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Abstract

Finite element analysis of huge and/or complicated structures often requires long times and large computational expenses.
Superelements are huge elements that exploit the deformation theory of a specific problem to provide the capability of
discretizing the problem with minimum number of elements. They are employed to reduce the computational cost while
retaining the accuracy of results in FEM analysis of engineering problems. In this research, a new shell superelement is
presented to study linear/nonlinear static and free vibration analysis of spherical structures with partial or full spherical
geometries that exist in many industrial applications. Furthermore, this study investigates the effects of changing the
superelement size and its number of nodes on solution accuracy. The governing equations of composite spherical shells are
derived based on the first-order shear deformation theory and considering large deformations. For solving the nonlinear
governing equations, the tangent stiffness matrix has been extracted and the Newton—Raphson method is employed. The
capability of the presented shell superelement is investigated in several problems under linear/nonlinear static and free
vibration analysis. The results acquired by the presented shell superelements are compared with available results in the
literature and conventional shell elements in a commercial software. Results comparisons reveal high accuracy at a reduced
computational cost in the superelement model.

Keywords Finite element analysis - Shell superelement - First-order shear deformation theory - Large deformation -
Numerical analysis of composite spherical shell - Free vibration analysis

1 Introduction

Finite element method (FEM) has been widely used for
analysis of engineering problems [1]. However, in some
cases that the structure is huge or complicated, FEM
requires tremendous computational costs [2]. This is
mainly due to a large number of elements and nodes that
should be considered for approximating the field variables
in these problems. Recently, researchers have presented
several approaches to overcome this shortcoming. In one
approach, isogeometric analysis has been presented to
eliminate the mesh generation process, which results in
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decreasing the solution time of engineering problems
[3-5]. Another approach investigated in this study is the
use of superelement, which considerably reduces the
number of necessary elements and nodes, while providing
an acceptable accuracy in the solution. Koko et al. [6, 7]
analyzed stiffened plates using superelements. They used
shear deformation theory and concluded that using
superelements in nonlinear dynamic analysis of plates is
highly efficient. Furthermore, they studied the vibration
analysis of stiffened plates using their proposed superele-
ment in Ref. [8]. Jiang et al. [9] studied static and dynamic
analysis of stiffened cylindrical shells using superelements
with considering geometric and material nonlinearities.
Ahmadian et al. [10] investigated the free vibration anal-
ysis of composite plates using superelements.

In recent years, cylindrical, conical and spherical
superelements have been introduced for static and vibration
analysis of such structures. For instance, Bonakdar et al.
[11] proposed a cylindrical superelement for static and
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dynamic analysis of multilayer composite cylinders. Also,
Rezaei et al. [12] developed a tapered superelement to
simulate tapered parts in the machine tools spindle. Fur-
thermore, free vibration analysis of several FGM structures
was studied by Torabi et al. [13] using a presented 3D
superelement. The spherical superelement was initially
presented by Nasiri et al. [14]. They studied static and free
vibration analysis of the spherical structures using the
presented superelement. Then, Shamloofard et al. [15]
modified the spherical superelement designed in [14] and
developed a thermo-elastic model of spherical and tapered
superelements.

Laminated composite shells are frequently used in many
structures, due to the high strength/weight ratio of com-
posite structures [16, 17]. These structures are usually thin
and are exposed to various and severe static and dynamic
loads. Therefore, vibration behavior and deformation
analysis of these structures are significantly important, and
these issues have been recently discussed in many research
studies. For instance, vibration characteristics of laminated
doubly curved and spherical shells have been investigated
by using different methods in Refs. [18-29]. In addition,
deformation analysis of these shells has been studied by
considering different approaches in Refs. [30-39].

The objective of this research study is to present a new
shell superelement which is capable of discretizing com-
plete and partial spherical shells and predicting linear/
nonlinear static and free vibration behavior of composite
spherical shells under local loads and boundary conditions.
Moreover, this study recommends the optimum number of
nodes in each shell superelement to achieve the best
compromise between accuracy and computational cost. To
the best of the authors’ knowledge, this subject has not
been investigated for spherical, conical and cylindrical
superelements which have been presented in the literature.

In what follows, the finite element equations for spher-
ical shells are initially derived using first-order shear
deformation theory (FSDT), next a spherical shell
superelement is presented, and finally, through several
problems, the results obtained from the proposed
superelement are compared with the existing results in the
literature and conventional shell elements in ANSYS
software.

2 Background theory and governing
equations

Based on FSDT and considering the spherical coordinate
system, a displacement field (Uy, Up, W) is related to
displacements and rotations of mid-plane of the plate
through the following equation [40]:
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where uy, up and w are the displacement components for
points lying on the middle surface of the shell along with
meridional, circumferential and normal directions, respec-
tively. Also, B4, By and ¢ are normal-to-mid-surface rota-
tions and distance from the mid-surface, respectively.
Strain—displacement relations used in this paper are for-
mulated based on the extension of the Sanders theory [41]
and deal with the large deformation in the von Karman
sense stated in Ref. [42]. For this case of geometric non-
linearity, small strains and moderate rotations are taken
into consideration [40]. Using these assumptions as well as
the FSDT for spherical shells with a radius of R, the strain—
displacement equations are deduced as follows:
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- 88 and 8279 are the in-plane meridional,

circumferential and shearing components, 62)5 and sgc are

the transverse shearing strains, and x,, k¢ and kg are the
analogous curvature changes in the middle surface.

where the strains ¢°
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The strain vector {&° } is expressed as the sum of the two
linear and nonlinear strain vectors:

{80} = {80}L+{80}NL' (4)
Substituting Eq. (4) in Eq. (3) gives:
(N} = (A1} AN} (B, ()
= [B]{SO}L +[B] {SO}NL Dl{x} (5)
where the components of the extensional stiffness A,

bending extensional coupling stiffness B, bending stiffness
D and transverse shear stiffness A® are defined as follows:
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where £ is the shell thickness and K* is the shear correction
factor, which is usually set to 5/6 [43]. Also, Qu represents

the transformed reduced stiffness which is computed for
any arbitrary kth layer as follows:
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where «; is the fiber orientation angle of the k™ lamina with
respect to the shell coordinate system and elastic constants

Qg() in each layer are given as follows:

where E; ,Egk),G(é),G(lg),G(zl?m(l];) and v,, are engineer-
ing parameters of the kth layer.

