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Abstract

We present a new numerical method for solving fractional delay differential equations. The method is based on Taylor wave-
lets. We establish an exact formula to determine the Riemann-Liouville fractional integral of the Taylor wavelets. The exact
formula is then applied to reduce the problem of solving a fractional delay differential equation to the problem of solving a
system of algebraic equations. Several numerical examples are presented to show the applicability and the effectiveness of

this method.
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1 Introduction

Fractional differential equations (FDEs) have a long history.
It can be traced back to the works of L’Hopital since 1695
when he raised a question to Leibniz about derivative of
order % In the last two decades, FDEs have drawn increasing
attention due to their important applications in various fields
of mathematics, sciences and engineering, such as electro-
chemistry [1], economic [2], mechanic [3, 4], medicine [5],
signal processing [6], traffic model [7], and informatics [8].

Delay differential equation is a special kind of differential
equation in which the derivative of the unknown function at
a certain time is given in terms of not only the value of the
unknown function at the same time, but also the values of the
unknown function at previous times. Delay differential equa-
tions are introduced during various mathematical modelling
of processes in engineering and sciences, such as economy,
biology, medicine, chemistry, control, and electrodynamic
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(see for instance, [9, 10] and references therein). In general,
the solution of some delay differential equations cannot be
expressed in terms of elementary functions. Therefore, it is
necessary to develop numerical methods to approximate the
solution of these equations. Variety of numerical solution
methods have been proposed, for instance, Adomian decom-
position method [11], One-leg 8-method [12], variational
method [13], Legendre wavelet method [14], Chebyshev
polynomials [15], and Bernoulli operational matrices [16].

Fractional delay differential equation is a natural gener-
alization of delay differential equations of integer orders.
However, there were not many works devoted to numeri-
cal methods for solving such kinds of differential equations.
Some available numerical methods for solving fractional
delay differential equations are based on finite difference
method [17], Legendre pseudo-spectral functions [18], spec-
tral collocation method [19], Hermit wavelet functions [20],
Bernoulli wavelet functions [21], and linear interpolation
method [22].

In recent years, wavelet theory has received considerable
attention because of its powerful applications in several
fields such as system analysis, numerical analysis, and opti-
mal control [23]. Wavelets have several specific properties
that make them useful [24]. In general, for solving fractional
calculus using wavelets, the following equation has been
used:

I“P(t) =~ P*Y(1),

where I* is the Riemann—-Liouville fractional integral of
order « for different wavelets and P* the operational matrix
for Riemann-Liouville integration (OMRLI). The elements

@ Springer


http://orcid.org/0000-0002-2189-0802
http://crossmark.crossref.org/dialog/?doi=10.1007/s00366-019-00818-w&domain=pdf

232

Engineering with Computers (2021) 37:231-240

of W(¢) are the basis functions. Typical examples are the
applications of Chebyshev, Legendre, Cosine and Sine
(CAS), or Haar wavelets [25-28]. For obtaining P%, these
wavelets were first expanded into block-pulse functions,
then the OMRLI of block-pulse functions was used for cal-
culating P*. In addition, for obtaining P*, using Bernoulli
wavelets in [29], the Bernoulli wavelets were first expanded
into Bernoulli polynomials, then the OMRLI of Bernoulli
polynomials was used for calculating P* for Bernoulli wave-
lets. It is noted that none of these wavelets calculated P*
directly, and some approximations were involved for calcu-
lating I*W(¢).

A fractional delay differential equation can be stated as
follows:

D%y(x) = f(x, y(x), y(x — 7)), x€[0,1],a >0, 7 €(0,1),

WO =4, i=0,..,[al,
yo) =),  x<0,
ey

where y is an unknown function; fand ¢ are known analytic
functions; a, 7, and the initial values 4, are given; [a] is the
smallest integer larger than or equal to a. In this paper, we
introduce a new numerical method for solving fractional
delay differential equations in Eq. (1). The method is based
on the use of Taylor wavelets. We present the exact formula
for determining the fractional integral of the Taylor wave-
lets. The exact formula will be then applied to solve the
delay differential equation in Eq. (1). This formula allows
us to reduce the given delay differential equation to a system
of algebraic equations, which can be solved by the Newton
iteration method.

