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Abstract

A class of nonlinear Mathieu—Hill equation is established to determine the bifurcations and the regions of nonlinear
dynamic instability of a short double-walled nanobeam, while the emphasis is placed on investigating the effect of residual
surface stress on instability. To achieve this goal, first, a short double-walled nanobeam is modeled and embedded on a
viscoelastic foundation and subjected to an axial parametric force. Second, based on the nonlocal elasticity and nonlinear
von Karman beam theories, the nonlinear governing equation of motion is derived. Finally, Galerkin technique and
multiple time scales method are used to solve the equation. Numerical examples are treated which show various dis-
continuous bifurcations. Also, infinitely stable and unstable solutions are addressed.
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1 Introduction

Knowledge and application of that knowledge are two
different sides of the same coin. Recent advances in the
application of nanotechnology have resulted in the manu-
facture of nanoelectromechanical devices. The attractive-
ness of them is due to their excellent and distinctive
mechanical and electrical properties. Among them, carbon
nanotubes (CNTs) have been regarded as a class of smart
materials and attracted the attention of many researchers
for application in optical transparency [1, 2], resonators
[3-5], diagnosis of gas atoms [6], memory devices [7] and
composite material [8].

In the following, it has been proved that the mechanical
characteristics of nanostructures such as nanobeams are
size dependent [9]. An investigation presented by Eringen
and Edelen [9] revealed that the classical continuum theory
is longer eligible for studying nanostructures. Thanks to
recent advances in the technology of nanostructures, many
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researchers in their investigations [10-16] applied the
nonlocal elasticity theory proposed and developed by
Eringen and Edelen [9, 17]. The results emphasize that
nanostructures are size dependent and the considered
interaction between atoms should not be ignored.

Many studies have treated the problem with the effect of
surface energy. It is well-known that due to increasing the
ratio of surface area to bulk, the effect of surface energy
becomes crucial and significant. Therefore, it should be
taken into consideration. It is worth mentioning that after
proposing a new theory of surface effects on nanoscale
structures by Gurtin and Murdoch [18, 19], great attention
was given to surface effects including high-order and
residual surface stress in nanostructures. A two-dimen-
sional theory of piezoelectric plates and shells by surface
effects was established by Zhang et al. [20, 21]. Recently,
Shaat et al. [22] realized that the effect of surface energy
should be taken into consideration using Gurtin and Mur-
doch theory. Developing a continuum model, Dingreville
et al. [23] took free surface energy into account and studied
the effects of surface layers on the elastic behavior of
nanowires. In another study, applying nonlocal strain gra-
dient theory, Lu and his co-workers [24] found that the
surface effects can influence the critical buckling at a high
length-to-thickness ratio. To achieve this goal, they

@ Springer


http://orcid.org/0000-0001-9091-4647
http://crossmark.crossref.org/dialog/?doi=10.1007/s00366-019-00879-x&amp;domain=pdf
https://doi.org/10.1007/s00366-019-00879-x

1220

Engineering with Computers (2021) 37:1219-1230

developed a size-dependent nanoplate. Effects of surface
elasticity and residual surface stress on vibration behavior
of microbeams were illustrated by Wang and Feng [25].
Karimi and Shahidi [26] demonstrated the effect of surface
energy on buckling analysis of skew nanoplates. It was
concluded that by increasing the skew angle, the surface
layers have less effect on the buckling of nanoplate.
Moreover, emphasizing the surface effects on nonlinear
vibration characteristics, Ebrahimi and Hosseini [27]
developed a double-layered viscoelastic nanoplate. Flexo-
electricity and surface effects on vibration and mechanical
behavior of nanoplates were studied by Ebrahimi and
Barati [28, 29]. They found that considering the surface
effect enhances the stiffness of flexoelectric nanoplate as
well as natural frequency. Using couple stress and surface
elasticity theories, Shaat and Mohamed [30] investigated
the size-dependent results of nonlinear electrostatic model
of actuated beams. Mechanical properties and buckling of
nanowires incorporating surface elasticity and residual
surface tension were investigated by Wang and Feng [31].
Chen et al. [32] modeled a Timoshenko beam to study the
effects of surface stresses on the natural frequencies of
functionally graded (FG) nanobeams (Table 1).