3 Finite element analysis

Based on FSDT, five degrees of freedom u, vg, wo, ﬁw and
py are considered for each node of the superelement.
Displacements and rotations of an arbitrary point (L) are
calculated as follows:

npe
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where u;, vi, wi, By; and B,,; are displacements and rotations
of the node i, N; is the shape function of node i, and npe is
the number of nodes in each superelement. Equation (9)
can also be described as the following equation:
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(10)

where {U} is the nodal displacement vector. Using
Eq. (10), the relationship between nodal displacement
vector with strain and curvature variations vectors can be
deduced as below:

{e"},= L)IN{U} = [B.){U}
{r} = [Lb][N]{U} = [B,{U}
{B} = [L]IN{U} = [B]
{ene} = [Lac][IN{U} = [Bu]{U}

@ Springer



3554

Engineering with Computers (2021) 37:3551-3567

where [B,,], [Bp], [Bs] and [By.] are given in Appendix 1.
Following the finite element approach, the governing
equation is concluded as follows:

KU =F
FZf%QKZEiﬂ@
£ = / / N {f A+ SN (£}

where ne, F, f;, f. and K are the number of superelements,
total force vector, traction force, concentrated force and
stiffness matrix computed as follows:

K =K, 4+ K> + Kz + K4 + Ks + K¢ + K7 + K + Ko
+ Kjo

(13)

where K1, K3, K3, ..., K)o are presented in Appendix 2.

The solution algorithm for solving the governing equa-
tions (Eq. (12)) is the iterative method of Newton—Raphson
described in Appendix 3.

3.1 Free vibration analysis

For free vibration analysis, natural frequencies (w) are
calculated according to the eigenvalue equation in which M
is the mass matrix as follows:

(K —o’™M)2=0

M = [ lplmian

po 0 0 p O (14)
0 po 0 0 O

[J=]10 0 p, 0 O
pr 0 0 py O

0 0 0 0 p,

where p,, p; and p, are the normal, coupled normal-rotary
and rotary inertial coefficients defined by:

h
2

(Porp1. p2) = / p()(1,6, 2)de. (15)

_h
2

4 Spherical shell superelement
The purpose of introducing this superelement is to present

an element that can easily discretize spherical sectors with
and without apex and complete spherical shells with fewer
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elements. Polynomial and circular shape functions are
employed to obtain this spherical shell superelement in
meridional and circumferential directions, respectively.
Figures 1 and 2 show the arrangement of nodes in these
directions.

Along ¢, Lagrange shape functions (polynomials) are
utilized for approximating the field variables. By setting M
nodes in this direction, shape functions have the following
form:

V

Fig. 1 Arrangement of nodes in the meridional direction where three
nodes are used in this direction

12 14
13

Fig. 2 Arrangement of nodes in the circumferential direction where
16 nodes are used in this direction
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Fig. 3 (M x N)-node
superelement without a pole

Fig. 4 (1 4+ N % (M — 1))-node superelement including pole

Fig. 5 Increasing the number of superelements

Ni(¢)=A1+A2(P+"'+AM(PM71 i:1’2,3,...,M
(16)

where A, Ay, ...,Ay are computed based on the definition
of the shape functions as follows:

Fig. 6 Increasing the number of
circumferential nodes in each
superelement

Nl-(W) = 1foro = ¢; (17)

N[(‘P) — Ofor(p = (/)1,(/)27...,(Pi,17§01‘+17"'7¢M'

Along 0, as stated earlier, circular shape functions are
used according to [11, 15]. By selecting N = 2" nodes (n is
a positive integer parameter) in a circle, shape functions are
obtained as:

¥ (2 (o 92 17))
Jrveos(z2(0- 0]

x |1+ cos (2"3 (6 - Uz_n_ll)’T))]
Jrren(2(0-452))] s-r2

(18)

Finally, shape functions for nodes of the superelement

are calculated by multiplying Eqgs. (16) and (18) as follows:
_ N9 0 - _ .

Nl-,j.(O,(p)—Ni XN i=1,23,... M; (19)

j=123,..,N.
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Path#2

Path#1

Thickness= 40 mm
E=68.9GPa
v=0.33

Fig. 7 The hemispherical shell in problem 1
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1.80E-03 —+— Spherical shell superelement with N=4
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Fig. 8 Comparison of radial displacements in path #1
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Fig. 9 Comparison of radial displacements in path #2

Table 1 Comparison of radial displacement at point A in problem 1

Parameter Conventional ~ Spherical shell ~ Spherical shell
shell elements superelement superelement
(N = 16’ (N = 16,
M=3) M=2)
Radial 1.771 1.728 1.707
displacement
at point A
(mm)
Number of 4238 20 50
elements
Number of 4342 641 801
nodes

@ Springer
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Thickness= 40 mm
E=68.9GPa
v=0.33
p=27004

m

Fig. 10 The spherical shell in problem 2

Equation (19) is implemented for all nodes except for
those which are poles (¢ = 0, ). Shape functions in polar
nodes are achieved by setting Nf =1 in Eq. (19) since
these points are individually located in the circumferential
direction

In the presented shell superelement, the number of
nodes is computed as below:
npe=1+Nx(M—1)
npe =N xM

Shell superelement including pole
Shell superelement without a pole

(20)

Figures 3 and 4 depict the general form of the obtained
spherical shell superelement with M and N nodes in
meridional and circumferential directions. The shape
functions of these superelements for cases (1) M =2, N =
16 and (2) M = 3, N = 16 can be found in Appendix 4.

