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Abstract
In this study, the Ritz–Galerkin method based on Legendre multiwavelet functions is introduced to solve multi-term time-

space convection–diffusion equations of fractional order with variable coefficients and initial-boundary conditions. This

method reduces the problem to a set of algebraic equations. The coefficients of approximate solutions are obtained from the

coefficients of this system. A convergence analysis for function approximations is also presented together with an upper

bound for the error of estimates. Numerical examples are included to demonstrate the validity and applicability of the

technique.

Keywords Ritz–Galerkin method � Legendre multiwavelet functions � Multi-term time-space convection–diffusion

equations of fractional order

1 Introduction

In recent years, considerable attention has been given to the

fractional calculus, which is used in modeling and analysis

of a wide range of problems in science and engineering,

including chemistry, finance, physics, aerodynamics, elec-

trodynamics, polymer rheology, economics and biophysics

[2, 3, 7, 11, 27, 32, 35, 36].

Fractional calculus extends the concept of ordinary

differentiation and integration to an arbitrary non-integer

order. Recently, there has been a growing interest in frac-

tional differential equations. Since most fractional differ-

ential equations do not have analytic solutions, several

numerical methods such as the homotopy-perturbation

method [1], variational iteration method [33], Adomian

decomposition method [5] and finite difference approxi-

mation methods [39] have been used to obtain approximate

solutions.

Here, we recall the basic definitions of fractional cal-

culus theory [24, 27] which will be used further in this

article.

Definition 1 Suppose that f 2 L1½a; b�; t[ 0; a; t 2 R,

then the fractional operator

Daf ðtÞ ¼

1

Cðn� aÞ

Z t

0

f ðnÞðsÞ
ðt � sÞaþ1�n

d s; n� 1\a\n;

d n

d tn
f ðtÞ; a ¼ n 2 N;

8>><
>>:

is referred to as the Caputo fractional derivative of order a.

Caputo’s differential operator coincides with the usual

differential operator of an integer order and has the linear

operation property as follows:
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Daðkf ðxÞ þ lgðxÞÞ ¼ kDaf ðxÞ þ lDagðxÞ; 8 k; l 2 R:

ð1Þ

Also, the Caputo fractional derivative of power function

f ðxÞ ¼ xk; k 2 N is (see [24])

Daxk ¼
0 k\a
Cðk þ 1Þ

Cðk � aþ 1Þ x
k�a k� a:

8<
:

For a constant as c, we have

Dac ¼ 0:

The convection–diffusion equation is an equation that

appears when a particle, energy or in general physical

quantities are transferred in a system. It is a combination of

the diffusion and convection. The most famous form of

convection–diffusion equation is

ou

ot
¼ r � ðD � ruÞ � r � ðmuÞ þ R;

where u is the variable of interest, D is the diffusivity, such

as mass diffusivity for particle motion or thermal diffu-

sivity for heat transport, m is the average velocity at which

the quantity is moving, r represents gradient and r� rep-

resents divergence. Application of convection–diffusion

equation in fluid dynamics, heat transfer and mass transfer

is discussed in Refs. [10, 12, 20]. Several numerical

methods for solving this equation is introduced by the

authors, such as the variational iteration method [23],

Adomian’s decomposition method [26], homotopy pertur-

bation method [9], Bessel collocation method [40], B-

spline collocation method [16, 17], finite element method

[21], Crank–Nicolson method [15] and rational spectral

method [8]. A history of analytical methods for solving

diffusion equations can be found in Ref. [14]. However,

most fractional diffusion equations do not have analytical

solutions. In (2011), Khader [18] used the Chebyshev

collocation method as well as the finite difference method

and in Ref. [19], the authors used the Legendre pseu-

dospectral method to obtain numerical approximations.

Again, in Ref. [22], Li et al. derived numerical solutions by

the finite difference method. In Ref. [31], Saha Ray and

Bera have applied Adomian’s decomposition method to

find the solution of a time-fractional diffusion equation of

order b ¼ 1
2
. In Ref. [6], Das has used variational iteration

method for time-fractional diffusion equation of order

0\b� 1. Fractional calculus of convection–diffusion

equations has been widely considered in recent years. But

there are few works devoted to numerical solutions of

fractional convection–diffusion equations. Zhong et al.

[41] applied the Legendre polynomials and also the asso-

ciated operational matrix for solutions.

In this study, we present the Ritz–Galerkin method

based on Legendre multiwavelet functions to numerically

solving multi-term time-space convection–diffusion equa-

tion of fractional order:

Da
t u ¼

Xr
i¼1

aiðxÞDai
t uþ bðxÞDb

xu

þ cðxÞDb1
x uþ dðxÞuþ hðx; tÞ; x 2 ½0; L�; t 2 ½0; T �;

ð2Þ

with initial and boundary conditions:

uðx; 0Þ ¼ f1ðxÞ; x 2 ½0; L�; ð3Þ

uð0; tÞ ¼ g1ðtÞ; uðL; tÞ ¼ g2ðtÞ; t 2 ½0; T�: ð4Þ

Here 0\ar\. . .\a1\a� 1; 0\b1 � 1\b� 2, the func-

tions aiðxÞ for i ¼ 1; 2; . . .; r; bðxÞ; cðxÞ; dðxÞ; f1ðxÞ; g1ðtÞ
and g2ðtÞ are known and the function u(x, t) is unknown.

