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Abstract
Herein, with the aid of the newly proposed theory of nonlocal strain gradient elasticity, the size-dependent nonlinear

buckling and postbuckling behavior of microsized shells made of functionally graded material (FGM) and subjected to

hydrostatic pressure is examined. As a consequence, the both nonlocality and strain gradient micro-size dependency are

incorporated to an exponential shear deformation shell theory to construct a more comprehensive size-dependent shell

model with a refined distribution of shear deformation. The Mori–Tanaka homogenization scheme is utilized to estimate

the effective material properties of FGM nanoshells. After deduction of the non-classical governing differential equations

via boundary layer theory of shell buckling, a perturbation-based solving process is employed to extract explicit

expressions for nonlocal strain gradient stability paths of hydrostatic pressurized FGM microsized shells. It is observed that

the nonlocality size effect causes to decrease the critical hydrostatic pressure and associated end-shortening of microsized

shells, while the strain gradient size dependency leads to increase them. In addition, it is found that the influence of the

internal strain gradient length scale parameter on the nonlinear instability characteristics of hydrostatic pressurized FGM

microsized shells is a bit more than that of the nonlocal one.

Keywords Micromechanics � Nonlocality size effect � Nonlinear stability � Functionally graded materials �
Strain gradient size dependency

1 Introduction

The importance of size dependency phenomenon observed

at micron and submicron scales becomes considerable

through continuing reduction in the characteristic size of

new systems and devices. This point has been experimen-

tally indicated in several experimental studies. Recently,

Anwar et al. [1] demonstrated the role of curcumin

nanoparticles combined with Tween 80 as permeation

enhancer. Blivi et al. [2] anticipated in a quantify way the

influence of nano-size effect on the elastic and thermal

characteristics of nano-reinforced polymers. Afrand [3]

predicted the influence of hybrid nano-additives and

functionalized carbon nanotubes on the thermal conduc-

tivity of ethylene glycol.

On the other hand, the functionally graded composite

materials have been extensively utilized in different

structures, the mechanical responses of which have been

investigated by various studies in recent years [4–10].

In addition, this fact cannot be ignored that investigation

of size-dependent mechanical responses of microstructures

could provide essential information for desirable design

procedures for microscaled devices and systems. As a

result, some non-classical continuum theories have been

developed which are so faster than experimental methods

in analysis of size dependency in mechanical behavior of

structures at microscale.

One of the indispensable size effects is a nonhomoge-

neous manner of stress and strain states of microstructures

and nanostructures. Lots of studies have been carried out in
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which these non-classical continuum theories have been

put to use for analysis of mechanical behavior of different

small-scaled structures [11–29]. More recently, Radić and

Jeremić [30] studied the thermal buckling behavior of

double-layered graphene sheets using nonlocal continuum

elasticity within the frame work of a new first-order shear

deformation theory. Wang et al. [31] obtained the boundary

conditions related to a microplate modeled by strain gra-

dient elasticity theory. Li [32] studied the thermo-electro-

mechanical coupling transverse vibrations of axially mov-

ing piezoelectric nanobeams based on the nonlocal elas-

ticity theory for using in self-powered components of

nanorobot. Sahmani and Aghdam [33–35] predicted the

size-dependent nonlinear instability response of hybrid

functionally graded exponential shear deformable nano-

shells based on the nonlocal continuum elasticity. Ruocco

et al. [36] introduced Hencky bar net model in conjunction

with the finite difference method for buckling and vibration

analysis of nonlocal nanobeams made of axially function-

ally graded material (FGM). Sahmani and Aghdam [37]

analyzed the nonlinear buckling behavior of piezoelectric

cylindrical nanoshells on the basis of the nonlocal theory of

elasticity. Dastjerdi and Tadi Beni [38] investigated the

nonlinear bending behavior of microsectors with variable

thickness based upon the nonlocal higher order shear

deformation plate theory. Aria and Friswell [39] developed

a nonlocal finite element model for buckling and vibration

characteristics of FGM nanobeams. Li et al. [40] explored

the nonlocal frequency response of nanomechanical mass

sensor within the framework of the multi-directional

vibrations of a buckled nanoribbon.

Generally, in the previous investigations, it has been

observed that the size effect in type of stress nonlocality

has a softening influence, while the strain gradient size

dependency leads to a stiffening effect. Accordingly, Lim

et al. [41] proposed a new size-dependent elasticity theory

namely as nonlocal strain gradient theory which includes

the both softening and stiffening influences to describe the

size dependency in a more accurate way. Subsequently, a

few studies have been performed on the basis of nonlocal

strain gradient elasticity theory. Sahmani and Aghdam

[42–44] analyzed the nonlinear mechanical behaviors of

lipid supramolecular protein microtubules on the basis of

the nonlocal strain gradient elasticity theory. Radic [45]

studied the buckling behavior of porous double-layered

FGM nanoplates embedded in the Pasternak elastic foun-

dation based upon the nonlocal strain gradient theory.

Sahmani and Safaei [46, 47] explored the nonlinear free

and forced vibrations of bi-dimensional FGM microbeams

under harmonic excitation on the basis of the nonlocal

strain gradient elasticity. Jalali and Thai [48] established a

nonlocal strain gradient quasi-3D sinusoidal shear defor-

mation plate theory for dynamic instability of viscoelastic

FGM nanoplate under biaxially oscillating loading and

longitudinal magnetic field. Sahmani et al. [49, 50] and

Fattahi et al. [51] employed the nonlocal strain gradient

elasticity theory to anticipate the nonlinear mechanical

characteristics of different microstructures. Mohammadian

et al. [52] investigated the size-dependent lateral vibrations

of hetero-junction carbon nanotubes on the basis of the

nonlocal strain gradient theory of elasticity. Shen et al. [53]

analyzed the size-dependent dynamical behavior of a

microtubule under axial, thermal and variable transverse

loads simultaneously on the basis of the nonlocal strain

gradient theory of elasticity.

