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Abstract

In this article, a numerical algorithm is presented to solve a two-dimensional nonlinear time fractional coupled sub-diffusion
problem, where the second-order Crank—Nicolson scheme with a second-order WSGD formula is used in the time direction,
and a mixed element method is applied in the space direction. The existence and uniqueness of the mixed element solution
and the stability for fully discrete scheme are proven. In addition, the optimal a priori error estimates for unknown scalar
function u and v in L? and H'-norms and a priori error estimates for their fluxes ¢ and A in (?)?-norm are obtained. Finally,
some numerical calculations are presented to illustrate the validity for the proposed numerical algorithm.

Keywords Nonlinear time fractional coupled sub-diffusion model - Second-order Crank—Nicolson scheme - Mixed element

method

1 Introduction

Fractional calculus and models [1-12] have been studied and
developed by a large number of authors. Especially, fractional
diffusion models including time, space and space-time frac-
tional cases have attracted a lot of attention. Time fractional
diffusion models have many different forms of expression
based on different application areas, such as the fractional
Cable model [13-17], fractional mobile/immobile transport
equation [18], fractional reaction-diffusion model [19-29],
fractional fourth-order diffusion system [30, 31] and multi-
term fractional subdiffusion model [32]. Space fractional
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diffusion problems can be expressed as fractional Allen—Cahn
models [33-36], space-fractional reaction-diffusion models
[37-41], space-time fractional diffusion problems [42—46].
In these fractional diffusion models, the coupled time-frac-
tional diffusion systems are a kind of important mathematical
models, which can reflect the interaction between different
substances. Recently, some authors considered this kind of
fractional coupled diffusion system. Hou et al. [47] developed
a mixed finite element method for a coupled time fractional
diffusion equation with a nonlinear term. Authors studied the
L1-approximation for the Caputo time fractional derivative
and obtained the temporal error result with O(z2~* + t277).
In [48], Kumar et al. considered the Galerkin finite element
schemes based on the Crank—Nicolson algorithm for a cou-
pled time-fractional nonlinear diffusion model.

In this paper, we consider a mixed element method to solve
the following time fractional coupled sub-diffusion system

% +kl% = alu+fu,v) +f(x,0, (x,1)€QXJ,
v Py

e +k207 =cAv+gu,v) +2gx,1), x,1)€QXJ,

ux,t) =v(x,0) =0, (x,1)€0QXJ,
u(x,0) = uy(x), v(x, 0) = vy(x),

x eQ,
(1)
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where Q C RY(d < 2) is a bounded convex polygonal region
satisfying Lipschitz continuous boundary 02, and J = (0, T']
is the time interval with 0 < 7' < oo. uy(X), vo(x),f_(x, t) and
8(x, 1) are known functions. Parameters k,, k,,a and c are
positive constants. The nonlinear terms f(«, v) and g(u, v)
are two different quadratic polynomials without constant
terms about u and v. The notation ‘:Tf is the Caputo fractional
derivative defined by

ou(x,1) 1 /r ou(x,s) ds
or T —-yp))y s @—s)7

where y = a or f.

In this article, our main purpose is to present a second-order
Crank—Nicolson mixed element algorithm for solving the two-
dimensional nonlinear time fractional coupled sub-diffusion
system, where the time fractional derivative is approximated by
a weighted and shifted Griinwald difference (WSGD) formula,
which was proposed by Tian et al. [49] and were also developed
by Wang and Vong [50], Liu et al. [13], Liu et al. [15], Du et al.
[51]. There exist some researches on the mixed element meth-
ods, see [47, 52, 53, 56]. In [47], Hou et al. developed a mixed
element method for a one-dimensional time fractional coupled
system, and obtained a lower time convergence rate. In [52],
authors considered the mixed element method with a first-order
time approximation scheme for a linear fractional sub-diffu-
sion problem. In [53], Zhao et al. used the L1 approximation
with the mixed element method for a linear fractional diffu-
sion model. In [54], Li et al. solved a fractional diffusion wave
model by using a mixed element method. In [56], Abbaszadeh
and Dehghan solved a linear fractional reaction-diffusion model
by using a mixed element method, derived the error estimate,
and implemented the numerical tests. Here, we will show the
detailed numerical analyses and calculations of the mixed ele-
ment method with a time second-order convergence order for
solving the two-dimensional nonlinear coupled time fractional
diffusion model covering initial-boundary conditions. Based
on these considerations, our main results are as the following:

O<y<D,
)

e Compared with the standard finite element method, the
approximation solutions for unknown scalar functions and
their fluxes can be obtained by the mixed element method.

e The existence and uniqueness of the mixed element solu-
tion, the stability of the considered mixed element system
and the a priori error estimates for unknown scalar func-
tions and their fluxes are proven or derived.

e A two-dimensional example for verifying the spatial
convergence rate and a one-dimensional example for
checking the second-order time convergence order are
provided, respectively.

Throughout the full text, we will use C > 0 as a positive
constant, which is independent of space mesh 4, time step =
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and fractional parameters a, f. The structure of the article is
as follows: In Sect. 2, based on the definition of the Caputo
fractional derivative, some approximation formulas for the
time fractional derivatives are provided and the mixed finite
element scheme is proposed. In Sect. 3, the existence and
uniqueness of the mixed element solution are proved and the
stability is derived. In Sect. 4, some a priori error estimates
are obtained. In Sect. 5, the numerical examples are pro-
vided to verify the theory results. In Sect. 6, the remarking
conclusions are summarized.

2 Mixed element approximation

By introducing two auxiliary variables 6 = Vuand 4 = Vv,
the coupled system (1) can be rewritten as

(ou . o0%u
2k
ot Mo

Jdv (3 v _
{5 k2 =cV-A+guv)+5x,1), 3)

O'—Vu=0,
A—=Vv=0.