The paper is organized as follows: Basic definitions and
notations from Fractional Calculus are introduced in Sect. 2.
Section 3 is devoted to Taylor wavelets and their properties.
In Sect. 4, we establish the exact formula for determining
the fractional integral of the Taylor wavelets defined in the
previous section. A numerical method for solving the frac-
tional delay differential equation based on Taylor wavelets
is presented in Sect. 5 and error estimations are given in
Sect. 6. Several examples are presented in Sect. 7 to show
the applicability and the effectiveness of our method.

2 Fractional-order integrals and derivatives

In this section, we recall some definitions and basis proper-
ties of fractional-order integrals and derivatives.

Definition 2.1 (see [30]) The Riemann—Liouville fractional

integral of order a > 0 of a function f(x) over [0, +c0) is a
function over [0, +0) defined as
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f(s) de =

L ’ B ——— _+ La-l .
I*f)x) =4 T(@) /0 (x—s)l-e F(a)x *f(x), ifa>0,
e, ifa =0,
2

where x*~! * f(x) is the convolution product of x*~! and f(x).

Definition 2.2 (see [31]) The Caputo fractional derivative
of order a > 0 of a function f{x) over [0, +o0) is a function
over [0, +0) defined as

(Df)(x) = I"f (),

where n = [a].

Fractional-order integrals and derivatives satisfy the fol-
lowing properties:

Proposition 2.3 For a > 0, the following hold:

1. I* and D* are linear operators, i.e., I*(Af + ug) =
Mf + ul®g and D*(Af + ug) = AD*f + uD*g for every
functions f, g and numbers A, u.

2. DUIY(x) = f(x).
[a] f(i)(o) .
3. I°'D*(x) =f(x)— Y = X,
=0

ay — LUHD jra P> —
4. I°¥ TrerD " forj> -1
@y = LUHD Jj-a i -
5. D%x F(i—a+1)x forj>a—-1

3 Taylor wavelets
3.1 Wavelets and Taylor wavelets

Wavelets are a family of functions constructed from dila-
tion and translation of a single function called the mother
wavelet. When the dilation parameter a and the translation
parameter b vary continuously, we have the following family
of continuous wavelets [23]:

2L (t=b
Wa,b(t) =|a|2 W(T)? a¢0’ a3b€R

If we restrict the parameters a and b to discrete values as
a = a}, and b = nbyag, where ay > 1, by > 0, and n and k
are positive integers, we obtain the family of discrete wave-
lets as:

k
Va0 =l ag |2y (agt —nby),
which form a wavelet basis for L*(R).
Definition 3.1 (See [32]) Let & be a positive integer. For each

n=1,...,25 and m € N, the Taylor wavelet function, say
W,.m» 18 defined over [0, 1) by



Engineering with Computers (2021) 37:231-240

233

[l R _ o n— n

27 T, (25 x—n+1), if <x< ——,
Wn,m(-x) = m( e ) k=1 7 241

0, otherwise,
where

T,00=vV2m+1-x" 3)

is the normal Taylor polynomial of degree m.

The six Taylor wavelets corresponding to k = 2 with the
order m < 3 are the following:
f . 1
\/E, if0<x< 5
lI/1,()()C) =9 1
0, if 5 <x<l1.

g
-

0, ifO§x<%,
Wz,o(x)=< 1
V2, if 5 <x<l.

~

2y6x, if0<x< =,
1/’1,1(35)=< 1

0, if —<x<1.

L 2

( . 1

O, 1f0$)€< E,
l//2,1()C)=< 1

Ve(2x - 1),

44/10x2, if0§x<%,

W1,2(x) = 1

0, if—<x<1.
2

f . 1

0, if0<x< >
Wz,z(x) =3 1

V10(2x — 1), if5 <x<1.

