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Abstract

Through production of porous materials with remarkable complexity in geometry, functionally graded porous materials
(FGPMs) have gained considerable attention for use in additive manufacturing in biomedical applications. In the current
study, the size-dependent linear and nonlinear vibrational characteristics of axially loaded micro-/nanoplates made of
FGPM reinforced with graphene platelets (GPLs) is investigated within both the prebuckling and postbuckling regimes. To
this end, the nonlocal strain gradient continuum elasticity in conjunction with geometrical nonlinearity is implemented into
the refined exponential shear deformation plate theory. On the basis of the closed-cell Gaussian random field scheme as
well as the Halpin—Tsai micromechanical modeling, the mechanical properties of the FGPM reinforced with GPLs are
achieved corresponding to the uniform and three different patterns of porosity dispersion. Via the variational approach, the
differential equations of motion related to the nonlinear problem are constructed in the presence of nonlocality and strain
gradient size dependency. Finally, with the aid of an improved perturbation technique together with the Galerkin method,
analytical expressions in explicit form for the size-dependent linear frequency—load and deflection—nonlinear frequency
responses of the FGPM micro-/nanoplates within stability and instability domains are obtained. It is displayed that within
the prebuckling regime, the nonlocality causes reduction of the linear frequency of the micro-/nanoplate, while the strain
gradient size dependency leads to increasing it. But within the postbuckling domain, these patterns are vice versa. Also, it is
found that for a specific value of plate deflection, increasing the value of the porosity coefficient leads to increase in the
frequency ratio of wy;/w; within both the prebuckling and postbuckling regimes.

Keywords Perturbation technique - Porous materials - Nanocomposites - Size dependency - Nonlinear dynamics

1 Introduction

With the aid of advancements in material science, a large
number of inorganic porous materials have been manu-
factured in recent years to be utilized in various applica-
tions such as insulation, biomedication, impact protection
and membranes. The characteristics of a porous material
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vary depending on the size, arrangement and shape of the
pores. However, through addition of nanofillers, it is pos-
sible to improve the mechanical properties of porous
materials. Pop et al. [1] fabricated monolithic porous car-
bon nanotube-reinforced metals and ceramics by non-cat-
alytic chemical vapor deposition using a double templating
approach. Jun et al. [2] reported the mechanical properties
of carbon nanotube-reinforced porous CuSn oil bearings
using the powder metallurgy method. Hai et al. [3] pro-
duced a novel binary conductive porous alumina including
carbon nanotubes. Chen et al. [4] studied the influence of
the inclusion of thermal-responsive nano-hydroxyapatite
and the porous structure of polylactide composites. Xu and
Li [5] examined the effect of carbon nanofiber reinforce-
ments on the mechanical properties of porous magnesium-
matrix composites. Chen et al. [6] predicted the nonlinear
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vibration response of multilayer functionally graded porous
nanocomposite beams reinforced by graphene platelets
(GPLs). Hajmohammad et al. [7] performed a numerical
analysis on the dynamic response of cylindrical shells
reinforced with carbon nanotubes and submerged in
an incompressible fluid under earthquake, thermal and
moisture loads. Hosseini and Kolahchi [8] suggested a
mathematical model for the seismic response of submerged
carbon nanotube-reinforced cylindrical shells subjected to
hygrothermal load.

Several unconventional continuum theories of elasticity
have been proposed and employed taking different size
dependencies into consideration [9-57]. Based on review-
ing the historical background, it can be concluded that the
size effect from the stress nonlocality leads to softening—
stiffness influence, but the strain gradient small-scale effect
results in a hardening—stiffness effect. It means that no one
of these non-classical continuum theories could perfectly
cover the small-scale features at nanoscale. Therefore, Lim
et al. [58] developed a new size-dependent elasticity the-
ory, namely a nonlocal strain gradient theory which
includes simultaneously both the softening and stiffening
influences to describe the small-scale effects more
efficiently.

After that, some investigations have been carried out
using the nonlocal strain gradient elasticity theory to
describe the size-dependent mechanical behaviors. For
instance, Li and Hu [59] reported the small-sale effects on
the nonlinear bending and free vibration behavior of
functionally graded nanobeams on the basis of the nonlocal
strain gradient theory. Simsek [60] used nonlocal strain
gradient theory to capture the size effects on the nonlinear
natural frequencies of functionally graded Euler—Bernoulli
nanobeams. Tang et al. [61] analyzed the viscoelastic wave
propagation in carbon nanotubes based upon the nonlocal
strain gradient elasticity theory. Lu et al. [62] proposed
higher-order nonlocal strain gradient beam models within
the frameworks of Euler—Bernoulli and Timoshenko beam
theories for bending and buckling analysis of nanobeams.
Shahsavari et al. [63] used the theory of nonlocal strain
gradient elasticity to examine the size dependency in shear
buckling of nanoplates in hygrothermal environment.
Sahmani and Aghdam [64, 65] predicted the linear and
nonlinear vibrational responses of lipid supramolecular
micro-/nanotubules with the prebuckling and postbuckling
domains including nonlocality and strain gradient size
effects. Radic [66] presented the buckling behavior of
porous double-layered functionally graded nanoplates in
hygrothermal environment via the nonlocal strain gradient
first-order shear deformation plate model. Li et al. [67]
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utilized the nonlocal strain gradient elasticity theory within
the framework of the Euler—Bernoulli beam theory to
explore bending, buckling and free vibration of axially
functionally graded nanobeams. Sahmani et al. [68-70]
anticipated the nonlinear mechanical behaviors of porous
micro-/nanostructures reinforced with graphene platelets
based on the nonlocal strain gradient elasticity. Zeigham-
pour et al. [71] employed the nonlocal strain gradient
theory of elasticity to investigate the wave propagation in
viscoelastic single-walled carbon nanotubes. Imani and
Biglari [72] introduced a nonlocal strain gradient
Timoshenko beam model to capture the size effects on the
buckling and vibration responses of microtubules in axons.
Sahmani and Safaei [73] studied the nonlinear free vibra-
tion response of bidirectional functionally graded micro-/-
nanobeams on the basis of the nonlocal strain gradient
theory of elasticity.