By increasing the values of M and N, converging to the
solution will be more time-consuming. On the other hand,
decreasing these values can deteriorate the accuracy of
results. Therefore, the optimum values of M and N should
be selected, which will be discussed in Sects. 5.1 and 5.2
for static and vibration analysis of the spherical shells.

Figures 5 and 6 display how the accuracy of the finite
element solution could be increased using this superele-
ment. In Figs. 5 and 6, the accuracy will be improved due
to increasing (a) the number of superelements and (b) the
number of nodes in each superelement, respectively.

One of the most advantages of the presented superele-
ment is that all axisymmetric shell structures can be dis-
cretized using this superelement. However, since the
equations for spherical shells are presented in this study,
this superelement is employed for analysis of the spherical
shells.
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Table 2 Comparison of the natural frequencies obtained by different N values in problem 2

Natural Conventional shell Spherical shell Spherical shell Spherical shell Spherical shell
frequency element (ANSYS) superelement with superelement with superelement with superelement with
(4238 elements) N=4,M=2 (100 N=8 M=2(80 N=16,M =2 (50 N=32,M=2(0
elements) elements) elements) elements)

Result (rad/ Error Result (rad/ Error Result (rad/  Error Result (rad/ Error Result (rad/ Error

s) (%) s) (%) s) (%) s) (%) s) (%)
Wi 15,163 - 8104.1 46.553 15,151.2 0.077 15,158.4 0.031 15,159.1 0.026
[0} 15,742 - 9265.9 41.138 16,089 2.204 15,722.0 0.127 15,720.6 0.136
w7 30,118 - 18,114.4 39.855  32,968.8 9.465  30,061.9 0.186 30,075.3 0.142
w1 37,295 - 22,285.4 40.245  39,684.5 6.407  37,860.9 1.517 37,866.2 1.518
w18 46,486 - 32,547.9 29983  54,198.2 16.59 46,328.4 0.339 46,356.5 0.214

Table 3 Comparison of the natural frequencies obtained by different M values in problem 2

Natural frequency Conventional shell element Spherical shell superelement with Spherical shell superelement with
(ANSYS) (4238 elements) N =16, M =2 (50 elements, 801 nodes) N =16, M =3 (15 elements, 481 nodes)
Result (rad/s) Error (%) Result (rad/s) Error (%) Result (rad/s) Error (%)

) 15,163 - 15,158.4 0.031 15,157.5 0.036

wy 15,742 - 15,722 0.127 15,724.5 0.111

w7 30,118 - 30,061.9 0.186 30,100.5 0.058

w1 37,295 - 37,860.9 1.517 37,865.9 1.531

wig 46,486 - 46,328.4 0.339 46,405.5 0.173

Fig. 11 Dependency of the first .
natural frequency to the number Number of conventional shell elements

of conventional shell elements 0 2000 4000 6000 8000 10000 12000
and shell superelements in e e e e e e
problem 2

15520
15470 -

15420 - —¢The presented shell superelements

15370 t —®-Conventional shell elements (ANSYS)

15320

15270

15220

The first natural frequency (rad/s)

15170

15120

40 50 60
Number of superlements
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Fig. 12 Dependency of the
sixth natural frequency to the

Number of conventional shell elements

. 0 2000 4000 6000 8000 10000 12000
number of conventional shell
28000 ' ' ' ' '
elements and shell
superelements in problem 2
27500 T
2
=
= —>The presented shell superelements
z 27000
§ —— Conventional shell elements (ANSYS)
=3
[
£ 26500
®
i
=
=
S 26000
=
-
|
)
2 25500
= o]
25000 T T T T T
0 10 20 30 40 50 60
Number of supelements
4.1 Coordinate transformation dp 0 e BN (y, 1)
. . . P AV R = B
T g spaions dfvd i S 3 bve o 20| o
resen in iy rdi = A — ¢
p & op o TR

(01 < <¢,,0<0<2n). Since the numerical integration
of the governing equations can be easily done using the
local coordinate system (—1<y,u<1), conversion of
global coordinates to local ones should be determined. In
this research, the linear transformation and isoparametric
mapping are employed to convert the global coordinates to
the local ones in the circumferential and meridional
directions, respectively, as given below:

0=mn(u+1), 0<0<27, —-1<u<l

npe . (21)
o= N(»wd, @ <o<¢g, —1<y<l.

i=1
Considering these mappings between global and local
coordinates, the Jacobean matrix and infinitesimal area in
the presented superelement are calculated as follows:

npe
dA = R?sin(¢@)ded0 = det(J)R? sin (Z Ni(y, 1) qT)l) dydu
i=1

(22)

where @ represents the nodal values of the superelement in
the meridional coordinate.

5 Results

In this section, several examples are presented to investi-
gate the accuracy of the presented shell superelement under
various types of loadings. In these problems, the achieved
results using the offered shell superelement model are
compared to the results obtained by using four-node shell
elements of ANSYS software and also available results in
the literature. In problems 1 and 2, static analysis and free
vibration behavior of the isotropic spherical shell are
studied and the optimum number of nodes and elements in

Table 4 Material properties of

. . . Parameter
the studied composite spherical

E] (GPa)

E2 (GPa)

Glz (GPa) G]3 (GPa) G23 (GPa) Vi = V21 P (kg/m3)

shell Value 138 10.6

6 39 3.9 0.28 1500

@ Springer
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Table 5 Comparison of the fundamental frequency parameter for different shell thicknesses and fiber orientations among all approaches

(01R\/p/E>)

(0°]

R/h

[90° /0° /90°]

[0°/90°/0°]

[0°/90°]

90°]

ANSYS Ref. Ref.