The terms bðxÞDb
x u; cðxÞDb1

x u and h(x, t), respectively, are

called the diffusive or viscous term, the convection term

and the source term. The operator Dai
t is the fractional

derivative in the Caputo sense of order ai with respect to

variable t.

The theory of wavelets is a relatively new and an

emerging area in mathematical research. It has been

applied in a wide range of engineering disciplines and, in

particular, has been very successfully used in signal anal-

ysis for waveform representation and segmentations, time–

frequency analysis, and can be used to construct fast

algorithms for easy implementation [4]. Moreover, wavelet

analysis has many useful properties, such as orthogonality,

compact support, and the ability to obtain exact represen-

tation of polynomials up to a given degree, and to represent

functions at different level of resolution [25].

Recently, Yousefi [34]–[37], Razzaghi and Yousefi

[28, 29] and Yousefi and Razzaghi [38], and Jafari et al.

[13] have used the Legendre multiwavelet method to obtain

approximate solutions of hyperbolic telegraph equations,

the differential equation of Lane–Emden, the Emden–

Fowler equations, Abel’s integral equations, as well as

solutions to variational problems, nonlinear problems in the

calculus of variations, the nonlinear Volterra–Fredholm

integral equations and fractional differential equations.

The paper is organized as follows: in Sect. 2, we give

the basic definition of Legendre multiwavelet functions and

state their properties. In Sect. 3, we discuss approximations

to functions using Legendre multiwavelet functions basis

and present a convergence analysis for function approxi-

mations together with an upper bound for the error of the

estimates. In Sect. 4, we solve Eqs. (2)–(4) using the Ritz–

Galerkin method based on the Legendre multiwavelet

functions for solutions. Numerical results to demonstrate

the accuracy of this technique are reported in Sect. 5 and,
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finally, Section 6 contains a conclusion.

2 Legendre multiwavelet functions

The Legendre multiwavelet functions on interval [0, T) are

defined by [13, 34]

wnmðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mþ 1

p 2
k
2ffiffiffiffi
T

p pm
2k

T
t � n

� �
;

nT

2k
� t\

ðnþ 1ÞT
2k

;

0; otherwise;

8<
:

where m ¼ 0; 1; . . .;M � 1; n ¼ 0; 1; . . .; 2k � 1; k can

assume any positive integer, m is the order for Legendre

polynomials and t is the normalized time. wnmðtÞf g is an

orthonormal set. The coefficient
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mþ 1

p
is needed for

orthonormality.

Legendre polynomials on the interval [0, 1] can be

determined using the following recursive formula:

p0ðtÞ ¼ 1; p1ðtÞ ¼ 2t � 1;

pmþ1ðtÞ ¼
ð2mþ 1Þð2t � 1Þ

mþ 1
pmðtÞ �

m

mþ 1
pm�1ðtÞ; m 2 N:

The two-dimensional Legendre multiwavelet functions on

interval ½0; LÞ � ½0; TÞ are defined by [34]

wnlijðx; tÞ ¼

Apl
2p

L
x� n

� �
pj

2k2

T
t � i

� �
;

nL

2p
� x\

ðnþ 1ÞL
2p

;

iT

2k
� t\

ðiþ 1ÞT
2p

;

0; otherwise;

8>>>><
>>>>:

ð5Þ

where

A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2jþ 1Þ

p
2

ðpþkÞ
2ffiffiffiffiffiffi

LT
p ;

for

n ¼ 0; 1; . . .; 2p � 1; l ¼ 0; 1; . . .;M � 1; i ¼ 0; 1; . . .;

2k � 1; j ¼ 0; 1; . . .;N � 1;

and p, k are positive integers. Here l, j are the order of

Legendre polynomials. wnlijðx; tÞ
� �

is an orthonormal set.

The coefficient
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2jþ 1Þ

p
is needed for orthonor-

mality. It is obvious that wnlijðx; tÞ ¼ wnlðxÞwijðtÞ.

3 Function approximation

Consider the function f(x, t) defined over

R :¼ ½0; LÞ � ½0; TÞ. We can approximate f(x, t) as

f ðx; tÞ �
X2p�1

n¼0

XM�1

l¼0

X2k�1

i¼0

XN�1

j¼0

aijnlwnlðxÞwijðtÞ

¼ WTðxÞAWðtÞ;
ð6Þ

where

aijnl ¼ f ;wnlwij

� �
¼
Z L

0

Z T

0

f ðx; tÞwnlðxÞwijðtÞdtdx; ð7Þ

with

n ¼ 0; 1; . . .; 2p � 1; l ¼ 0; 1; . . .;M � 1;

i ¼ 0; 1; . . .; 2k � 1; j ¼ 0; 1; . . .;N � 1;

are the elements of A which is a m̂� n̂ðm̂ ¼ 2pM; n̂ ¼
2kNÞ matrix. Also, the vectors of WðxÞ and WðtÞ are,

respectively, m̂� 1 and n̂� 1 matrices such that

WðxÞ ¼ ½w00ðxÞ;w01ðxÞ; . . .;w0ðM�1ÞðxÞ;w10ðxÞ; . . .;
w1ðM�1ÞðxÞ; . . .;wð2p�1Þ0ðxÞ; . . .;wð2p�1ÞðM�1ÞðxÞ�

T ;

WðtÞ ¼ ½w00ðtÞ;w01ðtÞ; . . .;w0ðN�1ÞðtÞ;w10ðtÞ; . . .;
w1ðN�1ÞðtÞ; . . .;wð2k�1Þ0ðtÞ; . . .;wð2k�1ÞðN�1ÞðtÞ�

T :

Theorem 1 Let M;N ! 1, then the truncated series (6)

converges to f(x, t).