The objective of the current investigation is to develop
an analytical model for size-dependent linear and nonlinear
vibration responses of axially loaded micro-/nanoplates
made of functionally graded porous material (FGPM)
reinforced with GPLs corresponding to both the prebuck-
ling and postbuckling regimes. To accomplish this purpose,
the nonlocal strain gradient theory of elasticity together
with van Karman geometric nonlinearity is applied to a
refined exponential shear deformation plate theory to
construct an efficient non-classical plate model taking
different features of size effect. Analytical explicit
expressions are proposed for the size-dependent linear
frequency—load and deflection—nonlinear frequency
responses of FGPM micro-/nanoplates reinforced with
GPLs.

2 Material properties of FGPM composites
reinforced with GPLs

As it can be seen in Fig. 1, in addition to the uniform
porous material (Pattern A), three different functionally
graded patterns for FGPM, namely Patterns B, C, and D are
taken into consideration for the composite micro-/-
nanoplate. As a result, the associated Young’s modulus (E),
shear modulus (G) and mass density (p) can be extracted
relevant to each pattern of porosity distribution as follows:

E(z) = E[1 - Ts(2)],

E(2)
YO =@ e W
p(z) = p[l — I'ps(2)]
where



Engineering with Computers (2020) 36:1559-1578

1561

Pattern A

Pattern C

pn

Pattern B

»

Pattern D

Xy

oy

Fig. 1 Schematic representation of a FGPM micro-/nanoplate with different porosity dispersion patterns

S0 for pattern A
nz W
cos (ﬂ + Z) for pattern B
s(@) = cos (%) for pattern C’ (2)

1 —cos (%) for pattern D

in which E and / stand for, respectively, the maximum
Young’s modulus and maximum mass density of the
FGPM reinforced with GPLs. It is assumed that for all
porosity dispersion patterns, GPLs as the reinforcement
phase are supposed to be distributed uniformly across the
plate thickness. Consequently, the Halpin—Tsai microme-
chanical scheme [74] yields:

b <§1 + 2 Verr 51+ lT”ITVGPL)E
8 1— 1’[LVGPL 8 1— nTVGPL "

(3)

where E,, represents the Young’s modulus of the metallic

foam, and

EcpL EcpL | EcpL EcpL
= -1 = ~1 A
= () (eren) = () /()

AL =2LgpL/hcpL, At = 2bgpL/hpL,

(4)

in which Egpr, LgpL, bGpL, hgpL in order are the Young’s
modulus, length, width and thickness of the GPL
reinforcements.

Furthermore, Vgpy, represents the volume fraction of the
GPLs which can be evaluated as a function of weight
fraction Wgpr as follows:

VerL = WapL / |:WGPL + (%) (1- WGPL)} ;

m

(5)

where pgp and p,, in order are the mass densities of the
GPLs and the metallic foam of the reinforced porous
micro-/nanoplate.

In addition, on the basis of the rule of mixture [75], the
mass density (p) and Poisson’s ratio (v) of the FGPM
micro-/nanoplate reinforced with GPLs can be obtained as

V= V(1 — VgpL) + vapLVaGrL,

_ (6)
p = pu(l = VgeL) + pepr VarL,

in which v,,, and vgp; in order denote the Poisson’s ratios of
the metallic foam and GPL nanofillers.

In accordance with the Gaussian random field
scheme [76], based on which all finite dimensional distri-
butions are assumed to be multivariate normal distributions
for any number of coordinates, the mass density coefficient
(I',,) can be introduced in terms of the porosity coefficient

(I',) as follows:
r,=1.121 [1 —(1- Fps(z))l/“} /5(2). (7)

In a similar way based upon the closed-cell Gaussian
random field scheme [76], the Poisson’s ratio of the FGPM
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micro-/nanoplate relevant to the various porosity disper-
sion patterns can be extracted as:

v(z) = 0.221 (1 _ %)

1 +O.342(1 - Q)Z—I.ZI <1 —

+v —
p

e}
i~
D

|

To have an equal mass density for the FGPM micro-/-
nanoplate with different patterns of porosity dispersion, the
correct value of sy can be defined as:

h

| RO dz 40,121

T, b= 1.121

©)

S0

3 Nonlocal strain gradient refined plate
model

To capture the influence of shear deformation in a more
efficient way, the refined plate theory with exponential
distribution of the shear deformation is considered based
on which there is no need to utilize a shear correction
factor, and with the same number of independent variables,
the bending components do not contribute toward the shear
components and vice versa. Thereafter, the displacement
components of an FGPM micro-/nanoplate can be expres-
sed as:

ow(x,y,t _22
ey ) = ue o) — 220Dy (e,
(10a)
ow(x,y,t 22
u)’(x7yvzvt) = V()C,y,t) _Z%J’_Ze thlpy(x7yal)7
(10b)
uZ(x7y7Z7t) = W(x,y,t), (IOC)

where u, v and w represent the associated displacements of
the FGPM micro-/nanoplate reinforced with GPLs along
the x-, y- and z-axis, respectively. Also, Y, and 1/, in order
are the rotations of the plate cross section at neutral plane
normal about the y- and x-axis.