=aV o +f(u,v) +f(x,1),

In the following content, we will give the fully discrete
scheme.

LetO=1, <t <t, < - <t =T bea grid partition for
the temporal interval [0, T], wheret, = nr, 7 = %is the time
step and M is a positive integer. With u” = u(Xx, t,), we intro-
duce the following notations:
ln+l Sy

l”+ 1 ln+1 + ln
r T2

n n+1
Zpy(i)ln+%_i — <Zpy(l)ln+l l+ Zpy(l)ln l)
i=0

nz

et ety = {1000

I, V9),

Dt ln+%

)

1
0.

Lemma 1 Following Refs.[15, 50], we can get the discrete
formulation of the fractional derivative (2) as follows

07l(x tn+])
>l p,
2 14 n+-—l 2
= [ + O(t 5
— Z = (%), ®)
i=0
where
r+2 v .
) =gl i=0,
Py(l)= y42.29 .
Eegl+Fe . izl
I'i—-vy) y+1 .
r=1,g=—~ "2 o=(1- A |
U T ( i) 2
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Based on Lemma 1 and Refs. [30, 50], we can get the Case2:n=0
following time discrete formulation of the coupled system

0
(3)attimes, @Dz + k7™ Y py(uz™ —aV - o7 = fur,vi) +7 +Rs,
Casel:n>1 i=0
1 1
i (b)o? — Vui =R,
n
(a)D,u"Jr% + k7@ Zpa(i)u”%_" —av - o™i < ' 0 i 1 1o 1
~ @D+t Y i — eV - A7 = gur,vi) + 87 + Ry,
_ ntd o gl 7+t =
=fW"2,v"72) + 72 + Ry, (d)/lé—Vv%=R8,

J (b)o"2 — Vi3 = R,, )
n
n+: -p . n+l—i_ n+> where
(©)DV""2, +k,7 Zpﬁ(t)v 2 cV- A2
i=0
=g(un+% vn+%)+gn+% +R3,

| (d)in-'—i _ }’l+- R4, (6)

R, = E;H% + E’;+% + E;H% + E':; n EI:; = 0(),R, = E;”% + E;H% = 0(s?),
Re= B 4B BT B A BT 20 R = B 1 EN = 0,
Ry = Ef + E% + ES; + Efl + Eli = 0(1),Rs = E7; + Eé = 0(7?),
R, = Ezi + Ej + Eé + Efz + E1%4 = 0(r),Rg = Egi + Efo = 0(7?),

o I e CON> RN
E = u(t’”%) D = { O(r),n =0,

1 n>
E7 =y 1)—D,v"+§ = { 0@ n> 1,
2 ’

2 nt O(r),n=0
1 aau(t 1)
nts " (’) i 2
32=k17—k1: = 0(t"),
()ﬂv(t
L ()
E,* =k—— Z b = 0(z%),
=0
n+l
E; *=aV-o(t,1)—aV - o™i = 0(?),
2
nl 1 2
E, " =cV - A1, 1) —cV - A" = 0D,
2
n+y nrl 2 Lty ntl 2
E; 2—o'(thr%)—o'Jrz—O(T ), Eg —l(tn+%)—ﬂ = 0(r7),

1 n+l 1
Ey = Vut, 1) - Vit = 0, Ep® = Vit 1) = V'3 = 0@,

1 1 1 2 > 1’
E\ = fult,, )v(,,1)) — V) = { gg));njo

o?),n>1

Ejy? = g(u(t,, 1), V(1 1) = g0 1) = { O().n=0

1

n+ - +1 n+t _ _n+i
Ey =f,,)-F" = 0@).E,* =3(,,1) - " = 0.

2
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Remark 1 Based on the fourth formula in (4), we easily see
that the coupled system (6)—(7) is a linearized system. In
actual calculation, we can also approximate the nonlinear
term l(u(tn+%), v(tn+%)) by the linearized term

1 n-173

3 12, .
l(iu" — U, 2v” - Ev” 1), where [ is taken as f or g and

n > lis a positive integer.
Based on the coupled system (6)—(7), we find
{u,vi6, A} 1 [0,T] = Hy x (L*(Q))* satisfying the follow-

ing mixed weak formulation.
Casel:n>1

(a)(D,u"Jr%, w) + klr_“<2pa(i)u”+%_i, w) + (a6"+%, Vw)
i=0

= (P, W)+ (P w) + (R, w),  Ww € HY,

()6 3,2) = (Vi'™*3,2) = Ry 2),  Vz € (IA(Q)?,
(D3, w) + ky™? <Z Py, w> + (A", Vw)
i=0

= (g@™3,V"™ ), w) + (B, w) + Ry, w),  Vw € H,,
@A"™3,2) = (W3.2) = (Rp2). Wz € (LH(Q).

(®)
Case2:n=0

0
(@Dus,w) +k, T_"(Z PGz, w) + (ac?, Vw)
i=0

= (f(u%,v%),W)+(}_’%,W)+(R5,W), Vw € H,,

J (b)02.2) — (Vu2,2) = Re2),  Vz € (LAQ)Y,
0

&)
©Dy:,w) + kot P (Z pyliviT, w> +(cAZ, Vw)

i=0
=(g(u%"}%)’w)'i'(g%,W)+(R7,W), VWEH&,
(d)(/l%,z) - (Vv%,z) =(Rg.2), Vz € (L2(Q))°.