The following properties of the Taylor wavelets can be veri-
fied by a direct calculation:

Proposition 3.2 Let k,n,,n,,m,;, and m, be positive integers
such that 1 < ny,n, < 287!, Then,

1 V (@m 1) (2my + 1)
/ Vi m, (X)an,mz (dx = my+m, +1
0 0.

, ifny =n,,

if n, # n,.

3.2 Function approximation

Recall that a set S ¢ L2[0, 1]is called a complete set if the
linear vector space generated by S is dense in L2[0, 1]. For
each k € N, since the space of polynomials is dense in
L?[0, 1], the set

[e]

O, := U {y/n’m(x)|n = 1,...,2"_1}

m=0

forms a complete set. Therefore, a function fin L?[0, 1] can
always be expanded as

oo 2k-1

6 =0 W), )

m=0 n=1

for some sequence of real numbers {c, , },, -
For each positive numbers k and M, we set

Ot = W@ 1 <0< 0<m<M -1}

In the next section, we find a function in the linear vector
space span(Q, ;,) which is the best approximation to a solu-
tion of a given fractional delay differential equation. The
space span(O; ) is a closed finite-dimensional subspace
of L?[0, 1]. By the Hilbert Projection Theorem (see [33,
Thm. 2, p. 51]), there exists a unique function in span(O; ;)
minimizing the distance to f. The function is obtained by
truncating the series in Eq. (4) up to order M—1, i.e.,

M—12+!
T
FO) 2 Y @) = CT - Wy (),
m=0 n=1
where
C =[Cl’0, ceey CLM_I, 6270, ceny C2,M—1’ ceey Czk—l’o,
T )
ey C2/“1,M—l] 5
and
¥ m =[W1,0s s Wi -1 W2,00 - s Wo 10 -0+ s Wok-1 0
T (6)
.o 7W2"",M—l] .

4 Riemann-Liouville fractional integral
for Taylor wavelets

An exact formula for the fractional-order integral of Taylor
wavelets is presented in the following theorem:

Theorem 4.1 The integral of order « > 0 of the functiony, ,,
is given by
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. n—1h n—Dh .
0, if0 <x < G38, L) = ¢ T2 Vam g 1[0,
Iaw”’m(x) =49 U, lf(n2:_—‘)1 £x< 22_—" 0 . T'(m+1)
(x) = V(x), ifrkz_hl <x<l1 Since ZA{x"} = —om» e have
2 — —_— 9
(n l)h .5
where ALY = (m+ )(k Yrom + I)M
D) (ke Similarly, we also have
U o(m3 )k P+ )V2m + 1 Y
X) =
I'm+a+1)
( 1)]’1 m+a m —l-v
n-— 1+ (k 1) e & T
. <x = > : AL} = Z;, < ) T+ DV2m+1 o
and Using Eq. (2), we have

() DR 4 I T

Tl+a+1)

w3 (7

1=0
nh l+a
(2"

Proof To obtain /"y, ,,, we use the Laplace transform. Using
the unit step function defined as

j— 1’
H.(x) = 0,

we can rewrite the Taylor wavelet s, . (x) as follows:

ifx>c,
ifx<e,

k=1
V@) =pon () - 25 T, (2"'x—n+1)
— U_m (x) 2%Tm(2k_1x—n+l)
k=T
=1, -1,

By taking the Laplace transform of /; and using

Ap0f ()} = e Zf(x+ o)},

we get

Al

e (;k1;1x322${ (Zk 1( (n —l)h>_
k-1

_m=Dh  k

= 2k13221${T (2k1)}

1))

By substituting Eq. (3) to the right-hand side of the above
equation, we obtain
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Iy, (%) = L e * Yy, o (X).

['(a)

It is well-known that Z{f(x) * g(x)} = Z{f(x)} - Hgkx)}.
Therefore,

A1y, 0}
= = Zy, W)
1. _1,
=< A -< - Abj
_ i
) S S ey :IH
Y
1=0

By taking the inverse Laplace transformation, we get

2<’”+%)“‘”r(m +DV2m+ 1

I =
V() Tin+a+l)
(l’l _ 1)]’1 m+a
i Gy 'Mi;_j;h(x)
1 .
i o\ 256D L D am T
P l I'd+a+1)
h +a
( 22 1 > H Anhl ()C)
The theorem then follows. O
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5 Numerical solutions of fractional delay
differential equations

In this section, we present a new numerical method for solv-
ing the fractional delay differential equation given in Eq. (1).