The prime objective of the current study is to anticipate

the small-scale effects on the nonlinear instability charac-

teristics of hydrostatic pressurized FGM microsized shells

via nonlocal strain gradient shell model. For this purpose,

the nonlocal strain gradient elasticity theory is imple-

mented into a refined exponential shear deformation shell

theory to take simultaneously the both nonlocality and

strain gradient micro-size dependency into account.

Afterwards, using a two-stepped perturbation technique in

conjunction with boundary layer theory of shell buckling,

explicit expressions for nonlocal strain gradient load–de-

flection and load-shortening stability paths of FGM

microsized shells are achieved.

2 Nonlocal strain gradient FGM shell model

A schematic representation of an FGM microsized shell

with length L, radius of mid-plane R, thickness h and the

attached coordinate system is displayed in Fig. 1. As it can

be seen, the outer (z ¼ �h=2) and inner (z ¼ h=2Þ free

surfaces of the nanoshell are metal rich and ceramic rich,

respectively. According to the Mori–Tanaka homogeniza-

tion scheme, the material properties including the bulk

modulus and shear modulus vary through shell thickness as

below:

ke � km
kc � km

¼ Vc

1þ Vm kc � kmð Þ= km þ 4lm=3ð Þ ð1aÞ

le � lm
lc � lm

¼ Vc

1þ Vm lc � lmð Þ= lm þ lm 9km þ 8lmð Þ=6 km þ 2lmð Þð Þ ;

ð1bÞ

where k;l;V in order represent the bulk modulus, shear

modulus and volume fraction. In addition, the subscripts

e;m; c denote, respectively, the effective, metal, and cera-

mic. In addition, one will have

Vc þ Vm ¼ 1: ð2Þ
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The volume fraction corresponding to the ceramic phase

can be expressed as

Vc ¼
z

h
þ 1

2

� �k

; ð3Þ

in which k. stands for the material property gradient index.

As a consequence, the Young’s modulus and Poisson’s

ratio of an FGM microshell can be written, respectively, as

E zð Þ ¼ 9kele
3ke þ le

ð4Þ

m zð Þ ¼ 3ke � 2le
6ke þ 2le

: ð5Þ

On the basis of a refined shell theory incorporating an

exponential distribution of the shear deformation, the

components of displacement field along different coordi-

nate directions can be given as

ux x; y; zð Þ ¼ u x; yð Þ � z
ow x; yð Þ

ox
þ ze�

2z2

h2 wx x; yð Þ ð6aÞ

uy x; y; zð Þ ¼ v x; yð Þ � z
ow x; yð Þ

oy
þ ze�

2z2

h2 wy x; yð Þ ð6bÞ

uz x; y; zð Þ ¼ w x; yð Þ; ð6cÞ

where u, v and w in order denote the mid-plane displace-

ments along x; y and z axis. Moreover, wx and wy are the

rotations of the mid-plane normal about the y- and solu-

tions of the problem in a more generalx-axis, respectively.

According to the von Kármán-Donnell-type kinematics

nonlinearity, the strain components of nanoshell in terms of

displacement field can be presented as

exx
eyy
cxy

8><
>:

9>=
>; ¼

e0xx
e0yy
c0xy

8><
>:

9>=
>;þ z

j 1ð Þ
xx

j 1ð Þ
yy

j 1ð Þ
xy

8><
>:

9>=
>;þ ze�

2z2

h2

j 2ð Þ
xx

j 2ð Þ
yy

j 2ð Þ
xy

8><
>:

9>=
>;

¼

ou

ox
þ 1

2

ow

ox

� �2

ov

oy
� w

R
þ 1

2

ow

oy

� �2

ou

oy
þ ov

ox
þ ow

ox

ow

oy

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

� z

o2w

ox2

o2w

oy2

2
o2w

oxoy

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

þ ze�
2z2

h2

owx

ox
owy

oy

owx

oy
þ
owy

ox

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

ð7Þ

cxz
cyz

� �
¼ 1� 4z2

h2

� �
e�

2z2

h2
wx

wy

� �
;

in which e0ij, j
1ð Þ
ij , j 2ð Þ

ij (i; j ¼ x; y) represent, respectively,

the mid-plane strain components, the first-order curvature

components, and the higher order curvature components.