There are literatures devoted to dynamic instability
including linear and nonlinear characteristics. She et al.
[33, 34] investigated the effect of nonlinearity on the
mechanical characteristics and buckling of FG porous
nanobeams. Recently, Krylov and his co-workers [35]

Table 1 Parameter definitions

concluded that parametric excitation is able to make a
stable region larger and instability of the system consid-
erably depends on the damping coefficient. Wang et al.
[36] used CNTs to study the effect of parametric excitation
on instability. It was found that parametric excitation
produces a gap between positive and negative detuning
parameters. Other researches [37-39] also demonstrated
the influence of parametric excitation on energy harvesting
system. According to their results, amplitude in energy
harvesting systems is considerably affected by parametric
excitation. Wang [40] and Yan et al. [41] also explained the
effect of parametric excitation on the characteristics of
beams including Timoshenko beam model. The influence
of thermo-magneto-mechanical loads in nonlinear insta-
bility of a short nanobeam exposed to an external para-
metric was conducted by Ghadiri and Hosseini [42]. The
above literature survey in dynamic instability of
micro/nanostructures clarifies that dynamic instability of
micro- and nanostructures has been untouched in many
aspects [43, 44].

Motivated by the lack of sufficient accuracy in the effect
of residual surface stress on nonlinear dynamics and
instability of double-walled nanobeams caused by an axial
force producing parametric excitation, in the present study,
the effect of considering residual surface stress on non-
linear dynamics and instability of double-walled nano-
beams subjected to an external parametric excitation is
investigated. A short double-walled nanobeam is modeled

Symbol Expression Symbol Expression

E Young’s modulus L Length of the beam

T The classical stress tensor by, by Inner and outer width of nanobeam

T Residual surface stress hy,hy Inner and outer thickness of nanobeam

E* Surface elastic modulus c van der Waals coefficient

Oy The axial normal stress A1, A, Cross-sectional area of inner and outer layers
Exx The axial normal strain £ Nonlinear strain vector

Ly o Damping coefficient of inner and outer layers To, T\ Time scales

o1 Detuning parameter of inner layer cd Viscous damping coefficient

a2 Detuning parameter of outer layer 2 Parametric excitation amplitude of inner layer
eod Nonlocal parameter o2 Parametric excitation amplitude of outer layer
B, Ba Nonlinearity coefficient of inner and outer layers I, The moment of inertia of outer and inner layers
& Strain vector kyy Winkler foundation coefficient

K Variation of curvature vector fifa Transverse load

Fi,F> Force amplitude Q Frequency excitation

t Time € Scaling parameter

p Mass density u Displacement of neutral layer

w1 Natural frequency of inner layer w Nanobeam deflection

w0 Natural frequency of outer layer
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and embedded on a viscoelastic foundation. In the next
step, nonlinear governing equation of motion is derived,
while the nonlocal elasticity theory and nonlinear von
Karman beam theory are applied. To solve the equations,
Galerkin technique and multiple time scales method are
employed as well. A class of nonlinear Mathieu—Hill
equation is established to analyze the nonlinear instability
of the system while the emphasis is placed on study of
bifurcations.

2 Problem formulation

In Fig. 1, the schematic of double-walled nanobeam
embedded on a viscoelastic foundation under an axial force
is shown. For each layer of nanobeam, an axial force is
employed as a function with a harmonic excitation with
frequency (€2). The thermo-magneto-mechanical loads are
applied to expose the outer layer. Besides, the viscoelastic
foundation is a combination of viscous damping coefficient
(cq) and Winkler coefficient (k,,). The length of nanobeam
taken is L and the inner and outer diameters of nanobeam
are d; and d,, respectively.