As a result, in accordance with the von Karman geo-
metrical nonlinearity, the strain components can be written
as:

o = &0+ ztcfol) + zef%ztcg)
u 1 [ow\* w 2 0y
=—+5l5) tamtze T2 11
ax+2(6x) T TE N (1)
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2
— 0 (1) 7@
by T &y T2y zE K,

:@+l a_W 2, az_w _2,_261’by
Oy 2\ 0y 0

2.2
N .0 1 - 2
))xy - ny + ZK)((y) +ze » K)<cy>

Ou Ov Owodw w 22 (DY, Oy
e i T Y S W2 x "y
6y+6x Ox Oy Z@x@y+ze <6y + 6)6)7
(11c)
472\ 22
Vir = <1 —ﬁ>e [ (//X’ (lld)
472\ 22
- (1 ﬁ>e =, (i1e)

in which 82, Kfjl), K,(jz’ (i, j = x, y) are, respectively, the

midplane strain components and the first- and higher-order
curvature components.

Based upon the nonlocal strain gradient elasticity theory
developed by Lim et al. [58], the coupling physical influ-
ences of the nonlocal and strain gradient size effects can be
taken into account including different features of size effect.
Therefore, the total nonlocal strain gradient stress tensor A
for a FGPM micro-/nanoplate takes the following form:

(1 = 12V?) Ay = Cyuers — PCiju Ve, (12)

in which p denotes the nonlocal parameter, [ is the internal
material length scale parameter, C represents the elastic
matrix and V? is the Laplacian operator. So, the nonlocal
strain gradient constitutive relations for the FGPM micro-/-
nanoplate reinforced with GPLs can be introduced as:

P Ay DA,
Aw— 1P (="
H ( 2 0y2 )
e A,y Ay,
S ) 0y?
%A, 0°4
— 2 X ©
A — 1 ( o2 + 02 >
3A,, 4,
A,y A,
AVV— 2 Xy XY
xy T H < o2 + 0y? >
14 azsxx azsu !
Exx o2 6)2
e,y ey
2 Y ¥y
011(z) Qn(z) O 0 0 By~ (6x2 " a)’z)
On(z) On(z) O 0 0 (. Oy
_ 0 0 Q44(Z) 0 0 sz_l o2 + ayZ
0 0 0 Oss(z) O (O O,
0 0 0 0 Qesl2) he =1 ox? + 0y?

where
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011(z) = On(z) = lfivz(i)” 00(2) = 1(_)15((:)2
Ou4(z) = Os5(2) = Qes(2) = 2(1E+(Zv)(z))

(14)

Thereafter, within the framework of the nonlocal strain
gradient exponential shear deformable plate model, the
total strain energy of the FGPM micro-/nanoplate rein-
forced with GPLs can be written as:

1
_—— {a,s, + a;f.vsl-j}dzds
257, i

1
=5 f{Nua + Ny, + Nty + Mokl + Myl

FMrl) + Rt + Ryic? + Ryrc + 0.0, + 0y, S,

(15)
where
Nix P M o [ Axx
Nyy}}h Ay pdz, My :}h Ay pzdz
Ny Ay My Ay
Ry« p [ Axx L
olofiLose (2-40)
Ry ) A ) e
(1 —% e 2hzzdz
(16)

which results in the equivalent stress resultants given in
“Appendix 1. Also, the related stiffness parameters can be
presented as:

Al B Dy F, Gy Y

A% B3y, Dy Fp, Gy Hyy

Aty B1y, Diy, Fip, Gy, Hyy

Ags> B> Dess Feor Gosr Hes

011(2)
B —2 g?j Ei; { 17 % Zza Ze_%z, Z28_hz_22’ Zze_%z}dz’
QOe6(2)
A* B 4 Q44(Z) 472 J]—;
{Ag} _fr{ st(z)}(l_ﬁ}z Zdz. a7)

Moreover, the kinetic energy of the FGPM micro-/-
nanoplate reinforced with GPLs based upon the nonlocal
strain gradient exponential shear deformable plate model
can be given as:

v w20y aw\ >
+<a—z%+ze L o > +<§> dzdS

1 ou du *w udy, *w w Ay,
=2 / {I"<§> e e o (8}@1‘) 2 o

o, v v w vy, O*w &%w oy,
+15< o ) “"(at) —2h 6t8}6t+2]3 o o +12<6y6t> 2
// ow
+1(a ) +10(6t> ds,
(18)
where

h
2

2 2
{Ho, 11,2, 13,14, 15} = }P(Z){17272272672’772267%72267%}(12-
_h
(19)

Also, an external uniform distributed load of ¢(x,y)
yields the following external work as:

Iy = [ ¢(x,y)wdS. (20)
s

By applying the Hamilton’s principle to Egs. (15), (18)
and (20), the size-dependent governing differential equa-
tions of motion in terms of the stress resultants are derived as:

Ny  ONy  u o*w My,

o Ty e e th e (21a)
0N, ON,, % >w oMy,

w_p 9V w0y 21b

> oy e aor B (210)

62Mxx+ M,y a2Myy+N 62w+ o GRY N o*w

Ox? ox0y  0y? = ox2 Yoxoy Y 0y?