Proof We shall use the following notations for

convenience:

XMN

l ¼ a

j ¼ b

:¼
X2p�1

n¼0

XM�1

l¼a

X2k�1

i¼0

XN�1

j¼b

;

fMNðx; tÞ :¼
X2p�1

n¼0

XM�1

l¼0

X2k�1

i¼0

XN�1

j¼0

aijnlwnlðxÞwijðtÞ:

We will prove that the sequence of partial sums of fMNðx; tÞ
is a Cauchy sequence in the Hilbert space H ¼ L2ðRÞ.
Assume fRSðx; tÞ be an arbitrary partial sums of

aqzrswrsqzðx; tÞ, and M[R, N[ S. Then we have

kfMNðx; tÞ� fRSðx; tÞk2
2 ¼k

XMN

l¼R

j¼ S

aijnlwnlijðx; tÞk
2
2

¼
XMN

l¼R

j¼ S

aijnlwnlijðx; tÞ;
XMN

s¼R

z¼ S

aqzrswrsqzðx; tÞ
* +

¼
XMN

l¼R

j¼ S

XMN

s¼R

z¼ S

aijnla
qz
rs wnlijðx; tÞ;wrsqzðx; tÞ
� �

¼
XMN

l¼R

j¼ S

j aijnl j2 :
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Since
P11

l¼0
j¼0

jaijnlj
2

is a monotone series and bounded by

kfk2
2, it converges and hence its partial sums form a Cauchy

sequence. Thus,
PMN

l¼R
j¼S

jaijnlj
2

converges to zero as

M;N;R;S!1: So kfMNðx; tÞ� fRSðx; tÞk2
2 converges to

zero as M;N;R;S!1: Thus, fMNðx; tÞ is a Cauchy

sequence and hence fMNðx; tÞ converges to g2H: We

claim that gðx; tÞ ¼ f ðx; tÞ. By (7), we have

gðx; tÞ � f ðx; tÞ;wnlijðx; tÞ
� �

¼ gðx; tÞ;wnlijðx; tÞ
� �
� f ðx; tÞ;wnlijðx; tÞ
� �

¼ lim
M;N!1

fMNðx; tÞ;wnlijðx; tÞ
� �

� aijnl

¼ aijnl � aijnl ¼ 0;

hence, gðx; tÞ ¼ f ðx; tÞ. This completes the proof of the

theorem. h

The following lemma gives an upper bound for the error

of estimate.

Lemma 1 Let f : R ! R be a function with J (maximum

of M and N) continuous partial derivatives, and suppose

that WTðxÞAWðtÞ approximates f(x, t). Then an upper

bound for the error of approximation is as follows:

kf ðx; tÞ �WTðxÞAWðtÞk2 �

SðJ þ 1Þ
J
J

2

	 

0
@

1
AðLTÞ

2Jþ1
2

J!ð2J þ 1Þð2pþkÞ
2Jþ1

2

;

ð8Þ

where

S ¼ max
k¼0;1;...;J

�����
oJ f ðx; tÞ
oxJ�kotk

����
ðg;fÞ2R

�����: ð9Þ

Proof A Taylor polynomial approximation for f(x, t) is

f ðx; tÞ ¼
XJ�1

p¼0

n 1

p!

Xp
k¼0

p

k

� �
opf ðx; tÞ
oxp�kotk

����
ðnL

2p
;iT
2k
Þ
ðx� nL

2p
Þp�kðt � iT

2k
Þk
o

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Iðx;tÞ

þ 1

J!

XJ
k¼0

J

k

� �
oJ f ðx; tÞ
oxJ�kotk

����
ðg;fÞ2R

ðx� nL

2p
ÞJ�kðt � iT

2k
Þk;

where
p
k

� �
is the binomial coefficient and computed as

p

k

� �
¼ p!

ðp� kÞ!k! :

We know that

jf ðx; tÞ� Iðx; tÞj� 1

J!

XJ
k¼0

J

k

� ������
oJf ðx; tÞ
oxJ�kotk

����
ðg;fÞ2R����� x�nL

2p

� �J�k

t� iT

2k

� �k

� 1

J!
SðJþ1Þ

J
J

2

	 

0
@

1
A x�nL

2p

� �J

t� iT

2k

� �J

;

ð10Þ

where S was defined in (9). Since WTðxÞBWðtÞ is the

polynomial of degree J�1 with respect to variables x and t

that approximates f(x, t) with the minimum mean error

bound, we have by (10),

kf ðx; tÞ �WTðxÞBWðtÞk2
2 �kf ðx; tÞ � Iðx; tÞk2

2

¼
Z L

0

Z T

0

jf ðx; tÞ � Iðx; tÞj2dt

� 1

ðJ!Þ2
S2ðJþ 1Þ2

J
J

2

	 

0
@

1
A

2

Z L

0

Z T

0

	
ðx� nL

2p
ÞJðt� iT

2k
ÞJ

2

dtdx

¼ 1

ðJ!Þ2
S2ðJþ 1Þ2

J
J

2

	 

0
@

1
A

2

 X2p�1

n¼0

Z ðnþ1ÞL
2p

nL
2p

x� nL

2p

� �2J

dx

! X2k�1

i¼0

Z ðiþ1ÞT
2k

iT

2k

t� iT

2k

� �2J

dt

!