We fix a positive integer k. The function D*y(x) can be
expanded over [0, 1) as

M—12k1

DY) = DY €Wy n®) = CT (), ®)

m=0 n=1

where C and ¥}, are given in Egs. (5) and (6), respectively.
By applying the integral operator I* to both sides of Eq. (8)
and using item 3 in Proposition 2.3 with y?(0) = 4; for
j=0,..., [a], we obtain ‘

) = CTIM )y () + jg; %xj, ifx € [0, 1), o
P), if x < 0.
Therefore,
fal A
1) CTI"Wy py(x = 7) + Z; ﬁ(x —zy, ifxelrn 1),
$x - 1), ifx<r.
(10)

By substituting Egs. (8), (9) and (10) to the given fractional
delay differential equation in Eq. (1) and using Eq. (7), we
obtain an algebraic equation. We collocate this algebraic
equation at the following 2~! M Newton—Cotes nodes

_2i—1

X =, i=1,...,2"m,
2kM

we then obtain a system of 2¥~1M algebraic equations in
the 2~!M unknown constants C,.m- The last system can be
solved using Newton’s iteration method. The initial guess
for Newton’s iterative method can be obtained similarly to
the method given in [34] as follows. To choose the initial
guesses, in the first stage, we set k = 1 and M = 1 and then
apply Newton’s iterative method for solving the given sys-
tem of equations. In this stage, we obtain an approximation
to our problem. Next, we increase the value of M until a sat-
isfactory convergence is achieved. We then set k = 2 and use
the approximate solution in the first stage as our initial guess
in this stage. We continue this approach until the results are
similar up to a required number of decimal places for the
same k and two consecutive M values.

6 Error estimation

In this section, we estimate the error bound for the best
approximation based on Taylor wavelets.

Theorem 6.1 Let f € L?[0, 1] such that fis M times differ-
entiable. Let C"W, ), be the best approximation of fin O, ;.
Then,

Hf— CT‘P,QMH2 < A%’ (11)

here N = (g,
where grg[g}gllf ©)|

Proof We divide the closed interval [0, 1] into 2*~! subinter-

;’k;_:, Zk—”_]] with n =1, ...,2%1, By the definition

of Taylor wavelets, for every n =1, ... ,2k=1 the function
CT‘I‘,(, 1 1s also the best approximation of f over the interval
I,. We denote P, ,; ,(x) to be the interpolating polynomial
of f at the Chebyshev nodes in the interval /. Due to [35,
Chp. 20], the interpolation error is

2M-IpfL N 2 gel,

< —2N .
- 2M(k+l)M!

vals I, = [

|f(x) - anM_l(x)| <

Let P,,_, be the function defined over [0, 1) such that
Py (x) =P, 1(x) for
n=1,...,2%" Then,

n—1 n

every X e T T )

2N

iR for every x € [0, 1).

(12)
Since CT‘I’,{!  is the best approximation of fin O, ;, and that
Py € Oy, we conclude from Eq. (12) that

lf(x) - PM_I(x)l <

[l =, <117 = Pucl

1
= / (F(x) = Py (x))*dx
0

1

2 2
</( 2N ) dx=< 2N ) _
= M+ ALY M+ ALY

0
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Theorem 6.2 Let f € L?[0, 1] such that fis M times differ-
entiable. Let C"W, ), be the best approximation of fin O, ;.
Then,

2N

Ia)y/2aa — 2M(’<+1)M'

here N = Mg).
where N = max, [F# (@)

If — I“CT‘PkM’|

Proof Using Eq. (2) and Hoélder’s inequality, we can esti-
mate the difference between I°f and I*CT¥ at x € [0, 1] as
follows:

1% (x) — I CT‘I’,(’M(x)|

- AT
< 1 / [f(s)—C Tk’M(S)|ds
') (x —s)l-«
0

1 ds 7 " )
Srmy/@-wax /Wﬂ CT(s)Pds
0 0

- o),

F(a) V2a —

1=

Finally, we apply Eq. (11) and obtain

If = 1CT%, |

e W_CT‘P"’MHz

20—1

N
[(a)\/2aa — 1) 2MG+Dp)

7 lllustrative examples

In this section, we compare the efficiency of our method
with that of some previously known ones.