/ ’u . o’y il w / o*tw . o*tw
Noxorr "oyorr) T %o P\ ox2orr T oy20r2 )

oy, Y,
-1 X Y
4 <6x6t2 toyor

(21¢)
OR.. OR,, 0%u o*w el
Y Q= — Iy A+ [ —2 21d
ax oy &b lgaet e (21d)
R,y aRyv sz w0y,
— ——L—+1— 21
ax oy O harhgaathaa (21e)
By using the Airy stress function f(x, y), one will have
N o ) Yy _ YY)
Xx o Y oxz2 Y O0xdy
(22)

On the other hand, for a perfect FGPM micro-/nanoplate
reinforced with GPLs, the compatibility equation relevant
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to the midplane strain components gives the following
equation:

0%l 6283),_62ygy _ Pw\’
ox2 0y  OxQy 0x0y

0x2 0y?

(23)

Now, by inserting the equivalent stress resultants in
Eq. (21), the size-dependent governing differential equa-
tions of motion can be expressed in terms of the dis-
placement components as follows:

4 4 4 4
¢12%+(¢2—2¢3)%+¢42—;:+¢5%
o*w o*w
+ (@6 + ¢ —2</)8)ax2—ay2+<ﬂ96—y4
3 3 3

- @10% — (@1 — (Plz)sx—gjy); P13 66; )

oy,

— (s — P12)6 23y

(24a)

B *w 2

~ \ oxdy

a“iwi [2 aﬁl+ aéw + a4w
P15 — Pt o Ty ) T P16 aaz0y2

[ o + = & + o
~ P ar‘ay Ox20y* P17 oyt
dw_ Pw 'y,
ox20y*  0y° P18750
awa L O A

(ST axayz
5 5 3
_ 2 lpx a l// a l//y
ol (6x36y + Ox0y* ) + 0y3
oy, Dy, oy, )
ox20y3 0y’ #21 5520y 0x20y
5 5
(T o
Ox*0y = 0x20y3
A
0x2 0y? OxOy Oxdy ~ Oy? Ox2

R % dw  Fw
02 2 a0 | yor
L\ [y azl//

I _ 72 X
+( S ) <6x6t2 tyoe) T

o’ o o*w o*w
<ﬂ|()@+ (o1 — ﬁlz)w'f‘ @22@‘5‘ ¢23W

*y, %y, oMy,
+ Q=5 o + Qs =5 o2 + 9 p266x6y

. I5 o*w ;3\ %y,
~Auve = (_0 : ) e T (15 _E) o

0*wo*w
Ox2 0y2

0x30y?

(24b)
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o o f a3w Ow
@13afy3+(9014*19 )6 2ay+9027 0 (028%

gy Y, Py,
+€02962+§02562+¢’306xay )

N B 132 O*w 132 azlﬁy
~aian = (1) et (50)

in which ¢;(i = 1,2,...,30) are defined in “Appendix 2”.
Additionally, the simply supported boundary conditions are
applied for all four moveable edges of the FGPM micro-/-
nanoplate reinforced with GPLs. Thereby, the equilibrium of
applied loads in the direction of x-axis can be given as:

(244)

L
{szxdy + Lohoy = 0. (25)

4 Analytical solving process for asymptotic
solutions

The following dimensionless parameters are taken into
consideration to capture the asymptotic solutions for the
size-dependent problem:

X Yy L L%
X = — Y = — = — = —
Ll b) L b ﬁ L b) n2h27
nh A()()
T=
L VI’

{a’{l,azz,a*{z,ah,a’gs,a& }
iy, hyys hias e

Al Ay AL Ay Ass Ag
Ao Aoo " Ago Ao Ao " Aoo

Hy, H; Hy, Hg (7
Aooh?’ Agoh? " Agoh? " Agoh?
{ biy, b3y, b1y, bge, f115 1525 12566 }

diy, dy,, diy, dgg, 8118225 812> 866

By, By B By Fy Py
Awh’  Awh’  Agph’  Awh’ Awh’  Agh’
Fip Fes
) Awh’  Agoh
Dy D» D Dy Gh
Aoohz’ A()()h27 A00h2’ AOOI’IZ7 Aoohz’
G;Z GTZ Ggﬁ
Agoh?’  Agoh?’  Agoh?

{16,115, 15, 13, 15
[ L b Ll LI
7'[2]’[2]00 ’ 77.'/’!1()0 ’ /’l2[0() ’ 7'[]1[()0 ’hzloo ’ h2[00

w f
W:— F =
h’ Agoh?’