Present

ANSYS Ref. Ref.

Present

ANSYS Ref. Ref.

Present

ANSYS Ref. Ref.

Present

ANSYS Ref. Ref.

Present

[22]

[18]

[22]

[18]

[22]

(18]

[22]

(18]

[22]

[18]

1.098
1.121
1.156
1.168

1.181

1.125
1.145
1.185
1.202
1.222

1.083
1.108
1.145
1.159
1.174

1.074

1.101

1.121
1.165
1.260
1.305
1.347

1.133
1.180
1.284
1.340
1.404

1.113
1.159
1.253
1.300
1.349

1.103
1.151

1.124
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1.200
1.215
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1.292

1.111
1.146
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10

1.333
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Thickness=3 mm
Fiber Orientation= [90°/ +45°/ —45°]

Fig. 13 The spherical shell in problem 4

the superelement model is obtained. In the next problems,
free vibration and linear/nonlinear static analysis of com-
posite spherical shells will be numerically investigated.

5.1 Problem 1

In this problem, the internal pressure of 1 MPa is applied to
the hemispherical shell displayed in Fig. 7. The main
objective of this problem is to find the optimum values of
N and M (the number of nodes in the circumferential and
meridional directions) in the presented shell superelement
for static analysis of spherical shells. For this purpose,
Figs. 8 and 9 illustrate the obtained radial displacements
along ¢ direction in paths #1 and 2 by two different
methods: (1) using the presented spherical shell superele-
ment with varied values of N and (2) employing conven-
tional shell elements of ANSYS software. Figures 8 and 9
show that setting N =4 and 8 is not computationally
accurate for this analysis, and the optimum value of N to
obtain the acceptable accuracy results is 16. Also, the
effects of considering two different values of M on the
radial displacement at point A are investigated in Table 1.
As presented in Table I, M =2 and M =3 lead to a
comparable accuracy, though setting M = 3 requires fewer
elements and nodes. Therefore, this study recommends
using the presented shell superelement with N = 16 and
M = 3 for static analysis of spherical shells.

5.2 Problem 2

Vibration analysis of the spherical shell depicted in Fig. 10
is presented. The aims of this problem are (1) to evaluate
the performance of the spherical shell superelement in the
prediction of natural frequencies, (2) to investigate the
required number of nodes in each spherical shell
superelement and (3) to study the effects of superelement
size on the solution accuracy.

Table 2 compares the natural frequencies obtained by
conventional shell elements and different types of shell

@ Springer
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'

— B~ Superelement(Linear Analysis) —

=@ Superelement(Nonlinear Analysis)

=—te=— ANSY S(Nonlinear Analysis)

—— ANSYS(Linear Analysis)
| | \

3560
Fig. 14 Variations of 4500
displacement under the load
versus the magnitude of the 4000
force
3500
3000 /
~ 2500
Z
N’
= 2000
1500
1000 A
500
o
0.0 0.5

Boundary conditions: Clamped edge
from ¢ = 135°to ¢ = 180°

@ = 180°

Fig. 15 Pressure vessel in problem 5

superelements. This table shows that using the spherical
shell superelements with four and eight nodes in the 0
direction cannot predict the natural frequencies of the
studied shell accurately. On the other hand, although the
accuracy of results cannot be meaningfully improved by
employing N = 32, the solution time is significantly

@ Springer

1.0 1.5 2.0 2.5 3.0 3.5 4.0
Maximum deflection (mm)

increased in this case. Therefore, similar to static analysis
carried out in example 2, spherical shell superelements
with N = 16 are selected for vibration analysis of the
spherical shell. Furthermore, Table 3 compares the natural
frequencies calculated by two different M values. As can
be seen in Table 3, less number of elements and nodes is
required for setting M = 3, while retaining the same level
of accuracy. Therefore, the optimum values of N and M
that minimize the solution time and maximize the result
accuracy are obtained by setting N = 16 and M = 3 for
vibration analysis of the spherical shells.

Figures 11 and 12 illustrate the dependency of the first
and sixth natural frequencies of the studied shell to the
number of conventional shell elements and shell
superelements. As displayed in these figures, the number of
required shell superelements for converging the solution is
approximately 15 (481 nodes), while this number is about
4238 (4342 nodes) in the case of using conventional shell
elements. Therefore, the number of required elements and
nodes is significantly decreased when the problem is dis-
cretized via the presented shell superelement.

5.3 Problem 3

The main purpose of this problem is evaluating the per-
formance of the composite spherical shell superelement in
prediction of natural frequencies. For this purpose, free
vibration analysis of a hemispherical shell (R = 1000 mm)
with the boundary conditions ug = vo =wo = 8, = fy =
0 at the bottom edge and uy = vy = iy = 0 at the apex is
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Table 6 Comparing the maximum dimensionless radial displacement (*4<) in problem 5

Wnax )
h

(

q Mpa) R/h

[45°/ — 45°] [90°/45°/ — 45°]

[45°]

90°]

3D

ANSYS  Shell
(Shell)

3D

ANSYS  Shell
(Shell)

3D

ANSYS  Shell
(Shell)

3D

Shell

ANSYS

(Shell)

Superelement

Superelement

Superelement

Superelement

Superelement

Superelement

Superelement

Superelement

0.2744
0.3370
0.5078
0.8043

0.2670
0.3286
0.4975
0.7881

0.2683
0.3299
0.5022
0.7960

0.0501
0.0642
0.1117
0.2024

0.0484
0.0630
0.1084
0.1980

0.0491
0.0635
0.1094
0.1999

0.1514
0.1921
0.3152
0.5438

0.1473
0.1871
0.3073
0.5332

0.1482
0.1882
0.3093
0.5366

0.9282
1.1313
1.6767
2.5861

0.9030
1.1013
1.6362
2.5381

100 0.9047

53

0.