Example 7.1 Consider the following fractional delay differ-
ential equation (see [21, Example 1]):

2x2—a _ xl—a
fG-a) I2-a (13)

D%y(x) =y(x — 1) — y(x) +

+ 2tx—1% -1,

@ Springer

where x € [0,1], @ € (0, 1]and y(x) = x> —xif x < 0.
We choose k = 2 and M = 3 and approximate D*y(x) as

Dy(x) = ¢y gy o(x) + ¢ 1w 1 (%) + ¢ oy 5 (X)
+ €y 0W20(X) + €W 1 (X) + Co o5 (X)
=C" - ¥,,(),

T .
where C = [c},¢).1,¢12,C20:C21.C20]  is the vector of
unknown constants that we need to determine. Then, we
have

CTI®, ,(x), if x € [0, 1],
) = {x —X, if x<0, (14)
and
[ I, (x = 1), if x € [r, T+ 1],
(x_T)_{(x—T)z—x+T, if x <7 (15)

In the above formulas, I*¥, , are determined explicitly by
Theorem 4.1. By substituting Egs. (14) and (15) to Eq. (13),
we obtain an algebraic equation. By collocating the algebraic
equation at Newton—Cotes nodes

2i—1
c= , i=1,...,6,
X; B i

we get a linear system in the ¢, ,’s.
In case there is no delay, i.e. 7 = 0, the linear system
becomes

36\/50170 + 6\/8c1,1 + \/Eclyz =
4\/§c1’0 + 2\/6C1,1 + \/Ecl’z =-2,
< 361/2¢, o +30V/6¢, | +25V/10¢, , = —6,

36\/502,0 + 6\/802,1 + \/Ecz,z =6,
4\/502,0 + 2\/602,1 + \/ECZ,I =2,
361/2¢, +30V/6¢,, +25v/10¢,, = 30.

This system admits the unique solution:

cl,O = —%, CL1 =
Cz’() = O,

By substituting this solution to Eq. (14), we obtain
y(x) = x? — x, which is the exact solution of the given delay
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differential equation. It is noted that the exact solution was
not obtained in [21].

In case there is delay, we obtain approximations of the
solutions depending on a and z. In Table 1, we demonstrate
the absolute errors for our method by selecting k = 2 and
M = 3 or with the number of bases /i = 2¥"!M = 6; by the
Bernoulli wavelet method in [21] by selecting k = 2 and
M, = 3 or with the same number of bases. The values in
Table 1 suggest that numerical solutions produced from our
method have less absolute errors than numerical solutions
from the Bernoulli wavelet method in [21]. In Table 1, M,
is the degree of Bernoulli polynomials. Figure 1 shows the
graphs of the exact solution and our approximate solution
when @ = 1 and the delay = = 0.01.

Example 7.2 Consider the following fractional-order delay
differential equation (see [21, Example 2]):

solution and the numerical solutions obtained by applying
our method by choosing & = 2, M = 7 or with the number of
bases 1 = 14; by Bernoulli wavelet method in [21] by select-
ing k =2, M, = 7 or with the same number of bases; by Her-
mit wavelet method in [36] by selecting k = 1,M, =25 or
with the number of bases /i = 2~1M, = 25. In this table, M,
is the degree of the Hermit polynomials. Figure 2 represents
the graph of the absolute error function of the numerical
solution obtained from our method when ¢ = 3, k = 2, and
M = 7.In addition, Fig. 3 shows the graphs of the exact solu-
tion and the numerical solutions for different order @. The
graphical detail of Fig. 3 suggests that the numerical solu-
tions approach the exact solution when the order a tends to 3.