As it was mentioned before, it has been observed that

small-scale effects may cause a softening or stiffening

influence. Motivated by this fact, Lim et al. [41] proposed a

new unconventional continuum theory namely as nonlocal

strain gradient elasticity theory which contains the both

nonlocal and strain gradient size effects simultaneously. As

a result, the total nonlocal strain gradient stress tensor K
can be expressed as below [41]:

Kij ¼ rij �rr�ij; i; j ¼ x; y; ð8Þ

Fig. 1 Schematic representation of an FGM microshell with attached coordinate system
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where r and r� in order denote the stress and higher order

stress tensors which can be expressed as

rij ¼
Z
X

.1 X0 � Xj jð ÞCijklekl X0ð Þ
� �

dX ð9aÞ

r�ij ¼ l2
Z
X

.2 X0 � Xj jð ÞCijklrekl X0ð Þ
� �

dX; ð9bÞ

in which C is the stiffness matrix, .1 and .2 are, respec-

tively, the nonlocal kernel functions, X and X0 in order

represent a point and any point else in the body, and l

stands for the internal length scale parameter. In addition,

r is the gradient symbol. Following the method of Erin-

gen, the constitutive relationship corresponding to the total

nonlocal strain gradient stress tensor of a two dimensional

material can be obtained as

1� e20h
2r2

� 	
Kij ¼ Cijklekl � l2Cijklr2ekl; ð10Þ

where e0h represents the nonlocal parameter in such a way

that h is an internal characteristic constant and e0 is a

constant related to the selected material. In addition, r2

denotes the Laplacian operator. As a result, the nonlocal

strain gradient constitutive relations for an FGM microshell

can be rewritten as

1� e20h
2r2

� 	
rxx
ryy
ryz
rxz
rxy

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼ 1� l2r2
� 	

Q11 zð Þ Q12 zð Þ 0 0 0

Q12 zð Þ Q22 zð Þ 0 0 0

0 0 Q44 zð Þ 0 0

0 0 0 Q55 zð Þ 0

0 0 0 0 Q66 zð Þ

2
6666664

3
7777775

exx
eyy
cyz
cxz
cxy

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
;

ð11Þ

in which

Q11 zð Þ ¼ Q22 zð Þ ¼ E zð Þ
1� m zð Þ2

; Q12 zð Þ ¼ m zð ÞE zð Þ
1� m zð Þ2

;

Q44 zð Þ ¼ Q55 zð Þ ¼ Q66 zð Þ ¼ E zð Þ
2 1þ m zð Þð Þ :

The work PP done by the external hydrostatic pressure

q can be expressed as

PP ¼
Z
S

qwdS: ð12Þ

In addition, in accordance with the nonlocal strain gra-

dient exponential shear deformation shell model, the total

strain energy of an FGM microshell can be given as

Ps ¼
1

2

Z
S

Z h
2

�h
2

rijeij þ r�ijreij
n o

dzdS

¼ 1

2

Z
s

Nxxe
0
xx þ Nyye

0
yy þ Nxyc

0
xy þMxxj

1ð Þ
xx þMyyj

1ð Þ
yy

n

þMxyj
1ð Þ
xy þ Hxxj

2ð Þ
xx þ Hyyj

2ð Þ
yy þ Hxyj

2ð Þ
xy þ Qxcxz þ Qycyz

o
dS;

ð13Þ

where the stress resultants are in the following forms:

Nxx � e20h
2r2Nxx

Nyy � e20h
2r2Nyy

Nxy � e20h
2r2Nxy

8><
>:

9>=
>; ¼

A�
11 A�

12 0

A�
12 A�

22 0

0 0 A�
66

2
64

3
75

e0xx � l2r2e0xx
e0yy � l2r2e0yy
c0xy � l2r2c0xy

8><
>:

9>=
>;

þ
B�
11 B�

12 0

B�
12 B�

22 0

0 0 B�
33

2
64

3
75

j 1ð Þ
xx � l2r2j 1ð Þ

xx

j 1ð Þ
yy � l2r2j 1ð Þ

yy

j 1ð Þ
xy � l2r2j 1ð Þ

xy

8><
>:

9>=
>;

þ
B��
11 B��

12 0

B��
12 B��

22 0

0 0 B��
33

2
64

3
75

j 2ð Þ
xx � l2r2j 2ð Þ

xx

j 2ð Þ
yy � l2r2j 2ð Þ

yy

j 2ð Þ
xy � l2r2j 2ð Þ

xy

8><
>:

9>=
>;

Mxx � e20h
2r2Mxx

Myy � e20h
2r2Mxx

Mxy � e20h
2r2Mxx

8><
>:

9>=
>; ¼

B�
11 B�

12 0

B�
12 B�

22 0

0 0 B�
33

2
64

3
75

e0xx � l2r2e0xx
e0yy � l2r2e0yy
c0xy � l2r2c0xy

8><
>:

9>=
>;

þ
D�

11 D�
12 0

D�
12 D�

22 0

0 0 D�
33

2
64

3
75

j 1ð Þ
xx � l2r2j 1ð Þ

xx

j 1ð Þ
yy � l2r2j 1ð Þ

yy

j 1ð Þ
xy � l2r2j 1ð Þ

xy

8><
>:

9>=
>;

þ
D��

11 D��
12 0

D��
12 D��

22 0

0 0 D��
33

2
64

3
75

j 2ð Þ
xx � l2r2j 2ð Þ

xx

j 2ð Þ
yy � l2r2j 2ð Þ

yy

j 2ð Þ
xy � l2r2j 2ð Þ

xy

8><
>:

9>=
>;

Hxx � e20h
2r2Hxx

Hyy � e20h
2r2Hxx

Hxy � e20h
2r2Hxx

8><
>:

9>=
>; ¼

B��
11 B��

12 0

B��
12 B��

22 0

0 0 B��
33

2
64

3
75

e0xx � l2r2e0xx
e0yy � l2r2e0yy
c0xy � l2r2c0xy

8><
>:

9>=
>;

þ
D��

11 D��
12 0

D��
12 D��

22 0

0 0 D��
33

2
64

3
75

j 1ð Þ
xx � l2r2j 1ð Þ

xx

j 1ð Þ
yy � l2r2j 1ð Þ

yy

j 1ð Þ
xy � l2r2j 1ð Þ

xy

8><
>:

9>=
>;

þ
G�

11 G�
12 0

G�
12 G�

22 0

0 0 G�
33

2
64

3
75

j 2ð Þ
xx � l2r2j 2ð Þ

xx

j 2ð Þ
yy � l2r2j 2ð Þ

yy

j 2ð Þ
xy � l2r2j 2ð Þ

xy

8><
>:

9>=
>;

ð14Þ

Qx � e20h
2r2Qx

Qy � e20h
2r2Qy

� �
¼ A�

44 0

0 A�
55


 �
wx � l2r2wx

wy � l2r2wy

� �
;

in which
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Nxx

Nyy

Nxy

8<
:

9=
; ¼

Z h
2

�h
2

Kxx

Kyy

Kxy

8<
:

9=
;dz;

Mxx

Myy

Mxy

8<
:

9=
; ¼

Z h
2

�h
2

Kxx

Kyy

Kxy

8<
:

9=
;zdz

Hxx

Hyy

Hxy

8<
:

9=
; ¼

Z h
2

�h
2

Kxx

Kyy

Kxy

8<
:

9=
;ze�

2z2

h2 dz;

Qx

Qy

� �
¼
Z h

2

�h
2

Kxz

Kyz

� �
1� 4z2

h2

� �
e�

2z2

h2 dz

ð15Þ

and

A�
11;B

�
11;D

�
11

B��
11;D

��
11;G

�
11

� �
¼

Zh=2

�h=2

Q11 zð Þ½ �
1; z; z2

ze�
2z2

h2 ; z2e�
2z2

h2 ; z2e�
4z2

h2

( )
dz

A�
22;B

�
22;D

�
22

B��
22;D

��
22;G

�
22

� �
¼

Zh=2

�h=2

Q22 zð Þ½ �
1; z; z2

ze�
2z2

h2 ; z2e�
2z2

h2 ; z2e�
4z2

h2

( )
dz

A�
12;B

�
12;D

�
12

B��
12;D

��
12;G

�
12

� �
¼ A�

21;B
�
21;D

�
21

B��
21;D

��
21;G

�
21

� �

¼
Zh=2

�h=2

Q12 zð Þ½ �
1; z; z2

ze�
2z2

h2 ; z2e�
2z2

h2 ; z2e�
4z2

h2

( )
dz

ð16Þ

A�
66;B

�
66;D

�
66

B��
66;D

��
66;G

�
66

� �
¼

Zh=2

�h=2

Q66 zð Þ½ �
1; z; z2

ze�
2z2

h2 ; z2e�
2z2

h2 ; z2e�
4z2

h2

( )
dz

A�
44

A�
55

� �
¼

Rh=2
�h=2

Q44 zð Þ½ � 1� 4z2

h2

� �
e�

2z2

h2 dz

Rh=2
�h=2

Q55 zð Þ½ � 1� 4z2

h2

� �
e�

2z2

h2 dz

8>>>><
>>>>:

9>>>>=
>>>>;
:

By applying the virtual work’s principle to the total

strain energy of the hydrostatic pressurized FGM expo-

nential shear deformable microshell, the non-classical

governing differential equations are derived as

oNxx

ox
þ oNxy

oy
¼ 0 ð17aÞ

oNxy

ox
þ oNyy

oy
¼ 0 ð17bÞ

o2Mxx

ox2
þ 2

o2Mxy

oxoy
þ o2Myy

oy2
þ Nyy

R
þ Nxx

o2w

ox2

þ 2Nxy
o2w

oxoy
þ Nyy

o2w

oy2
þ q ¼ 0

ð17cÞ

oHxx

ox
þ oHxy

oy
� Qx ¼ 0 ð17dÞ

oHxy

ox
þ oHyy

oy
� Qy ¼ 0: ð17eÞ

With the aim of satisfaction of the first two differential

equations at hand, the Airy stress function f x; yð Þ is intro-
duced as below:

Nxx ¼
o2f x; yð Þ

oy2
; Nyy ¼

o2f x; yð Þ
ox2

; Nxy ¼ � o2f x; yð Þ
oxoy

:

ð18Þ

In addition, for a perfect shell-type structure, the com-

patibility equation relevant to the mid-plane strain com-

ponents can be read as

o2e0xx
oy2

þ
o2e0yy
ox2

�
o2c0xy
oxoy

¼ o2w

oxoy

� �2

� o2w

ox2
o2w

oy2
� 1

R

o2w

ox2
:

ð19Þ

Thereby, through inserting Eq. (18) in the inverse of

Eq. (14) and then using Eqs. (17) and (19), the nonlocal

strain gradient governing equations can be presented as

functions of the displacement field as follows:

u1

o4f

ox4
þ u7 � 2u2ð Þ o4f

ox2oy2
þ u1

o4f

oy4
þ u4

o4w

ox4

þ 2 u3 � u8ð Þ o4w

ox2oy2
þ u4

o4w

oy4
� u6

o3wx

ox3

� u5 � u9ð Þ o
3wx

oxoy2
� u6

o3wy

oy3

� u5 � u9ð Þ
o3wy

ox2oy
þ 1

R

o2w

ox2
¼ o2w

oxoy

� �2

� o2w

ox2
o2w

oy2

ð20aÞ

1� l2r2
� 	

u10

o4w

ox4
þ 2 u11 þ 2u12ð Þ o4w

ox2oy2

�

þu10

o4w

oy4
þ u13

o3wx

ox3
þ u14 þ 2u15ð Þ o

3wx

oxoy2

þu13

o3wy

oy3
þ u14 þ 2u15ð Þ

o3wy

ox2oy

!