1.1048
1.6568

80
50

1.04
4.24

30 2.5770

19.63

conducted for different shell thicknesses and fiber orien-
tations. Material properties of this composite spherical
shell are given in Table 4. In Table 5, fundamental natural
frequency parameter (wR+/p/E,) obtained by the com-
posite spherical shell superelements is compared with the
results presented in Refs. [18, 22] and conventional shell
elements of ANSYS software. Results comparisons con-
firm the credibility of the composite spherical shell
superelement in free vibration analysis.

5.4 Problem 4

The composite spherical shell displayed in Fig. 13 is sub-
jected to the concentrated force (F). Material properties of
this spherical shell are given in Table 4. Here, linear and
nonlinear solutions are compared. Figure 14 shows the
maximum deflection calculated by shell superelements and
conventional shell elements for different values of F. As
depicted in Fig. 14, by increasing the F value, the differ-
ence between the results obtained by linear and nonlinear
solutions grows significantly. The achieved results indicate
that the same trend and proper consistency are observed
between the conventional shell element of ANSYS soft-
ware and the presented shell superelement model in both
linear and nonlinear solutions. The solution procedure for
the nonlinear equations is given in Appendix 3.

5.5 Problem 5

The purpose of this problem is the linear static analysis of
the composite spherical vessel shown in Fig. 15 with three
different methods: using the proposed shell superelement,
spherical superelements according to [15] and conventional
shell elements of ANSYS software. Material properties of
the used composite are given in Table 4. Since the spher-
ical superelement developed in [15] is 3-dimensional, 3D
elasticity equations are used to analyze the problem using
this superelement. A total of 2524 shell elements in
ANSYS, three spherical superelements with 228-node [15]
and 16 spherical shell superelements with N = 16 and M =
3 of this work are employed to study this problem. Table 6
compares the maximum dimensionless radial displacement
parameter (*32) obtained by these methods for different
fiber orientations, shell radius-to-thickness ratios (R/h) and
internal pressures (q). In all simulations, the radius of the

vessel (R) and dimensionless parameter Q = (E%) X (%)3

are set as 300mm and 50. Table 6 shows that high accu-
racy results are obtained in both superelement models.
However, the required time for solving this problem using
the proposed shell superelements is less, compared to 3D
spherical superelements. This outcome is caused by the
fewer Gaussian points in the presented shell superelements
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Table 7 Comparison of natural

frequencies in problem 6 Thickness = 0.125 in.

Experiment [44] Superelement model

Radius = 6 in.
Value (rad/s) Error (%) Value (rad/s) Error (%)
st asymmetric natural frequency 7300 - 7464 2.20
2nd asymmetric natural frequency 9300 - 9402 1.08
3rd asymmetric natural frequency 11,900 - 12,183 2.32
4th asymmetric natural frequency 15,200 - 15,631 2.76
5th asymmetric natural frequency 19,100 - 19,701 3.05

compared to the 3D spherical superelement. Therefore, by
employing the presented shell superelement, the mechani-
cal behavior of spherical vessels can be studied with a high
level of accuracy and decreased computational cost.

It should be noted that the detailed information regard-
ing the required number of Gaussian points in the spherical
superelement can be found in Ref. [15].

5.6 Problem 6

The purpose of this problem is to evaluate the accuracy of
the presented superelement model in comparison with the
experimental results reported in Ref. [44]. In this problem,
asymmetrical natural frequencies of a steel shallow
spherical shell with clamped boundary conditions are
studied. The material properties and geometry parameters
of this spherical shell are given in Ref. [44]. Table 7 pre-
sents the asymmetrical natural frequencies resulted from
experiment and the present shell superelement model.
Comparisons of natural frequencies indicate the credibility
of the superelement model, with the maximum error
between the superelement model and experiment being
around 3%.

6 Conclusions

In this paper, a new shell superelement for finite element
analysis of spherical shell structures has been presented.
This superelement deals with the first-order shear defor-
mation theory and considering large deformation formu-
lation. Comparing the results between the proposed shell

@ Springer

superelement and conventional shell elements reveals that
this superelement is capable of predicting structural,
vibratory and nonlinear behavior of the spherical shell with
high accuracy and decreased computational costs. Several
significant properties obtained by the presented shell
superelement are summarized as follows:

e The presented superelement can analyze partial spher-
ical sectors with and without apex and complete
spherical shells properly;

e For static and vibration analysis of spherical shells, the
optimum number of nodes in each superelement is
obtained by setting M =3 and N = 16 resulting in
48-node superelement without apex and 33-node
superelement with apex;

e In the mechanical analysis of the spherical vessels,
employing the presented shell superelement is much
more computationally efficient than that of the 3D
spherical superelement presented in the literature, at the
comparable level of accuracy;

e The presented superelement predicts the behavior of
spherical shells under local loads and boundary condi-
tions with acceptable level of accuracy.

Appendix 1

[Bm], [Bs], [Bs] and [Byy] are given as the following equa-
tions:
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Appendix 2

KlaK27K3a"

., K10 are specified as the following equations:

@ Springer



3564

Engineering with Computers (2021) 37:3551-3567

Ki— // [Bui] " [A][B.]dA

K = / [ 15.)" 15118,
Ks = // By]"[B][Bn)dA

k= [[ 1B Dli5s)n

At’
Ky = / / [B,]"[A][B]dA.
AL’
In the above equation, [ENL] is written as:
5(1
By)
[Be] = | B3
503
By
~ 1 ON| ZL0ON;
B\ :—2{0 0 — wi
R 0p 4 0o
azvn e o aN
e 0 O}
aq) “— 0¢p
~(2 1
5 -

R2sin’(¢)

ON LN,
X{O O 020"

ON e 4 aN
X —P 0 0}

00 — a0 "

=

@ Springer

o om o,
N R2sin(o) 00 & 09

d npe 6Nl
REDS M) 00 00
ONpype = 0 ONppe aN
< Z i)+<aq) > 50" 0 0.