Example 7.3 Consider the following fractional-order delay
differential equation (see [37, Example 6]):

Dy(x) = y(x — 1) + u(x), x € (0,2],
_ (16)
o Y@ = 1, x<0,
D%y(x) = —y(x) — y(x — 0.3) + 03 x € [0,1], @ € (2,3],
y(0) = 1,y'(0) = —1,y"(0) = 1, where a € (0, 1] and the function u(x) is defined by
y(x) =e™, x <0.
This problem admits the exact solution y(x) = ¢~ when 5 (x) = —21+105, xe 1],
a =3. In Table 2, we show some values of the exact - 1.05, x € (1,2].
Table 1 The absolute errors X Ourmethod with k =2 and M = 3 Method in [21] with k = 2 and M, = 3
for numerical solutions of
Example 7.1 when a = 1 from 7 =0.0001 7 =0.001 7=0.01 7 = 0.0001 7 =0.001 7 =0.01
our method and the Bernoulli
wavelet method in [21] 0.2 0 8.33 x 1077 278 x 1077 8.33x 107" 1.94 x 10716 0
0.4 5.55x 107" 1.11x 10716 5.55%x 107" 222 x 10716 3.33x 10716 1.11 x 10716
06 1.67x107'%  1L11x107'%  1.11x107'%  147x107"*  8.60x107'*  3.15x 1071
0.8 1.11 x 10716 2.22x 10716 2.22x 10716 1.57x 10714 8.57x 10714 3.23x 10714
Fig. 1 The left-hand side is : : : : : 16
the graph of the exact solu- 02 04 06 08 / 0 2x1077¢
tion (line) and the approxi- -0.05¢ 15%10-16
mation solution (dashed) for —0.10¢F \ 16
Example 7.1 from our method / 1.x107° |
whenk =2,M =3, a =1, and -0.15} \ 5 %10-17 |
7 = 0.01. The right-hand side is —020F /
the graph of the absolute error A ' ' ' ' '
function —025F — 02 04 06 08 1.0
Table2 The ex.act solution for X Exact solution Hermit wavelets [36] Bernoulli wavelets [21] Present method
Example 7.2 with @ = 3 and
numerical solutions obtained k=1M, =25 k=2.M =17 k=2.M=1
from our method, Hermit
wavelet method in [36], and 0.0 ! ! ! !
Bernoulli wavelet method in 0.2 0.8187307531 0.8187 0.8187 0.8187307531
[21] 0.4 0.6703200460 0.6703 0.6703 0.6703200460
0.6 0.5488116361 0.5488 0.5488 0.5488116361
0.8 0.4493289641 0.4493 0.4494 0.4493289641
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Fig.2 The left-hand side is 1.0K,
the graph of the exact solu- 09F \
tion (line) and the numerical ' N\ 6.x107"2 ¢
solution (dashed) for Exam- 0.8¢ N 1
ple 7.2 from our method. The 0.7 N 4.x107“ ¢
right-hand side is the graph 06F ~ ~ 12
of the absolute error function. 05 ~ 2.x107% ¢
Here, we choose k =2, M =7, a3 N
anda =3 . s
0.2 0.4 0.6 0.8 1.0
Table 3 The residue errors for numerical solutions of Example 7.3
from our method and the Legendre multiwavelet collocation method
in [37] when @ = 0.95
— — =27
Z: 28 t Our method with k = 2 Method in [37] with k =2
=29 M=7 M=10 M5 =1 M; =10

Exact Solution

Fig.3 The graphs of the exact solutions and the numerical solutions
for Example 7.2 whenk =2, M =4,anda = 2.7, 2.8, 2.9

In case @ = 1, this problem admits the exact solution

w 1 —1.1x + 0.525x2, x € (0,1],
x =
Y — 0.25+ 1.575x — 1.075x% + 0.175%%, x € (1,2].