� 1

R

o2f

ox2
¼ 1� e20h

2r2
� 	 o2w

ox2
o2f

oy2

�

�2
o2w

oxoy

o2f

oxoy
þ o2w

oy2
o2f

ox2
þ q

�

ð20bÞ
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u16

o3f

ox3
þ u17

o3f

oxoy2
þ u18

o3w

ox3
þ u19 þ 2u20ð Þ o3w

oxoy2

þ u21

o2wx

ox2
þ u22

o2wx

oy2

þ u23 þ u22ð Þ
o2wy

oxoy
� A�

44wx ¼ 0

ð20cÞ

u16

o3f

oy3
þ u17

o3f

ox2oy
þ u18

o3w

oy3
þ u19 þ 2u20ð Þ o3w

ox2oy

þ u21

o2wy

oy2
þ u22

o2wy

ox2

þ u23 þ u22ð Þ o
2wx

oxoy
� A�

44wy ¼ 0;

ð20dÞ

where the parameters ui i ¼ 1; . . .; 23ð Þ are introduced in

Appendix A.

In addition, the edge supports at the left and right ends

of the FGM microshells are assumed to be clamped. As a

result, one will have w ¼ 0; ow
ox ¼ 0 at x ¼ 0; L:

On the other hand, the equilibrium of in the x-axis

direction can be expressed as

Z2pR

0

Nxxdyþ pR2q ¼ 0: ð21Þ

The periodicity condition relevant to a closed shell-type

structure reads

Z2pR

0

ov

oy
dy ¼ 0 ð22Þ

which can be rewritten as

Z2pR

0

u1

o2f

ox2
� u2

o2f

oy2
þ u4

o2w

ox2
þ u3

o2w

oy2

�

�u6

owx

ox
� u5

owy

oy
þ w

R
� 1

2

ow

oy

� �2
!
dy ¼ 0:

ð23Þ

Furthermore, the unit end-shortening related to the

movable boundary conditions at the left and right ends of

an FGM exponential shear deformable microshell can be

given as

Dx

L
¼ � 1

2pRL

Z2pR

0

ZL

0

ou

ox
dxdy

¼ � 1

2pRL

Z2pR

0

ZL

0

u1

o2f

oy2
� u2

o2f

ox2
þ u3

o2w

ox2

�

þu4

o2w

oy2
� u5

owx

ox
� u6

owy

oy
� 1

2

ow

ox

� �2
!
dxdy;

ð24Þ

3 Solving process

3.1 Boundary layer theory of nonlocal strain
gradient shell buckling

First, the following dimensionless parameters are put to use

to obtain the asymptotic solutions of the problem in a more

general framework:

X ¼ px
L
; Y ¼ y

R
; b ¼ L

pR
; g ¼ L

ph
; � ¼ p2Rh

L2

a�11; a
�
12; a

�
33; a

�
44

� � ¼ A�
11

A00

;
A�
12

A00

;
A�
44

A00

;
A�
55

A00

;
A�
66

A00

� �
g�11; g

�
12; g

�
33

� �

¼ G�
11

A00h2
;
G�

12

A00h2
;
G�

66

A00h2


 �

b�11; b
�
12; b

�
66; b

��
11; b

��
12; b

��
66

d�11; d
�
12; d

�
66; d

��
11; d

��
12; d

��
66

� �

¼

B�
11

A00h
;
B�
12

A00h
;
B�
66

A00h
;
B��
11

A00h
;
B��
12

A00h
;
B��
66

A00h

D�
11

A00h2
;
D�

12

A00h2
;
D�

66

A00h2
;
D��

11

A00h2
;
D��

12

A00h2
;
D��

66

A00h2

8>><
>>:

9>>=
>>;

ð25Þ

W ¼ �w

h
; F ¼ �2f

A00h2
; WX;WYf g ¼ �2L

ph
wx;wy

� �

Pq ¼
33=4qLR3=2

4pA00h3=2
; dq ¼

33=4qx
ffiffiffi
R

p

4ph3=2
; G1 ¼

e0h
L

;

G2 ¼
l

L
;