2.1 Constitutive relations

Referring to the nonlocal elasticity theory presented by
Eringen [45, 46], the key idea of the Eringen theory is that
the nonlocal stress tensor gy at point X can be defined as
below:

oux — pup =0, (1)
ou(X) = [ KX, X )t (X' )dV(X'), (2)
v
Okl = % (Mk,z + Ml,k), (3)
z

F cos(Qt)
e O

where K(X,X') is the Kernel function and represents the
nonlocal modulus. Eringen [46] demonstrated that it is
possible to represent the integral constitutive relation in an
equivalent differential form as:

(1 - (eoa)zvz)a =T, (4)

where V2 = aa_; is the Laplacian operator. In addition, (eoa)
is the nonlocal parameter in which ej is a constant deter-
mined by experiments and proportionate to each material
and a denotes internal characteristic length. According to
nonlocal constitutive relations, it yields for nanobeams as:

R

ox?

Here we can define new terms as the axial force and the
resultant bending moment so that:

Oux — (€0a)* = Eegy,. (5)

{N,M} = {O_X(laz)dAv (6)

in which z depicts the transverse coordinate in the deflec-
tion direction. The displacements can be written as below:

0
ul(x,Z, t) = M(X, t) - Za_WaMZ = 0)”3(X7Za t) = W(X, t)'
X

(7)

Here applying the nonlinear von Karman strain, it
yields:

&= ¢y + K. (8)
Using Egs. (7) and (8), it yields:
ou 1 [fow\? 0*w
80_&*5(&) K= ®)

From Egs. (6)—(9), it can be written as:

F cos(Qt)
———————— —

Fig. 1 The double-walled nanobeam embedded in a viscoelastic foundation subjected to parametric excitation
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(1 - (eoa)ZVZ)N = EAg
(1 - (eoa)ZVZ)M = Elx, 1o

where I; = [z?dA;(i = 1,2). Finally, the equation of
motion is defived as follows [47, 48]:

w0 ow , 0 ow
Eh5d % (Nl E) *(0a) 5z (Nl a)

2 62
o S = (a2 (11a)
ot
*f,
:ﬁ — (60(1)26721
E164W2_E N% +( )26_3 N%
oo\ Pax ) T e (M ox
2 62
+ pAs— |w [ — (e0a)? an] (11b)
ot
=f — (e0a)’ —f

Ox?
in Egs. (11a) and (11b), N;(i = 1,2) are defined as below:

L 2

Ny = Fj cos Qf — {Ez—il} /(66%) dx, (12a)
0
L

N, = F cos Qf — {EAZ} /(6wz) (12b)
0

in Egs. (12a), (12b), the term of axial force

(F;cos Qi = 1,2) is the reason of parametric excitation of
the nanobeam. In Egs. (11a) and (11b), fi(i = 1,2) is
defined as below:

f] = C(Wl — Wz), (13&)
6

fr=kowr +c (w2 —wr). (13b)

Compared to bulk atoms in nanostructures, surface

atoms have different properties and characteristics so that
the surface effects should be considered when there is a
high ratio of surface to bulk. It is possible to link surface
stress (¢*) and axial strain (&) by defining the following
equation [49]:

o = ’E() + Esﬁxx. (14)

It can be shown that an effective distributed transverse
loading along the nanobeam length can be generated by the
effects of the residual surface tensions on the surfaces of
the Euler—Bernoulli nanobeam [25] so that:

= 2%bj—- . 15
q = 2Tobi 5 5 (15)

@ Springer

Now, for Euler-Bernoulli nanobeam with surface
effects, Eq. (10) for the longitudinal force and the nonlocal
stress—strain relation can be written as follows [50]:

L
2
N = (EA)" / (%t) dx| + 25,
0

(16)
o*M LOPw
2
M—(EOa)W_(EI)az
Here (EL)* and (EA;)* can be expressed as follows
[51, 52]:
bih? B} bih?
(EL)'=E L)+ E° |-+ L1,
12 6 2 (17)
EA; h; + b; .
EA; E* A; = hib;,i = 1,2
(EA;) = o+ [ 7 ] hib;, i