¼

S2ðJþ 1Þ2
J
J

2

	 

0
@

1
A

2

ðLTÞ2Jþ1

ðJ!Þ2ð2Jþ 1Þ2ð2pþkÞ2Jþ1
:

Taking square roots, we have (8). h

The upper bound of the error depends on

ðJ þ 1Þ
J
J

2

	 
 !
ðLTÞ

2Jþ1
2

J!ð2J þ 1Þð2pþkÞ
2Jþ1

2

which shows that as J increases, the error rapidly

approaches zero. This is an advantage of Legendre multi-

wavelet function approximations.
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4 Method of solution

4.1 Ritz approximation function

Consider

vðx; tÞ ¼ uðx; tÞ þ x� L

L
g1ðtÞ �

x

L
g2ðtÞ:

We set

vð0; tÞ ¼ vðL; tÞ ¼ 0:

Now, Eqs. (2)–(4) are equivalent to

Da
t vðx; tÞ ¼

Xr
i¼1

aiðxÞDai
t vðx; tÞ þ bðxÞDb

x vðx; tÞ

þ cðxÞDb1
x vðx; tÞ þ dðxÞvðx; tÞ þ sðx; tÞ;

ð11Þ

with the initial condition:

vðx; 0Þ ¼ f1ðxÞ þ
x� L

L
g1ð0Þ �

x

L
g2ð0Þ; ð12Þ

and homogenous boundary conditions:

vð0; tÞ ¼ vðL; tÞ ¼ 0; ð13Þ

where

sðx; tÞ ¼ hðx; tÞ þ x� L

L
Da

t g1ðtÞ

� x

L
Da

t g2ðtÞ þ
L� x

L

Xr
i¼1

aiðxÞDai
t g1ðtÞ

þ x

L

Xr
i¼1

aiðxÞDai
t g2ðtÞ þ

bðxÞ
L

ðg2ðtÞ � g1ðtÞÞDb
x x

þ cðxÞ
L

ðg2ðtÞ � g1ðtÞÞDb1
x x

þ L� x

L
dðxÞg1ðtÞ þ

x

L
dðxÞg2ðtÞ:

Now a Ritz approximation function for (11) is in the form

vMNðx; tÞ ¼
XMN

l¼0
j¼0

xðx� LÞtcijnlwnlðxÞwijðtÞ þ wðx; tÞ; ð14Þ

where w(x, t) is an interpolating function:

wðx; tÞ ¼ f1ðxÞ þ
x� L

L
g1ðtÞ �

x

L
g2ðtÞ: ð15Þ

The function w(x, t) satisfies nonhomogeneous conditions

and so vMNðx; tÞ satisfies the initial and boundary condi-

tions (12) and (13). This approximation provides greater

flexibility when imposing initial and boundary conditions.

In general, w(x, t) is not unique.

4.2 Ritz–Galerkin method

Without loss of generality, we set M ¼ N and p ¼ k in

relation (14). Consider

/nlðxÞ :¼ xðx� LÞwnlðxÞ; cijðtÞ :¼ twijðtÞ;

for n; i ¼ 0; 1; . . .; 2p � 1 and l; j ¼ 0; 1; . . .;M � 1. We

may write the series solution vMNðx; tÞ in (14) as follows:

vMðx; tÞ ¼ UðxÞXðtÞQþ wðx; tÞ; ð16Þ

where

UðxÞ ¼ ½/00ðxÞ; . . .;/0ðM�1ÞðxÞ;/10ðxÞ; . . .;
/1ðM�1ÞðxÞ; . . .;/ð2p�1Þ0ðxÞ; . . .;/ð2p�1ÞðM�1ÞðxÞ�1�m̂;

XðtÞ ¼

CðtÞ 0 . . . 0

0 CðtÞ . . . 0

0 0 . .
. ..

.

0 0 0 CðtÞ

2
66664

3
77775
m̂�m̂2

; ð17Þ

CðtÞ ¼ ½c00ðtÞ; c01ðtÞ; . . .;
c0ðM�1ÞðtÞ; c10ðtÞ; . . .; c1ðM�1ÞðtÞ; . . .;
cð2p�1Þ0ðtÞ; . . .; cð2p�1ÞðM�1ÞðtÞ�1�m̂;

and Q is a m̂2 � 1 matrix with unknown coefficients (see

‘‘Appendix’’). We know that the elements of UðxÞ are the

polynomials of degree no greater than M þ 1. Hence, we

can write UðxÞ using the Taylor vector as

UðxÞ ¼ TMþ1ðxÞD; ð18Þ

where

TMþ1ðxÞ ¼ ½1 x x2 . . . xMþ1�1�ðMþ2Þ;

and D is the ðM þ 2Þ � m̂ transformation matrix of UðxÞ to

TMþ1ðxÞ. Similarly,

CðtÞ ¼ TMðtÞM; ð19Þ

where M is the ðM þ 1Þ � m̂ transformation matrix of CðtÞ
to TMðtÞ. We write the fractional derivative of TMþ1ðxÞ and