L

Then we introduce the mixed element space (W,,Z,) as
follows

W, = {w, € C%(Q) nHj|w, € P,(K),VK € K, },
Z, = {2, = 2y 20p) € LA(Q))*|21 204 € Po(K), VK € K,,}.
(10)
Considering the above mixed element space,
the fully discrete scheme of (8)—-(9) is to find
Casel:n>1

@ Springer

ntt _ = . ntioi ntt
@D, > w,) + kit “(Zpa(l)uh : ,wh>+(a0'h 2 Vw,)
i=0

n+% ntd “n+ L
= (f(“h _’vh Z)! Wh) + (fn 2’Wh)’ th € Wh’

ntt ntt
(b)o, *.2,) = (Vu, *,z,) =0, Vz,€Z,
nt3 < . ntt—i n+%
©D,v, Z,Wh)+k21_ﬂ<2pﬂ(l)vh : ,wh>+(c,1h 2 Vw,)
i=0

ntd n+% _n+l
= (guy, *,v, w)+ @ w), Yw, €W,

@z - (VR z) =0, vz, €2,
(11
Case2:n=0

( 1 0 1_; 1
(@)(Dyu; ,wy) + klf—”<zpa(i)u; , wh> + (ac;, Vwy)
i=0
11 _
= (G v w) + (FEwy),  Yw, € W,
1 1
(b)o;.24) — (Vu;,z,) =0, Vz,€Z,

1 0 1_; 1
Dy, wy) + kyz™* <Zpﬂ(i)v; , wh> +(cA;, Vwy)
i=0

1 1

1 1
=8, ,v,),wy) + (@2, wy), Yw, €W,

L L
(D)4, ,2,) — (Vv ,2,) =0, Vz,€Z,.
(12)

3 Existence, uniqueness and stability

3.1 Existence and uniqueness of the mixed element
solution

Here, we will discuss the existence and uniqueness of the
mixed element solution.

Theorem 1 There exists a unique solution for the coupled
mixed element system (11)—(12).

Proof Now take FE space W, = span{d)i}?i“] ,
Z, = span{y; };vz,,l_ For any u;,,v, € W,andanyo,, 1, € Z,,
we have
M, M, Ny N,
u, = Z w'e;, vy, = ZV?‘i’i’GZ = aj”y/j, Ay = 2 ﬂ;‘y/j.
i=1 i=1 j=1 =1
Choosing w, =¢,,, z, =y, 1 <m <M, 1 <I<N,),
and substituting them into the mixed element system (11),
we have forn > 1
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-

M,

Mh 1 "t
@ YDl o)+ Z”“(")<
i=1 k=0

3 M, M, 1 M, M, .
= <5f (i 2 vid0) = S Q™ b 2™ 90, ¢m> £ ),
i=1 i=1 i=1 =1

M,

N, 1 1
n+> n+>
®b) Yo, wpw)— Y u (Ve w) =0,
j=1

i=1

i=1

3 M, M, | M, M, .
= (58(2 Wb, 3 Vid) = 58w b Y vy, qu) + ("),
i=1 i=1 i=1 i=1

L ntt & ntl
@ 24 wpw) =2y, (Vw) =0.
j=1

i=1

L

1 N, el
DIACICS ¢,,,)> +aY oy, Ve,
i=1 j=1

M, 1 n M, L N, ol
© X, DV (o by) +hy? Y p,;(k)(Z v g, ¢m>> +e Y Ay Ve,
i=1 k=0 =1

13)

According to the above formula, we get the following matrix
equations forn > 1

k
(@) (r‘l + %pa(O)T_“>Au”+l + %Bo-”“

k - 3 1 psl
_ -1 n 1 _—a n—k a4 n n n—1 n+3
= lAw - Jr ;:O(pa(k + 1)+ p, ()W~ SBo" + SF" — SF" +F

1
A -1 0. ,n. —1. "3\ A
2 Hw" u'", - ul6"F F" F ) 2 B

(b)Co™! —Du"' = —-Co" + Du" 2 I(u",6") 2 I",
k
(c) <1_1 + Ezpﬂ(O)r_ﬁ >Av"+1 + %BW‘
—1 g0 k2 -5 c nek  Cpan . 3, m 1 1 ~ ot
=77 1AV — =1 Z(pﬂ(k+l)+pﬂ(k))Av —=BA"+=G"-=G"'+G"?
2 k=0 2

2 2
gk
2 J v WOANG, GG A

(@) CA* =Dy = —CA" + DV 2 K", A A K,

where

(14)
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a=[w.00] = [, vo] [0 aa + oo - o B
P <ims, 7 Em GN <ms,) (a) At 2 Bo"" =¢,H,
T
= ) = N+l +1 _ gn
c=lww],_,., o= [Cawl] J® -bar +Co” =r,

My, My, T

F' = [<f<2u;’¢,-, Z v;’qsl-),dn), - (f(Zu:?qs,-, Z V), ¢Mh>] :
M, M, N

[(g(Zu ;- Zv b ¢1> <g(2u"¢, 2 Vi), %)] :

= [7.00. . 0)] G = @00

n T on_prn.n . oon T
Uy 175V = DV v5, vy

@ b, "

cop 1T A" = [0 A5, 4y 1T

We rewrite (14) as the following matrix formulation for
n=>1

LX"™ =y, (15)
where

-1 k — a
(r™' + 2p,(0)r™)A B

L ) c
(' + 2py0)c A LB |
-D C
un+l H"
N o-n+l N I"
X +1 = vn+l s Y = J"
ln+l Kn

Next, we need to consider the boundary condition
wlyq = 0,Vw € W,. Without loss of generality, we assume
that all the boundary points are at the front, i.e.

un = [0 0 MN+]’ N+2’ R uan ]T = [07 ﬁn]T’
n n n x SN (16)
v = [0 0 vN+]’ N+2s""th]T = [O,V ]T-