in which A00 ¼ km þ 2lmð Þh. As a consequence, the non-

linear nonlocal strain gradient governing differential

equations can be deduced in boundary layer-type forms as

below:
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#1

o4F

oX4
þ #7 � 2#2ð Þb2 o4F

oX2oY2
þ #1b

4 o
4F

oY4

þ � #4

o4W

oX4
þ 2 #3 � #8ð Þb2 o4W

oX2oY2
þ #4b

4 o
4W

oY4

� �

� #6

o3WX

oX3
� #5 � #9ð Þb2 o3WX

oXoY2
� #6b

3 o
3WY

oY3

� #5 � #9ð Þb o3WY

oX2oY
þ o2W

oX2
¼ b2

o2W

oXoY

� �2

�b2
o2W

oX2

o2W

oY2

ð26aÞ

1� p2G2
2r2

� 	
�2 #10

o4W

oX4
þ 2 #11 þ 2#12ð Þb2 o4W

oX2oY2
þ #10b

4 o
4W

oY4

� ��

þ � #13

o3WX

oX3
þ #14 þ 2#15ð Þb o3WX

oX2oY

� �

þ� #13b
3 o

3WY

oY3
þ #14 þ 2#15ð Þb2 o3WY

oXoY2

� ��

� o2F

oX2
¼ 1� p2G2

1r2
� 	

b2
o2W

oX2

o2F

oY2

�

þ2b2
o2W

oXoY

o2F

oXoY
þ b2

o2W

oY2

o2F

oX2
þ �3=2

4

3
31=4Pq

�

ð26bÞ

#16

o3F

oX3
þ #17b

2 o3F

oXoY2

þ � #18

o3W

oX3
þ #19 þ 2#20ð Þb2 o3W

oXoY2

� �

þ #21

o2WX

oX2
þ #22b

2 o
2WX

oY2

þ #23 þ #22ð Þb o2WY

oXoY
� a�44g

2WX ¼ 0

ð26cÞ

#16b
3 o

3F

oY3
þ #17b

o3F

oX2oY

þ � #18b
3 o

3W

oY3
þ #19 þ 2#20ð Þb o3W

oX2oY

� �

þ #21b
2 o

2WY

oY2
þ #22

o2WY

oX2

þ #23 þ #22ð Þb o2WX

oXoY
� a�44g

2WY ¼ 0:

ð26dÞ

The clamped boundary conditions at the left and right

ends of microshells take the dimensionless form as:

W ¼ 0; oW
oX ¼ 0 at X ¼ 0; p:

Moreover, the dimensionless load-equilibrium relation-

ship along x-axis takes the following form:

1

2p

Z2p

0

b2
o2F

oY2
dY þ 2

3
31=4�3=2Pq ¼ 0: ð27Þ

In similar way, the periodicity condition and the unit

end-shortening of an FGM exponential shear deformable

microshell in dimensionless forms can be rewritten,

respectively, as follows:

Z2p

0

#1

o2F

oX2
� #2b

2 o
2F

oY2
þ � #4

o2W

oX2
þ #3b

2 o
2W

oY2

� ��

�#6

oWx

oX
� #5b

oWY

oY
þW � b2

2

oW

oY

� �2
)
dY ¼ 0

ð28Þ

dq ¼ � 33=4

8p2e3=2

Z2p

0

Zp

0

�#2

o2F

oX2
þ #1b

2 o
2F

oY2

�

þ� #3

o2W

oX2
þ #4b

2 o
2W

oY2

� �

�#5

oWx

oX
� #6b

oWy

oY
� 1

2

oW

oX

� �2
)
dXdY :

ð29Þ

3.2 Perturbation-based solution methodology

As it was explained, the small perturbation parameter � has

been utilized to construct the boundary layer-type nonlocal

strain gradient governing equation (26). Now, a two-step-

ped perturbation technique [54–58] is employed, based on

which the independent variables are summarized via the

summations of the regular and boundary layer solutions as

follows:

W ¼ �W X; Y; �ð Þ þ ~W X; Y; �; nð Þ þ Ŵ X; Y; �; 1ð Þ ð30aÞ

F ¼ �F X; Y ; �ð Þ þ ~F X; Y ; �; nð Þ þ F̂ X; Y; �; 1ð Þ ð30bÞ

WX ¼ �WX X; Y ; �ð Þ þ ~WX X; Y; �; nð Þ þ ŴX X; Y ; �; 1ð Þ
ð30cÞ

WY ¼ �WY X; Y ; �ð Þ þ ~WY X; Y ; �; nð Þ þ ŴY X; Y ; �; 1ð Þ;
ð30dÞ

where the accent character ‘‘–’’ stands for the regular

solution, and the accent characters * and ^ represents the

boundary layer solutions in order associated with the left

(X ¼ 0) and right (X ¼ p) ends of an FGM microshell.

Thereby, each part of the solutions can be altered to the

perturbation expansions as below:

�W X; Y ; �ð Þ ¼
X
i¼0

�i=2 �Wi=2 X; Yð Þ;

�F X; Y ; �ð Þ ¼
X
i¼0

�i=2 �Fi=2 X; Yð Þ

�Wx X; Y ; �ð Þ ¼
X
i¼1

�i=2 �Wxi=2 X; Yð Þ;

�Wy X; Y; �ð Þ ¼
X
i¼1

�i=2 �Wyi=2 X; Yð Þ
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~W X; Y ; �; nð Þ ¼
X
i¼0

�i=2þ1 ~Wi=2þ1 X; Y; nð Þ;

~F X; Y ; �; nð Þ ¼
X
i¼0

�i=2þ2 ~Fi=2þ2 X; Y ; nð Þ
ð31Þ

~Wx X; Y ; �; nð Þ ¼
X
i¼0

�iþ3=2 ~Wxiþ3=2
X; Y; nð Þ;

~Wy X; Y; �; nð Þ ¼
X
i¼0

�i=2þ2 ~Wyi=2þ2
X; Y; nð Þ

Ŵ X; Y ; �; 1ð Þ ¼
X
i¼0

�i=2þ1Ŵi=2þ1 X; Y; 1ð Þ;

F̂ X; Y ; �; 1ð Þ ¼
X
i¼0

�i=2þ2F̂i=2þ2 X; Y ; 1ð Þ

Ŵx X; Y ; �; 1ð Þ ¼
X
i¼0

�iþ3=2Ŵxiþ3=2
X; Y; 1ð Þ;

Ŵy X; Y; �; 1ð Þ ¼
X
i¼0

�i=2þ2Ŵyi=2þ2
X; Y; 1ð Þ;

in which n and 1 denote the boundary layer variables as

follows:

n ¼ X

�1=2
; 1 ¼ p� X

�1=2
: ð32Þ

Moreover, it is supposed that

�3=2
4

3
31=4q ¼

X
i¼0

�iQi: ð33Þ

Afterwards, to extract the sets of perturbation equations

corresponding to the both regular and boundary layer

solutions, Eqs. (30) and (31) are inserted in the nonlocal

strain gradient governing equation (26) and then the

expressions with similar order of � are collected. A toler-

ance limit \0:001 is considered to determine the maxi-

mum order of � associated with the convergence of the

solution methodology.

