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Abstract

Fractal-fractional differential and integral operators have been recognized recently as superior operators as they are able to
depict physical problem with both memory effect and self-similar properties. Therefore, differential and integral equations
constructed from these new operators are of great importance. In this paper, we extend the method of predictor—corrector
to obtain numerical solution of non-linear differential and integral equations. Some examples are presented to illustrate the

efficiency of the new method for solving these new equations.
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1 Introduction

Due to the capability of differential and integral operators to
model different real world problems, researchers in the past
years have devoted their attention in suggesting new differ-
ential and integral operators that could possibly be used in
terms of modelling more complex real-world problems. In the
last decades, quite a few have been suggested, fractional dif-
ferential and integral operators with power law kernel, which
was the first for non-local operators, fractional differential
and integral operators with exponential decay law, which
was suggested by Caputo and Fabrizio, fractional differen-
tial and integral operators with the generalized Mittag-Leffler
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function, which was suggested by Atangana and Baleanu
[1-7]. For each one of these operators, their associate vari-
able orders have been suggested as they were found suitable
for modelling anomalous problems. While these differential
and integral operators with their associated variable order
have been in great results in the last decades, researchers have
found many physical problems that could not be modelled by
them. For instance, one can find in nature real-world prob-
lems exhibiting either power law and self-similar behavior,
or exponential decay with self-similar behavior or even more
complicate one, crossover and self-similar behavior [8—18].
None of the above-mentioned differential and integral oper-
ators can be used for these purposes. Until very recently,
Atangana suggested new differential and integral operators
where the differential operator is the convolution of the frac-
tal derivative with fractional kernel, including power law,
exponential decay law, and the generalized Mittag-Leffler
function. Due to the novelty and their capability of modelling
complex real-world problems, new numerical scheme was
needed to handle these new equations. New operators called
as fractal-fractional differential and integral operators were
introduced by Atangana in [19]. This new operators aim to
attract more non-local natural problems that display at the
same time fractal behaviors. In this paper, the corresponding
predictor—corrector will be suggested.

Definition 1 [19] Suppose that f(f) be continuous and fractal

differentiable on an open interval (a, b) with order z, then
the fractal-fractional derivative of f(¢) with order @ in the
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Riemann-Liouville sense having power law type kernel is
given by

FFP na.f _ m—a—1
Dy (f(@0) = Ton a)dtﬁ/(t s) S(s)ds,

wherem — 1 < a, f <m € Nand

&) _ [0 =)
dtﬂ t—=s [ﬂ—sﬂ )

Definition 2 [19] Suppose that f(¢) be continuous on an open
interval (a, b), then the fractal-fractional integral of f(¢) with
order a having power law-type kernel is given by

RIS (f() = ) / (t — ) P f(s)ds.

Definition 3 [19] Suppose that f(f) be continuous and fractal
differentiable on an open interval (a, b) with order g, then
the fractal-fractional derivative of f(f) with order « in the
Riemann-Liouville sense having Mittag-Leffler kernel is
given by

AB(G) d
a dt

/0 | Ee [‘ﬁ(f - S)”’]f(s)ds,

=AB(1) = 1.

o MDA (1) =

where @ > 0, f < m € Nand AB(0)

Definition 4 [19] Suppose that f(¢) be continuous on an open
interval (a, b), then the fractalfractional integral of f(f) with
order a having Mittag-Leffler type kernel is given by

FFM ja.f _ ap
Jor () = AB()[ (@)
e - pA — a)?~f (1)
p—1 _ el
A T f() - )" dr + AB(@) .

Definition 5 [19] Suppose that f(f) be continuous and fractal
differentiable on an open interval (a, b) with order g, then
the fractal-fractional derivative of f(¢) with order « in the
Riemann-Liouville sense having exponentially decaying
type kernel is given by

M(a) d
—adt

/Ot exp [—ﬁ(t - S)]f(S)ds,

o D) =
wherea > 0,/ <m € Nand M(0) = M(1) = 1[19].
Definition 6 [19] The fractional integral associate to the

new fractional derivative with exponential decay kernel is
defined as
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a ! p—1
+M(a)/0 777 f(r)dr.