Based on (16), the p; th row and the g, th column of L should
be crossed off, where p; and ¢; satisfy 1 < p,,q; < N and
M,+N,+1<p,,q, <M, + N, + N. At the same time, the
p; throw of Y" and Y” should be removed. By modifying the
dimensions of total stiffness matrix L and total load vector
Y", we can get the following matrix equations forn > 1

(e + 3p, 04 §B !
_D C O.n+l

@'+ 2py0)rHA B || 7

2 D 2C A,n+1

B B (18)
ﬂBer—l — eﬂ']'”’

(d) =DV +CAm = K"

(C) A~n+1

We know that A and C in (18) are invertible matrixes (Gram
matrixes) which are formulated by the inner products of
basis functions {¢; } iy and {11/} =1 respectively. So, we
can rewrite (18) as

(@) <E +

(b) o_n+1

-]

—Ii))an+1 =¢,A
=C7'U" +Datt),

—l=n

“b i Be-1p i+ g
(© (E+ A7 BC'D |+ = 6,4 J—TA 'BC 'k,

| (@) 4! = CTN K" + DV,

19)
where E is an identity matrix. By taking two suffi-
ciently small parameters ¢, and £,, we easily know that
E+ %A 'BC'D s an invertible matrix. So, we can obtain
a umque iterative solution vector [@"!, 6"+!, 3"+, 2117 in
(19) based on the computed solution vector [@*, ok, ¥, ,lk]T,
k=0,1,2,---,n, where the solution vector with k = 1 can
be solved uniquely by adopting a similar process to the case
above. Based on the above discussions, one can know that
mixed element system has a unique solution.

3.2 Stability analysis
Next, we will give the stability analysis.

Lemma 2 (See [13, 50]) Let {p,(i)} be defined as in
Lemma 1. Then for any positive integer L and real vector
WO, wl, -, wh) € REYL it holds that

L n
> <Z py(i)l"_i>l” > 0. 20)

n=0 \ i=0

Theorem 2 Let {u)™'}- . (v | {op™!)}E ), and

= % | a7

The form of matrix equations for n = 0 is similar to the

1 |
above.Lete, = ———ande;, = ——— and (17
v Ea 148, Oy € 142,07 a7

is equivalent to

@ Springer
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(12). There holds true for¥n =0,1,...,LOK LM - 1)
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L n+l n+l L+112 z 2 1-p - "+
” L+1 “2 + ”Vﬁ+l ”2 +7 Z(”o_h 2 ”2 + ”’1}1 2 ”2) (v, +2CT”Z ||ﬂ [I* + 2k, 7 Zl Zpﬂ(l)vh V)
n=0
(Ilu I 12 + | max (171 + 1" }> ”””””CTZ W ce ZJ“”"“Z +l >+sz g 1P
h » o
M- on (26)
) bl P Adding (25) and (26), we can get
Proof Taking w), = 2zu, *in (11)(a) and z;, = 2arc, *in
(11)(b), we can get L ntl nt
a1+ vy TP + 22 Z(allah P +clld, 2P
=1
un+l —ut . . n
(a)(—" h,21uh >+klr <Zpa(z)u ,21uh 2) z ntioi on4l
4 1 | + 2k 7! Z Zpa(i)uh N
+(ao) 2,20V, 5)=(f(u: vy 5, 20u )+ 2, 2, n=l \i=0
i 1 i i L n 1. 1
n+= n+- n+= = +__ +_
b)o.? 2ar0, ) = (Vi 2 2a10) ) = 0. + 2,7 PN pytiyy v,
(22) n=1 i=0
: - L 1 1
tAeid;:g (22)(a) and (22)(b), the above formula can be rewrit- < ||”;1,||2 " ”V}llllz +Cr Z(I|”Z+2 1% + ”VZ+2 %)
n=1
) L
n+ioi ol n+t 2 2
1% = a1 + 2k111_a(2pa(i)uh+2 ,uh+2> +2arllo; 2|17 +Cr Z(IIMZII s A !
i=0 n=0
n+t n+% n+t Znt+ L n+t
= 20, vy o, )+ 20 ), . +21 Z(Ilf”*a 1P+ 11" ).
27
Sum (23) for n from 1 to L to get o 3
um (23) for n from 110 L to ge By the similar way to (27) when n = 0, we take wy, = 2zu;
L 1
Dl P = 1P + 2k 7= Y <2pa(z>u ,uﬁ*i) in (12)(a), o= 2arc} in (12)(b), w, = ZTV in (12)(c) and
= i L ! ; 7, = 2crA 2in (12)(d) to easily get
+ 2ar 2 ||6:+7 II> =27 Z(f(u:# v:+§), LlZ+E) +27 Z(f_"’*%,u:h
n=l =l n=l 24) lup > + vy 1> + 27 (allo} ||2 + CII/l ()

Using Holder inequality inequality and Young inequality
and noting that the fourth formula in (4), we have

L 1 L n 1. 1
n+- W Mo ot
el 112 + 2a7 Y o, * |12 + 2k, 71~ Z Pa(duy, > uy
n=1 n=1 i=0
2
< Nupll? + —fZ(Ilu

n=1

1
n+ s
+ Vil + 1V DN, 11

1 1 1 n+!
-TZ(HM" oo + IV e CUlaty™ 14 11wy IDlae, " 1

n=1

1
n+-
+2r 2 llu, 212
n=1

L
<Nab )P +Ct Yl Pcr Zumuz + v +2¢ Z 172

n=1 n=0

+2r 2 7= 1P

1 @s)
Similarly, we take w;, = 27v, "% in (11)(c) and z;, = ZTC/l

in (11)(d), and use Holder inequahty inequality and Young
inequality to obtain

1

1 1
+2klrl_a<2pa(i)u; - f) 2k2'rl ﬂ(Zpﬁ(z)v ,vﬁ)
i=0

- - - 1
< Clyl> + vl?) + CT(IIMZ I? + IIV,f 1P+ 22172 1P + 132 1),
(28)