An initial buckling mode shape for the FGM exponential

shear deformable microshell is assumed to continue the

procedure as

�W2 X; Yð Þ ¼ A 2ð Þ
00 þA 2ð Þ

11 sin mXð Þ sin nYð Þ: ð34Þ

Now, some mathematical calculations are carried out to

obtain the asymptotic solutions corresponding to each

independent variable of the problem which are presented in

Appendix A. Subsequently, substitution of them in

Eqs. (27) and (29) and then rearranging with respect to the

second perturbation parameter (A 2ð Þ
11 �

2) yields, explicit

expressions for the nonlocal strain gradient load–deflection

and load-shortening stability paths, respectively, as

follows:

Pq ¼
X

i¼0;2;4;...

P ið Þ
q A 2ð Þ

11 �
2

 �i
¼ P 0ð Þ

q þ P 2ð Þ
q A 2ð Þ

11 �
2

 �2
þ. . .

ð35Þ

dq ¼
X

i¼0;2;4;...

d ið Þ
q A 2ð Þ

11 �
2

 �i
¼ d 0ð Þ

q þ d 2ð Þ
q A 2ð Þ

11 �
2

 �2
þ. . .

ð36Þ

The parameters given in the above equations are intro-

duced in Appendix B. Thereafter, it is supposed that the

dimensionless coordinates of the point relevant to the

maximum deflection of the FGM microshell are

X; Yð Þ ¼ p=2m; p=2nð Þ. As a result, one will have

A 2ð Þ
11 �

2 ¼ �
wm

h
þ S2 þ S1 �

wm

h
þ S2

 �2
; ð37Þ

where wm represents the maximum deflection of FGM

microshell and the symbols S1 and S2 are presented in

Appendix B.

4 Numerical results and discussion

Based upon the developed nonlocal strain gradient FGM

shell model, the nonlinear instability characteristics of

exponential shear deformable FGM microshells under

hydrostatic pressure are anticipated in this section. The

material properties of ceramic phase (silicon) and metal

phase (aluminum) of FGM microshells are tabulated in

Table 1. Moreover, in all of the preceding results, the

geometric parameters of nanoshells are selected in such a

way that R=h ¼ 50 and L=R ¼ 2.

First, the validity of the present solving process is

checked. To this end, the terms related to the nonlocal

strain gradient elasticity are eliminated, the critical

Table 1 Material properties of the ceramic and metal phases of an

FGM microshell [59]

Aluminum (metal phase)

E GPað Þ 70

m 0.35

Silicon (ceramic phase)

E GPað Þ 210

m 0.24

Table 2 Comparison of the nonlinear critical buckling pressures (psi)

for isotropic cylindrical shells E ¼ 107 psi; m ¼ 0:33ð Þ

L2=Rhð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2

p
Present work Kasagi and Sridharan [60]

R=h ¼ 50

10 1387.44 1390.0

100 383.29 385.6

R=h ¼ 200

10 87.06 88.65

100 23.40 24.26
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hydrostatic pressures of isotropic cylindrical shells at usual

scale (macroscale) with simply supported end conditions

are evaluated and compared with those reported by Kasagi

and Sridharan [60] using finite element method, as tabu-

lated in Table 2. A very good agreement is found between

two types of the solution methodology which confirms the

accuracy of the present solving process.

In Table 3, the dimensionless nonlocal strain gradient

critical buckling pressures of an FGM microshell under

hydrostatic pressure are given corresponding to different

values of the small-scale parameters. The percentages

presented in the parentheses are the differences between

the size-dependent critical buckling pressures with the

classical one. It is found that the nonlocality leads to

decrease the buckling pressure, while the strain gradient

size dependency causes to increases it. In addition, for

higher values of the small-scale parameters, the signifi-

cance of the strain gradient size effect becomes more than

that of the nonlocal one.

Figure 2 shows the nonlocal strain gradient load–de-

flection stability paths of hydrostatic pressurized FGM

microshells corresponding to various values of nonlocal

parameter and internal strain gradient length scale

Table 3 Dimensionless nonlocal strain gradient critical buckling

pressures of an FGM microshell corresponding to different values of

the small-scale parameters h ¼ 1 nm; k ¼ 1ð Þ

Small-scale parameters Dimensionless critical buckling pressure

l ¼ 0 nm, e0h ¼ 0 nm 0.2721

l ¼ 0 nm, e0h ¼ 1 nm 0.2699 (- 0.81%)

l ¼ 1 nm, e0h ¼ 0 nm 0.2743 (? 0.82%)

l ¼ 0 nm, e0h ¼ 2 nm 0.2635 (- 3.14%)

l ¼ 2 nm, e0h ¼ 0 nm 0.2810 (? 3.28%)

l ¼ 0 nm, e0h ¼ 3 nm 0.2538 (- 6.72%)

l ¼ 3 nm, e0h ¼ 0 nm 0.2922 (? 7.38%)

l ¼ 0 nm, e0h ¼ 4 nm 0.2417 (- 11.16%)

l ¼ 4 nm, e0h ¼ 0 nm 0.3078 (? 13.12%)
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Fig. 2 Dimensionless load–deflection stability paths of nonlocal strain gradient FGM microshells under hydrostatic pressure

(h ¼ 1 nm; k ¼ 1); a l ¼ 0 nm; b e0h ¼ 0 nm
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parameter. It can be observed that the nonlocality size

effect causes to decrease the critical hydrostatic pressure,

while the strain gradient size dependency leads to increase

it. In addition, by moving to the deeper part of the post-

buckling regime, the both types of small-scale effect

reduce and the different stability curves tends to each other.

