of [26] 8.4 x 1073 7.1 23.7
Method of [2] 2.3 x 1072 1.2 x 1072 8.0 x 1073
6ﬁu(x, t) 61'8u(x, 1)
T—d x,t)W—i-b(x,t)

0u(x, 1)

76)&,’ +q(x, 1),

O<x<l1, 0<t<T,

with the known functions a(x,7) = I'(1.2)x"® and
b(x,1) =0. The boundary and initial conditions are
u(0,7) = u(1,7) = 0 and u(x,0) = x*(1 — x), respectively.
The source term is g(x,¢) = 3x?¢~/(2x — 1). This problem

has exact solution u(x,t) = x’¢~'(1 —x) in the case of

f=1.

We solve this example based on the approach method
and report the results in Tables 1, 2 and 3. In Table 1, the
comparison of L., between the proposed method and
methods described with the Chebyshev estimates solved by
the finite difference method in [11], the classical Crank—
Nicholson method in [26], the Legendre polynomials in

[2], and on the other hand, shifted Chebyshev polynomials
for space and rational Chebyshev functions for the time-
discrete in [4], are reported at T =2,7 = 10 and T = 50
for M = 400 with 5 collocation points in the space domain.
The reports show a better estimation of the current method
than the methods mentioned. In addition, the absolute error
of the presented method (PM) and the method of [4] are
compared in Table 2 which indicates our method gives
much better than the method [4]. In Table 3, the compu-
tational orders with f =099 at T =1,N = 5,7 and dif-
ferent values of M, are shown. From this table, we can
conclude that the computational orders are closed to the
theoretical order.

Figure 1 shows the approximation solution and absolute
error for N =3 and the different values of M at T = 1.
Figure 2 demonstrates the numerical solution at 7 = 1 (left
panel) and T = 2 (right panel) with M = N = 5 and several
values of . Moreover, Fig. 3 depicts the numerical solu-
tion for the different values M and N at T = 1 with various
qualities of «, which they display the convergence of the
proposed method when f and o tend to 1 and 1.8,
respectively.

Example 2 The smooth initial condition for problem (1) to
be considered: homogeneous boundary conditions,
u(x,0) = x*> — x°, the space fractional orders o = 1.8,y =
0.8 and a(x,t) = @x"g,b(x7 t) = _@xos are known

functions. The source term can be achieved corresponding

Table 2 The comparison of the absolute error of the present method with method given in [4] for N =M = 3 at T = 2 for Example 1

p=02 p=04 p=0.6 p=038 p=1
X Ly of [4] Lyof PM Ly of [4] Lyof PM Ly of [4] L.of PM Ly of [4] Lof PM Ly of [4] Lyof PM
0.2 0.00605 0.00350685  0.00610 0.00295544  0.00604 0.00254704  0.00585 0.00218182  0.00548 0.00169137
0.4 0.00981 0.00670466  0.00936 0.00595797  0.00880 0.00514471  0.00810 0.00417021  0.00723 0.00283402
0.6 0.00914 0.00814905  0.00851 0.00748277  0.00778 0.00646886  0.00695 0.00506769  0.00601 0.00313098
0.8 0.00507 0.00639562  0.00466 0.00600504  0.00420 0.00519534  0.00368 0.00397678  0.00312 0.00228529
Table 3 The computational orders, Ly, and L, with N =5,7,M = 3,6,12,24,48 and f = 0.99 at T = 1 for Example 1

N=5 N=17

M L C. L, C, L C, L, C,
3 0.00439535 0.00644263 0.00405560 0.00649423
6 0.00234346 0.907338 0.00340051 0.921899 0.00213866 0.923210 0.00341802 0.925996
12 0.00121932 0.950141 0.00174975 0.958606 0.00109854 0.961118 0.00175485 0.961818
24 0.00061746 0.974087 0.00088791 0.978666 0.00055666 0.980728 0.00088923 0.980715
48 0.00031157 0.986781 0.00044730 0.989162 0.00028017 0.990466 0.00044761 0.990328
TCO 1 1 1 1
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Absolute Error

Fig. 1 Graphs of the absolute error (left-side) and approximate solution (right-side) of Example 1 at 7 =1 and N =3

u(x,1)
[

u(x,2)
()

Fig. 2 The numerical solution of Example 1 at 7 = 1 (left-side) and T = 2 (right-side), for M =N =5

to the exact solution u(x,r) =x*(1 —x)(1+*) when
p=1

Table 4 presents a comparison between L., and L, for
N =15,7 and the various values of M at T =1 with
f = 0.9, and also investigating this table, we can conclude
that the developed method has the order O(t) in the time
direction. Figure 4 clearly reveals the absolute error based