Appendix 3

This research uses the Newton—Raphson algorithm for
solving the nonlinear governing equation as follows:

(K" ({U}){AUY = {F} — [K{U}Y){UY

O (26)
Uy = (U) +{AU}

where K’ is the tangent stiffness matrix which is expressed
as follows:

(Kl’])r =K, ;U + K (27)
where

KzrkJ (Kz)lkj+(K )lkd+(K5)lkj+(K6)lk,]+(K8)lk,j
(K2)lk,] ( ( ) BNL gk

(K4)1kj (BNL) ( )qkj

(Ks)ie;= (Bar),i;(A), BNL)qk+(BNL) (A) g (BNL) g1 j
(KG)lkJ ( NL)sz( )

(K8)ixj= (Bb),i (B ),,q(BNL)qu

i,j,k=1:dof X npe; p,q=1,2,3.
(28)

Nonzero terms of (Byz),; and (B~NL)pij matrices are
defined as the following equations:

[Bni) iy . [BNL] lij
(BNL),,,-_J: [BNL]ZI:J' ) (BNL)piJ.: [BNNL] 2ij (29)
NL]3i BwL|s;;

where
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Appendix 4

Shape functions of the spherical shell superelement
including pole in the local coordinate system are expressed
as follows:

(@) M=3N=16:
Ni_*/(“/z—l) i
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a2
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X[1+COS(2<H(N+])_W>)}
x[l+cos(n(u+1)_w>}
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(b)y M=2,N=16
(1-4)

Nz.:¥>< cos<4<n(u+1) *W))

ol ]
o3
X [1 -‘rCOS(n(HJ,- 1) _Wﬂ

(32)

Also, the shape functions of the spherical shell
superelement without pole are given as follows:

(a M=3,N=16:

@ Springer



3566

Engineering with Computers (2021) 37:3551-3567

el )
[l )
[umgz(n ,_1 (=)

i=1-16

1 +cos( m(u+1 )><77: }

Ny, = =) 1+>)XCOS(4(H(MH)7W)>
pettent
1+cos(2( n(u -1)xn
%:cosEnEJr )xgnﬂ))]

(- )

T
ol 42
« [Hcos(n(um,%ﬂ
(33)
(b) M=2N=16:
Nij= (1 ]—62) y c05<4<n(y+ 1 _W>>
-]
x _l+cos<2<n(#+l)7w>>} i=1-16
x :1+cos n(ﬂ+1),w>]
=0 {0 -2125)
e i)
x :l+cos<2<n(#+l)7w>)] i=1-16
oo =)
(34)

References

1. Habibi M et al (2017) Determination of forming limit diagram
using two modified finite element models. Amirkabir ] Mech Eng
48:379-388. https://doi.org/10.22060/mej.2016.664

2. Kung E, Farahmand M, Gupta A (2019) A hybrid experimental—
computational modeling framework for cardiovascular device
testing. J Biomech Eng. https://doi.org/10.1115/1.4042665

3. Hughes TIR, Cottrell JA, Bazilevs Y (2005) Isogeometric anal-
ysis: CAD, finite elements, NURBS, exact geometry and mesh
refinement. Comput Methods Appl Mech Eng 194:4135-4195.
https://doi.org/10.1016/j.cma.2004.10.008

4. Nguyen LB, Thai CH, Nguyen-Xuan H (2016) A generalized
unconstrained theory and isogeometric finite element analysis

@ Springer

10.

11.

17.

18.

19.

20.

21.

based on Bézier extraction for laminated composite plates. Eng
Comput 32:457-475. https://doi.org/10.1007/s00366-015-0426-x

. Shamloofard M, Assempour A (2019) Development of an inverse

isogeometric methodology and its application in sheet metal
forming process. Appl Math Model 73:266-284. https://doi.org/
10.1016/j.apm.2019.03.042

. Koko TS, Olson MD (1991) Non-linear analysis of stiffened

plates using super elements. Int J Numer Methods Eng
31:319-343. https://doi.org/10.1002/nme.1620310208

. Koko TS, Olson MD (1991) Nonlinear transient response of

stiffened plates to air blast loading by a superelement approach.
Comput Methods Appl Mech Eng 90:737-760. https://doi.org/10.
1016/0045-7825(91)90182-6

. Koko TS, Olson MD (1992) Vibration analysis of stiffened plates

by super elements. J Sound Vib 158:149-167. https://doi.org/10.
1016/0022-460X(92)90670-S

. Jiang J, Olson MD (1994) Nonlinear analysis of orthogonally

stiffened cylindrical shells by a super element approach. Finite
Elem Anal Des 18:99-110. https://doi.org/10.1016/0168-
874X(94)90094-9

Ahmadian MT, Zangeneh M (2003) Application of super ele-
ments to free vibration analysis of laminated stiffened plates.
J Sound Vib 259:1243-1252. https://doi.org/10.1006/jsvi.2002.
5288

Ahmadian MT, Bonakdar M (2008) A new cylindrical element
formulation and its application to structural analysis of laminated
hollow cylinders. Finite Elem Anal Des 44:617-630. https://doi.
org/10.1016/j.finel.2008.02.003

. Ahmadian MT, Movahhedy MR, Rezaei MM (2011) Design and

application of a new tapered superelement for analysis of
revolving geometries. Finite Elem Anal Des 47:1242-1252.
https://doi.org/10.1016/j.finel.2011.06.002