{Px, Py} = % {0},
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7L K ! o°F O°F o’w
= s g =—, g =—, Yy o 2 Yy A
T Agh3 "L 27 L Y10 e + (911 —V12)p IXoT2 + U X
. . 3 2 2
in which Ay = E,,h and Ipo = p,,h. Thereafter, the non- 9on 2 oW 9 ik 3% 9 , 0" ¥x
linear nonlocal strain gradient governing differential +U2sp 6X6Y2 U 0x? +ash 0Y? .
equations of motion for the exponential shear deformable oal 2% . L, o*w (27¢)
FGPM micro-/nanoplate reinforced with GPLs can be +Y0h 355y oxoy el Tx = E_ 4 ) X012
rewritten in dimensionless form as: 2 >y,
+ (2
o'F o'F o'r o'w ( > 1*) 612
D aog + (92 — 20 af i
1550 + (92 3B o 4P oy T U5 axe X -
o*w o*w o’ 013 —F+(1914 V12)B o520 or +9 27{336
+ (O + 07 = 20 s+ 00— — i or? ox2oy
aXzaYZ 6Y4 aX3 63W aZlP 62(11
o’y + 98B aomas + Uao P m + Va5 s
— (01— V) oas ) aXzaY oy? ox?
axay? Wy 2 rw
3 3 2w\ + V0B —ass Wy = (= — I | Prns
- 191%,33& — (Vs —V12)B oy _ ik ow oxoy I, ) oror
) &) 0X20Y 0XoY 2 2y
2 2 I — Y
‘Bza Vg@ . +(5 I*) 612
0X? oY
(272) (274d)
o S O o'W where ¥;(i =1,2,...,30) are the dimensionless form of
s axa ox+4 2g21915 <6X6 +F 6X4@Y2> - 1916[32@ ¢ili =1,2,...,30)..
) ) o In a similar way, the axial loading condition along the x-
oW ow ow axis can be expressed in dimensionless form as follows:
22 2 2 4 p
I150 B i
wGyhsh (ax4ay2+[ 6X26Y4) ool Sy S
2
oW oW g —fﬁ dY + 4P, = 0. (28)
— G0 + 01y or?
oxzoy4 0Y® ox3
5 5 The following initial conditions are taken into account:
2 219 a 'IIX 2 a WX
-7 g2 18 aXS + ﬁ 6X36Y2 aW alIIX
& & Wle-o= oty xle—o= ot |
0¥y 20 Py | o 0¥ o = (29)
) U oY
+ 0ol sy ~ 792 1Qﬁ(a)«‘afr F axzors Pylo= | -
a‘[ =0
ol 2
+ Uaofp Y3 To continue the solution methodology, an improved
. \ oW, 265'I’y ) >, ’ per.turbati01.1 technique [77—85] is employed, based on
— n°Gy020p Xty T B e 21 X072 which the independent variables are defined as the sum-
s s mations of the solutions with different orders of the first
_ n2g§1921 52( 0¥y + B 0"y ) perturbation parameter e.
ox3oyz oxor+ At first, the critical buckling load of the FGPM
B 2 | B2 O*W O’ F , W O°F 2 micro-/nanoplates reinforced with GPLs is calculated. To
*( gy ) p ox2 ay2 +26 o0XoY axay+ﬁ this end, the independent variables of the problem are
PW OrF 2w defined as the summations of the solutions with various
Bl SW orders of the first perturbation parameter, ¢, as follows:
+ I* I*I* 64 +ﬁ2 a4W W(X, Y,E) :Zei/zwi/Z(Xa Y)7
0X2012 Y2012 =0
BN /0w Py F(X,Y,€) =Y €Fip(X,Y),
+ <IZ - }3> (axarxz +h ayaTyZ) + P"} T (30)
0 Py(X,Y,e) = €?Wyin(X,Y),
ay PET0 = S )
Wy(X,Y,e) = > €PWyipn(X,Y).

i=1
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By substitution of Eq. (30) in the nonlocal strain gra-
dient governing differential equation of motion (Eq. 27),
and then collecting the expressions with similar order of e,
the sets of perturbation equations can be derived. There-
after, through solving them via step by step mathematical
calculations, the fourth-order asymptotic solution associ-
ated with each independent variable of the problem can be

achieved in the following forms:
W(X,Y,¢) = e [Aﬁ‘ﬁ sin(mX) sin(nY)}

+é [A@ sin(mX) sin(3nY) + A sin(3mX) sin(nY)]

[“422 sin(2mX) sin(2nY) + .Aé ) sin(2mX) sin(4nY)

—G—.A sm(4mX) s1n(2nY)} +0(e)
(31a)

Y2
F(X,Y.) = ~By) —

+é [—B(()O) 5+ 320 cos(2mX) + Bézz) cos(2nY)]

Y2
—|—e4[ B(()0> > —Q—B(O) cos(2mX)—|—B(2) cos(2nY)

+Bgz) cos(2mX) cos(2nY)
+ B‘(é) cos(4mX) + B((;? cos(4nY) + ng? cos(2mX) cos(4nY)
+Bfé) cos(4mX) cos(2nY)] +0(€)
(31b)
Py(X,Y,€) = ¢ [cﬁ? cos(mX) sin(ny)}
+é [Cg) cos(3mX) sin(nY) + Cg) cos(mX) sin(SnY)]
+é [C((é) sin(2nY) + Cfﬁ) sin(4nY) + c<242> cos(2mX) sin(2nY) .
+C§? cos(2mX) sin(4nY) + Cfé) cos(4mX) sin(2nY)] +0(€)
(31c¢)
Py(X,Y,e)=¢ {Dgll) sin(mX) cos(nY)}
[ 51 sin(3mX) cos(nY) + D(n) sin(mX) cos(3nY)]
[ 5o Sin(2mX) +Dfm) sin(4mX) +D(22 s1n(2mX)cos(2nY)
+D( ) sin(2mX)cos(4nY) + ’D42) 91n(4mX)cos(2nY)} +0(€)
(314d)

With the aid of Eq. (28), and after some mathematical
calculations, the explicit expression for the nonlocal strain
gradient load—deflection response of FGPM micro-/-
nanoplates is obtained as:

Py = fP)(co) + P£2)(Wm)2+7))(c4)(wm)4+ ) (32)

in which W,, represents the dimensionless maximum
deflection of the FGPM micro-/nanoplate reinforced with

@ Springer

GPLs. P P and ’P are the weighting coefficients in
terms of the geometric and material parameters.