According to Egs. (11a, 11b-17), the governing equa-
tion of motion of Euler—Bernoulli nanobeam including
surface effects is derived as:

*64W] — *L aW1 62W|
_(EII)W—{F]COSQI—(EAI) {)‘( ) W

,otw L ©w1>2
F Qf — (EA
+(eo)6x“{ 1 cos Qf — ( 1){(

_ [ o
+ (1 - (eoa)zvz)c(wl —wy) — 27 {Wv‘;l — (eoa)zwwil]

azwl 2 64W]
- pAl < R - (eoa) apax2)7
(18a)

. _ . / owr\’ *wa
_ (EIQ) W — F2 cos Q2 — (EAQ) / a dx axz
0

6W2
- kW
+cq o + Kywo

64W2 _ owy :
o {FzCOSQt—(EAz) g( ) dx

+ (1 - (eoa)2V2>c(wz —wy)

o*w
~ 2 2
~ 2% [a_ ~ (e0a) W}
63W2

2
— (eoa)"cq pree]

~ (e a)Zm
0% aizax2 )

+ (eoa)’

(18b)

Now, nondimensional parameters can be used for better
understanding as follows:
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L4 tobL? i J(EL)" L
Ci=cy P B (GO
pA,(EI,) (EI,) L? pA, EI;

(19)

In Eqgs. (18a) and (18b), the Winkler-type foundation is
taken from Ref. [53]. Substituting nondimensional param-
eters into Eqgs. (18a) and (18b), it yields:

o*wy oW, o*wy, L, o'w,
6X4—{F1COSQt f(aX) dX aXZ +/ 6X4

L 6W1>
FicosQt— [| — | dX
{rroman— (G2 o}

*w o*w
o [ x aX‘*l] e )
o rw oW,
"axr T oxe
_(FwW L, d'w
T\ o aﬂax
(20a)
o*w, oW, *W,
aX4 {F2 cos Qt — < > W
oW
+ Cd,@—t2 + KW,
oW, AN
) =
+y X {Fgcoth f(@X) dx
Y Wy, Lo,
loxz 7 oxt
W, oW,
~ 7Ky~ 7 Cagga T C(Wa = W)
o ow, o'W,
"oz T oxe
_(FW, , , O'W,
—\ o aﬂaxz
(20b)

For a simply supported double-walled nanobeam, the
corresponding boundary conditions would be:
oW,
" 0X2

W, = =0, at X=0X=L(i=1,2). (21)

2.2 Galerkin technique

Now, Galerkin technique is employed to solve the equa-
tions so that an approximate solution is substituted into

Egs. (20a) and (20b). Therefore, the approximate solution
is assumed as follows:

Z Yi(t) s1n@ (22)

In Eq. (22), ¥() and sin®> are time-dependent function
and the spatial basis function, respectively. It is noted that
for fundamental frequency, we assume k = 1. Now, sub-
stituting Eq. (22) into Egs. (20a) and (20b), it yields:

Uy + olgly + B} — dicos(Q)yy — 1, =0 (23a)
‘/./.2 + wgo‘ﬁz + 2#2‘#2 + ﬁzlﬁ% — dycos(Qt), — b =0,
(23b)

in Egs. (23a) and (23b), e(e < 1) is known as scaling
parameter. For other parameters, it can be written as:

e=E
Wl = L [C+ oy + 2] (T) + n (24
{[ @) © ()>(L>

By = % <§247/32 :%<§)47H2 :%751 =F <%>2,

T
52:F2<Z) =1 =C.

2
=4 C+

2.3 Multiple scale method

In this section, to solve Eqgs. (23a) and (23b), a set of first-
order approximations is applied as [54]. This set of first-
order approximations is known as multiple time scales
approach and proposed by Nayfeh and Mook [54]. There-
fore, it yields:

¥ (1) = ¥1(To, Tr) + 11 (To, Th) (25a)

Yo (t,) = Yoo(To, T1) + Yoy (To, T ). (25b)
For T and T; in Egs. (25a) and (25b), we have:

To=1t,T) = et (26)
And also, we define operators as:

%Zd;;’,o—i-d;{l—ﬁ- =Do+ Dy +---, (27a)

d? d? d d 5

@:d—Tg d—Tod—T1+ —D0+2/D0D1+~~.