. Torabi J, Ansari R (2018) A higher-order isoparametric

superelement for free vibration analysis of functionally graded
shells of revolution. Thin Walled Struct 133:169-179. https://doi.
org/10.1016/j.tws.2018.09.040

. Sarvi MN, Ahmadian MT (2012) Design and implementation of a

new spherical super element in structural analysis. Appl Math
Comput 218:7546-7561. https://doi.org/10.1016/j.amc.2012.01.
022

. Shamloofard M, Movahhedy MR (2015) Development of thermo-

elastic tapered and spherical superelements. Appl Math Comput
265:380-399. https://doi.org/10.1016/j.amc.2015.04.106

. Dhari RS, Patel NP, Wang H, Hazell PJ (2019) Progressive

damage modeling and optimization of fibrous composites under
ballistic impact loading. Mech Adv Mater Struct. https://doi.org/
10.1080/15376494.2019.1655688

Habibi M et al (2019) Wave propagation analysis of the lami-
nated cylindrical nanoshell coupled with a piezoelectric actuator.
Mech Based Des Struct Mach. https://doi.org/10.1080/15397734.
2019.1697932

Gautham BP, Ganesan N (1997) Free vibration characteristics of
isotropic and laminated orthotropic spherical caps. J Sound Vib
204:17-40. https://doi.org/10.1006/jsvi.1997.0904

Ram KSS, Babu TS (2002) Free vibration of composite spherical
shell cap with and without a cutout. Comput Struct
80:1749-1756. https://doi.org/10.1016/S0045-7949(02)00210-9
Pang F, Li H, Cuib J, Du Y, Gao C (2019) Application of fliigge
thin shell theory to the solution of free vibration behaviors for
spherical—cylindrical-spherical shell: a unified formulation. Eur J
Mech A Solids 74:381-393. https://doi.org/10.1016/j.euro
mechsol.2018.12.003

Hosseini-Hashemi Sh, Atashipour SR, Fadaee M, Girjammer UA
(2012) An exact closed-form procedure for free vibration analysis
of laminated spherical shell panels based on Sanders theory. Arch


https://doi.org/10.22060/mej.2016.664
https://doi.org/10.1115/1.4042665
https://doi.org/10.1016/j.cma.2004.10.008
https://doi.org/10.1007/s00366-015-0426-x
https://doi.org/10.1016/j.apm.2019.03.042
https://doi.org/10.1016/j.apm.2019.03.042
https://doi.org/10.1002/nme.1620310208
https://doi.org/10.1016/0045-7825(91)90182-6
https://doi.org/10.1016/0045-7825(91)90182-6
https://doi.org/10.1016/0022-460X(92)90670-S
https://doi.org/10.1016/0022-460X(92)90670-S
https://doi.org/10.1016/0168-874X(94)90094-9
https://doi.org/10.1016/0168-874X(94)90094-9
https://doi.org/10.1006/jsvi.2002.5288
https://doi.org/10.1006/jsvi.2002.5288
https://doi.org/10.1016/j.finel.2008.02.003
https://doi.org/10.1016/j.finel.2008.02.003
https://doi.org/10.1016/j.finel.2011.06.002
https://doi.org/10.1016/j.tws.2018.09.040
https://doi.org/10.1016/j.tws.2018.09.040
https://doi.org/10.1016/j.amc.2012.01.022
https://doi.org/10.1016/j.amc.2012.01.022
https://doi.org/10.1016/j.amc.2015.04.106
https://doi.org/10.1080/15376494.2019.1655688
https://doi.org/10.1080/15376494.2019.1655688
https://doi.org/10.1080/15397734.2019.1697932
https://doi.org/10.1080/15397734.2019.1697932
https://doi.org/10.1006/jsvi.1997.0904
https://doi.org/10.1016/S0045-7949(02)00210-9
https://doi.org/10.1016/j.euromechsol.2018.12.003
https://doi.org/10.1016/j.euromechsol.2018.12.003

Engineering with Computers (2021) 37:3551-3567

3567

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Appl Mech 82:985-1002. https://doi.org/10.1007/s00419-011-
0606-0

QuY, Long X, Wu S, Meng G (2013) A unified formulation for
vibration analysis of composite laminated shells of revolution
including shear deformation and rotary inertia. Compos Struct
98:169-191. https://doi.org/10.1016/j.compstruct.2012.11.001
Singh VK, Panda SK (2014) Nonlinear free vibration analysis of
single/doubly curved composite shallow shell panels. Thin Wal-
led Struct 85:341-349. https://doi.org/10.1016/j.tws.2014.09.003
Li H, Pang F, Miao X, Gao S, Liu F (2019) A semi analytical
method for free vibration analysis of composite laminated
cylindrical and spherical shells with complex boundary condi-
tions. Thin Walled Struct 136:200-220. https://doi.org/10.1016/j.
tws.2018.12.009

Sahoo SS, Panda SK, Mahapatra TR (2016) Static, free vibration
and transient response of laminated composite curved shallow
panel—an experimental approach. Eur J Mech A Solids
59:95-113. https://doi.org/10.1016/j.euromechsol.2016.03.014
Mabhapatra TR, Panda SK (2016) Nonlinear free vibration anal-
ysis of laminated composite spherical shell panel under elevated
hygrothermal environment: a micromechanical approach. Aerosp
Sci Technol 49:276-288. https://doi.org/10.1016/j.ast.2015.12.
018

Tornabene F, Fantuzzi N, Bacciocchi M, Neves AMA, Ferreira
AIM (2016) MLSDQ based on RBFs for the free vibrations of
laminated composite doubly-curved shells. Compos B Eng
99:30-47. https://doi.org/10.1016/j.compositesb.2016.05.049

Li H, Pang F, Wang X, Du Y, Chen H (2018) Free vibration
analysis for composite laminated doubly-curved shells of revo-
lution by a semi analytical method. Compos Struct 201:86-111.
https://doi.org/10.1016/j.compstruct.2018.05.143