By substituting (28) into (27), dropping two nonnegative
terms, and using Lemma 2 and triangle inequality, we can
get

L 1 1
n+s n+
(1= Co)lluf™ 17 + IV 1P + 27 Y (allo, 212 +cll4, 2 117)
n=0

L 1 1
012 012 32 32
< C(llu I” + v, 119 + Cz z Moy, 2117+ My, 219+
n=0

+Cr Z(uu 12+ V117 + 27 2(|[f”+z||2+ 12712

< Clluyl? + 1IvylI*) + Cz Z(IIMZII2 +[V;II%)
n=0

+2r§‘,<|tf"+z||2 +18" 2 1P).
(29)
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For the small enough 7, we can use Gronwall lemma to yield
the result.

Remark 2 Here, based on the boundness assumptions for
both ||u"]|, and [|v"||,, we can prove that ||} ||, and [V} ]
are bounded. For the related discussion, one can see Remark
3.3 in Ref. [31].

4 Error estimates of the mixed element
scheme

In what follows, the error estimate theorem will be given.
Firstly, we need to introduce two lemmas.

Lemma 3 (See [57]) Let (P,u, P,o) : [0,T] —» W, X Z, be
given by the following mixed projections

(a)o = P,o,Vw,) =0, Vw,e W,
(b)(c — Pyo,z;) — (V(u — Pyu),z,) =0, Vz,€Z,
(30)

then, there exists a constant C independent of h such that

llu = Pyull + h(llo = Pyoll + llu = Pyull) < CRlull g + ol gy,
D

lluty = Pyl < CH Nty 2 + Nl ggoye)- (32)

Lemma 4 Referring to Ref.[15], we can easily get the fol-
lowing error inequality

n l
<Z pj—f,)(u’”% — P, wh> SCH* + e + w1’ Yw, € W,
i=0

(33)

{O.n+l }Iy:=0’ and{/l’”l }Iy;=0
are the exact solutions of (8)—(9), {MZH}I;:O, {VZH}s:O,
{UZ+1}ﬁ=0’ and {/1ZJrl }I;;:o are the numerical solutions of
(11)=(12), then for ¥n=0,1, -, L(0 < L < M — 1) there

exists a positive constant C such that

Theorem 3 [f{u"*'}-_  {v+1}E

n=0

||ML+1 _ M2,+1” + ”VL+1 _ Vf{+1”
L 3 L
2
1 nts 1
SCH+), [t Y No™ =0, PIP ) +( 7 )14
n=1 n=1
1
L 1 2
1 n+>
< Clh+12), <r 3 s - 2||§>
n=1

L 2
L omyn 2
+<TZ||V"+2 -, 2||1) < Ch+72).
n=1

1
nts o
=4, >

Proof For simplicity, we introduce the following notations
u(t,) = uy, = u(t,) = Py + Ppu’ —uj, = ¢" + 0%,
o(t,) — O'Z =o(t,) — P,o" + P,o" — o'}"l =y" + ",
W(t,) = vy, = v(t,) = P + P = vy ="+ 7,
Mt,) = A, = AMt,) = PpA" + PpA" — Ay = p" + &%

(35)

Combining (8), (11), (35) with Lemma 3, we can get the
error equations forn > 1

n
@(D,6"3,w)) + klr_”‘<z P ()" w,,> + (aa™2, Vw,)
i=0

=- (Dt¢n+%’ Wh) - klr_a<zpa(i)¢n+;_ia Wh)
i=0

1 1 S
@V = fy 2y, )W) + Ry wy),

41 n+
b)(@" 2,2,) = (VO 1,z,) = (Ry,25,),

(DL, wy) + kﬂ(Z Py, w,1> + (™3, V)
i=0

' n .
== (Dﬂ’ln+2 SWy) — sz_ﬂ<z 17;;(i)”ln+2 LWy
i=0

1 1 ntl o gl
+ (g(un+2 s vn+2) - g(uh ? s Vh 2)’wh) + (RS’wh)!

(@(E™3,2,) = (VE™5,2) = (Ry.2,).

(36)

Setting w, = 276" in (36)(a), z, = 2ara"*? in (36)(b),
we add the resulting equations to get

u 1. 1 1
”9n+1 ”2 _ ”971”2 + 2k171_a<2pa(i)9n+21,9n+2 + 20‘[”0)’”5 ”2
i=0

n+l _ pn " )
— _2T<u79n+%> _ 2klrl—a<2pa(i)¢n+;—t’ 0n+;>
T i=0

1 1
20 (W V) — f V), 07 4 (R, + Ry, 270",
(37)

Summing (37) for n from 1 to L, we arrive at

-

(34)
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L n
||0L+l “2 _ ”91 ”2 + 2k1T1—a z (Zpa(i)arﬁé—i’ 9n+%)

n=1 i=0

L
1
+2ar 2 llo"*2 |2
n=1

L n+l _ 4n .
=_2TZ <¢’17¢’9”+3>

n=1

L n
— 2lel_a Z <2pa(i)¢l’l+%—i’ 0n+%)

n=1 i=0
L 1 1 n+l pal 1
+20 3 (P V) — fy 2Ly, 2. 0")
n=1

L
+27 Z(Rl +R,, 0" ).
n=1
(38)
Noting that the nonlinear term f{u, v) is a quadratic polyno-
mial without constant terms about # and v, we use Holder
inequality, triangle inequality, (31) and Remark 2 to get