2 New method with Atangana-Baleanu
fractal-fractional derivative

Let us consider the following Cauchy problem

FEMDEPy (1) = f(1, 3(2),

1
¥(0) = yo, @

where the derivative is Atangana—Baleanu fractal—frac-
tional derivative. Integrating above equation, we obtain the
following

_ _ 1— a -1
y() y(0)—AB(a)ﬁt f(&,y(0)
! f—1,, _ _~a—1
+A—B(a)F(a)/0 77t — 1) f(r,y(r))dr.
2
We have with the initial condition
_ 1 o
y(@) = AB( ) F(2,y(1) + AB@T @) o

/ F(z,y(0)(t — )" dr.
0

At the point ¢, ; = (n + 1)At, we have

1-
y(tﬂ+1) +AB( )ﬁrlj+11 (tn+l’y(tn+1))

ap n L1 P 4
T AB@r@) ; A f @

“fr,y(x)dr.

X (tn+1 - T)

For the approximation of the function f(z,y(z)), we write
the Newton polynomial which is given by

S (s Yirr) =f (403%)

Py(7) =f(lk+1,yk+1) + A (T — tk+1)
+f(tk+l7yk+l) - 2f(tk’yk) +f(tk—l’yk—l)
2h?
X (T - tk+1) (T - tk).
5)

Here if we put this polynomial into above equation, we write
as follows:
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1- p-1 (1 + p)L(a)h*+P-!
! tois ap _
Yt = Yo+ Jpes B (s V) == rasp (11)
_af
AB(a)F(a)
a.f
n-1 Jf(i(t";l’ik;(ﬂ)yjl)k ; 3 New method with Caputo-Fabrizio
X o e T fractal-fractional derivative
k=0 f(fk+1 Vi) =2 () H (o1 Ve 1)Ja/i‘
af aw 6) Let us consider the following Cauchy problem:
* AB(oz)l“(oz)f(["“’y5+1 )Jl'x’f FFE pya.8
o DTy =11 y(®) 12
+ ap f(th,yZH) _f(tn’yn)Ja,ﬁ ¥(0) = yo,
AB(a)(a) h 2n
af where the derivative is Atangana—Baleanu fractal—frac-
+ W tional derivative. Integrating above equation, we obtain the
following:
f([n+l’yZ+1) - Zf(tn’yn) +f([n—1’yn—1)Ja!/;
2 3 1 — a)aBtP-!
2 50 = yo + T2y
M(a)
Here ap ‘ (13)
+ M@ P (2, y())dr
y,:z+1 AB( )ﬁtn+l (tn’y’l)
af n with the initial condition. At the point ¢, = (n + 1)Az, we
+— Z %) have
AB(a)['(a) &
, ) (1 —aap s
/H] P (1,40 = 1) f (@ y(@)E, Yt ) =v0+ M@ Pryaif (s V)
e oo e (14)
Also we can write M(a) /tk f (@ y(@)dr.
y’;+ =Y+ jB—() ﬂ - (tn, yn) At interval [tk, fy +1], the function f(z, y()) is given by
f(tk+l’yk+l) _f(tk’yk)
AB(a)F( ) & Zf 10 3%) 8) Py(2) = f(tig1Vesr) + h (7= 1)
lent el f(tk+1sYk+1) - zf(tk’yk) +f(fk—1sYk—1)
/ 771 (tn+1 - ‘L') dr + 2
1,
‘ X(T_tk-l-l)(T_tk)'
and (15)
1 g1 Here if we put this polynomial into above equation, we write
YZH AB( )ﬂ bl (tn’yn) such as
e 3l v Pltcrovin) [ e
tk’ yk k+1°Vk+1 1
AB(a)F( ) & 1 S 30 ()
n= h
We write the first iteration Yool = Y + ]\;(/jx 52 A bl — iy )dr L
1 k=0 f(fk+1 Viert) =2 (o) H (V1)
= Bh-1 212
= AB( )ﬂ f(t0-v0) " /ka (1 = 1,) (7 - 1) de
aﬂ a,p 1J6
+ —f<t07y()>‘]005 ( )
AB(a)'(a) Here