@ Springer

on the present technique for N = 5 (left side) and N =9
(right side) at T =1 with = 0.2. From this figure, it is
clear that the absolute error is decreased when the time step
is increased. In Fig. 5, we plotted the numerical solution for
values of o, y and f = 0.2 based on M = N =5 that dis-
plays the convergence.
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The approximation solution for M=N=3

The approximation solution for M=N=5

a=1.2 0.25 a=1.2
e.30f = 0 4 T
a=1.6
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0.20 0.15
- -
X X
S .15 5
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eos\ [, o
0.00 @:90
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X
The approximation solution for M=N=7 The approximation solution for M=N=9
.25 a=1.2 G235 a=1.2
————— a=1.4
0. 9.20 a=1.6
e a=1.8
———u(X,t)
0. 0.15
- -
) )
% . > e.10
0. 9.05
/
/
/
0. 0.00 —J
0.0 0.2 0.4 9.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X
Fig. 3 The compression of numerical solution for Example 1 at 7 = 1, for the different values M, N
Table 4 The computational orders, L, and L, with N =5,7, M =3,6,12,24,48 and f = 0.9 at T = 1 for Example 2
N=5 N=17
M Ly C. L, C. Ly C, L, C,
3 0.00139292 0.00300361 0.00139357 0.00300396
6 0.00071457 0.962955 0.00155320 0.951450 0.00071522 0.962323 0.00155328 0.951549
12 0.00036390 0.973550 0.00079525 0.965761 0.00036411 0.974028 0.00079506 0.966184
24 0.00018649 0.964411 0.00040695 0.966562 0.00018553 0.972740 0.00040670 0.967090
48 0.00009564 0.963409 0.00020848 0.964948 0.00009480 0.968639 0.00020829 0.965405
TCO 1 1 1 1
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The Absolute error for N=5 The Absolute error for N=9
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Fig. 4 The absolute error of Example 2 for N = 5 (left-side) and N = 9 (right-side), at T =1, f = 0.2
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_____ a=1.4
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Fig. 5 The numerical solution of Example 2 at 7 = 1 for M = N = 5 with various values o , y and f = 0.2
Example 3 Consider the following STFADE where  g(x,1) = exp(—1)(—0.5x + (1 + - 1;;) 2).  This
P u(x, 1) C T(1.4) 460" %u(x,1) example has exact solution u(x,f) = x(1 — x)exp(—t) in
af 2 ox!1:6 the case of f = 1.
[(1.2) 50" u(x,1 i isted i
( )xo'g u(x, )—l-q(x, 1), O<x<l, The re.sults of this problem are hstfad in Table 5 E.It
2 0x0-8 various given parameters M and N with f=0.9. It is

u(x,0) = x(1 — x),

@ Springer

u(0,7) =0,u(1,£) =0, > 0,

(23)

shown that the convergence order of the time derivative
supports the theoretical result, that is, O(t). Figure 6
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Table 5 The computational orders, Ly, and L, with N =3,5 M =3,6,12,24,48 and f =1 at T = 1 for Example 3

N=3 N=5
M L C. L, C, Ly C: L, C:

0.00624480 0.00300396 0.00610218 0.01267220

0.00326043 0.937591 0.00658365 0.960847 0.00313127 0.962575 0.00641370 0.982438
12 0.00166718 0.967651 0.00333268 0.982203 0.00157670 0.989840 0.00320137 1.002470
24 0.00084318 0.983505 0.00167593 0.991723 0.00078870 0.999355 0.00159340 1.006580
48 0.00042404 0.991649 0.00084028 0.996019 0.00039398 1.001350 0.00079381 1.005240
TCO 1 1 1 1

0.08

u(x,1)

0.04

X

u(x,1)

Fig. 6 The numerical solution of Example 3 at 7 = 1 for M = N = 9 with different values « , y and f = 0.9

depicts the approximate solution at 7 =1 for M =N =9
with different values o , y and § = 0.9.

5 Conclusion

This paper presented a new numerical scheme for
approximating the STFADE. First of all, a finite difference
method is utilized to discrete the fractional derivative in
time directly with the O(z>~#) accuracy. In Lemma 5, the
relation of approximating coefficients is stated for estab-
lishing the convergence analysis. In Theorem 1, the
unconditional stability of the time-discrete scheme is
proved by using the energy method and mathematical
induction. Moreover, we obtained the linear convergence
order in Theorem 2. Also, we applied the Chebyshev col-
location method to discrete the space direction and obtain a
full-discrete scheme. Finally, the numerical conclusion is

illustrated to demonstrate and support the accuracy of the
proposed scheme.
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