1 1
(f(u"+%,vn+%) _f(l/l:+2,vll+2), 6n+%)
n
3 k k k k k 1
< 5[ D U oo + Nl + 1l _uh”]“9n+2”
k=n—1
30 % |
k K k k k 1
#5312 Wl + Il + I =102

2 k=n—1

n

<[ X At + 051+l + &) e
k=n—1

<Y AUOHIP + IEHI + N1 + 1) + 116 I
k=n—1
(39)

For (38), we use Cauchy—Schwarz inequality, Young ine-
quality, Lemma 4 and inequality (39), we have

n=1 i=0

n=1

L n
1_; 1
||¢L+1||2—||c‘||2+2kzrl‘ﬂ2( ppi)E"*: c)
i=0
L 1
+2ct ) [1E3
n=1

T4 L
< C/ llmI2ds + Cz Y (h* + %)
al

n=1
L

+Cr Y (IRs I + IR, 1)
n=1

1

L
1 1 1
+Cr Z(II¢"+5 I+ 00" 211> + 1l 2 117 + 1211
n=1

L
+Cr Z(IW’II2 + 1071 + 117" 117 + 1E"11).
n=0
(4D

Summing (40) and (41) and using triangle inequality, we
have the following inequality

L L
1 1
105117 + 11117 + 2r<a Dl 2P+ Y [1g2 ||2>

n=1 n=1

L n
+ 2k Y (Zpa(i)en*i", 9"*5>

n=1 i=0

L n
+ 2% Y <Zp,,-<i>c“i", c“i>
=0

n=1

L n L
||9L+l “2 _ ”91 ”2 + 2lel—a Z (Zpa(i)9n+%—i’ 9n+%) +2ar Z ”CO’H—% “2
n=1

L

IL+1 L
< [l Cr Yt + 74+ Cr TR + IR, P)
1

n=1 n=1

L
1 1 1 1
+Ct Y™ 2P+ 10217 + ™ 212 + 12 1)
n=1

L
+Cr Z(Hd)"II2 + 10" + 17" 17 + 117
n=0

141
<161 + ¢ IP + C/ (I + lln, s 42)
n
L
+Cr Y (' + 7%
n=1
L
+Cr Z(”Rl 17+ IR + IR 117 + 1R, 11)
n=1
L+1
+Cr Z(Ilfﬁ”ll2 1017+ " 17 + 1" 1)
n=0
(40

We set w;, = 2¢¢"3 in (36)(c) and z;, = 2c7&™ % in (36)(d),
and use the similar process to the derivation of (37)—(40)

to obtain

Subtracting (12) from (9), noticing (35) and Lemma 3, we
obtain
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-

0

(a)(D,H%, wy) + kﬂ“’(Zpa(i)H%_i, wh> + (aa)% ,Vwy)

i=0

0 D

== Dp>,wy) = klf_a<2pa(i)¢5_i’ Wh) + (f(uz,v2) —f(ui’ v, ). wy) + (Rs, wy),
i=0

J b)Y @2.2,) — (V02.2,) = (Rg.23)-

0

()DL, w,) + kv <Z pIEET, wh> +(cE3,Vw,)

i=0

(43)

i=0

0 1 1
1 1. 11 L
= (Dmz,wy,) = sz_ﬂ<zpﬂ(i)’15 l»Wh> + (g2, v2) = g(u;,v;), w,) + (Ry, wy),

(d)(E3,2,) — (VE3,2) = (Rgp ).

1
By the similar means to (42), we set w, = 2707 in (43)@) Take z;, = ZQTVQHE in (36)(b), z, = ZCITVC”' in (36)(d),
7, = 2at®iin (43)(b), w;, = 2152 in (43)(¢c), 7, = 2cté2in g, = 2arVO2in (43)(b) and z;, = 2c¢rV{2in (43)(d) and use
(43)(d), and consider ||8°]|> = 0, ||¢°||> = O to have (45) to get

1 1
101> + IS 11> + 2z (allw2 1> + cll€2 1)
0 0
+ 2k171-"<2pa(l‘)9%-", 9%> + 2kzrl—ﬂ<2pﬁ(i)g%-i, g%)
i=0 i=0

gl
C/ U + llnH)ds + Czh* + %) + CE IR I + IR 1% + 22 IR, 11 + IR 1)

(44)

! 1 ! 1
+Cr(lg2 1P + 102117 + llnz 1 + 152 1)

By Lemma 2, substitute (44) into (42) to get

L
(1 = Co(lo- 2 + 1T + 21<a Dl 3|12 + ¢ Z e+ ||2>
n=0

78} L
<C / Ul + i lPds + C Y (1 +7%)
fo n=0
: 45)
+Cz YR P+ IR 112 + IR 1% + IR
n=1

+ C(*|IRs|I* + IRgII* + 2> 1R II* + lIRgII*)

L
+Ct Y ("I + 1017 + ™17 + 1" 1.

n=0

L
2r<a SO+ c 2 193 ||2>
n=0
L | L+1 (46)
scf<a D™ 3 +c Z g™ ||2> +C YOI+ "D + .
n=0 n=0 n=0
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Table 1 Time convergence results with 2 = 1/400,« = 0.1, # = 0.1

T 1/10 1720 1/30 1/40

lu — |l pss g2y 0.00140970 0.00038494 0.00017617 0.00010099

Order 1.8727 1.9277 1.9341
IV = vl =2y 0.00144093 0.00039550 0.00018262 0.00010566
Order 1.8653 1.9058 1.9019
llo = o)l =2y 0.00482257 0.00130991 0.00060068 0.00034841
Order 1.8803 1.9229 1.8933
14 = Ayl =2y 0.00491705 0.00134216 0.00061799 0.00035663
Order 1.8732 1.9128 1.9110

Finally, for a small enough 7z, combining (45)—(46), Gron-
wall lemma, Lemma 3 with triangle inequality, we complete
the proof of Theorem 3.