(27b)

At first, substituting Egs. (25a), (25b) and (27a), (27b)
into Eqs. (23a) and (23b) then, for the coefficients of € and
e!, it can be obtained as:
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D1 + gy =0 (28a)
Doy + 030 = 0 (28b)
e Dg‘pll + w%olpn
= —2DoD1yr g — Bribiy + 11Wa0 + S1 g cos QT
(29a)
Dy + wigWay = —2DoDiYrpg — 20, Dolag — Bty
+ 12¥ 10 + 250 cos QTy.
(29b)

To solve Egs. (28a) and (28b), a general solution may be
introduced as:

=A T] eiwloTO +A T] eiiwao,
10
‘//20 — B(Tl)eiwono + E(Tl)e_iwono.

Now, A and B are unknown and A and B are the complex
conjugate of A and B. Using Egs. (30a), (30b) and substi-
tuting in Eq. (28a) and (28b), it yields:

D(z)lp” + wlOl//ll = —2160 A, foTo _ BIASESiwIOTO
. 3ﬁ1A2Aelw]°To + XlBeiwono

(30a)
(30b)

+ %51Aei(Q+I)T0 4 %51Aei(971)T0 + CC,

(31a)
Dg‘pZI + w%ol//zl = —2inOB’ei‘”2°T0 — iﬂngoBeiwon"
— ﬁ23363iwz°T0 _ 3ﬁzBZB_eiz/)ono + yerimmTo
+ %5236i(9+wzo)To + %52361'(97(1)20)% +CC.
(31b)

It is noted that there will be internal resonance when
wyo ~ 1. Now, by definition (Q = 2wy + €01, wy =1+
€g,) that o1 and o, are detuning parameters, we eliminate
the secular terms in Egs. (31a) and (31b).

ZiCO]()A, + 3[)>1A2A*_ XlBeiale _ 5 Ae i(01+202)Ty — O7

(32a)
_ . 1 .
2iwy0B + ipty 0B + 3,B°B — y,Ae Tt — 3 5,Be 1T
=0
(32b)

To define a polar form for A and B as below, one can
write:

1 . 1
A(Ty) = gal(Tl)eM'm) = Eal(cos Ay +isindy), (33a)

1 . 1
B(T)) = Eaz(Tl)eMzm) =5 a(cos ko +isina).  (33b)

@ Springer

Substituting Egs. (33a), (33b) into Eqs. (32a) and (32b),
it yields:

1 01
=50 sin y +4w10a1 sin(aTy) (34a)
@y =aik +aio —iﬂcﬁ—&—L* a; cos
17 = a1ty 102 4y, 1 26010/(1 2 7
_ 4w‘10 aicos(aT) (34b)
/ 1 41 1 + 02 in(o1T1)
=—= sin sin(o
a S Hd2 T 5 /201 "t 2002 113
(35a)
W = al, — ara i[3(13—|—L~acos
2’1 — a2 202 4(,02() 242 2602()/{2 1 ;7
14
+4a)220 azcos(a1Ty) (35b)
where,
y= (A —Ah)+aT
o =o01+20, (36)

n=(h —A) — 0T

According to Eqgs. (34a, 34b)—(36), three different cases
can occur:
Case I: a; =0,a; #0

9B3a5 + 242002 B2a5 + a3 + 163,05 — 85 = 0
(37)
Case II: a; # 0,a,, =0
9Bal — 24B 0207 + 1603 — 51 =0 (38)
Case III: a; # 0,a; #0
9p7aS — 24,0247 + (1603 — 52) — 4y 0 1a0a) — Ap2dl
=0,
(39a)

96345 + 24w2002[32a2 + (4313 + 160303 — &) a3
—dydra1a; — 4/(2“1
=0.