Thereafter, the solving process is fulfilled for the
vibration analysis of FGPM micro-/nanoplates within both
the prebuckling and postbuckling domains. For this pur-
pose, to improve the solving process, it is assumed that
7 = et. Consequently, one will have

W(Xv Yv fa 6) = ZeiWi(Xa Yv ‘E)a

F(X,Y,%,6) =) €F(X,Y,7)

Py(X,Y, 5 6) = €Px(X,Y, 1), (33)
i=1

Py(X,Y, %) =) €Py(X,Y,1)
i=1

ﬁq(X,Y,‘LA',G): elﬁqi(x’y7f)

By inserting Eq. (33) in the nonlocal strain gradient
governing differential equation of motion (Eq. 27), and
then collecting the expressions with similar order of ¢, the
fourth-order asymptotic solution associated with each
independent variable of the problem can be given as:

W(X,Y,1)=e¢ [Ai? (1) sin(mX) sin(ny)}

+é [A(l? sin(mX) sin(3nY) + A$ sin(3mX) sin(nY)} +0(e) ’

(34)
F(X,Y,1)= Bgo) I; +e KBEII)(‘L') + Bﬁ)(r)) sin(mX) sin(nY)]
+ € { Béé) Y; + 802 (1) cos(2nY) + B%) (7) cos(ZmX)}
+e€ [B(,‘S) sin(mX) sin(3nY) + Bg) sin(3mX) sin(nY)}
+ 0(64)
(35)
Fy(X,Y,7) = {(cﬁ) (1) + éﬁ?(f)) cos(mX) sin(ny)]
+é [cgff (1) sm(zmx)}
+é [Cg) cos(mX) sin(3nY) + Cg’? cos(3mX) sin(nY)} ’
+0(¢)
(36)

Py(X,Y,7)=c [(D?ﬁ (1) + D) (T)) sin(mX) cos(nY)]
+é [Dézz)(r) sin(2nY)] ,
+é [Dg) sin(mX) cos(3nY) + D) sin(3mX) cos(nY)} +0(e)
(37)
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PyX,Y, ) =¢ [ggp (1) sin(mX) sin(n¥) + O\ (2) sin(mX) sin(ny)]
+é {Qﬁ)(‘r) sin(mX)sin(nY) + Q(l? (7) sin(mX)
sin(3nY) + O3 () sin(3mX) sin(ny)] +0(e)
(38)

For the free vibrational response, one will have
P,(X,Y, 1) =0. Therefore, with the aid of the Galerkin
technique, it yields:

[ )

+(Ky — (m* +nB*)Py) (A(lll) (r)e) sin(mX)sin(nY)

————~sin(mX)sin(nY)

+K (AL (2)e) *Sin(mX )sin(n¥)
+Ks (Ai? (‘L')e) 3sin(mX)sin(nY)} sin(mX) sin(n¥)dXdY =0,
(39)

where K;(i=0,1,2,3) can be obtained as dimensionless
size-dependent weighting functions in terms of the intro-
duced parameters in Eq. (27). The analytical solution of
Eq. (39) leads to the dimensionless nonlocal strain gradient
nonlinear frequency of the axially loaded FGPM micro-/-
nanoplate reinforced with GPLs which can be written
explicitly as follows:

9K K3 — 10K3
12(K; — (m? + n2f*)P,)

in which w; = \/(K1 (m2 + n2p? ) )/Ko

oy =op, |1+ 2 (Wm)27 (40)

5 Results and discussion

In this section, the selected numerical results are shown for
the nonlocal strain gradient linear and nonlinear vibration
responses of axially loaded FGPM micro-/nanoplates
reinforced with GPLs within the prebuckling and post-
buckling domains. The matrix material is supposed to be
made of titanium with E,, = 116 GPa, v,, = 0.33, and
P = 4506 Kg/m? [86]. In addition, for the reinforcement
phase of GPL, it is assumed that Egpp = 1.01TPa,
vapL = 0.186, pgp. = 1062. SKg/m hgpr, = 0.3 nm,
Lgpr, = 5nm, and bgpy, = 2.5nm. The values of the geo-
metric parameters for the FGPM micro-/nanoplates are
considered as # = 10nm and L; = L, = 200 nm.

Firstly, the validity and accuracy of the present solving
process are checked. For this purpose, by ignoring the
terms related to the nonlocality and strain gradient size
dependency, the frequency ratio (wyp/wp) of a square

Table 1 Comparison of the frequency ratio (wy;/w;) for a square
isotropic plate corresponding to different vibration amplitudes
(Li =L, =0.5m and A = 2 mm)

W, Present solving process Ref. [87]
0.2 1.0071 1.0068
0.4 1.0278 1.0271
0.6 1.0609 1.0600
0.8 1.1055 1.1047
1.0 1.1607 1.1599
1.5 1.3364 1.3355

isotropic plate is calculated corresponding to different
vibration amplitudes and compared with those reported by
Han and Petyt [87] using the hierarchical finite element
method. It can be seen from Table 1 that there is an
excellent agreement between the results of two methods
which confirms the validity as well as the accuracy of the
current solution methodology.