TMðtÞ as follows:

Db
xTMþ1ðxÞ ¼ ½0 Db

x x D
b
x x

2 . . . Db
x x

Mþ1�1�ðMþ2Þ ¼ XbðxÞ;
ð20Þ

Da
t TMðtÞ ¼ ½0 Da

t t D
a
t t

2 . . . Da
t t
M �1�ðMþ1Þ ¼ SaðtÞ: ð21Þ

Using (17), (19) and (21) gives us

Engineering with Computers (2021) 37:1473–1484 1477

123



Da
tXðtÞ ¼

SaðtÞM 0 . . . 0

0 SaðtÞM . . . 0

0 0 . .
. ..

.

0 0 0 SaðtÞM

2
66664

3
77775
m̂�m̂2

¼ FaðtÞ:

ð22Þ

Also, by (18) and (20),

Db
xUðxÞ ¼ XbðxÞD: ð23Þ

By (1), (16) and (23), the b-order fractional derivative of

vMðx; tÞ with respect to x is

Db
x vMðx; tÞ ¼ XbðxÞDXðtÞQþ Db

xwðx; tÞ: ð24Þ

Similarly, by (1), (16) and (22), the a-order fractional

derivative of vMðx; tÞ with respect to t is

Da
t vMðx; tÞ ¼ UðxÞFaðtÞQþ Da

t wðx; tÞ: ð25Þ

Now, substituting (16), (24) and (25) into (11), we have

Gðx; tÞQ ¼ pðx; tÞ; ð26Þ

where

Gðx; tÞ ¼UðxÞFaðtÞ �
Xr
i¼1

aiðxÞUðxÞFaiðtÞ

� bðxÞXbðxÞDXðtÞ
� cðxÞXb1ðxÞDXðtÞ � dðxÞUðxÞXðtÞ;

pðx; tÞ ¼
Xr
i¼1

aiðxÞDai
t wðx; tÞ þ bðxÞDb

xwðx; tÞ

þ cðxÞDb1
x wðx; tÞ

þ dðxÞwðx; tÞ � Da
t wðx; tÞ þ sðx; tÞ:

Suppose

Wðx; tÞ ¼ ½u1;1ðx; tÞ;u1;2ðx; tÞ; . . .;u1;m̂2ðx; tÞ�

is a 1 � m̂2 basis vector for L2ðRÞ.
Now, to apply the Ritz–Galerkin method to compute the

unknown coefficients of Q, we take the inner product of

Eq. (26) with the m̂2 elements of Wðx; tÞ as

GQ ¼ P; ð27Þ

where

Gi;j ¼ u1;iðx; tÞ;G1;jðx; tÞ
� �

;

Pi;1 ¼ u1;iðx; tÞ; pðx; tÞ
� �

; i; j ¼ 1; 2; . . .; m̂2;

and :h i denotes the inner product defined by

u1;iðx; tÞ;G1;jðx; tÞ
� �

¼
Z L

0

Z T

0

u1;iðx; tÞG1;jðx; tÞdtdx;

u1;iðx; tÞ; pðx; tÞ
� �

¼
Z L

0

Z T

0

u1;iðx; tÞpðx; tÞdtdx:

Hence, we have

G¼

u1;1ðx; tÞ;G1;1ðx; tÞ
� �

u1;1ðx; tÞ;G1;2ðx; tÞ
� �

. . . u1;1ðx; tÞ;G1;m̂2ðx; tÞ
D E

u1;2ðx; tÞ;G1;1ðx; tÞ
� �

u1;2ðx; tÞ;G1;2ðx; tÞ
� �

. . . u1;2ðx; tÞ;G1;m̂2ðx; tÞ
D E

..

. ..
. ..

. ..
.

u1;m̂2ðx; tÞ;G1;1ðx; tÞ
D E

u1;m̂2ðx; tÞ;G1;2ðx; tÞ
D E

. . . u1;m̂2ðx; tÞ;G1;m̂2ðx; tÞ
D E

2
66666664

3
77777775
;

P¼ u1;1ðx; tÞ;pðx; tÞ
� �

u1;2ðx; tÞ;pðx; tÞ
� �

. . . u1;m̂2ðx; tÞ;pðx; tÞ
D Eh iT

:

Equation (27) corresponds to a system of m̂2 linear alge-

braic equations with unknown coefficients. If

rankðGÞ ¼ rankð½G;P�Þ ¼ m̂2, then Eq. (11) has a unique

solution and so the solution of Eq. (2) is also unique. If

rankðGÞ ¼ rankð½G;P�Þ\m̂2, then Eq. (11) and thus (2)

have a particular solution that may find and if

rankðGÞ 6¼ rankð½G;P�Þ, then it is not a solution.