To apply our method, we make a transformation of unknown
functions g(x) = y(2x), and set t = )—2‘ with ¢ € (0, 1]. We then
have

) = g(%) = 5(0), a17)
y(x—1)=g(x;1>=g(t—%), (18)
and

Dy(x) = 2‘“D“g(§) =27D(1). (19)

By substituting Eqs. (17)—(19) to (16), the given differential
equation is transformed to the following equivalent one:

2-*Dg(f) = g(t - %) +u(20), 1 € (0, 1],
g =1, <0,

where @ € (0, 1]. In case a = 1, by applying our method, we
obtain the exact solution.

@ Springer

0.2 1.77 x 10713 L.11x 1074 1.92 x 10~ 1.49 - 1073
0.4 9.77 x 1071 2.76 x 10713 1.36 X 1073 1.61-1076
0.6 2.73x 10714 2.89 x 10712 9.72x 1076 1.13-107¢
0.8 4.13x 10714 1.83x 1071 6.10 x 107 4.47-10°°
1.2 831 x10°° 2.50 x 107° 3.11x 107 1.56 - 107
1.4 4.00 x 1076 2.57x 1077 2.85x 107° 2.17-1077
1.6 2.90 x 107° 0.81 x 1077 2.40 x 107° 1.81-1077
1.8 2.88 x 107° 7.79 x 1077 1.72x 1073 8.23.1077

In case a # 1, the exact solution is not known. In this
case, to show the efficiency of the present method, we con-
sider the residual error

D¥y(x) — y(x = 1) —u(x) = 27*D"g(1)

- g(t - %) — u(2t).

In Table 3, we compare the residual errors of numerical
solutions obtained from our method and Legendre multi-
wavelet collocation method in [37] with @ = 0.95. For com-
puting the numerical solution by applying our method, we
select k = 2 with M = 7 or with the number of bases /11 = 14
and by selecting k = 2 with M = 10 or with the number of
bases /i1 = 20; together with the Legendre multiwavelet col-
location method in [37] using k = 2 with M; = 7and k = 2
with M5 = 10 (hence with the same number of bases). In this
table, M; stand for the degrees of the Legendre wavelets. The
left-hand side of Fig. 4 demonstrates the graph of the exact
solution with « = 1 and the numerical solution from our
method with &k = 2 and M = 3, while the right-hand side is
the graph of the absolute error function. Figure 5 represents
the graphs of different numerical solutions with different
values of a with k = 2 and M = 3. From Fig. 5, we see that
as a approaches to 1, the numerical solutions approach to
the exact solution of the given differential equation with the
integer order.
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Fig.4 The graphs on the left- 1.0 kK
hand side are of the numeri-
cal solution for Example 7.3 0.8f N
obtained from our computation 06 N\ ~
(dashed) and the exact solution ~
when k = 2 and M = 3. The 04Ff <
graph of the absolute error is ~ ~
showed on the right-hand side 0.2} N
. . . . N
0.2 0.4 0.6 0.8 1.0 02 04 06 08 10
6. Povstenko Y (2010) Signaling problem for time-fractional
diffusion-wave equation in a half-space in the case of angular
symmetry. Nonlinear Dyn 59(4):593-605
a=1 7. He JH (1999) Some applications of nonlinear fractional dif-
a=0.9 ferential equations and their approximations. Bull Sci Technol
0=0.8 15(2):86-90
— — =07 8. Mandelbrot B (1967) Some noises with I/f spectrum, a bridge
=06 between direct current and white noise. IEEE Trans Inf Theory
13(2):289-298
9. Ockendon JR, Tayler AB (1971) The dynamics of a current
= = - - - collection system for an electric locomotive. Proc R Soc Lond

Fig.5 The graphs of the numerical solutions for Example 7.3
obtained from our computation for k = 2 and M = 3 and different val-
ues of a

8 Conclusion

In this paper, we propose an exact formula for the Rie-
mann-Liouville fractional integral of a Taylor wavelet. A
new numerical method for delay fractional differential equa-
tions is presented. Using the exact formula and collocation
method, we reduce the problem of computing a numerical
solution of a delay fractional differential equation to the
problem of solving an algebraic system. Several examples
are demonstrated to show the applicability and the efficiency
of the present method.
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