where
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_y oy Um@ab (b)) 4 New method with Caputo fractal-
It =T Ty et Ut Y fractional derivative
1% B i
terls —(k+ 1) -k
f( ! yf‘ztil ,5k+(1()— f(tk,yZ) ) Let us consider the following Cauchy problem
-ﬁtl p i f+1 FFP ya.p
ap n-1 x(h (kP (k+1+p)—(k+1) )) 0 DPy(t) = f(1, y(1)), 2
B(p+1) 2 —
M(a) ,;0 f(tk+l Vi) =2 (v )+ (i i) y(0) = Yo»
202
th(( k_zz_1>(k 1P g (k 1 +5)) where the derivative is Caputo fractal-fractional derivative.
x BB+)(F12) Integrating above equation, we obtain the following:
) 17 B
| 00—y =
Also we can write 22)
_, o U—aap y / o711~ 1) f(z, y(0)dr.
yn+1 _yn M( ) +1 <n+l’ 1) 0
f(fk Vs 1)h ((k +1)f - kﬂ) We have with the initial condition
+1°7k+ [
f(’k+1 VA+1) - (4ve) (
tivy) =Yoo+ =——
hﬁ+1(kﬁ(k+1+ﬂ> (1)1 ¥tue) =0 I(a)
Z< ( 5(p ) [ - . (23)
M(a) i) zf(zrk;k)ﬁ(rk ) /0 11— 7).
a7 (k+l)/’+‘—k/’+‘ (k+l+ ))
ﬂ(ﬂﬂ)(ﬂﬂ) at the point ¢, ; = (n + 1)Ar and we can write as follows:
aﬁ ~ ﬂ n
M(a)f(tn+l’yz+1) ((n+ l)ﬂ_n ) Yur1 = Yo t m;
- 24
ap f( n+1’yp ) ( n’yn) /tk+1 p-1 a=1
+ nt T ty1—7) f(r,y(r))dr.
M(a) h " (1 =)
o W (nP(n+ 14 p)— (n+ D) For the approximation of the function f(z,y(r)), we write
pA+1) the Newton polynomial which is given by
ap f(tk+1»yk+1) - 2f(fks)’k) +f(tk—1’yk—1) _ f(tk+layk+l) _f(tk’yk)
M(a) 2h2 Py(0) = f(thg1: Vi1 ) + ; (7= tes1)
f(tk+1sYk+1) - 2f(fk»)’k) +f(fk-1s)’k-1)
B+2 _B B+l _ o p+1 g
y 2h <<n 2)(n+1) n <n+1+2>) + e
PB+D(F+2) ’ % (7= t1) (7~ 1,).
(25)
(18) Here if we put this polynomial into above equation, we write
where such as
(I -—a)ap p—1
=y + ———t Lys Vo = L
yZ+l Yo M( ) n+1 ( Yy ) ) Yug1 =Yoo+ T(a)
f( k’yk (k + 1) - St ies1) o
M( ) l% ¥ X [ TP (b = 7) 'dr
n— f(t'+ Vit )_f(t 5Y) )
We write the first iteration: \ ) +% [
el _f— a— .
(1= ayap BN X = 0) (= )ar
y, = M) hﬂ_lf(to, yO) f(fk+1 ir1 )~ zf(zf;lzﬂ)‘*'f(fk—l Vie1)
e+ f— a—1
N ap f(t . )h_ﬂ (20) X t: # l(tn+l—r) (T—tk+l)(r—tk)dr
My 7 (26)
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Here

ap lis1 a1

Jl”k =/ Tﬂ_l(t,m —T) dr,
I
lis1 a1

we [C A - e )
Iy

lis1 _
ngf =/z Tﬂ—l(th _T)a I(T—tk+1)(‘r—tk)d‘r,
«

and we write

= + —
Yn+1 Yo F((x)

, St Ve ) Ty, . 28

i f(tk+1’yk+l)'];1,kﬁ+ (HREPEICRY) k)fé’,,f’ (28)
+.f(lk+l Vi1 ) =2 (1) + (1 aYk—l)Ja,ﬂ
2h2 3.k

k=0

Here
_ (@ m
1Lk 5 ,
((k + Dh)” hypergeom ([ﬁ, 1—al,[1+4], %)
—(kh)? hypergeom ([ﬂ, 1—al,[1+4], §>’

JoP =

(29)
o _ (ot D!
i s+ 1
PGk + DY hypergeom ([1+ 4.1 al.[2+ p1, 42
—((k + 1)h)’*'(1 + p) hypergeom ([ﬁ, 1—al,[1+ 8], ﬂ)
—p(kh)P*! hypergeom ([l +p8,1—al,[2+ 8], ﬁ)

+h(kh)?(1 + B)(1 + k) hypergeom <[ﬁ, 1—al,[1+7], S)