In addition, it is seen that the significance of the strain

gradient size effect on the nonlinear instability character-

istics of hydrostatic pressurized FGM microshells is a bit

higher than that of the nonlocality one.

In Fig. 3, the nonlocal strain gradient load-shortening

stability curves of hydrostatic pressurized FGM micro-

shells within the both prebuckling and postbuckling

domains are depicted. It is revealed that the nonlocality

size effect as well as the strain gradient one has no influ-

ence on the slope of prebuckling part of the load-shortening

response of FGM microshells. It can be seen that the

aforementioned one leads to reduce the shortening of

nanoshell at the critical buckling point, but the last one

causes to increase it.

Plotted in Figs. 4 and 5 are the buckling mode shapes of

a nonlocal strain gradient FGM microshell under hydro-

static pressure at the postbuckling domain and in the

vicinity of the critical buckling point corresponding to

various nonlocal parameters and internal strain gradient

length scale parameters, respectively. It can be found that

by taking the nonlocal size dependency into consideration,

the maximum deflection associated with the postbuckling

domain decreases. However, the internal strain gradient

length scale parameter causes to increase it. In addition, as

it has been considered in the solving process, it is

demonstrated that for all values of nonlocal and internal

strain gradient length scale parameters, the maximum
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Fig. 3 Dimensionless load-

shortening stability paths of

nonlocal strain gradient FGM

microshells under hydrostatic

pressure (h ¼ 1 nm; k ¼ 1); a
l ¼ 0 nm, b e0h ¼ 0 nm
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Fig. 4 Dimensionless buckling mode shapes of nonlocal strain

gradient FGM microshells under hydrostatic pressure

(h ¼ 1 nm; k ¼ 1; l ¼ 0 nm)
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deflection of nanoshell occurs at a point with dimensionless

coordinate of X ¼ p=2m, where the value of m has been

obtained equal to m ¼ 1.

With the purpose of answering this question that how

the shell thickness affects the significance of size-depen-

dent behavior of hydrostatic pressurized FGM microshells,

the following critical pressure ratio is introduced as

Critical pressure ratio

¼ Buckling pressure obtained via local shell model

Buckling pressure obtained via nonlocal strain gradient shell model
:

Figure 6 presents the variation of critical pressure ratio

with small-scale parameter (nonlocal parameter or internal

strain gradient length scale parameter) for FGM micro-

shells with different shells thicknesses. It is obvious that by

increasing the value of small-scale parameter, the critical

pressure ratio deviates from the unit value, but this devi-

ation becomes less considerable corresponding to higher

shell thickness. This observation indicates that the both

nonlocality and strain dependencies play more important

role in the nonlinear instability of thinner microshells. The

more considerable influence of internal strain gradient

length scale parameter in comparison with that of nonlocal

parameter on the critical buckling pressure of the micro-

shell is also illustrated as the first one for l ¼ 4 nm is

13.12% increment and the second one for e0h ¼ 4 nm is

11:16% reduction.

Figures 7 and 8 in order illustrate the nonlocal strain

gradient load–deflection and load-shortening stability paths

of FGM microshells corresponding to various small-scale

parameters and different values of material property gra-

dient index. It is revealed for all values of material property

gradient index, the both nonlocality and strain gradient size

dependencies have a considerable influence on the non-

linear instability characteristics of hydrostatic pressurized

FGM nanoshells. These influences are a bit more signifi-

cant for FGM nanoshells with lower value of k.

5 Concluding remarks

Within the framework of a refined exponential shear

deformation shell theory, the nonlocal strain gradient

elasticity theory was utilized to report the size-dependent

nonlinear instability of hydrostatic pressurized FGM

microshells in a more comprehensive way. On the basis of

Mori–Tanaka homogenization scheme, the effective

material properties of FGM microshells were estimated.

After that, the boundary layer theory of shell buckling in

conjunction with a two-stepped perturbation methodology

was employed to capture analytical explicit expressions for

nonlocal strain gradient stability paths of FGM microshells.

The following conclusions were obtained:

• The nonlocality size effect causes a reduction in the

critical hydrostatic pressure and critical shortening of

FGM microshells, but the strain gradient size depen-

dency leads to increase them.

• By moving to the deeper part of the postbuckling

regime, the both types of small-scale effect decrease. It

was observed that the nonlocality size effect as well as

the strain gradient one has no influence on the slope of
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prebuckling part of the load-shortening response of

FGM microshells.

• It was seen that by taking the nonlocal size dependency

into consideration, the maximum deflection associated

with the postbuckling domain decreases. However, the

internal strain gradient length scale parameter causes to

increase it.

• It was revealed that the influence of internal strain

gradient length scale parameter on the critical buckling

pressure of nanoshell is a bit more than that of the

nonlocal parameter.

• It was found that the both nonlocality and strain

gradient size dependencies in the nonlinear instability

characteristics are a bit more considerable for FGM

microshells with lower value of material property

gradient index.
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