Figure 2 illustrates the nonlocal strain gradient linear
frequency—load responses of the FGPM micro-/nanoplate
having uniform porosity dispersion (Pattern A) reinforced
with GPLs corresponding to different values of small-scale
parameters. It can be found that within the prebuckling
regime, the nonlocality causes a reduction in the linear
frequency of the micro-/nanoplate, while the strain gradient
size dependency leads to increasing it. But within the
postbuckling domain, these patterns are vice versa. Also, it
is seen that on approaching the critical axial buckling load,
the significance of both the types of size effect on the linear
frequency increases.

In Fig. 3, the nonlocal strain gradient deflection—non-
linear frequency responses of the FGPM micro-/nanoplate
having uniform porosity dispersion (Pattern A) reinforced
with GPLs are displayed corresponding to different values
of small-scale parameters. It can be observed that within
both the prebuckling and postbuckling regimes, for a
specific value of deflection, the nonlocality leads to
increase in the frequency ratio (wy;/w;), but the strain
gradient size dependency causes a decrease in it. Also, in
the prebuckling domain, by increasing the plate deflection,
the significance of both the types of size effect on the value
of frequency ratio enhances and the gap between the plots
increases. However, in the postbuckling domain, the plate
deflection plays an opposite role.

Figure 4 depicts the influence of the porosity dispersion
pattern on the nonlocal strain gradient linear frequency—
load response of FGPM micro-/nanoplates reinforced with
GPLs corresponding to different values of porosity coef-
ficient. It is revealed that within the prebuckling regime,
the FGPM micro-/nanoplates with porosity dispersion
Patterns C and D have, respectively, the maximum and
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Fig. 2 Size-dependent linear
frequency—load response of an
axially loaded FGPM
micro-/nanoplate reinforced
with GPLs corresponding to
different small-scale parameters
(Pattern A,

I',=0.6, Vgp =0.1): a
uw=0nm, b/=0nm

Fig. 3 Size-dependent
deflection—nonlinear frequency
response of an axially loaded
FGPM micro-/nanoplate
reinforced with GPLs
corresponding to different
small-scale parameters (Pattern
A, T, =0.6,Vgp =0.1): a
uw=0nm, b/=0nm

minimum linear frequency. However, within the post-
buckling regime, these observations are vice versa. More-
over, it is found that by increasing the value of the porosity
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coefficient, the influence of the porosity dispersion pattern
on the linear frequency—load response of the FGPM micro-
nanoplates becomes more considerable.
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In Fig. 5, the influence of the porosity dispersion pattern  frequency response of FGPM micro-/nanoplates reinforced
on the nonlocal strain gradient deflection—nonlinear  with GPLs is shown corresponding to different values of
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Fig. 7 Influence of the porosity coefficient on the nonlocal strain gradient deflection—nonlinear frequency response of an axially loaded FGPM
micro-/nanoplate reinforced with GPLs (Vgpr, = 0.1, u = 20nm, [ = 20nm, I', = 0.6): a Pattern A, b Pattern B, ¢ Pattern C, d Pattern D

porosity coefficient. It can be seen that in both the pre-
buckling and postbuckling domains and for a specific value
of plate deflection, the nonlinear frequency associated with
the FGPM micro-/nanoplates with porosity dispersion
Patterns A and C is in order minimum and maximum. It is

observed that by increasing the value of the porosity
coefficient, the influence of the porosity dispersion pattern
on the deflection—nonlinear frequency response of FGPM
micro-nanoplates becomes more significant.
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Figure 6 displays the influence of the porosity coeffi-
cient on the nonlocal strain gradient linear frequency—load
response of FGPM micro-/nanoplates reinforced with
GPLs corresponding to various porosity dispersion pat-
terns. It is indicated that within the prebuckling and post-
buckling regimes, higher value of the porosity coefficient
makes, respectively, a reduction and increment in the linear
frequency of the FGPM micro-/nanoplates. Furthermore, it
can be found that among different patterns of the porosity
dispersion, in the FGPM micro-/nanoplates with Patterns C
and D, the influence of the porosity coefficient on the linear
frequency—load response of FGPM micro-nanoplates is
minimum and maximum, respectively.

The plot in Fig. 7 represents the influence of the
porosity coefficient on the nonlocal strain gradient deflec-
tion—nonlinear frequency response of the FGPM micro-/-
nanoplates reinforced with GPLs corresponding to various

porosity dispersion patterns. It is indicated that for a
specific value of the plate deflection, increasing the value
of porosity coefficient leads to increase in the frequency
ratio of wpy;/w; within both the prebuckling and post-
buckling domains. This observation is more prominent for
the FGPM micro-/nanoplate with porosity dispersion pat-
tern of D.