In this section, we give examples to demonstrate the

accuracy of approximation solution to multi-term time-

space convection–diffusion equations of fractional order

using our technique. The error functions is defined as

eMðx; tÞ ¼ juexactðx; tÞ � vMðx; tÞj:

Example 1 Consider the time-space convection–diffusion

equation of fractional order

Da
t u ¼ 0:5Da1

t u� xDb
x uþ xDb1

x uþ hðx; tÞ;
x 2 ½0; 1�; t 2 ½0; 1�;

ð28Þ

where

hðx; tÞ ¼ 2x2ð1 � xÞ t2�a

Cð3 � aÞ � x2ð1 � xÞ t2�a1

Cð3 � a1Þ

þ t2
2x3�b

Cð3 � bÞ �
6x4�b

Cð4 � bÞ

� �

� t2
2x3�b1

Cð3 � b1Þ
� 6x4�b1

Cð4 � b1Þ

� �
;

with the initial and boundary conditions, respectively,

uðx; 0Þ ¼ 0; x 2 ½0; 1�;
uð0; tÞ ¼ uð1; tÞ ¼ 0; t 2 ½0; 1�:

The exact solution is uðx; tÞ ¼ x2ð1 � xÞt2. The Ritz–

Galerkin solution vMðx; tÞ for M ¼ 2 and p ¼ 0 is

v2ðx; tÞ ¼ UðxÞXðtÞQþ wðx; tÞ; ð29Þ
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where

a1ðxÞ ¼ 0:5; bðxÞ ¼ �x; cðxÞ ¼ x; dðxÞ ¼ 0; f1ðxÞ
¼ 0; g1ðtÞ ¼ g2ðtÞ ¼ 0;wðx; tÞ ¼ 0;UðxÞ
¼ xðx� 1Þ;

ffiffiffi
3

p
xðx� 1Þð2x� 1Þ

h i
;CðtÞ

¼ t;
ffiffiffi
3

p
tð2t � 1Þ

h i
;

XðtÞ ¼
CðtÞ 0

0 CðtÞ

	 

; Q ¼ c00

00; c
01
00; c

00
01; c

01
01

 �T
:

The fundamental matrix relation of the problem is

Gðx; tÞQ ¼ Pðx; tÞ; ð30Þ

where

Gðx; tÞ ¼UðxÞFaðtÞ � 0:5UðxÞFa1ðtÞ
þ xXbðxÞDXðtÞ � xXb1ðxÞDXðtÞ;

pðx; tÞ ¼ hðx; tÞ;

with

D ¼

0 0

�1 1351=780

1 � 1351=260

0 1351=390

2
6664

3
7775; M ¼

0 0

1 � 1351=780

0 1351=390

2
64

3
75:

We put Wðx; tÞ ¼ ½1; t; x; xt�. By taking the inner product of

Eq. (30) for a1 ¼ 0:1; b ¼ 1:8; b1 ¼ 0:8 and a ¼ 0:7 with

the elements of Wðx; tÞ, we have the augmented matrix

½G;P� as

By solving this system, the unknown coefficient matrix

Q is obtained as

Q ¼

�0:25

�0:1443375673

�0:1443375673

�0:0833333333

2
6664

3
7775:

Substituting the elements of the column matrix Q into (29),

we have

v2ðx; tÞ ¼ � 0:25 0. . .0|ffl{zffl}
14 times

4533xtðx� 1Þ

� 0:25 0. . .0|ffl{zffl}
14 times

1643xtð2t � 1Þðx� 1Þ

� 0:25 0. . .0|ffl{zffl}
14 times

3754xtð2x� 1Þðx� 1Þ

� 0:25 0. . .0|ffl{zffl}
14 times

4529xtð2t � 1Þð2x� 1Þðx� 1Þ:

Similarly for other cases, we obtain the approximate

solution of the problem by the present method as for case

a1 ¼ 0:1; b ¼ 1:8; b1 ¼ 0:8; a ¼ 0:8:

v2ðx; tÞ ¼ � 0:25 0. . .0|ffl{zffl}
15 times

295xtðx� 1Þ

� 0:25 0. . .0|ffl{zffl}
15 times

359xtð2t � 1Þðx� 1Þ

� 0:25 0. . .0|ffl{zffl}
14 times

4842xtð2x� 1Þðx� 1Þ

� 0:25 0. . .0|ffl{zffl}
14 times

3326xtð2t � 1Þð2x� 1Þðx� 1Þ;

for case a1 ¼ 0:1; b ¼ 1:8; b1 ¼ 0:8; a ¼ 0:9:

v2ðx; tÞ ¼ � 0:24 9. . .9|ffl{zffl}
14 times

7254xtðx� 1Þ

� 0:25 0. . .0|ffl{zffl}
14 times

7762xtð2t � 1Þðx� 1Þ

� 0:25 0. . .0|ffl{zffl}
14 times

5515xtð2x� 1Þðx� 1Þ

� 0:25 0. . .0|ffl{zffl}
14 times

1256xtð2t � 1Þð2x� 1Þðx� 1Þ;

0:3617103291 0:1120602997 0:3993838574 0:2305843776 ; � 0:1834635525

0:2551082358 0:1341812003 0:2662559049 0:2305843776 ; � 0:1407905414

0:2458067810 0:0935299831 0:4640067960 0:2511328289 ; � 0:1628529334

0:1708551955 0:1045904334 0:3117571954 0:2549642813 ; � 0:1240554262

2
6664

3
7775:
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for case a1 ¼ 0:1; b ¼ 1:8; b1 ¼ 0:8; a ¼ 1:

v2ðx; tÞ ¼ � 0:25 0. . .0|ffl{zffl}
14 times

4107xtðx� 1Þ

� 0:24 9. . .9|ffl{zffl}
15 times

354xtð2t � 1Þðx� 1Þ

� 0:25 0. . .0|ffl{zffl}
14 times

4171xtð2x� 1Þðx� 1Þ

� 0:25 0. . .0|ffl{zffl}
14 times

5313xtð2t � 1Þð2x� 1Þðx� 1Þ:

Figure 1 displays the graphs of the absolute error functions

e2ðx; tÞ for a1 ¼ 0:1; b ¼ 1:8; b1 ¼ 0:8 when

a ¼ 1; 0:9; 0:8; 0:7. It is clear that even with M ¼ 2, our

approximations are very good.