(39b)

Finally, assuming (u, > 0), the stability of the system
can be evaluated. Therefore, defining Cartesian form of the
solution (A =1(p; —ig1)e"™ ™, B =L (p2 — iqy)e™™"") and
based on Egs. (32a) and (32b), it yields:

2i(1)10A/ . XlBeiang _ %51Aei(al+202)T1 =0, (403)

71‘0‘2T1

1 .
2iwyB’ + iy wrB — y,Ae - 5(szBeWIT' =0. (40b)

Substituting A and B in Eqs. (40a) and (40b), we rewrite
the process of the solution as below:
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! 5 "
P — (01-1—:1)41—%612:0 (41a)
/ o1 X1
N Ry P1+5P2=0 (41b)
p- +&p2* Uer& 92— 1 q1=0 (42a)
) 4w 2mn0
s 02 b
—= — - =0 42b
q, + 5 q> + (0'2 +4w20>l72 26020171 ( )
Now, it is assumed and substituted

(p1 =q1 =p2 =q2 =0). Thus, Egs. (4la), (41b) and
Egs. (42a), (42b) are determined as follows:

1

1 ) ” ) 1
A= Fu%o (2()1;&(71(0%0 + 4()1/1510%0 + 0 adas, + =

S 2 2 2
2()261(72(1)20 + 801010507

N 1. |
(Ugo + 40,010,022 + 8526%0’2(020 + i&%élal + 5%(7% + Eagaf

+ 450w, + 16070305 — 7173)-

(43)

The amplitude response for different cases can be
derived from Eqgs. (37)—(39a, 39b). In addition, whenever,
A > 0in Eq. (43), the system is stable and A <0 means the
system is unstable. Equations (37)—(39a, 39b) and Eq. (43)
emphasize that outer layer of nanobeam plays an important
role in nonlinear instability of the inner layer in the system.

3 Results and discussion

In this section, numerical results of the present study are
presented and discussed in figures. Anterior to the major
discussion of this study, the formulation and the numerical
should be checked and validated. To achieve this goal,
some available literatures are used to have a comparison
between results. In the next step, the numerical results for
nonlinear dynamics and instability of double-walled
nanobeams are presented while it is focused on the effect of
residual surface stress on dynamic instability and bifurca-
tions in nonlinear instability of the system. In addition,
material properties of the nanobeam is taken as Young’s
modulus E = 1100 Gpa, the mass density p = 2.3 g/em?,
the residual surface stress 75 = 0.89 N/m and the surface
elasticity E°= 1.22 N/m. Also, the inner and outer diame-
ters of the nanobeam are d= 0.7 nm and d,= 1.4 nm,
respectively.

3.1 Validation of the study

From Fig. 2, the relation between the amplitude response
(1) and detuning parameter (o) in nonlinear instability of a
short nanobeam exposed to an external parametric excita-
tion (6 = 6) is observed. It is noted that 77 is the amplitude

1225
5 T T T T T
Present work
45 |- — = 1
W  Ghadiri and Hosseini [42]
4 5] 1
35 8
3t ]
© 25 4
2 4
15 1
1+ 4
05 1
0 %
15 10 15

Detuning Parameter o

Fig. 2 The relation between amplitude response (a) and detuning
parameter (¢) in nonlinear instability of a nanobeam subjected to an
external parametric excitation (& = 6) [42]

response of a single layer nanobeam. In fact, it can be
equalized with the amplitude response (t7;)of the double-
layered nanobeam in the present study. The results are also
compared with the results presented by Ghadiri and Hos-
seini [42] is observed. There is a good agreement, as can be
observed, between the results. It is found from Fig. 2 that
due to parametric excitation, stable (solid line) and unsta-
ble (dashed line) curves vary for different values of
amplitude response. In Fig. 2, bifurcations happen “out of
the clear blue sky” for stable and unstable curves. When
the amplitude response is equal to zero, we have two trivial
solutions before -5. After that, there is one trivial (unstable)
and one non-trivial (stable) solutions until 5. After detuning
parameter (¢ = 6), there are two non-trivial stable and
unstable solutions. It should be noted that Fig. 2 is
achieved when 6 > 2p which p represents the damping
coefficient of the system of the single layer nanobeam.