Pang F, Li H, Wang X, Miao X, Li S (2018) A semi analytical
method for the free vibration of doubly-curved shells of revolu-
tion. Comput Math Appl 75-9:3249-3268. https://doi.org/10.
1016/j.tws.2018.03.026

Alwar RS, Narasimhan MC (1990) Application of Chebyshev
polynomials to the analysis of laminated axisymmetric spherical
shells. Compos Struct 15:215-237

Lal A, Singh BN, Anand S (2011) Nonlinear bending response of
laminated composite spherical shell panel with system random-
ness subjected to hygro-thermo-mechanical loading. Int J Mech
Sci 53:855-866. https://doi.org/10.1016/j.ijmecsci.2011.07.008
Ferreira AJM, Carrera E, Cinefra M, Roque CMC (2011) Anal-
ysis of laminated doubly-curved shells by a layerwise theory and
radial basis functions collocation, accounting for through-the-
thickness deformations. Comput Mech 48:13-25. https://doi.org/
10.1007/s00466-011-0579-4

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

Mabhapatra TR, Panda SK, Kar VR (2016) Geometrically non-
linear flexural analysis of hygro-thermo-elastic laminated com-
posite doubly curved shell panel. Int J Mech Mater Des
12:153-171. https://doi.org/10.1007/s10999-015-9299-9
Tornabene F, Brischetto S (2018) 3D capability of refined GDQ
models for the bending analysis of composite and sandwich
plates, spherical and doubly-curved shells. Thin Walled Struct
129:94-124. https://doi.org/10.1016/j.tws.2018.03.021

Katariya PV, Hirwani CK, Panda SK (2019) Geometrically
nonlinear deflection and stress analysis of skew sandwich shell
panel using higher-order theory. Eng Comput 35:467-485.
https://doi.org/10.1007/s00366-018-0609-3

Katariya PV, Panda SK (2019) Numerical evaluation of transient
deflection and frequency responses of sandwich shell structure
using higher order theory and different mechanical loadings. Eng
Comput  35:1009-1026.  https://doi.org/10.1007/s00366-018-
0646-y

Hirwani CK, Panda SK (2019) Nonlinear transient analysis of
delaminated curved composite structure under blast/pulse load.
Eng Comput 1:1-14. https://doi.org/10.1007/s00366-019-00757-
6

Sayyad S, Ghugal YM (2019) Static and free vibration analysis of
laminated composite and sandwich spherical shells using a gen-
eralized higher-order shell theory. Compos Struct 129:129-146.
https://doi.org/10.1016/j.compstruct.2019.03.054

Evkin Y (2019) Composite spherical shells at large deflections.
Asymptotic analysis and applications. Compos Struct. https://doi.
org/10.1016/j.compstruct.2019.111577

Reddy JN (2003) Mechanics of laminated composites plates and
shells. CRC Press, New York

Sanders JL (1959) An improved first-approximation theory for
thin shells. NASA TR-24

Shin DK (1997) Large amplitude free vibration behavior of
doubly curved shallow open shells with simply-supported edges.
Comput  Struct 62-1:35-49.  https://doi.org/10.1016/S0045-
7949(96)00215-5

Reddy JN (2006) Theory and analysis of elastic plates and shells,
2nd edn. CRC Press, New York

Hoppmann WH, Baronet CN (1963) A study of the vibrations of
shallow spherical shells. J Appl Mech 30:329-334. https://doi.
org/10.1115/1.3636557

Publisher's Note Springer Nature remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.

@ Springer


https://doi.org/10.1007/s00419-011-0606-0
https://doi.org/10.1007/s00419-011-0606-0
https://doi.org/10.1016/j.compstruct.2012.11.001
https://doi.org/10.1016/j.tws.2014.09.003
https://doi.org/10.1016/j.tws.2018.12.009
https://doi.org/10.1016/j.tws.2018.12.009
https://doi.org/10.1016/j.euromechsol.2016.03.014
https://doi.org/10.1016/j.ast.2015.12.018
https://doi.org/10.1016/j.ast.2015.12.018
https://doi.org/10.1016/j.compositesb.2016.05.049
https://doi.org/10.1016/j.compstruct.2018.05.143
https://doi.org/10.1016/j.tws.2018.03.026
https://doi.org/10.1016/j.tws.2018.03.026
https://doi.org/10.1016/j.ijmecsci.2011.07.008
https://doi.org/10.1007/s00466-011-0579-4
https://doi.org/10.1007/s00466-011-0579-4
https://doi.org/10.1007/s10999-015-9299-9
https://doi.org/10.1016/j.tws.2018.03.021
https://doi.org/10.1007/s00366-018-0609-3
https://doi.org/10.1007/s00366-018-0646-y
https://doi.org/10.1007/s00366-018-0646-y
https://doi.org/10.1007/s00366-019-00757-6
https://doi.org/10.1007/s00366-019-00757-6
https://doi.org/10.1016/j.compstruct.2019.03.054
https://doi.org/10.1016/j.compstruct.2019.111577
https://doi.org/10.1016/j.compstruct.2019.111577
https://doi.org/10.1016/S0045-7949(96)00215-5
https://doi.org/10.1016/S0045-7949(96)00215-5
https://doi.org/10.1115/1.3636557
https://doi.org/10.1115/1.3636557

	Development of a shell superelement for large deformation and free vibration analysis of composite spherical shells
	Abstract
	Introduction
	Background theory and governing equations
	Finite element analysis
	Free vibration analysis

	Spherical shell superelement
	Coordinate transformation

	Results
	Problem 1
	Problem 2
	Problem 3
	Problem 4
	Problem 5
	Problem 6

	Conclusions
	Appendix 1
	Appendix 2
	Appendix 3
	Appendix 4
	References