In Fig. 8, the influence of the GPL volume fraction on
the nonlocal strain gradient linear frequency—load response
of a reinforced FGPM micro-/nanoplate with uniform
porosity dispersion pattern (Pattern A) is demonstrated
corresponding to various values of the small-scale param-
eters. It is found that on approaching the critical axial
buckling load, the influence of GPL volume fraction on the
linear frequency of FGPM micro-/nanoplate increases. This
prediction is more significant within the postbuckling
domain. Additionally, it can be seen that by taking the

Fig. 8 Influence of the GPL (a)
volume fraction on the nonlocal
strain gradient linear frequency—
load response of an axially
loaded FGPM micro-/nanoplate
reinforced with GPLs (Pattern
A, T,=06)a
u=0nm,/=0nm, b
w=25nm, / =0nm, ¢
u=0nm, /=25nm
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Fig. 9 Influence of the GPL
volume fraction on the nonlocal
strain gradient deflection—
nonlinear frequency response of
an axially loaded FGPM
micro-/nanoplate reinforced
with GPLs (Pattern A,
r,=0.6):a
uw=0nm,/=0nm, b
w=25nm, / =0nm, ¢
u=0nm, /=25nm

nonlocality into account, the influence of the GPL volume
fraction reduces, so the gap between the linear frequency—
load curves decreases. However, the strain gradient size
dependency plays an opposite role and causes an increase

in the influence of the GPL volume fraction.

Figure 9 shows the influence of the GPL volume frac-
tion on the nonlocal strain gradient deflection—nonlinear
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frequency response of a reinforced FGPM micro-/-
nanoplate with uniform porosity dispersion pattern (Pattern
A) is demonstrated corresponding to various values of the
small-scale parameters. It is observed that within the pre-
buckling domain, by increasing the plate deflection, the
GPL volume fraction plays a more important role in the
value of frequency ratio (wy;/w;). However, within the

@ Springer



1574 Engineering with Computers (2020) 36:1559-1578

postbuckling regime, the GPL volume fraction plays an (N PNy,
opposite role. In addition, it is revealed that by taking the Noe — ( ox2 oy? )
nonlocality into consideration, the influence of the GPL ,(°N,, N,
volume fraction enhances, so the gap between the linear Ny — ( a2 ayzv)
frequency—load curves increases. However, the strain gra- ) Ny 0N,
dient size dependency plays an opposite role and causes a Ny — ( o2 2 )
decrease in the influence of the GPL volume fraction. 20 20
80 _ 12 XX + XX
- oxz2  0y?
Ay A, O L 20
6 Concluding remarks =|Ap 4, 0 [{a-Plaa Tt ayiy
0 0 A
. . .. N 627)0 ? /0
The main aim of the this investigation was to analyze the - ;y ;0’
o
size dependencies in the linear and nonlinear vibration ’ Ox 0y
responses of axially loaded FGPM micro-/nanoplates W _p az;c)gp az;cgcy ;
reinforced with GPLs within both the prebuckling and Fox Ox?2 Jy
2

postbuckling domains. To perform this, the nonlocal strain By, B, O
gradient theory of elasticity is implemented into the refined + B, By O W
exponential shear deformable plate model. Via an analyt- 0 0 By
ical solving process, explicit expressions for the size-de- ©l) — 2
pendent linear frequency—load and deflection—nonlinear

frequency responses of FGPM micro-/nanoplates rein- 2 _p (az’cg) azx}@)

forced with GPLs were achieved.

It was observed that within the prebuckling regime, the
nonlocality causes a reduction in the linear frequency of the
micro-/nanoplate, while the strain gradient size dependency
leads to an increase. But within the postbuckling domain, Xy
these patterns are vice versa. Moreover, within the pre-

buckling regime, the nonlocality causes a reduction in the L (M, M,
linear frequency of the micro-/nanoplate, while the strain M — ( o2 6—y2>
gradient size dependency leads to an increase. But within Mo 2 (aZMyy n aZ%>
the postbuckling domain, these patterns are vice versa. Y ox? 0y?
Also, it was found that within the prebuckling regime, the Mo 2 <62Mxy 62Mxy>
FGPM micro-/nanoplates with porosity dispersion Patterns v T T 0y?
C and D have, respectively, the maximum and minimum O _p 628% %
linear frequency. It was seen that for a specific value of the e Ox? 0y?
plate deflection, increasing the value of porosity coefficient BI] BIz 0 o _p 628% azﬁ(y)y
leads to an increase in the frequency ratio of wy/w; within =|Bn B 61 B(’)‘ by T a2 oy
both the prebuckling and postbuckling domains. Further- 66 62«& azyg_
more, it was revealed that on approaching the critical axial ng -r o2 ayzy
buckling load, the influence of GPL volume fraction on the 2 2D 7
linear frequency of FGPM micro-/nanoplate increases. It k) — P ?ff a—ff
was demonstrated that by taking the nonlocality into D, D, 0 ) 62;);(,')
account, the influence of the GPL volume fraction reduces, +|D;, Dj, O KS) - P T’; T‘zy
so the gap between the linear frequency-load curves 0 0 Dg 2 A
decreases. However, the strain gradient size dependenc (1) _p2 Orery’ | Oy
) g p y Ky — 1 > >
plays an opposite role and causes an increase in the influ- Ox Oy
ence of the GPL volume fraction. K@ — P a;"? 626"%2()
X
GTI GTZ 0 (2) 2 62}{3) 62;}%’%)
Appendix 1 + ng G032 G(Z* L
o6 Gzicf,) 621{)((2,)
The nonlocal strain gradient stress resultants can be Kz(ci) - axz} ay;

expressed as:
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