3.2 Numerical results and discussion

As mentioned, in this section, the numerical results of the
effect of residual surface stress on nonlinear dynamics and
instability of double-walled nanobeam caused by an
external axial force is presented while the emphasis is
placed on investigating the effect of parametric excitation,
residual surface stress effect, viscoelastic foundation
coefficients and damping coefficient. To ensure better
understanding of nonlinear instability of the system,
bifurcations are discussed and identified in plots. Bifurca-
tions can be supercritical pitchfork, subcritical pitchfork
and or saddle node. In fact, bifurcations aid in a good view
of stable and unstable situations and regions in nonlinear
dynamics of the system.
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Saddle node Bif. ]
— =1 Tg=2
— 7,=0 0
— 4
,
_ - 01NNy 1
~<_ .
| s 0.05 \ i
02" subcritical pitchfork Bif. Sy \
) | S —
2 Rl
02k 7 005 )/ i
} - )

V4r =TT 75 8 8.5
06 T .
T
0.8F T ]

-1 L
0 5 10 15
62
(U 2= —5)
05
04 8
To=2
03r 75=1 b
| 7=0 i
02 "o Supercritical pitchfork Bif.
01 f 1
o OF i
N
01+ 0.1 1
02} 005 1
0
03 8
-0.05
04 ]
0.1
7. 4 8.
o5l 76,8 84 88 ‘ ‘ ‘
2 4 6 8 10 12 14 16
62
(U 2= —5)

Fig. 3 Effect of residual surface stress on bifurcations in nonlinear
instability of the system for various values of force amplitude (J,)
and amplitude response (a;)

Figure 3 demonstrates the effect of residual surface
stress on bifurcations in nonlinear instability of the system
for various values of force amplitude (J,) and amplitude
response (o). As residual surface stress is increased, a shift
in bifurcation points is observed so that for negative values
of detuning parameter (g, > 0), it moves to the left side
and for positive values of detuning parameter (g, > 0), it
has a tendency to move toward the right side.

The effect of nonlinear coefficient (f,) on amplitude
response (a) in nonlinear instability of the system for both
with surface stress and without surface stress (7g) is dis-
played in Fig. 4. It would be clear from Fig. 4 that com-
pared to residual surface stress effect, the effect of
nonlinear coefficient is completely effective on amplitude
response of the system. As a matter of fact, as the nonlinear
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coefficient is increased from 1 to 5, the amplitude response
considerably grows (Eq. (38). On the other hand, by con-
sidering the surface effect, amplitude response gradually
grows. In addition, in both plots, the bifurcations come up
with three situations including the saddle node, the super-
critical pitchfork and the subcritical pitchfork bifurcations.

From Fig. 5, it is observed that the effect of the foun-
dation coefficients (K,,, C;) on the amplitude response (a;)
of the system is considerable. It is noted that the residual
surface stress is taken 7y = 1. In Fig. 5a, it can be seen that
as the Winkler coefficient increases from O to 100, the
subcritical pitchfork bifurcations have a considerable shift
along to the left side of the force amplitude (J;) axis
(Eq. (38)). Therefore, for different values of the Winkler
coefficient, different bifurcations include the subcritical
pitchfork and the saddle node ones. For Fig. 5b, all
explanations of Fig. 5a are valid for Fig. 5b, however, the
effects of the viscous damping coefficient are lower than
Winkler coefficient on instability of the system. The pos-
sible reason of such a behavior is the effect of the foun-
dation coefficients (K,,, C4) on the natural frequency of the
system.