(30)

and

wp _ (n+ D!
3k _ﬁ(ﬁ + (B +2)
BB + 1)((k + D)’
x hypergeom ([2+ 4,1~ al, [3+ p1, £
=268 +)(k+ 4 )k + D!
X hypergeom ([1 +p,1—al,[2+7], %)
+kh(f + D) + 2)((k + Dh)P*!
x hypergeom ([ﬂ, 1—al,[1+ 8], ]%1) (31
+25(8 + 2)(k + %)h(kh)/’“

X hypergeom ([1 +p8,1—al,[2+ 5], ﬁ)
~B(p + D(kh)*
X hypergeom ([2 +p,1—al,[3+5], ﬁ)
—h(f + 1)(B +2)(k + D)(kh)’*!
x hypergeom ([ﬁ, 1—al,[l + 8], ﬁ)

So we write the following:

= + —
Yn+1 Yo F((Z)

N

g

n B St e) () a.p
§ [t g tessartsn
+f(lk+1 Yir1 ) =2 (1) + (1 a}%—l)]a,ﬂ
2h2 3k

k=0

! f Tt 12) —f 1Yk .
3 Ftes v 1L + M&f
P20 )= () (k19001 g
2h2 3.k

~ 7

/] a,
+ %f(tnﬂ’y:iﬂ)]l,n
p f(tn+1’yi+l) _f<tn’yn)1a,ﬂ

v

() h 2n
ﬂ f(tn+1’y’,;+1) - Zf(tn’))n) +f(tn—15yn—1)Ja’ﬁ
I(a) 2h2 30
(32)

where
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n

p Tjs1 B a—
y’;ﬂ:%"'m;/tk oty — 7) :
f(z, y(z))dr,

* T )Zf k’yk/ o (33)
(tn+]—1) dT

F( )Zf fs i)

Thus we have the following:

= + —
yn+1 yO F(a)

f(tk+1s)’k+1)-,a’ﬂ + f(tk+l’y'k+])_f(lkvyk)Jd,kﬁ
l; f(lk+1 Vet )~ 2f(2t;2)%)+f(tk 1Yk— I)Jlxﬁ (>
= + —
Yo T(a)
n—1 f(tk+1,yk+1)-]aﬂ + f(tk+l ‘k+1h) f(’L )k)f;f
paur f(fk+1 Y1) =2 (1) H (v 1)Jaﬂ ([
= 212
p . B J
—f(t s J. -
+ F(a)f( n+l yZ+1) Ln + [(a)
) =103,
h 2,n
ﬂ f( n+1’yp ) - Zf(tn’yn) +f(tn—1’yn—l)‘]a‘ﬂ
@ 242 3
(34)

5 Numerical illustrations and simulation

Example 1 We first consider the following problem:
6Dy = 1,

y(0)=0

where @ = 0.7 f = 0.4. The exact solution of such equation is

(1 -aap ! aﬁ tﬂ+2
M(a) M(a) p+ 2

yexact

The error of the proposed method is given as

Yex = Vprop|| _ = 000013498,

Second, we take as

@ Springer

gFPD;Lﬂy(t) — t2,
¥(0) =

The error of the proposed method is calculated as

= (0.000068817.

Yex ~ Yprop oo
where @ = 0.3, § = 0.45. The exact solution is

B T(f+3)(a)+F+!
D) T(a+p+2)(B+2)

Yexact =

Finally, we handle the following problem:

D y() = texp (-,

¥0) =
where « = 0.65 = 0.25. The exact solution is

b_j_a _1t .

(77502 WhlttakerM(g—%,%+§+%¢>r(ﬂ+l)

5 (a+p+DI(a+p+1)

1272 (e D)e 7WhinakerM(g—g+1,§+§+%,r)r(ﬂ+l)

(a+p+DI(a+p+1)

= *T(a)

y exact —

The error of the proposed method is as follows:

= 0.036376.

Yex — yprop .

The numerical simulations are depicted in Figs. 1, 2, 3.