Example 2 Consider the following time-fractional diffu-

sion equation [30]

Da
t u ¼ �Da1

t uþ Db
xuþ hðx; tÞ; x 2 ½0; 1�; t 2 ½0; 1�; ð31Þ

where

hðx; tÞ ¼ 6

Cð4 � aÞ t
3�asinðpxÞ

þ 6

Cð4 � a1Þ
t3�a1sinðpxÞ þ p2t3sinðpxÞ;

with the initial and boundary conditions, respectively:

uðx; 0Þ ¼ 0; x 2 ½0; 1�;
uð0; tÞ ¼ uð1; tÞ ¼ 0; t 2 ½0; 1�:

The exact solution for b ¼ 2 is uðx; tÞ ¼ t3sinðpxÞ. The

Ritz–Galerkin solution vMðx; tÞ for M ¼ 3 and p ¼ 0 is

v3ðx; tÞ ¼ UðxÞXðtÞQþ wðx; tÞ; ð32Þ

where

a1ðxÞ ¼ �1; bðxÞ ¼ 1; cðxÞ ¼ dðxÞ ¼ 0; f1ðxÞ ¼ 0; g1ðtÞ
¼ g2ðtÞ ¼ 0;wðx; tÞ ¼ 0;

UðxÞ ¼ xðx� 1Þ;
ffiffiffi
3

p
xðx� 1Þð2x� 1Þ;

ffiffiffi
5

p
xðx� 1Þð6x2 � 6xþ 1Þ

h i
;

XðtÞ ¼
CðtÞ 0 0

0 CðtÞ 0

0 0 CðtÞ

2
64

3
75;

CðtÞ ¼ t;
ffiffiffi
3

p
tð2t � 1Þ;

ffiffiffi
5

p
tð6t2 � 6t þ 1Þ

h i
;

Q ¼ c00
00; c

01
00; c

02
00; c

00
01; c

01
01; c

02
01; c

00
02; c

01
02; c

02
02

 �T
:

The fundamental matrix relation of Eq. (31) is

Gðx; tÞQ ¼ Pðx; tÞ; ð33Þ

where

Gðx; tÞ ¼ UðxÞFaðtÞ þ UðxÞFa1ðtÞ � XbðxÞDXðtÞ;
pðx; tÞ ¼ hðx; tÞ;

with

D ¼

0 0 0

�1 1351=780 � 2889=1292

1 � 1351=260 2207=141

0 1351=390 � 8667=323

0 0 4253=317

2
6666664

3
7777775
;

M ¼

0 0 0

1 � 1351=780 2889=1292

0 1351=390 � 4253=317

0 0 4253=317

2
6664

3
7775:

We put Wðx; tÞ ¼ ½1; t; t2; x; xt; xt2; x2; x2t; x2t2�. By taking

the inner product of Eq. (33) for a ¼ 0:9; a1 ¼ 0:1 and

b ¼ 2 with the elements of Wðx; tÞ, we have the augmented

matrix ½G;P� as

�1:250 � 0:887 � 0:300 0 0 0 � 2:124 � 1:153 0:134 ; 2:316

�0:810 � 0:847 � 0:469 0 0 0 � 1:430 � 1:170 � 0:190 ; 1:828

�0:601 � 0:743 � 0:534 0 0 0 � 1:073 � 1:062 � 0:361 ; 1:510

�0:625 � 0:443 � 0:150 � 0:909 � 0:554 � 0:052 � 1:062 � 0:576 0:067 ; 1:158

�0:405 � 0:424 � 0:234 � 0:602 � 0:547 � 0:184 � 0:713 � 0:585 � 0:952 ; 0:914

�0:300 � 0:371 � 0:267 � 0:450 � 0:489 � 0:247 � 0:536 � 0:531 � 0:181 ; 0:755

�0:408 � 0:285 � 0:090 � 0:909 � 0:554 � 0:052 � 1:17 � 0:659 0:029 ; 0:689

�0:265 � 0:273 � 0:146 � 0:602 � 0:547 � 0:184 � 0:781 � 0:663 � 0:147 ; 0:543

�0:197 � 0:240 � 0:168 � 0:450 � 0:489 � 0:247 � 0:587 � 0:598 � 0:237 ; 0:449

2
66666666666666664

3
77777777777777775

:
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By solving this system, the unknown coefficients matrix Q

is obtained as

Q ¼

�1:2357367097

�1:0701682394

�0:2762990367

0

0

0

0:08435771343

0:07303560565

0:01884433223

2
66666666666666664

3
77777777777777775

:

Substituting the elements of the column matrix Q into (32),

we have

v3ðx; tÞ ¼ 0:1886295816xtðx� 1Þð6x2 � 6xþ 1Þ
� 1:853585763xtð2t � 1Þðx� 1Þ
� 0:6178234281xtðx� 1Þð6t2 � 6t þ 1Þ
� 1:23573671xtðx� 1Þ
þ 0:09422166116xtðx� 1Þð6t2 � 6t þ 1Þð6x2 � 6xþ 1Þ
þ 0:2828656844xtð2t � 1Þðx� 1Þð6x2 � 6xþ 1Þ:

Similarly for other cases, we have for case

a ¼ 1; a1 ¼ 0:1; b ¼ 2:

v3ðx; tÞ ¼ 0:1886587424xtðx� 1Þð6x2 � 6xþ 1Þ
� 1:853603232xtð2t � 1Þðx� 1Þ
� 0:6178204887xtðx� 1Þð6t2 � 6t þ 1Þ
� 1:235748223xtðx� 1Þ
þ 0:09421450199xtðx� 1Þð6t2 � 6t þ 1Þð6x2 � 6xþ 1Þ
þ 0:28288847783xtð2t � 1Þðx� 1Þð6x2 � 6xþ 1Þ;

0
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Fig. 1 The absolute error functions for a1 ¼ 0:1, b ¼ 1:8, b1 ¼ 0:8 when a ¼ 1; 0.9, 0.8 and 0.7 of Example 1
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for case a ¼ 1:1; a1 ¼ 0:1; b ¼ 2:

v3ðx; tÞ ¼ 0:1886850925xtðx� 1Þð6x2 � 6xþ 1Þ
� 1:85367291xtð2t � 1Þðx� 1Þ
� 0:6177962154xtðx� 1Þð6t2 � 6t þ 1Þ
� 1:235715861xtðx� 1Þ
þ 0:09420280809xtðx� 1Þð6t2 � 6t þ 1Þð6x2 � 6xþ 1Þ
þ 0:2829110114xtð2t � 1Þðx� 1Þð6x2 � 6xþ 1Þ;

for case a ¼ 1:2; a1 ¼ 0:1; b ¼ 2:

v3ðx; tÞ ¼ 0:188715454xtðx� 1Þð6x2 � 6xþ 1Þ
� 1:853758001xtð2t � 1Þðx� 1Þ
� 0:6177680172xtðx� 1Þð6t2 � 6t þ 1Þ
� 1:235679379xtðx� 1Þ
þ 0:09418952804xtðx� 1Þð6t2 � 6t þ 1Þð6x2 � 6xþ 1Þ
þ 0:28293763xtð2t � 1Þðx� 1Þð6x2 � 6xþ 1Þ:
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Fig. 2 The absolute error functions for a1 ¼ 0:1; b ¼ 2 when a ¼ 1:2; 1:1; 1 and 0.9 of Example 2

Table 1 Comparison of the

absolute errors for a ¼ a1 ¼ 1

and b ¼ 2 of Example 2

x Present method Method in Ref. [30]

e5ðx; 0:3Þ e5ðx; 0:5Þ e6;6ðx; 0:3Þ e6;6ðx; 0:5Þ

0.1 2:9599 � 10�7 1:3254 � 10�6 1:4212 � 10�5 3:5288 � 10�5

0.2 2:9991 � 10�7 1:4583 � 10�6 5:6199 � 10�6 1:0203 � 10�5

0.3 4:9827 � 10�7 2:3304 � 10�6 9:2469 � 10�6 1:7476 � 10�5

0.4 1:8177 � 10�7 8:8822 � 10�7 5:7318 � 10�6 1:9061 � 10�5

0.5 6:4785 � 10�7 3:0782 � 10�6 1:6258 � 10�5 2:4668 � 10�5

0.6 1:8177 � 10�7 8:8822 � 10�7 1:0580 � 10�5 3:1409 � 10�5

0.7 4:9827 � 10�7 2:3304 � 10�6 5:3736 � 10�6 8:1961 � 10�6

0.8 2:9991 � 10�7 1:4583 � 10�6 1:0919 � 10�5 3:0812 � 10�5

0.9 2:9599 � 10�7 1:3254 � 10�6 3:8734 � 10�5 9:4835 � 10�5
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Figure 2 displays the graphs of the absolute error functions

for a1 ¼ 0:1; b ¼ 2 when a ¼ 1:2; 1:1; 1; 0:9. Table 1 is

used to show the numerical results by the present method at

t ¼ 0:3 and t ¼ 0:5 for a ¼ a1 ¼ 1; b ¼ 2. According to

Table 1, the present method gives better results as com-

pared to [30].

5 Conclusion

In this paper, we have presented a numerical method to

solve multi-term time-space convection–diffusion equa-

tions of fractional order with variable coefficients and

initial-boundary conditions. We have successfully applied

the Ritz–Galerkin method based on Legendre multiwavelet

functions and obtained very good approximate solutions

using only a few terms. The main advantage of the present

method is that the approximate solutions are very easily

and rapidly calculated using computer programs such as

Matlab.
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Appendix

The m̂2 � 1 matrix Q with unknown coefficients cijnl is as

follows:

Q ¼

C1
T

C2
T

..

.

Cm̂
T

2
66664

3
77775
m̂2�1

;

where

C1

C2

..

.

CM

CMþ1

..

.

C2M

..

.

Cð2p�1ÞM

..

.

C2pM

2
66666666666666666666666664

3
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