To ensure better understanding of the residual surface
stress effect on the nonlinear instability of the system,
Fig. 6 presents the emphasis placed on investigating the
relation between the amplitude response and the residual
surface stress. Figure 6 states the relation between the
amplitude response (a,), the detuning parameter (g,) and
the force amplitude (0,) for different values of the residual
surface stress (7¢) in the nonlinear instability of the system.
As the residual surface stress effect is increased, the
amplitude response grows. It is worth mentioning that the
supercritical pitchfork bifurcation can be seen for various
values of the detuning parameter (o7). All points on the red
line (see, Fig. 6) introduce bifurcation points (the super-
critical pitchfork). Figure 6 is derived from Eqgs. (39a) and
(39D).

In Fig. 7, one of the main results of the present study is
observed so that as the force amplitude (J,) is increased
while other parameters are held constant, stable and
unstable curves (dashed lines and solid lines, respectively)
move far away and make the gap between them larger.
Also, Fig. 7 is obtained from Eq. (37). It means that the
stable region (the region between stable and unsta-
ble curves) become larger. At the same time, the super-
critical and subcritical pitchfork bifurcations would have a
shift towards high values of the detuning parameter (o).
Moreover, as the force amplitude (d;) is increased, the
amplitude response slowly decreases.

In contrast to Fig. 7, there is no shift in bifurcations
caused by an increase in the nonlinear coefficient (f,) in
Fig. 8 (please see, Eq. (37)). From Fig. 8, it can be
revealed that the nonlinear coefficient (f8;) influences the
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Fig. 5 The effect of foundation coefficients (K, C;) on amplitude response (a,) in nonlinear instability of the system with residual surface stress
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amplitude response (a;) in nonlinear instability of the
system for different values of detuning parameter (o,). As
nonlinear coefficient (ff;) is increased, the amplitude
response (a;) considerably decays. It reveals that nonlin-
earity can have more influence on the mechanical charac-
teristics of double-walled structures than the residual
surface stress effect.

The results of the present study in nonlinear dynamics of
double-walled nanobeams illustrate this point that com-
pared to single nanobeams [42], double-walled structures
such as nanobeams have different nonlinear behavior and
bifurcation properties. Furthermore, as can be seen in
derived equations and plots, the outer layer has more effect
on instability than the inner layer. It seems that the residual
surface stress effect on double-walled nanobeams is
inevitable in design of nanoelectromechanical devices.

4 Conclusions

As considering all phenomena associated with nanobeams
seems to be necessary, the literature is devoted to consid-
ering the effect of residual surface stress on nonlinear
dynamics and instability of double-walled nanobeams. A
class of nonlinear Mathieu—Hill equation is established to
determine the bifurcations and the regions of nonlinear
dynamic instability of a short double-walled nanobeam
while the emphasis is placed on investigating the effect of
residual surface stress on instability. In validation of the
numerical results, a good agreement between the results of
the present study and the results of the available literatures
is observed. Numerical examples are treated which show
various discontinuous bifurcations. Also, infinitely
stable and unstable solutions are addressed. It is noted that
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Supercritical pitchfork Bif.

Fig. 6 Relation between amplitude response (a5 ), detuning parameter
(02) and force amplitude (d,) for different values of residual surface
stress (7o) in nonlinear instability of the system

3 T

Stable
— — —Unstable

Fig. 7 The effect of force amplitude (J;) in nonlinear instability of
the system for different values of amplitude response (a;)

we classify bifurcations as supercritical and subcritical
pitchfork and saddle node bifurcations. Some main out-
comes of the present study can be enumerated as follows:

e We classify the bifurcations as discontinuous
bifurcations.
e All the examples show that a discontinuous bifurcation

is always accompanied by a jump.

In addition, the numerical results show that as force
amplitude () is increased the other parameters are held
constant, stable and unstable curves move far away and

@ Springer

Stable
— — —Unstable

-10 0 10 20 30 40 50

Fig. 8 The effect of nonlinear coefficient (f,) in nonlinear instability
of the system for different values of amplitude response (a;)

make the gap between them larger. It means that
stable region becomes larger.

At the end, we close this paper by stating that consid-
ering the residual surface stress effect on nanoscale struc-
tures including beams is inevitable in design of the
nanoelectromechanical devices.
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