30

20

104

0 2 - 6 8 10

Numerical sol = = Exacte sol

Fig. 1 Numerical solution of the considered problem with Caputo—
Fabrizio fractal-fractional derivative
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o
N

Numerical sol = - = Exact sol

Fig.2 Numerical solution of the considered problem with Caputo
fractal-fractional derivative

Example 2 We consider the following problem:

SEEDP (1) = texp (=),
¥(0) =0,

where « = 0.5, f = 0.7. The exact solution is

0.144

0.124

0.104

0.084

0.061

0.04+4

0.024

Numerical sol == = Exact sol

Fig.3 Numerical solution of the considered problem with Atangana—
Baleanu fractal—fractional derivative

0D () = cos (1),
¥(0) =0,

where « = 0.5, f = 0.7. The exact solution of such equation
is as follows:

-5 )r@re

a+p-1 oL |Le B a p
_ t hypergeom<[2,2+2],[2,2+2,2+2+
yexact - F((I) F(a n ﬂ)
(1 = a)aptP-!
Vexact = Wt exp (1)
. ap tge_éWhittakerM<§, g + %,t)
M(a) f+1

The error norm is calculated as

Yex = Yprop ||, = 0.006979.

We handle
a+p LAY I LA
t hypergeom([l +5.5+ 2], [2,1+ s+ 2215

The error norm is given by

Yex = Yorop|| = 2:22358 x 107,

(s

We solve

gFMDf"ﬂ y(t) = tcos (£),
¥(0) =0,

where « = 0.55, f = 0.7. The exact solution is

+1]-S)r@re +

uexact =

[a+p+1)

@ Springer
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0.3 o
4
0.2 21
o
0.11 -2
-4

0 2 4 6 8 10 0 5 10 15 20

Numerical sol = - — Exact sol

Fig.4 Numerical solution of the considered problem with Caputo—
Fabrizio fractal-fractional derivative

0.8+

0.6

0.2+

0.2-1

= Exact sol

Numerical sol =—

Fig.5 Numerical solution of the considered problem with Caputo
fractal-fractional derivative

The error norm is calculated as

= 0.017102.

(s

Yex ~ Yprop

The numerical simulations are depicted in Figs. 4, 5, 6.

@ Springer

= Exact sol

Numerical sol =—

Fig.6 Numerical solution of the considered problem with Atangana—
Baleanu fractal—fractional derivative

Fig.7 Numerical solution of the Coullet system with Caputo—Fab-
rizio fractal-fractional derivative

Example 3 We next consider the Coullet system:

5Dy () =y,
SED (1) =z,
FFEDIP 2() = 0.8x — 1.1y — 0.457 — x°

with the initial conditions
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1.8+

1 6-
1 4-
1 2-
1 04
0.8
0.6
0.4-

4

0.

N/

60_2_lllrvIvIVVIrIvvvvlrvva
04 1 05 0 0.5- -1

Fig.8 Numerical simulation of the chaotic problem with Atangana—
Baleanu fractal-fractional derivative

_ e~y
5 ‘
2—-4
- 4
. |
N I\

3-4
8 -6 -4 .2 9 g 4210123

Fig.9 Numerical solution of the chaotic problem with Caputo frac-
tal-fractional derivative

x(0) = —1,y(0) = 0,2(0) = 1.

The numerical simulation is depicted in Fig. 7 for
a=0.96,5=0.098.

Example 4 We next consider the Shimizu—Morioka system

VDI x(0) =,

FEMDEP (1) = (1 — 2)x = 0.75y,
FEMPDEPa(t) = x> — 0.452

with the initial conditions

x(0) = —1,y(0) = 0.1,2(0) = 1.

The numerical simulation is depicted in Fig. 8 for
a=0.98, p=0.75.

Example 5 We next consider the following chaotic problem:

FEPD® () = 0.1z +y — x,
OFFPD;”ﬂy(t) =—xz—x,

FEPD®P (1) = xy = 3
with the initial conditions
x(0) =0.2,y(0) =0.1,z(0) = —1.

The numerical simulation is depicted in Fig. 9 for
a=0.96,p =0.8.

6 Conclusion

In the last past years, new differential and integral opera-
tors were introduced with the aim to capture more complex
problems arising in many fields of science,technology, and
engineering. Most have been applied with great success,
nevertheless, none was able to depict at the same time prob-
lems displaying memory and self-similarities. Then, new
differential and integral operators called fractal-fractional
were introduced and are able to capture both scenarios.
Due to the capabilities of these new operators to modeling
complex real world problems, new numerical or adapted
numerical schemes were needed. In this paper, we adapted
the methodology used to derive the method of predictor—cor-
rector which is efficient in solving the associated differential
and integral equations.
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