5 Numerical tests

In this section, we will provide two numerical examples to
verify the correctness of the theory results.

5.1 One-dimensional case

For calculating the time convergence order, we choose the
following one-dimensional example

-

Ju = 0%u

_— =3 2 -— f
% + 5 U, + @ —v)+f(x,10,x0 € 0,1)x(0,1],
/
J %+% =V + (v —u?) + 5, 1), (x, 1) € (0,1) X (0,11,

u,1) =u(l,t) =v(0,1) =v(1,1) =0, € [0, 1],
u(x,0) =0,v(x,0) =0,x € [0, 1],

47)
where
- 212« 2.2 . 4 22 2 o
fx, 0 =2+ m + 4x“t* ) sin 2zx) — t* sin” 2zx) + t* sin(7x),
—a

gx, ) =2+ m + 77t ) sin (zx) + ¢ sin” (2zx) — ¢ sin(7zx).

Table2 Time convergence - 1/10 120 1/30 1/40

results with 2 = 1/400,a = 0.5,

p=05 Nt =yl o r2) 0.00130587 0.00035798 0.00016418 0.00009435
Order 1.8671 1.9225 1.9257
llv— thILm(Lz) 0.00142620 0.00039029 0.00018010 0.00010419
Order 1.8696 1.9074 1.9024
[le =0, IILw(Lz) 0.00451851 0.00123194 0.00056722 0.00033099
Order 1.8749 1.9129 1.8724
|A = A,llle(Lz) 0.00486900 0.00132559 0.0006100018 0.00035197
Order 1.8770 1.9142 1.9115

Table 3 Time convergence results with 2 = 1/400,a = 0.9, # = 0.9

T 1710 1720 1/30 1/40

Table 4 Space convergence results with @ = 0.01, f = 0.01

(1) (F2) (B%) ($3)

(h,7)

lu = wyllzs(z2y  0.00115468 0.00031938 0.00014693 0.00008465

Order 1.8541 1.9149 1.9166
[lv=vyll sy 0.00122821 0.00033926 0.00015725 0.00009130
Order 1.8561 1.8964 1.8901
llo = o4l =2y 0.00408988 0.00112064 0.00051724 0.00030305
Order 1.86774 1.9068 1.8584
14 = Ayl w2y 0.00429973 0.00117725 0.00054338 0.00031426
Order 1.8688 1.9068 1.9035

llu = wyll g2y 0.10077404 0.04616411 0.02641138 0.01729676

Order 1.9254 1.9411 1.8969

lu = wyll pss ey 1.19060110 0.78336522 0.58510005 0.46735582
Order 1.0324 1.0144 1.0069

v =vull ey  0.42309826 0.173286912 0.10226602 0.06689381
Order 2.2016 1.8332 1.9022

IV =vllis@ny 547961980 3.23900345 2.38217775 1.88930162
Order 1.2967 1.0680 1.03883

llo = o)l 2y 1.18632861 0.78200380 0.58450364 0.46703564
Order 1.0279 1.0119 1.0054

14 = Apllps(z2yy 5-46326103 3.23436470 2.37998161 1.88811701
Order 1.2929 1.0662 1.0375
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Table 5 Space convergence results with @ = 0.5, # = 0.5

(R (B (B (5
15’“;"‘“\\3‘

llu—tyll w2y 0.10048551 0.04600208 0.02629754 0.01719557 00‘011‘“‘

Order 1.9270 1.9439 1.9038 b‘““l\\““:\

llu = syl ey 1.18985669 0.78310340 0.58496817 0.46726518 ' Vl‘ W R

Order 1.0317 1.01399  1.0068

v =vyllmzy 042297575 0.17318831 0.10218722 0.06682943 M 4, M

Order 22022 1.8339 1.9031 / ‘4}00 ‘\ A

v = vyllmg, 547920478 3.23828862 2.38178660 1.88907444 i ; 4 } Y

Order 1.2971 1.0678 1.0386

llo = 63 ll w2y 1.18560601 0.78175107 0.58437676 0.46694867

Order 1.0271 1.0115 1.0053

14— Aylloquey) 546285425 323365412 2.37959349 1.88789197

Order 1.2932 1.0660 1.0373

Table 6 Space convergence results with @ = 0.99, § = 0.99

= (1) (80 (B3 (59
Fig. 1 Surface for exact solution u
lle = upll o2y 0.10020384  0.04584098 0.02617323 0.01706952
Order 1.9287 1.9481 1.9155
lle = upllpozny  1.18913797 0.78284830 0.58482879 0.46715628
Order 1.0310 1.0137 1.0068
v =vyllpoqzy 042285473 0.17308931 0.10210530 0.06675830
Order 2.2030 1.8347 1.9043
[V =vpllpeogny 547879883 3.23758382 2.38139900 1.88884607
Order 1.2974 1.0677 1.0384 (
llo = opll ey, 1.18490856 0.78150500 0.58424282 0.46684432 ;;,‘4;‘:;‘ ,\
Order 1.0265 1.0112 1.0053 l‘l/jl‘(’ )‘ﬂ““\‘
12 = Ayll oy 546245646 3.23295361 2.37920905 1.88766597 ’l M 0 AN W ;‘;‘\
Order 12936 10659  1.0371 W 'W‘ ;‘“\ i\
Table 7 Space convergence results with @ = 0.25, f# = 0.75

(h,7) (ﬁ 1) (ﬁ L) (ﬁ L) (ﬁ L)
8’8 12712 16’ 16 20’ 20

llu = yll w2y 0.10063713 0.04608708 0.02635726 0.01724866

Order 1.9262 1.9424 1.9002

llu = yll e, 1.19024686 0.78324036 0.58503717 0.46731266

Order 1.0321 1.0142 1.0069

Iv=vyllmgz, 042291107 0.17313566 0.10214415 0.06679278 ~ Fig-2 Surface for numerical solution u,

Order 2.2026 1.8343 1.9037

V= vyll g, 547898739 3.23791258 2.38158017 1.88895344

Order 1.2973 1.0677 1.0385

llo = 0y ll oz, 1.18598472 0.78188327 0.58444314 046699423

Order 1.0275 1.0117 1.0054

14 = Ayllmqaep) 546264121 323328036 2.37938872 1.88777218

Order 1.2934 1.0659 1.0372
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Fig.4 Surface for numerical solution v,

So we can easily obtain that the exact solution is

u = 1> sin(2xx),
v = £ sin(zx),
o = 2xt* cos(2xx),

A = zt* cos(zx).

(48)

By choosing a fixed space step 7 = 1/400, different time
discrete parameters = = 1/10, 1/20, 1/30, 1/40, and changed
fractional parameters a = f =0.1,0.5,0.9, we get some
computing data in Tables 1, 2 and 3. From these computing
results, one can easily see the convergence order in time for
unknown functions and their derivatives are close to 2.

5.2 Two-dimensional example

We choose a two-dimensional nonlinear time fractional cou-
pled sub-diffusion system

- . )
9 L OU Ay (2 =)+ F 1), (%) € QX
ar ot
dv vy N

J E-'—ﬁ =Av+(v—u)+gXx,0,Xx 1) €QXJ, (49)

u(x, 1) = v(x, 1) = 0, (x,1) € 0Q X J,
u(x,0) = 0,v(x,0) = 0,x € Q,

whereQ = (0,1) X (0,1),J = (0,1],k; =ky =a =c = l,and
f(x, 1) and g(x, ¢) are chosen as

2t2—a
I'G-a)

— r*sin® (2zx) sin® 2zy) + £ sin(4zx) sin(4xy), g(x, 1)

Fx, 0 = (2; + + 8n2z2> sin (27zx) sin (27y)

21%F ) > . .
=2+ + 327%F | sin (47x) sin (47y)
< rG-p) Y
+ * sin® (27x) sin® (2zy) — £ sin(4zx) sin(4zy).

Considering the given function f(x, ) and g(x, ), we can
easily test and verify the exact solution as follows

u = 1* sin(2xx) sin(2xy),

v = £* sin(4zx) sin(4xy),

6 = (2xt* cos(2xx) sin(2xy), 2’ sin(2zx) cos(2xy)),

A = (4x1* cos(4xx) sin(4rxy), 4zt sin(4mx) cos(4xy)).
(50)

For solving the equations above, we use triangular elements.
Selecting any unite = AP,P;P;, we choose

N(x,y) = {IN;(x, ), N;(x, ), Ny (e, )1 |
N;=S§;/S.N; = S;/S,N; = 5;/S}

as the linear interpolation basis function of finite element
space V,, and choose the constant basis function of finite
element space Z,. So we can get u;, = Nu; + Nju; + Ny,
vy = N, + Ny, + Ny, 0y, = [0, 6] and A, = [Ay, Ay ]
After unit analysis, we can synthesize stiffness matrices
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Fig.5 Surface for exact solution ¢ = (6}, 0,)

10 10

Fig.6 Surface for numerical solution 6, = (6, 65;,)
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Fig.7 Surface for exact solution 4 = (4;, 4,)

Fig.8 Surface for numerical solution 4, = (4, 4,;,)
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I 111
W Xk
Aezz Xj yjl’A(E)er 26 12 )
x, vy, 1 _lzif
kK 12 12 6
10 1la; a; a
C(e)zAg[ ],B@):DT@:—[ L k],
01 2| b; by by (51)
yil Vi l yil
ai=|" 4= ]fl’ak= 1
Vi Yi yj
.=_xf1 '=_xk1 _ x 1
bi xkl’bf x 1|7k x 1

For testing the space convergence order, we take changed

step sizes h = \/Er = \/?E, %, %, %, different fractional

parameters « = f = 0.01,0.5,0.99 to get the computing data
in Tables 4, 5 and 6. We also show the computing data with
a = 0.25, f = 0.75in Table 7. From Tables 4, 5, 6 and 7, one
can find the space convergence orders of u, v in L?>-norm are
close to 2. At the same time, the space convergence orders
of u, v in H'-norm and o, A in (L?)*>-norm tend to 1. By the
computed data, it is easy to check that the numerical con-
vergence orders are in agreement with the theory results.

\/'

Besides, by choosing & = 3—52, T= % and a = f = 0.5, the
comparison surfaces between the numerical solution and the
exact solution for unknown scalar functions and their fluxes
are provided in Figs. 1, 2, 3, 4, 5, 6, 7 and 8, from which
one can clearly see that the behaviors of the numerical solu-
tion under our mixed element spaces are almost consistent
with the ones of exact solution which illustrates that our
algorithm is effective for numerically solving nonlinear frac-
tional coupled diffusion system.

Remark 3 In this article, we implement numerical comput-
ing by choosing triangular elements. One can also consider
rectangular elements [55].

6 Conclusions

In this paper, we solve a time fractional coupled sub-diffu-
sion system by a mixed element method with the second-
order time approximation. By making use of this numerical
algorithm, we can arrive at the approximation solutions of
four functions. We provide the detailed proof of existence
and uniqueness of the mixed element solution and stability
analysis, and derive optimal a priori error estimates in 1>
and H'-norm for the unknown u, v and a priori error esti-
mates in (L?)?>-norm for the fluxes ¢ and A. Finally, via some
numerical results, we illustrate the validity for the proposed
numerical method.
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